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1 Introduction

Let R? be the d-dimensional Euclidean space. In this paper we denote by B(x,r) the
open ball centered at x € R? and of radius 7 € (0,00). For a function f € L} _(R%)
and a ball B, let

fB:]éfz]{Bf<y>dy:|;|/Bf<y>dy,

where | B| is the Lebesgue measure of B.
For p € [1,00) and A € [—d/p, 1], the Campanato space L, (R?) is defined as

the set of all functions f such that the following functional is finite

. 1/p
ey = s 5 (f 1500 = salan) (1)

B=B(z,r)

where the supremum is taken over all balls B = B(z,r). Then [|f[|c,, is a norm

modulo constant functions and thereby £, \(R?) is a Banach space. Similarly, for
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p € [1,00) and X € [—d/p,0), the Morrey space L, y(R?) is defined as the set of all

functions f such that the following functional is finite

1/p
e, = s 5 (frwrar) (12

B=B(z,r)

where the supremum is taken over all balls B = B(x,r). Then || f||z, , is a norm and
thereby L, ,(R%) is a Banach space. If p=1 and A = 0, then £, ,(R?) = BMO(R?).
Ifp=1and A = a (0 < a < 1), then £,(R?) coincides with Lip,(R%). If
—d/p < X < 0, then £,,(R?) is the same as the Morrey space L, (R?) modulo
constant functions. Moreover, if A = —d/p, then L, ,(R?) = LP(R?).

It is known that, if p,¢q € (1,00) and 1/p+1/q = 1, then £, \(R?) is the dual of
some atomic Hardy space HM4(R?) for all A € (—d/p, 1), i.e.,

Lpa(RY) = (HP (Rd))* for all A € (—d/p,1).
In the case p = 1, it is also known that
Lia(RY = (HPIRY), it A€ [0,1), (1.3)

since £, ,(R?) = £, (R?) and HM>(R?) = HMI(R?), for any p, ¢ € (1,00), by the
John-Nirenberg theorem and [2, Theorem 3.3], respectively. However, in the case
p=1and \ € (—d,0), it is unknown whether (1.3) is true or not, while it is known
that

LiA(RY € (H[W](Rd))*, it A e (—d,0). (1.4)

In this paper, we prove that £;(R?) is weak*-dense in (HMI(R?))" if \ €

(—d,0). Moreover, we prove that

1 llin ~ ISl ooy forall - f € L1(R).

Unfortunately, it is an open problem whether £;(R?) is a proper subspace of
(HR=I(R?))" if A € (—d,0), while we conjecture that it is proper, since L!(R?)
is a proper subspace of the dual of L>(R?).

In this paper, more generally, we consider £p7¢(Rd) with variable growth function
¢ : R x (0,00) = (0,00). If ¢(z,7) = r*, then L,4(R?) = L, (R?). We also
investigate for the Morrey space L, 4(R?) with variable growth function ¢ : R? x
(0,00) — (0, 00).

In the next section we state the definitions and known results. Then we give the

main results in the last section.



2 Definitions and known results

For a function ¢ : R? x (0,00) — (0,00) and a ball B = B(z,r), we write ¢(B)
instead of ¢(z, 7). The function spaces £, 4(R?) and L, s(R?) are defined as follows:

Definition 2.1. For p € [1,00) and ¢ : R? x (0,00) — (0,00), let £, 4(R?) and
L, s(R%) be the sets of all functions f such that the following functionals are finite,

respectively:

1 » 1/p
1Fles. =sup s (£ 1500 = s ay)

1 » 1/p
11, =m0 55 (f 1fran)

where the suprema are taken over all balls B in R?.

Then the functional | f|z, , is a norm modulo constant functions and thereby
L, 4(R?) is a Banach space. The functional || f||z, , is a norm and thereby L, 4(R%)
is a Banach space.

For a ball B = B(x,r) and a positive constant k& we denote B(z, kr) by kB. For
a measurable set G C R, we denote by |G| and yg the Lebesgue measure of G' and
the characteristic function of G, respectively.

We say that a function 6 : R? x (0,00) — (0, 00) satisfies the doubling condition
(resp. nearness condition) if there exists a positive constant C' such that, for all
r,y € R* and 7, s € (0, 00),

1 O(z,r) 1 _r

— < < — < =<

C_O(m,s)_c’ if 2_5_2 (DC)

1 0(x,r) .

— < < f — < . N
<resp C S S C, if |z—y| < 7") (NC)

We say that 6 is almost increasing (resp. almost decreasing) if there exists a positive
constant C' such that, for all 2 € R? and r, s € (0, 00),

O(z,r) < CO(z,s), ifr<s (AI)
(resp. CO(x,r) > O(x,s), ifr<s). (AD)
In this paper we consider the following class of ¢:

Definition 2.2. For p € [1,00), let G, be the set of all functions ¢ : R? x (0, 00) —
(0,00) such that r + r%P¢(x,r) is almost increasing and that r +— ¢(x,7)/r is
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almost decreasing. That is, there exists a positive constant C' such that, for all

r € RYand r,s € (0, 00),
rP(x,r) < CsYPp(x,s), Chlx,r)/r> ¢(x,s)/s, ifr<s.

Let G be the set of all functions ¢ : R? x (0,00) — (0,00) such that ¢ is almost
increasing and that r +— ¢(z,7)/r is almost decreasing. Let Gi° be the set of all
functions ¢ : R x (0,00) — (0,00) such that r + r%/P¢(x,r) is almost increasing

and that ¢ is almost decreasing.

Then gincug;}ec C G, C G forpe[l,00). If ¢ € Gy, then ¢ satisfies the doubling
condition (DC).
For a function A(+) : R4 — (—o00,00), let
A= inf A(z), Ay = sup A(x).
x€RY rER4

We say that a function A\(-) : R? — (—o0, 00) is log-Holder continuous if there exists

a positive constant Cy) such that

M) = Aw)] <

For a log-Hélder continuous function A(-) : R? — (—o0,00) such that A_,\; €

(—00,00), and for a constant A, in (—o0,0), let

@) 0<r<1/2,
o(a,r) = { /

o 1/2<r < oo
Then ¢ satisfies (DC) and (NC), see [3, Proposition 3.3].  Moreover, if
A b A € [=d/p 1], then ¢ € G, Tf A i, A, € [—d/p,0], then ¢ € goec. If
A, A, Ay € [0, 1], then ¢ € Gie,
Remark 2.1. Let p € [1,00). If ¢ € G, satisfies (NC), then O3, (R?) C L, 4(R?),
see [5, Proposition 6.4]. If ¢ € ggec satisfies (NC), then ngmp(Rd) C L, 4(R?), see
[4, 6].

Next we state the definitions of H®%(R%) and Bl*4(R%).

Definition 2.3 ([¢,q]-atom and [¢, ¢]-block). Let ¢ : R? x (0,00) — (0,00) and
1 < ¢ < oo. A function a on R? is called a [¢, g]-atom if there exists a ball B, which

is called the corresponding ball of a, such that

(i) suppa C B,



o
| BV ¢(B)’

(i) /R a(r)dr =0,

where ||al|zq is the L? norm of @ and 1/¢+1/¢' = 1. Denote by A[¢, ¢ the set of all
[6, q]-atoms. A function a on R is called a [¢, g]-block if there exists a ball B such
that the above (i) and (ii) hold. Denote by B[¢, q| the set of all [¢, g]-blocks.

(ii) flaflze <

If a is a [¢, ¢J-atom and B is its corresponding ball, then

/Rd a(x)g(z) dx

/B o(2)(g(x) — g5 d

, 1/q
< llallz ( [ lot@) — gl dx)

1 1 J 1/q
~ 9(B) <|B\/B|g(x) e d"”) <llglz,,. (1)

That is, the mapping g — [ ag is a bounded linear functional on Ly »(R?Y) with

norm not exceeding 1. Similarly, if a is a [¢, g]-block and B is its corresponding ball,
then the mapping g — [ ag is also a bounded linear functional on L, 4(R?) with
norm not exceeding 1.

Definition 2.4 (H»4(R%) and BI*4(R?)). Let ¢ : R x (0,00) — (0, 0), ¢ € (1, 0]
and 1/¢+1/¢ = 1.

(i) Assume that Ly 4(R?) # {0}. Define the space HPI(RY) C (L, 4(R?))" as
follows:

f € HI®4(R) if and only if there exist sequences {a;} C A[¢, q] and
positive numbers {);} such that

f= Z/\a]m( o s(RY >* and Z)\j<oo, (2.2)

(ii) Assume that Ly 4(R?) # {0}. Define the space BP9(R?) C (Ly4(R%)) as
follows:

f € Bl»4(R?) if and only if there exist sequences {a;} C B[¢, ¢ and
positive numbers {\;} such that

f= Z)\ajln( o o(RY )* and Z)\j<oo. (2.3)
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Define
1fllmea =inf > A; and || f]| g = inf Y Ay,
j j

where the infima are taken over all expressions as in (2.2) and in (2.3), respectively.
Then || f|| 1000 and || f|| gie.s are norms and H®%4(R?) and Bl*9(R?) are Banach
spaces, respectively.

Remark 2.2. If ¢ € Gi° satisfies (NC), then the sum f = 3. Aja; in (2.2) or (2.3)

converges a.e. and f is in L .(R?), see [4, 6]

We denote by H([f)’Q] (RY) (resp. B([)M] (R9)) the space of all finite linear combina-
tions of [¢, ¢|-atoms (resp. [¢, ¢]-blocks). Then ng”q] (RY) (resp. B([)¢’q] (R9)) is dense
in H®4(R?) (resp. BI#4(R?)).

The following results are known.

Theorem 2.1 ([2]). Let ¢ : R? x (0,00) — (0,00), p € [1,00), ¢ € (1,00] and
1/p+1/q=1. Assume that L, s(R?) # {0}. If ¢ = oo, then assume also that ¢ is
in G and satisfies (NC). Then

(HO®RY) = £,,6(RY.
More precisely, given g € L, 5(R?), the mapping
Ly:fw df(x)g(x) dx for fe€ H([)¢’Q](]Rd), (2.4)
R

can be extended on the entire HI*4(RY). Conversely, for every bounded linear func-
tional L on H®(RY), there exists g € L, 4(R?) such that L is realized as L, in

(2.4). The linear functional norm of L, is equivalent to ||g|lz, , -

Remark 23. If ¢ € G satisfies (NC), then L;4(RY) = L,4(R?) and
H#<I(RY) = H#d(R?) for any p,q € (1,00), see [2, Theorems 3.1 and 3.3].

Theorem 2.2 ([2,4]). Let ¢ : R¥x (0, 00) — (0,00), p,q € (1,00) and 1/p+1/q = 1.
Assume that L, 4,(R?) # {0}. Then

(BI(R)" = Lys(RY).
More precisely, given g € L, s(R?), the mapping
Ly:fr | fo)g(a)de for fe BYI(RY, (2.5)
R

can be extended on the entire BI%9(RY). Conversely, for every bounded linear func-
tional L on B»4(R?), there exists g € Ly, 4(RY) such that L is realized as L, in

(2.5). The linear functional norm of Ly is equal to ||g||z, -
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Remark 2.4. In the above theorems, if p =1 and ¢ = co, then we can prove that
(HP(RY))" D L1 4(RY), and (BPI(RY))" > L 4(RY)

by the same way as in their proofs, respectively.

At the end of this section we state a theorem in the functional analysis. Let X
be a normed space. A subspace G of X* is called total if g(z) = 0 for all g € G
implies x = 0. In this case the space G is called a total space of functionals on X.
A subspace G of X™ is called to be X-dense in X* if, for any g € X*, there exists a
sequence {g,} in G such that lim,, g,(x) = g(z) for each x € X.

Theorem 2.3 ([1, V.7.41 (page 439)]). Let X be a normed space. Then G is X -

dense in X* if and only if G is a total space of functionals on X.

3 Main results

In this section we give the main results.

Theorem 3.1. For g € L1 4(R?), let L, be defined by (2.4). If ¢ € Gy satisfies
(NC), then L£1,(R?) is H ™ -dense in (H([fb’oo] (RY))" = (HI#=I(R?))" and

1
llglle, s < Wl e < lglle,,  for all g € L14(RY). (3.1)
Moreover, if g € G&°, then L1 4(RY) is H*>|-dense, i.e., weak*-dense, in (H*> (Rd))*.

Remark 3.1. In general, let Z be a dense subspace of a Banach space X. Then Z*
and X* are isometrically isomorphic, but that the isometric isomorphism between
them is not a homeomorphism with the Z topology of Z* and the X topology of X*
unless X = Z, see [1, V.7.40 (page 438)]. In the case that ¢ € G, \ (GI*UG™), it is
unknown whether £; 4(R?) is H*l-dense (weak*-dense) in (H¥*/(R?))" or not.

For the Morrey space we have the following theorem.

Theorem 3.2. For g € Ly 4(RY), let L, be defined by (2.5). If ¢ € G{*¢ satisfies
(NC), then Ly 4(R?) is BI#>l-dense, i.c., weak*-dense, in (B*><(R%))" and

IZgllpioety = llgllL,, for all g € Lyo(RY). (3.2)
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