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1 Introduction 

Let配bethe d-dimensional Euclidean space. In this paper we denote by B(x, r) the 

open ball centered at x E配 andof radius r E (0, oo). For a function f E Lに（配）

and a ball B, let 

!B = t f = t f(y) dy＝叫！~f(y) dy, 
where IBI is the Lebesgue measure of B. 

For p E [1, oo) and入E[-d/p, 1], the Campanato space £バ酌isdefined as 

the set of all functions f such that the following functional is finite 

llf ll.cp，入＝ B＝詈，r)A (t lf(y) -f研dy)1/p' (1.1) 

where the supremum is taken over all balls B = B(x, r). Then llfll,ep，入isa norm 

modulo constant functions and therebyら，入（配）isa Banach space. Similarly, for 
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p E [1, oo) and入E[-d/p, 0), the Morrey space Lバ記）isdefined as the set of all 

functions f such that the following functional is finite 

||f|1い＝ B＝胃，r)A (t IJ(y)IP dy) 1/p, (1.2) 

where the supremum is taken over all balls B = B(x, r). Then IIJIILP，入isa norm and 
thereby LP，入国）isa Banach space. If p = l and入＝ 0,then £P，入（記） ＝BMO（記）．

If p = l and 入＝ o: (0 < o: :S 1), then £P，入国） coincides with Lip。（記）． If 

-d/p'.S 入＜ 0, then£ぃ（即） is the same as the Morrey space Lp，入国） modulo 

constant functions. Moreover, if入＝ーd/p,then Lぃ（配） ＝ U（配）．

It is known that, if p,q E (1, oo) and 1/p+ 1/q = 1, then £P，入（記）isthe dual of 

some atomic Hardy space H似q]国）forall入E(-d/p, 1), i.e., 

ら（酌＝（H［入，q]（記））＊forall入E(-d/p, 1). 

In the case p = 1, it is also known that 

｀配）＝ （H似oo]国））＊，if入 E[O, 1), (1.3) 

since.Cぃ（配）＝ら，入（配） andH［入，00]（配） ＝ H[入，q]（配），forany p, q E (1, oo), by the 

John-Nirenberg theorem and [2, Theorem 3.3], respectively. However, in the case 

p =land入E(-d, 0), it is unknown whether (1.3) is true or not, while it is known 

that 

ら（配） C(H［入，OO］国））＊，if入 E(-d,O). (1.4) 

In this paper, we prove that年（配）isweak* -dense in (H似00］（配））＊if入€

(-d, 0). Moreover, we prove that 

llfllc1,入~||J ll(H[入,=l)• for all f E £1,入(JRd).

Unfortunately, it is an open problem whether £ぃ（配）isa proper subspace of 

(H［入，00]（配））＊if入 E (-d, 0), while we conjecture that it is proper, since L1（配）
is a proper subspace of the dual of L00（配）．

In this paper, more generally, we considerら（JR.d)with variable growth function 

¢:配 x(0,oo)→（O,oo). If cp(x,r) = r入，thenら（配） ＝ら（配）． Wealso 

investigate for the Morrey space Lp,</J（記） withvariable growth function ¢ :記 x

(O,oo)→（0, oo). 

In the next section we state the definitions and known results. Then we give the 

main results in the last section. 
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2 Definitions and known results 

For a function </> :配 X(0, 00)→(O,oo) and a ball B = B(x,r), we write </>(B) 
instead of </>(x, r). The function spaces Lv,</>（配） andLv,</>（記） aredefined as follows: 

Definition 2.1. For p E [1, oo) and </> :配 X (0, oo)→ （0, oo), letら（記） and
Lp，の国） bethe sets of all functions f such that the following functionals are finite, 
respectively: 

1/p 

llf llcp,¢ = s閉¢[ii)(t1J(y)-f討dy),
1 1/p 

||f||い=S〗P の(B)(fB |f(y)|pdy), 
where the suprema are taken over all balls B in配．

Then the functional llflkp,¢, is a norm modulo constant functions and thereby 
£p,¢（配）isa Banach space. The functional IIJIILp,¢, is a norm and thereby LP,<P（記）
is a Banach space. 

For a ball B = B(x, r) and a positive constant k we denote B(x, kr) by kB. For 

a measurable set G C配 wedenote by IGI and Xe the Lebesgue measure of G and 

the characteristic function of G, respectively. 

We say that a function 0 :配 X(0, oo)→ （0, oo) satisfies the doubling condition 
(resp. nearness condition) if there exists a positive constant C such that, for all 

x,y E配 andr, s E (0, oo), 
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(DC) 

(NC) 

We say that 0 is almost increasing (resp. almost decreasing) if there exists a positive 

constant C such that, for all x E配 andr, s E (0, oo), 

0(x, r) :S C0(x, s), if r < s 

(resp. C0(x,r) 2'. 0(x,s), if r < s). 

(AI) 

(AD) 

In this paper we consider the following class of松

Definition 2.2. For p E [1, oo), let砧 bethe set of all functions ¢ :配 x(O,oo)→
(O,oo) such that r f---t rd!Pqy(x,r) is almost increasing and that r f---t ¢(x,r)/r is 
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almost decreasing. That is, there exists a positive constant C such that, for all 

XE配 andr, s E (0, oo), 

rd/prp(x, r) ::::; Csd/pの(x,s), Crp(x, r)/r 2: rp(x, s)/ s, if r < s. 

Let ginc be the set of all functions ¢ :記 X(0, oo)→ （0, oo) such that ¢ is almost 

increasing and that r→rp(x, r)/r is almost decreasing. Let Q戸 bethe set of all 

functionsの：記 x(0,oo)→ （0, oo) such that r→rd/Prp(x, r) is almost increasing 

and that ¢ is almost decreasing. 

Then gincuggec c Yp c Yl for p E [1, oo). If¢ E砧，then¢ satisfies the doubling 

condition (DC). 

For a function 入（•) ：配→ (-CX), CX)), let 

入＿ ＝in_f入（x), 入＋ ＝sup入(x).
xE野i XERd 

We say that a function 入（•) ：配→ (-oo,oo) is log-Holder continuous if there exists 

a positive constant C入0such that 

C入（・）
I 入 (x) —入(y)I:::;~ for O < lx-yl < 1. 

--'log(e/lx -YI) 

For a log-Holder conti皿ousfunction入（・） ：即→ (-oo,oo) such that入＿，入＋ E 

(-oo, oo), and for a constant入＊in(-oo, oo), let 

叩，r)＝｛：□'］1：:: :/2: 
Then ¢ satisfies (DC) and (NC), see [3, Proposition 3.3]. Moreover, if 

入＿，ふ，入 E[-d/p, 1], then ¢ E砧．If入＿，ふ，入＊ E[-d/p, O], then ¢ E Q白If

入＿，ふ，入＊ E[O, 1], then¢ E Qinc_ 

Remark 2.1. Let p E [1, oo). If¢ E砧 satisfies(NC), then C,二（配） Cら（記），

see [5, Proposition 6.4]. If ¢ E Q戸 satisfies(NC), then L二（配） Cい（配）， see

[4, 6]. 

Next we state the definitions of H匝q］（記） andB伸，q]（配）．

Definition 2.3 ([¢, q]-atom and [¢, q]-block). Let ¢ :屈dX (0, oo)→ （0, oo) and 

1 < q：：：：：改J.A function a on恥discalled a [¢, q]-atom if there exists a ball B, which 

is called the corresponding ball of a, such that 

(i) suppa CB, 
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1 
(ii) llallロ：：：：： IB|1/q’O(B)' 

(iii) id a(x) dx = 0, 
民d

where llallLq is the Lq norm of a and 1/q + 1/q'= 1. Denote by A[¢, q] the set of all 
[¢, q]-atoms. A function a on配iscalled a [¢, q]-block if there exists a ball B such 

that the above (i) and (ii) hold. Denote by B[¢, q] the set of all [¢, q]-blocks. 

If a is a [¢, q]-atom and B is its corresponding ball, then 

1d  a(x)g(x) dxl = Ii a(x)(g(x) -9B) dx 
屈d

：：：：：： llallLq (i lg(x) -9Blq'dx) l/q' 
：：：：：： ¢(B) (叫！~ lg(x) -9Blq'dx) l/q'：：：：：：||g||£q’¢ (2.1) 

That is, the mapping g f----+ Jag is a bounded linear functional on,C瓜¢（配） with

norm not exceeding 1. Similarly, if a is a[¢, q]-block and Bis its corresponding ball, 

then the mapping g→Jag is also a bounded linear functional on L心国） with

norm not exceeding 1. 

Definition 2.4 (H柚，q]（囮邑） andB[¢t,q］（囮~d)). Let少：罠dx(O,oo)→ (0,oo), q E (1, oo] 

and 1/q + 1/q'= 1. 

(i) Assume that.Cq,ゅ（配） ＃ ｛O}. Define the space H[¢t,q]（配） C(.Cq'ゅ（配））＊ as

follows: 

f EH怜，q]（配）ifand only if there exist sequences {aj} CA[¢, q] and 
positive numbers｛ふ｝ suchthat 

f = Lふajin（ら，国））＊ and Lふ<oo, (2.2) 
J
 

J
 

(ii) Assume that Lq'ゅ（記）ヂ{0}. Define the space B[</J,q] (IR.d) c (Lq,,</J（即））＊ as

follows: 

fEB怜，q]（配）ifand only if there exist sequences { aj} C B [ ¢, q] and 
positive numbers｛入j}such that 

f = LAjaj in（い（配））＊ and Lふ<CX). (2.3) 
j 
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Define 

llfllm1>,qJ = infL入j and IIJIIBl</>,qJ = infLふ，
.
J
 

,
J
 

where the infima are taken over all expressions as in (2.2) and in (2.3), respectively. 

Then IIJIIH1¢,qJ and IIJIIB1¢,qJ are norms and H[¢,q]（囮翌） andB[¢,q]（囮翌） areBanach 
spaces, respectively. 

Remark 2.2. If¢ E亨 satisfies(NC), then the sum f=Lj入舟jin (2.2) or (2.3) 
converges a.e. and f is in Lに（配）， see[4, 6] 

We denote by JI,炉国） （resp. B巴（配））thespace of all finite linear combina— 

tions of[¢, q]-atoms (resp. [¢, q]-blocks). Then JI,魯f,q］（恥り (resp.B収f,q］（賊り）isdense 

in H伸，q]（配） （resp. B四］（配））．

The following results are known. 

Theorem 2.1 ([2]). Let ¢ : 囮邑 X (0, oo) → （0, oo), p E [1, oo), q E (1, oo] and 
l/p + l/q = 1. Assume that Lp，の国）ヂ {O}.If q = oo, then assume also that¢ is 
in ginc and satisfies (NC). Then 

(H怜，q］国））＊ ＝ら（記）．
More precisely, given g Eら（配），themapping 

Lg: f→ /J(x)g(x) dx for f E H6</J,q]（配），
艮d

(2.4) 

can be extended on the entire H向］（配）． Conversely,for every bounded linear June-
tional L on H伸，q]（剛），thereexists g Eら（即） suchthat L is realized as Lg in 

(2.4). The linear functional norm of Lg is equivalent to llgll£P,¢. 

Remark 2.3. If ¢ E ginc satisfies (NC), then印（即） ＝ら（配） and

H[¢,oo］（記） ＝ H囚］（配）forany p,q E (1,oo), see [2, Theorems 3.1 and 3.3]. 

Theorem 2.2 ([2, 4]). Let cp:囮邑x(O,oo)→（0, oo), p, q E (1, oo) and 1/p+l/q = 1. 
Assume that Lp,¢(記)=/={O}. Then 

(B伸，q]（配））＊ ＝LP,¢（配）．

More precisely, given g E Lp,</J（配），themapping 

Lg:f→ /f(x)g(x) dx for f EB巳（配），
Rd 

(2.5) 

can be extended on the entire B[</>,q]（配）． Conversely,for every bounded linear June-
tional L on B虹］（配），thereexists g E LPゅ（配） suchthat L is realized as L9 in 

(2.5). The linear functional norm of L9 is equal to ll9IILv,¢• 
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Remark 2.4. In the above theorems, if p = 1 and q = oo, then we can prove that 

(H怜，OO]（配））＊っ £1ゅ（配）， and (B[</>,oo]（配））＊つい（配）

by the same way as in their proofs, respectively. 

At the end of this section we state a theorem in the functional analysis. Let X 

be a normed space. A subspace G of X* is called total if g(x) = 0 for all g E G 

implies x = 0. In this case the space G is called a total space of functionals on X. 

A subspace G of X* is called to be X-dense in X* if, for any g E X*, there exists a 

sequence {gn} in G such that lim鵡 n(x)= g(x) for each x EX. 

Theorem 2.3 ([1, V.7.41 (page 439)]). Let X be a normed space. Then G is X-

dense in X* if and only if G is a total space of functionals on X. 

3 Main results 

In this section we give the main results. 

Theorem 3.1. For g E £1,4>（配）， letL9 be defined by (2.4). If</> E 91 satisfies 
(NC), then £1,4)(>ld) is H,ぷ'oo]-dense in (H,ぶ＇00］(〗iり）＊ ＝ （H伸，00］(〗剋））＊ and

lllgll.c,1,<1> :'S IILg ll(Hi<l>,=l)• :S ll9ll£1,<1> for all g E知（配）．（3.1)

Moreover, if</> E茫，then£1,4>国）isH抄，00Ldense,i.e., weak*-dense, in (H[<l>,oo］（配））＊．

Remark 3.1. In general, let Z be a dense subspace of a Banach space X. Then Z* 

and X* are isometrically isomorphic, but that the isometric isomorphism between 

them is not a homeomorphism with the Z topology of Z* and the X topology of X* 

unless X = Z, see [1, V.7.40 (page 438)]. In the case that¢ E 91 ¥ (9茫Uginc), it is 
unknown whether £1ゅ(RりisH伸，00Ldense(weak* -dense) in (H[</>,oo］（配））＊ ornot. 

For the Morrey space we have the following theorem. 

Theorem 3.2. For g E L1ゅ（配）， letL9 be defined by (2.5). If</> E応 satisfies
(NC), then L1,<1>（記）isB匝，00Ldense,i.e., weak*-dense, in (B伸，00］(記))*and

IILg ll(BI也=l)• = 11911£1,<1> for all g E L1,4>（艮り． （3.2) 

Acknowledgement 

The second author was supported by JSPS KAKENHI Grant Number JP21K03304. 

This work was supported by the Research Institute for Mathematical Sciences, an 

International Joint Usage/Research Center located in Kyoto University. 



36

References 

[1] N. Dunford and J. T. Schwartz, Linear Operators. I. General Theory. With 

the assistance of W.G. Bade and R.G. Bartle, Pure and Applied Mathematics, 

Vol. 7, Interscience Publishers Inc., New York; Interscience Publishers Ltd., 

London, 1958. 

[2] E. Nakai, A generalization of Hardy spaces HP by using atoms, Acta Math. 

Sin. (Engl. Ser.) 24 (2008), No. 8, 1243-1268. 

https://doi.org/10.1007/s10114-008-7626-x 

[3] E. Nakai, Singular and fractional integral operators on Campanato spaces with 

variable growth conditions, Rev. Mat. Complut. 23 (2010), No. 2, 355-381. 

https://doi.org/10.1007/s13163-009-0022-y 

[4] M. Tang, E. Nakai, D. Yang, W. Yuan and C. Zhu, Weak-type representation 

of quasi-norms of ball quasi-Banach function spaces on spaces of homogeneous 

type, J. Geom. Anal. 35 (2025), Paper No. 150, 74 pp. 

https://link.springer.com/article/10.1007/s12220-025-01958-w 

[5] S. Yamaguchi, An extension of the VMO-H1 duality, J. Math. Soc. Japan 75 

(2023), No. 1, 1-19. https://doi.org/10.2969/jmsj/86688668 

[6] S. Yamaguchi, The distance in Morrey spaces to 0盆~P, to appear in Hiroshima 

Math. J. 

[7] S. Yamaguchi, E. Nakai and K. Shimomura, Relations between Morrey-

Campanato spaces and the duals of atomic Hardy spaces, Arch. Math. (Pub-

lished online: 20 March 2025). 

https://doi.org/10.1007/s00013-025-02103-3 


