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1 Introduction

This article shows local and global existence theorems in a maximal regularity class for

a compressible fluid model of Korteweg type as follows:
Op + div(pu) =0 in Q x (0,Tp),
p(Opu+u-Vu) = Div(S(u) + K(p) — P(p)I) in Q x (0,Typ),
n-Vp=0, u=0 onT x(0,7p),
(P, 0)]i=0 = (p0 + pocs W) in O,

(1.1)

where € is a domain in RN, N > 2, with boundary I' and Ty is a positive number.

Here p = p(z,t) and u = (uy(z,1),...,un(z,t))"! are respectively the fluid density and
the fluid velocity at = (x1,...,zx) € Q and t € (0,Tp); P is a given function describing
the pressure and I is the N x N identity matrix; S(u) is the viscous stress tensor given
by S(u) = uD(u) + (v — p) divul, where p, v > 0 are viscosity coefficients and D(u) is
the doubled deformation tensor, i.e. D(u) is an N x N matrix whose (i, j) component is
given by O;u; + 0;u; for 0; = 9/0x;; K(p) is the so-called Korteweg tensor, i.e.

K
K(p) = 5 (&p" = [VpP) I = kVp e Vp
\V4 2

=K (pAp+|2p|> I-xVp®Vp, (1.2)
where £ > 0 is a capillarity coefficient and Vp ® Vp is an N x N matrix whose (i, j)
component is given by (9;p)(9;p); n is the unit outward normal vector to I' and a -
b = SN ab; for N-vectors a = (ay,...,ay)T and b = (by,...,bx)T; po = po(z) and
uy = (up (), ..., uon(z))" are given initial data, while p., is a positive constant.

Throughout this article, we assume

IMT denotes the transpose of M.
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Assumption 1.1. (1) The coefficients p, v, and k are positive constants.
(2) The pressure P : (pso/8,8ps0) — R is smooth enough.

Korteweg formulated in 1901 some tensor that included gradients of density in order to
model fluid capillarity effects, and Dunn and Serrin [2] derived (1.2) in view of rational
mechanics by introducing the thermodynamics of interstitial working. Concerning the
mathematical analysis of Korteweg-type model, we refer e.g. to [5, 1, 4, 15] for the whole
space problem and to [6, 7, 8, 9] for boundary value problems. On the other hand, [10]
employs the Korteweg-type model in order to analyze the structure of liquid-vapor phase

transition in numerical analysis.

2 Preliminaries

Let p € (1,00), and let ¢ € (1,00) or ¢ = co. We here introduce function spaces used
throughout this article as follows:

e L,(G) and H]'(G), m € N, are respectively the usual Lebesgue spaces and the
Sobolev spaces, where G is a domain in RY. The norm of L,(G) is denoted by
| - |,(c), while the norm of H;*(G) is denoted by || - [| g (c)-

e Let (-, -)pp be the real interpolation functor for # € (0,1). Then the Besov spaces
B«i;z/p(G) and BZ,;Q/”(G) are defined as

BE PG = (HNG), HNG)1-1jppr - BYP(G) = (Ly(G), HA(G))1-1/pp-

q q

e Let X be a Banach space and I be an interval in R. Then L,(I, X) and H}(I, X) are
respectively the X-valued Lebesgue spaces and the X-valued Sobolev spaces. The
norm of L,(I, X) is denoted by || - ||, x), while the norm of H;([., X) is denoted
by ||+ 3 ,x)-

e Let T € (0,00) or T' = oo. Then (H,((0,7), X) is given by

OH;((OvT)vX) = {f € H;((QT)’X) : fli=o =0 in X}

Next, we introduce the definition of uniform C® domains.

Definition 2.1 ([3, 14]). Let D be a domain in RN with boundary OD. Then D is
called a uniform C® domain, if there ewist positive constants «, B, and K such that
the following assertion holds: for any xo = (zo1,...,%on) € 0D, there are coordinate



number j and a C* function h(z') (' = (@1,...,2j1,%j41,...,2N)) on Bl(x)), with
2o = (To1, - - s Toj—1, Toj+15 - - - s ToN ),
B (zg) = {z € RY | |2/ —af| <o}, hllaz s < K,
such that
DN By(wg) = {x € RN 1 a; > h(2'), 2’ € B/ ()} N Bgs(wo),
0D N Bs(wo) = {xr € RN 2, = h(2'), 2" € Bl (x})} N Bs(xo).
Here Bg(xo) = {z € RN : |z — x| < B}.

Remark 2.2. Typical examples of uniform C® domains are as follows: bounded domains;
exterior domains; half-spaces, layers, tubes, and their perturbed domains.

3 Local solvability
3.1 Linearization

Let us start with the linearization of (1.1). Replace p by p+ poo in (1.1). Then the first
equation becomes
Oip + pocdivu = —pdivu —u - Vp; (3.1)

the second equation becomes
POt — Div(S(u) + kpc Apl) = —pdyu — (p + peo)u - Vu
+ DiV(K(ﬂ + /)oc) - K‘/)ooApI)
= P'(p+ px)Vp. (3.2)
where P’(s) = (dP/ds)(s). To prove the local solvabiliity, we further rewrite (3.1) and
(3.2) as follows:

0ip + (po + poo) divu = —(p — pg)diva —u - Vp
=: F(p,u);

for p = p/k and v = v/k,

(o + poo)Oru — k Div(aD(u) + (¥ — 1) divul + (po + peo) ApI)
=—(p—po)0a— (p+ poc)u-Vu

+ Div(K(p + poo) — £(po + poc) ApL) — P'(p + poc)Vp

=: G(p,u).
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Setting v = po + pPoo, We have achieved the following equivalent system of (1.1):

Op + ydiva = F(p, in 2 x (0,Tp),
o — 4k Div(aD(u) + (7 — 1) divul + vApl) = v G (p, in Q x (0,Tp),

n-Vp=0, u=0 onT x(0,Tp),

u)
w) (3.3)

(ps ) |i=0 = (po,ug) in Q.

3.2 Linearized problem

For a positive number S, we consider a linearized problem associated with (3.3) as
follows:

Op+ydiva=f inQx(0,5),
Ou — v, ' Div (1D () + (73 — ye) divul + 1, Apl) =g in Q x (0, 9),
n-Vp=0, u=0 onTI x(0,9),
(P w)|e=0 = (po,uo) in €,
where Q and ~; = v;(z) (i = 1,2, 3,4) satisfy the following assumption.

Assumption 3.1. (1) The domain ) is a uniform C* domain in RN, N > 2, and its
boundary is denoted by T'.

(2) The coefficients ~; = ~i(z) (i = 1,2,3,4) are uniformly Lipschitz continuous functions
on Q, i.e. there exists a positive constant yy, such that |y;(x) — vi(y)| < volx —y| for
any x,y € Q and for i = 1,2,3,4. In addition, there exist positive constants Vs, 7*
such that v, < yi(x) < ~* for any v € Q and fori =1,2,3,4.

Let g € (1,00) and X, = H;(Q) x L,(2)". We define an operator 4, by
Aq(p,w) = (=7 divu, 57! Div(3eD(w) + (73 — 72) divul + 1 Apl)),
with the domain D(A,):
D(Ag) ={(p.u) € xH}(Q) x H}()" |n-Vp=0, u=0o0nT}.
Note that D(A,) C X, and A, : D(A,;) — X,. One then has

Lemma 3.2 ([12]). Let ¢ € (1,00) and suppose that Assumption 3.1 holds. Then A,
generates an analytic Cy-semigroup {e?e'},;5o on X,. In addition, there exist constants
01 > 1 and Cy 46, > 0 such that for any t >0

l[e*" (po, o)l x, < Cwvgr €/ [|(p0, 0) I x, ((po, w) € X)),



10+ (po, w0)llx, < Crvar €@t [[(po, wo)llx,  ((po, 10) € Xy),
10" (po, o) x, < Cvgare®/®[l(po, wo) Ia,) (o0, w0) € D(A,)),

where || - || p(a,) denotes the graph norm of A,.
Setting Dy, (Q) = (Xg, D(Ay))1-1/pp for p,q € (1,00), we have

Lemma 3.3 ([12]). Let (p,q) € (1,00) and suppose that Assumption 3.1 holds. Then, for
any (po, W) € Dy ,(Q), (p,u) = et (py, upg) is a unique solution to the system (3.4) under
the condition of (f,g) = (0,0). In addition,

0ol L, 0,9, 2020 + ol L, (c0,9), 3 (2))
+ 100l L, 0.5).y@™) + [z, 0.5).52(0)%)
< Cnpan €5 [1(p0, w0) 1 b,y ()

for some positive constant Cy p 45, independent of S, where 0, is the same constant as in

Lemma 3.2.
The following lemma is also proved in [12].

Lemma 3.4 (Maximal regularity). Let p,q € (1,00) and suppose that Assumption 3.1
holds. Then, for (po,ug) = (0,0) and for any f and g with

f € LJD((Oa S)7H;(Q))7 g € LP((OaS)an(Q)N)a
the system (3.4) admits a unique solution (p,u) with
p € oH,((0,5), Hy(Q)) N L,((0,5), H(Q)),
u € oH)((0,5), Lg(2)™) N L,((0,5), HI()M).
In addition, the solution (p,u) satisfies the estimate:
10| L, (0,9), 12 (2) + 1ol Ly00,9), 13 (92))
+ Hatu”Lp((O,S),Lq(Q)N) + ||u||Lp(<o,S>,H§(Q>”)
< s (I o090y + Il 0820

for positive constants dy and Cl 45, independent of S.

3.3 Local existence theorem

Let (p,q) € (2,00) x (N,00) and (po,ug) € Byp(Q)P2/7(2) x BL2"(@)N with the
following conditions:

n-Vpo=0, u=0 onT, (3.5)
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P2 < po(@) 4+ < 20 (@ €TD), (3.6)

and let (p,,u,) = e’(pg, up) for v, = v, v = Ji, 73 = U, and v4 = yx~'. Then, setting
p=o0+p.and u=v+u, in (3.3), we observe that

0o +ydivv = F(o + ps, v+u,) in Q x (0,Tp),
ov — v 'k Div(aD(v) + (v — i) div vI + yAoT)
=v'G(o+ p,v+u,) inQx(0,Tp), (3.7)

n-Vp=0, u=0 onT x(0,7p),
(0,V)]i=o = (0,0) in Q.

To use the contraction mapping principle, we introduce the following notation:

e For T > 0, 0ZT = []Z%v X (]Z% with

0oZp = o, ((0,T), H; () N Ly((0,T), H (),
OZ% = Ole((Ov T)7 Lq(Q)N) N Lp(((): T)7 H(?(Q)N)

Here the norm || - ||,z, of oZr is given by

(o @)llozr = llollmp o), m00) + 1ol Ly0,1), 130

+ o). L@ + [l o), m200)-
e For T'> 0 and r > 0,

oZe(r) = {(r.w) € oZr : | (T, W)llze <7

Po

1 < 7(2,1) + pul(, 1) + poo < dpo for any (z,t) € Q x [O7T]}.

Let (1,w) € ¢Zr(L) for a suitable positive number L and for T' > 0, and replace (o, v)
by (7,w) in the right-hand sides of (3.7). Then, by the maximal regularity stated in
Lemma 3.4, we can define a contraction mapping ® : ¢Z7r(L) 3 (1, w) — (0,V) € ¢Z7(L)
for a sufficiently small T' € (0, Tp). We thus obtain by the contraction mapping principle
a local existence theorem in the maximal regularity class as follows:

Theorem 3.5. Assume that  is a uniform C* domain in RN, N > 2, with boundary .
Let (p,q) € (2,00) X (N, 00), and let R be an arbitrary positive number. Then there exist
positive constants L and T € (0, Ty) such that, for any (po,uo) € Biy?P () x B2,*P(Q)N
satisfying ||(p0,uO)HBM(Q)3 nxBLYP )N S R with (3.5) and (3.6), the system (3.7)
admits a unique solution (o,v) on (0,T) in oZr(L).



4 Global solvability

Throughout this section, we assume

Assumption 4.1. (1) The domain Q is a bounded domain in RN, N > 2, with C?
boundary T'.

(2) P'(poc) > 0.

4.1 Linearization

Let fioo = 11/ Poos Voo = V] Poo, and Yoo = pt P'(pss). Then we rewrite (3.1) and (3.2) as
follows:
Op + poo divu = — div(pu) =: F(p,u)

and
Oru — Div(piee D (1) + (Voo — poo) divul + KAPI) + 75, Vp
= p;f{ — pdu— (p+ po)u- Vu
+ DIV(K(p + pac) = kpocBpT) = (P(p+ pc) = P'(p=c)) Y}
=: G(p,u).
Thus we have achieved the following equivalent system of (1.1) with Ty = oo
Op + podivu=F(p,u) in Q x (0, 00),
0a — Div(pteoD (1) + (Voo — phoo) divul + API) + 75,V = G(p,u) in Q x (0, 00),
n-Vp=0, u=0 onT x (0,00),
u)|;—0 = (po,up) in Q.

(4.1)
4.2 Linearized problem
We consider a linearized problem associated with (4.1) as follows:
Op+ podivu = f in Q x (0,00),
O — Div(fieeD(1) 4+ (Voo — fhoo) divul + £ApI) + 7 Vp =g in Q x (0, 00), (4.2)

n-Vp=0, u=0 onTI x(0,00),
(- w)]e=0 = (po,up) in €.
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To construct an analytic Cp-semigroups associated with (4.2), we set for ¢ € (1, 00)

Hi () = {/) € H)(): / pdr = 0} . Xg=Hy(Q) x Ly()N,

and also
Hd(Q) = HS(Q) N H;(Q)

q

Their norms are given by
HPHH;(Q) = ||PHHq1(Q)7 Il (0, u)”H}Z(Q)qu(Q)N = ||/’||H;(Q) +ullz, @,
ol = lloll -
In addition, an operator A, is defined by
A, (p, 1) = (—poo divu, Div(peD(u) 4+ (Voo — ploo) divul + KAL) + 75, V),
with the domain D(A,):
D(A;) = {(p,u) e HI(Q) x H()" :n-Vp=0, u=0onT}.

Note that D(A,;) C X, and A, : D(A;) — X,.
Now we introduce the generation of an analytic Cy-semigroup {e*e'},~o on X, and its
exponential stability. To this end, we consider the following resolvent problem:

AP+ podiva= f in Q,

A — Div(peeD(u) 4+ (Voo — fiso) divul + kApI) + 7 Vp =g in Q, (4.3)
n-Vp=0, u=0 onT,

where A is the resolvent parameter varying in C; 5 = {z € C: Rz > 6} for 6 € R. By

[12] and a small perturbation method, we have

Lemma 4.2. Let g € (1,00) and suppose that Assumption 4.1 holds. Then there exists a
positive number d5 such that, for any A € Cy 5, and (f,g) € X,, the system (4.3) admits
a unique solution (p,u) € H3(Q) x HX(Q)N. In addition, the solution (p,u) satisfies the
estimate:

MG @), + (o, W llhg () xz)y < Cnvgsall(f,8)l1x,
or some posiiive constan N.q.63 haepenaent o S +.05
ti t Cigss independent of A € Cy s,

Let C; = C o = {# € C: Rz > 0}. Combining Lemma 4.2 with a homotopic
argument? and the closed graph theorem then yields

2We refer e.g. to [3, Section 7).



Lemma 4.3. Let ¢ € (1,00) and suppose that Assumption 4.1 holds. Then, for any \ €
C, and (f,g) € X,, the system (4.3) admits a unique solution (p,u) € H3(Q) x HZ(Q)N.
In addition, the solution satisfies the estimate:

Aoy w)llx, + [l (s W)l lg@xmz)y < Cngll(f )%,
for some positive constant Cy, independent of A\ € C,.
By Lemma 4.3 and the standard theory of analytic Cy-semigroups, we have

Lemma 4.4. Let ¢ € (1,00) and suppose that Assumption 4.1 holds. Then A, generates
an analytic Cy-semigroup {eAqt}tZO on X,. In addition, there there exist constants 6, €
(0,1) and Cn 445, > 0 such that for anyt >0

[l (po. o) lIx, < Cwv.gsne™ | (po; wo)|Ix, ((po; o)

S
1™+ (po, 1o)llx, < Cvgsse™ ™ | (po, wo)llx,  ((po, o) €
S

10 (o, 10)[1x, < Civgsve™ I[P, wo)lloay) (0, 10)

Xa);
Xq)

D(A));

)

where || - [[p(a,) denotes the graph norm of A,.
Similarly to [13], we have by setting D,,(€2) = (X, D(Ag))1-1/pp
Lemma 4.5. Let p,q € (1,00) and suppose that Assumption 4.1 holds. Then, for any
(p,u) € D, (Q), (p,u) = €At (pg, 1) is a unique solution to the system (4.2) under the
condition of (f,g) = (0,0). In addition,
1€ 8upl| L, (0,001 3 ) + 12 Il (0,000 M3 ()
1100l 1, (0.00) Lat0)) + €7 01, (0,000 H3000)
< Cnpaall(po, wo)lp, ()

for some positive constant C pq5,, where 04 is the same constant as in Lemma 4.4.

Next, we introduce a maximal regularity with exponential stability for (4.2). To this
end, we start with the standard maximal regularity following from [12] with a small
perturbation method as follows:

Lemma 4.6. Let p,q € (1,00) and suppose that Assumption 4.1 holds. Then there exists
a positive number 05 such that, for (po,ug) = (0,0) and for any f and g with

™' f € Ly((0,00), Hy()),  e™"g € Ly((0,00), Ly()"),
the system (4.2) admits a unique solution (p,u) with

p € Hy 1o ((0,00), Hy(€2)) N Ly oc((0, 00), HY()).

p

95



96

w € Hy oo ((0,00), L(2)™) N Lyjoe((0, 00), He ()).
In addition, the solution (p,u) satisfies the estimate:
”6_65tatp|‘Lp((O,oo).,Hé(Q)) + ||6_65tpHLp((O,oo),Hg(Q))
+ e 0 1, (0,00, Ly + e 0 L, (0,000 200
< ONpass (Hef‘s"’tf 20,000 13 0) + ||eféstgHLp<<o’oo>¢Lq(9>N>)
for some positive constant Cn p q.65-
Similarly to [11], we can prove by Lemmas 4.4 and 4.6
Lemma 4.7 (Maximal regularity with exponential stability). Let p,q € (1,00) and sup-
pose that Assumption 4.1 holds. Then there exists a positive number dg € (0, 1) such that,
for (po,ug) = (0,0) and for any f and g with
e f € Ly((0,00),Hy (),  e™'g € L,((0,00), Ly(2)Y),
the system (4.2) admits a unique solution (p,u) with
p € oH,((0,00), Hy(€2)) N Ly((0, 00), HH(€2)),
u € o H,((0,00), Ly(2)™) N Ly((0, 00), Hy ()™).
In addition, the solution (p,u) satisfies the estimate:
1% 0Pl 1, (0,000 Hac2)) + €% Pl (0,00 300
+ (1€ 0|1, (0.00),La@™) + 1€ 0| 2, (0,000, 12 (2)M)
< CNpads (||€6"'tf L, (0,000 H2 () + ||666t8||Lp<<07w)7Lq<Q>N))

for some positive constant C p.q4.6, -

4.3 Global existence theorem

Let p,q € (2,00) x (N,00) and (pg, up) € Dg,(Q2) with [[(po, uo)|lp,, @) < €1 for some

Att(

positive number &; € (0,1) determined below, and let (p.,u.) = e**(pg,ug). Then,

setting p = o + p. and u = v 4+ u, in (4.1), we observe that
010 + podivv = F(o + ps, v+u,) in Q x (0,00),
0V — Div(p1ec D(V) + (Voo — pleo) div VI + KACT) + 7. Vo
=G(o + ps, v+ u,) in Q x (0,00), (4.4)
n-Vo=0, v=0 onI x(0,00),
(0,V)]i=o = (0,0) in Q.

To use the contraction mapping principle, we introduce the following notation:



o OZoo = OZ;O X ()ZgO with

0Za = oH,((0,
023, = oH,((0,

p

), H, () N Ly((0,00), H(€2),
), Lo()™) N L,y ((0, 00), HF (™).

00
o)
In addition, for 6 > 0,

1o, Wllozs, = 11€”0upll 1, (0,001, + €7Dl 1, (0,00, i3 (00)

+ ”e&atuHLp((O,oo),Lq(Q)N) + H€5LP||LP((0,OQ),H3<Q)N)-
e For § >0 and r > 0,
028 (r) = {(T, W) € 0Z0 ¢ (1 W)llyze <7, Ww=0o0nT),
12

< 7(2,) 4 pul(T, 1) + poo < dpoo for any (z,t) € Q x [0, oo)}

4
Let (1,w) € ¢Z2 (g2) for a suitable positive number § € (0,1) and for &5 € (0,1), and
replace (o, v) by (7, w) in the right-hand sides of (4.4). Then, by the maximal regularity
with exponential stability stated in Lemma 4.7, we can define a contraction mapping
D : g2 (e9) D (1, W) = (0,V) € 025 (e2) for sufficiently small positive numbers ¢; and
€9. We thus obtain by the contraction mapping principle a global existence theorem in
the maximal regularity class as follows:

Theorem 4.8. Let (p,q) € (2,00) x (N,00) and suppose that Assumption 4.1 holds.
Then there exist positive numbers 0, €1, and e such that, for any (po, up) € Dy, () with

[(po, wo)llp, @) < €1, the system (4.4) admits a unique global solution (o,v) in ¢Z3,(e2).
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