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Dirac induction of semisimple Lie groups

M kHEEE R/RE B

A K T connected semisimple Lie group @ reduced
group C*-algebra @ K-theory 2F 2 %, Zhid. # K& 598 "X
AHEMECCEhRss s HERORBE” REY 3@ EKRE Ot
EOWRR " RARBKE K-ER” OB TH S5, C*-algebra O K-
theory X+ topological K-theory % C*—algebré KBULEDBDT.
ECORMER >TVS, 22T, —RBEODVTEERRL,
ChEO2VTE. Z2LAORBAILEBRABEET 5. W5 H
KBVWTDHBEDITH SN example OFFHWB. EERMEATS %5,

glg

" Locally compact group ® reduced group C*-algebra I 2 U DK
ﬁﬂ:’&&% example 2R#ELVTBYV. Thd0 K-group 2it¥ 7 3
TEB, ¥RV RT YRGB VI ETH S, Discrete group
oL TWH. BUBAKSSMBETH3H8. I TUMARL, Con-
nected Lie group RER2MET %,

1. B

Connected Lie group ® K-theory & Bl 9 %545 %7 Connes-
Kasparov conjecture ih 38 connected Lie group @ K-
Theory OBRRZO2WT. PUKRIVE->-THRVERDS., G %2 com
pact Lie group &9 5, 2hiZHO2VWTU. RHBEBLTHLS DS
M dhTW3 Peter Weyl Theorem » C*-algebra O L NI H L
THHMIELU.
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C*(G) = @yef MC,d(n))
T® %5 »>d. compact Lie group @ group C*¥-algebra @ K-group
OFt ®i. matrix algebra OFHRF[EIh. ThPd Ko(C*G)
= R(G), K1(C*(@) = (0) TH 3. TZTT.|RQG L. G ORAR|
TH b5, Chil. —DO0OBRRATISI I EVI LD,

R G % simply connected solvable Lie group L&D, &
CEORWE TRHEOERWL &> T, R @ semi-direct product I
K>T. BEEEHhTWLWS, f#>oT- R &3 C*-crossed product
@ K-theory M support ¥Th TWhE KW, A.Connes @ Thom
isomorphism [4]1 & & » T. C¥(G) ® K-group l;t\ R o&kmxwek
5T dU even THhIUE. Ko B8 Z T K B0 THY. odd T
Shif. C2OHWL’2 3., Simply connected solvable Lie group @
XHBOSMBERNUT. 0O K-theory OBMMUEAKZE L, =
h#B., 3V E20BHRPITH %,

E2LBRRBOTVEEIIRRARA3. COZOOEHEHRHE T 530
3%\ T %3 >, Compact group DHFAR W . BHERERLCR
"BUTW30OwEH U T. Solvable case Tl . dimension O
parity KDOAEKELTWVW S,

MEDEBBETHRY case $EXZRDD—DOFHH VY LU
T. semisiﬁlple Lie group 0372#'(:’%.%?’5%?& D, TREAEAH
RHITHB. SL2,R) BEo>THx &>, Classical & Bargmann
OEBRBEAVS . SL(2,R) O reduced group C*-algebra O ##
EREAHCHEETIZENTES, 2hid. HIZ G ® dual 2/
Wk Fourier transform T % % #. dual # Hausdorff. TRVLO
THPURBA>DTWVS, FHRZODVWTHR Lips.man (71 R 2BIh R
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AN

Reduced group C*-algebra . ERW &> T. W< D H D part
D direct sum LK PHh B, Integrable 72 discrete series &
dual ® T open point & %R %, Integrable TRV discrete
series & open WWR SR WVP. reduced dual OHTERB &
open LR TWB, TDZ &Mb discrete series I compact
operator algebra HERT 5DT K-group D generator 25 % %,

Limit of discrete series D Do2DOEXRBIWIT odd principal
series @® closure WA > TW%, Even principal series I
topological Wi+ 1 RX D cone TH %5 » S K-theory BHIZ W
null homotopic T %, F7$HB. even principal series .
K-theory X £ < HFH UV, 0dd principal series 2 W THHE
WEZBE 1RFTD cone & one point WL oDV TW3BE LKD"
image T» %, A.Valette [10] OH K THIFTT 3 &. & O & B
K-theory B2 R h I compact operator algebra *H U &> R ESE
ST EBH B, FahHB limit of discrete series D DD RH
. U& 20 Ko-group O generator 25 %X 3, Kj-group & 2 W
TU. 2T 0 &R 3B,

BlE®Z &>, K-group €2 W T . maximal compact sub-
group ORHBYBERBRERCEARL TV I EBDD S. 50K
AW, B2 torus OFRHABRIETRLE, BABREHE X 3 & maxi-
mal compact subgroup @ character » & holomorphic induction
BRI E&EWEK>T. discrete series &ié:'('f%"on%o
Holomorphic induction & . B9 %1 G-invariant first order

elliptic differential equation OMZEMIERREEH T 52 &



204

T®% %5, Ml B. induction 75 X elliptic operator TH %,
Limit of discrete series & odd principal series DI HF 2L
T ZhELR->FVEURHSERRT S hL, |

SL(2,R) ® holomorphic induction . Blattner [3]1 & & > T
ZXEE¥h. Kostant CE> T—BHRERLETh R, 205 &.
Atiya-Schmidt [1], Parthasarathy [8] . semisimple Lie group
® discrete series ® Dirac operator R L R Hih R HKEL 5
X ko Discrete series & D W T LIA Harish-Chandra IZ &k > T
ﬁﬁ?ﬁﬁbn?_‘h %‘i)‘f\ FhBERHREREREE - RRdOTERD
ok, COBEBRDOVTR. ALRKISRREHELL. COER
B & U Atiya-Singer @O elliptic operator ® index theory

semisimple Lie group ® K-theory KW A YN bR E Xk,

2 .Dirac induction

G X connected Lie group & U . K I maximal compact sub-
group c‘:'ﬁ‘%oM irreducible rewﬂ S C¥G) O
K-group O element**& BEPHWCHERKIIZICELE2EXLS, ELU K-
group @ element M5 % /& Kasparov HRZ E->2TBI RS,

q X G/K (vector space) ® dimension &9 3%, g,k & G,K D
Lie algebra * ¥ %, g = k+p T g @ Cartan decomposition & ¥
%5, g ® Killing form B I Cartan decomposition ODE‘EHD» & p
ki  positive definite % scalar product 5% %, 2D &

DS K Ppd SO(p) ND isotropy representation WEHE I h %5,
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ZOEWE P Spin(p) FT lift TX B & . G/KUW G-invariant
spin structure 22>, T D& E. G W acceptable tTd 3
¥V, B U Spin(p) & SO(p) @ double cover THHHP 5 G
OB Y% double cover B hWX Z OB RRFRARLTINL TV S,
ZZTW. MBEORYD G acceptable TH3 & ¥ 3,

S T Spin(p) @ spin module X ¥, S & [q/2]1-dimensional
representation T. q M odd oL irreducible T+ even 72 &
3% oDOO component S* ¥ S~ @ direct sum W AWT 5. R
. G/K #»# G-invariant spin structure 2D EREL TV 3O
Ehod sk KOFHEARTCEBTES, TOLKIRUTHES
hk KORAR x tRT. T p"C‘ KDOHEE®D finite dimen-
sional representation X7 . o R x & "associate ¥ % G/K L
® homogeneous vector bundle 2% X 5., Z @ bundle D compact
support 2 ®» 2> C% section 2 (Cel@®,p@x K RXRDODATEH X
5hTW3. ’

(Col@®, XQP K = (¢ : G- X@p , & is continuous Qith
compact support and, for any g¢G, kéK, £ (gk) = (§®0p Yk~
£ (&)}

The Dirac operator D, with coefficient p & . L@ section
space ® LW ¥ A ¥ % G-invariant elliptic differential
operator TRDORWR E>TE X S6h %. p ® ortho normal basis
(Yi)igizsqR UEPEET %,

Dp = 2 f;l 7 i ®c(YHR1
22T c(Y) W& vector Y W& % Clifford multiplication feﬁﬂ“ov

Z @ operator X elliptic T G-invariant > formally self-
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adjoint TH %, ¥ B q M even TH h il bundle @ grading
& anticommute ¥ %3, Z ® & ¥ X. Kasparov [5] & & > T degree
q (mod 2) ® unbounded Kasparov element 2 5 %X 3%, o
Kq(CY(G)) @ element DZ &% D, @D analyticél,\index &Ry
Inda(Dp ) EXT . p» > analytic index N D map & R(K) » »
Kq(C¥(G)) @ group homomorphism X HIET S &N TE S, Z
® map 2 A & W T Dirac induction & kX &, V

TTCZZRE>TWVHEWLE Connes-Kasparov conjecture % ik X

232EHBTES,

Conjecture: Dirac induction A X group isomorphism %2 5 %

%o

Z @D conjecture ODEHKRR2EFE XA L. PREEDBEARE S
TRELVANAZEL L ;b Kasparov i & U . prvoper G-manifold @ & ®
% 57 G-invariant first order elliptic differential operator
2&->Td K-group @ element 85X 32 BNBo TV 3. 2O
conjecture X proper G-manifold G/K @ Dirac operator % ¥ %
h. HETLT K-group % generate UT U ED WS T L2 EHKU
TWw 3 o Fhs BL{FAHIW analytic index O)’ﬁE_t;t elliptic
operator £ @D » O T W& & <. underlying homogeneous vector
bundle XD H depend ¥FH5DDTH S5 6 UV, £59 % & Dirac
operator BHVLONZEHK LU BRATSH 33D, FE"O&Q’F'J‘%Z
&3 . Dirac operator @ square W H W % Laplacian Eh & .

irreducible representation ® space O ETCI. scalar RV
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Parthsarathy O R (8] Wi THEMNABS KXEH ¥ T % 32ET
5. .

Z @ conjecture X ¥ 3 R.Plymen K> TERINE. Phi
complex semi-simple Lie group & 2 W T . reduced dual #» Haus-
dorff W/ A 2 & H» & reduced group C*¥-algebra M flat 22 éon—
tinuous field WHR B Z & %KL K-group R EHRMEHEUL R, &
O&m D preprint T Dirac induction i D L\'Cti.&\h dh TL
BULM, FHIEHRW Penington COHFORX [91 BERL. £
T complex group X4 U 'C Connes-Kasparov conjecture 25 £
R UR. ThUI®WY Dirac operator ® square 2 By 5
HTB5dbDTH 35,

¥ 72 Kasparov I Connes & XM ¥ 2 amenable Lie group &34
UTLE®D conjecture Eﬁfﬁﬁ bf&‘ 5, ¥k #HW. Lorentz group
LD WML real rank 1 semi-simple Lie group WHUT- conjec-
ture ® abstract RAER I >THARULULTWAS, 2 ¥ U Kasparov @
WXREBLRARXLKVODBRBTH Y. FHOWBERE LK <H S
RV, | _

R . conjecture 2 U % Connes OB FTH B A.Valette i
[111, [12]1 WBWT. real rank 1 OFAH. RY. Cartan subal-
gebra @D conjugacy class ¥ unique RIFHFREH U TRIERIT-o R,
Bi & © example & SO(n,1), SU(N,1) RETH 3. Real rank 1 €
ShIXBNBHUBHHRVE L. T TR Lipsman [7] K k> T
dual topology NRELRKREINhTWS, q B even RIFH K,-
group @ element 25 % 5 Ol discrete series RU reducible
principal series T & %, FTh&HUT. g M odd @%émﬁ
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Ky-group ti. ORZR>TULEI. Th ﬁ Kasparov i)‘%lm EZE
URZCE&ETHBM. K-theory DRI discrete series OBER
U principal series @ reducibility *ZFVHER2ERL2E->T
w3,

BEOMBMMZLHIE complex semisimple Lie group €. W Y
dual » Hausdorff IR Y C*-algebra OMBU LRV ELHETH
%50, X U-reduced dual M il cuspidal parabolic subgroup »
» @ induced representation ¥ UTEH X o6h b, — LI
cuspidal parabolic subgroup @ conjugacy class I unique TIX
72 W, Cartan subalgebra » unique T complex‘@ﬁhﬁﬂ%ﬁm
‘d SL(3,R) T¥ %,

Valette DR X BBEBHOh LBEHK. T D conjecture & linear
semisimple‘mtﬁ‘% ¥ T A.Wasserman [131(A FFH), B LU
Penington (ph.D) K & > THM U WHEW T h. linear X V5 KEW.
FOERRHEDPR I->-TR T T, BREOHEBH L. semisimple
Lie group @ ﬁiﬁyﬁﬁ ODEBREBVE R. Plancherel formula,
limits of discrete series, intertwining operator, theory of
K-type, classification of tempered irreducible representatioh
RERINEAVIOOTURREMAM TS V. £< Kasparov
OERLZOEZDDTS 3.

XT. UETCZOFHRIEDLVTHS, UbULERHABREELAVR
VW geometric REHBHRAIT S FIT. RUTEHEHLL®Db REWTL
ARVTHSE S, TOIIRIEHUD bﬁfﬁﬁ'@&ﬂif connected
Lie group @O K-theory IZBI 3 % Connes-Kasparov conjecture %

BAURBRHEUTESECBDT—RBALR. WhHh¥W 35 Baum-Connes con-
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jecture (2] OHEBHOHENXLERBTETHS >, T XR
o AHRBENNE. discrete series OFEEWREIT S Harish-

Chandra O ®. ¥k principal series O reducibility @9
% Knapp-Stein [6] OFEEBO. L VHVPTLVHEHARGF XS L
WRBTHS Do '
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