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Note on the space of real non-resultant
systems determined by a toric variety

(LT (Kohhei Yamaguchi)
EXUBERYE [HHELEERE (University of Electro-Communications)

Abstract

For a fan ¥ in R™, a field F and an r-tuple D = (dy,- - - ,d,) of positive integers,
let Poly?"*(F) denote the space of non-resultant systems of bounded multiplicity n
determined by a toric variety Xy, where r is the number of one dimensional cones
in ¥ and Xy denotes the toric variety over C corresponding to the fan . Since
Poly?*(C) = Hol})(S?, Xx) when n = 1 and the certain condition is satisfied, this
space may be also regarded as one of generalization of the space Hol}(S?, Xx;) of
all based rational curves from the Riemann surface S? to Xx of degree D. As one
of real analogues of this space, we shall study the space QE’Z(F) for F = R or C.
In particular, we report that the Atiyah-Jones-Segal type homotopy stability holds
for the space QQ’X(F) (cf. [2], [21]). This note is based on the joint works with A.
Kozlowski ([12], [17], [18]).

1 Basic definitions and notations

Let N be a set of all positive integers. For connected spaces X and Y, let Map(X,Y)

denote the space consisting of all continuous maps f : X — Y with the compact open

topology. Let Map*(X,Y) C Map(X,Y') be the subspace of all base point preserving maps

(X, %) = (Y, ). For a based homotopy class D € my(Map*(X,Y)) = [X, Y], we denote

by Map},(X,Y) C Map*(X,Y') the path component containing the homotopy class D.
Now recall several basic definitions and notations concerning to toric varieties.

Definition 1.1. (i) A convex rational polyhedral cone in R™ is a subset of R™ of the form

(1.1) o = Cone(S) = Cone(my, -, my) = {Z Aemy @ A, > 0}
k=1
for some finite set S = {my,---,my;} C Z™. The dimension of ¢ is the dimension of the

smallest subspace of R™ which contains o.
(ii) A convex rational polyhedral cone o is called strongly converif o N (—o) = {0,,},
where we set 0, = 0 = (0,0,--- ,0) € R™. A face 7 of a convex rational polyhedral cone
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o is a subset 7 C o of the form 7 = o N {x € R™ : L(x) = 0} for some linear form L on
R™, such that 0 C {x € R™ : L(x) > 0}.

(iii) Let X be a finite collection of strongly convex rational polyhedral cones in R™.
Then it is called a fan (in R™) if the following two conditions (1.1.1) and (1.1.2) are
satisfied:

(1.1.1) Every face 7 of o € ¥ belongs to X.
(1.1.2) If 09,09 € 3, 01 N0y is a common face of each o), (k= 1,2) and so 03 Noy € 2.

(iv) An m dimensional irreducible normal variety X (over C) is called a toric variety if
it has a Zariski open subset T = (C*)™ and the action of T on itself extends to an action
of T¥ on X. The most significant property of a toric variety is that it is characterized
up to isomorphism entirely by its associated fan Y. We denote by Xy the toric variety
associated to a fan X. O

1

Definition 1.2. Let K be a simplicial complex on the index set [r] = {1,2,---,r},! and

let (X, A) be a pairs of based spaces.
(i) Let I(K) denote the collection of subsets o C [r] defined by

(1.2) I(K)={oC|r]:0¢ K}.
(i) Define the polyhedral product Zx (X, A) of the pair (X, A) with respect to K by

(1.3) Zg(X,A) = [ J(X,4),  where
(X, A)° zz(xl,--- x) € X ixpe Aif k¢ o}

Definition 1.3. Let K =R or C, let ¥ be a fan in R™ such that {0,,} S X, and let
(1.4) (1) =Api o}

denote the set of all one dimensional cones in X.

(i) For each 1 < k < r, we denote by ny € Z™ the primitive generator of py, such that
pr N Z™ = Z>o - ny,. Note that p, = Cone(ny).

(ii) Let Ky denote the underlying simplicial complex of ¥ defined by

(1.5) Ky = {{i1,~-- Jisy C[r] : myy, My, -+, My, span a cone in Z}.

It is easy to see that Ky is a simplicial complex on the index set [r].

Let K be some set of subsets of [r]. Then the set K is called an abstract simplicial compler on the
index set [r] if the following condition holds: if 7 C ¢ and o € K, then 7 € K. In this paper by a simplicial
complex K we always mean an abstract simplicial complez, and we always assume that a simplicial complex
K contains the empty set 0.
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(iii) Define the subgroup Gy x C Tk = (K*)" by

(1.6) Gyx ={(p, -, pr) € T : H(uk)<”’“’m> =1 for all m € Z"},
k=1
where (u,v) = >0 wpvy, for w = (ug, -+ ,up) and v = (v, -+ ,v,,) € R™.
(iv) Let
(1.7) (K™)" = K"\ {0,}

and consider the natural Gy, g-action on Zi (K", (K™)*) which is given by coordinate-wise
multiplication, i.e.

(1.8) (1, o) - (@1, @) = (- s ey

for ((per, -+, pur), (&1, , @) € Gox x (K")", where we set

(1.9) pe = (pzy, - pxy,) i (uz) = (p, (21, ,2,)) € Kx K™
Then define the space Xy x(n) by the corresponding orbit space

(1.10) Xsx(n) = Zi, (K", (K")")/Gs k.

Moreover, let

(1.11) Ink : Zren (K", (K")") = Xsk(n) = 2, (K", (K")*)/Gex
denote the corresponding canonical projection.

Theorem 1.4 ([4], Theorem 2.1). If the set {my};_, of all primitive generators spans R™
(i.e. Y R-mny, =R™), there is a natural isomorphism

(1.12) Xy = 2, (C,C")/Gsc = Xnc(l).
Hence, we can identify Xx c(n) with the toric variety X if n = 1. O

Remark 1.5. Let K=Ror C. Foreach 1 <i <7, let F; = (fi4, -, fai) € Klzo, -+, 25]"
be an n-tuple of homogenous polynomials of the same degree d; satisfying the following
condition:

(1.12)* For each o € I(Ky), the homogenous polynomials { fi;}re, have no common real

root except 0,1 € R+,

In this situation, consider the map

(1.13) F=(F, - ,F): R\ {0,1} = (K")" =K™ given by
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(1.14) F(z) = (Fi(x), --F.(z)) forzeR™1\{0,,,1},
' Fi(x) = (fuil®), foilx), -, faui(z)) for 1 <i<nr.

By the assumption (1.12)*, homogenous polynomials { fi.; }xe, have no common real root
except 0,41 € R¥™! for each 1 <4 <7 and ¢ € I(Ky). Thus, we see that the image of the
map F' is contained in Zi, (K", (K")*), and we may regard the map F as

(1.15) F=(F, -, F): R\ {0} = 2k, (K", (K")*). O

Lemma 1.6 (cf. [5], Theorem 3.1). Suppose that the set {ny.},_, of all primitive generators
spans R™. For each 1 < i < r and o0 € I(Ky), let F; = (fi4,-- -, fui) € Klzo,- -+, 2"
be an n-tuple of homogenous polynomials of the same degree d; satisfying the condition
(1.12)*.

Then there is a unique map f: RP° — Xy x(n) such that the diagram

s (F1,- 1) n n\*
Re+ \ {Os+l} -1—°_> Z]CZ(K a(K ) )

(1.16) v{ q"’“‘l
RP* — Ze (K" (K")) /Gax = Xsx(n)

is commutative if and only if the following condition holds:
(117) denk = Om.
k=1

Here, v, : R\ {0,441} — RP® denotes the canonical double covering, and the map
F = (F,---,F,) is gien by (1.15). O

Assumptions. From now on, let X be a fan in R™ as in Definition 1.3, and we always
assume that Xy is simply connected and non-singular. Moreover, we shall assume the
following condition holds.

(1.17)* There is an r-tuple D, = (d},--- ,d}) € N such that >~, _| diny = 0,,.

Remark 1.7. (i) It follows from [6, Theorem 12.1.10] that Xy, is simply connected if and
only if the following condition (ft) holds:

(t1) The set {ny}}_; of all primitive generators spans Z™ over Z, i.e.
22:1 Z - ne = 7.

Thus, one can easily see that the set {my}}_; of all primitive generators spans R™ if Xy, is
simply connected. In particular, we can see that Xy, is simply connected if Xy, is a compact
smooth toric variety.

(ii) Let ¥ be a fan in R™ such that (1) = {p1,--- , p, }, where X(1) denotes the set of
all one dimensional cones in ¥ as in (1.4). In this situation, consider the case s = 1 for
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Lemma 1.6. We make the identification RP' = S' = R U 0o and choose the points oo and

[1,1,---,1] as the base points of RP' and Xy, respectively. Then, by setting z = i—‘l’, for
each 1 < k < r, we can view f; as a monic polynomial fi(z) € K[z] of degree dj, in the
real variable z. O

Now it is ready to define the space QD*(K) for K =R or C.

Definition 1.8. Let K = R or C. For each r-tuple D = (di,--- ,d,) € N", let QP*(K) de-
note the space of all r-tuples (f1(z2), -, f+(2)) € K[z]" of K-coefficients monic polynomials
satisfying the following two conditions:

(1.17.1) For each 1 <i <, f;(z) € K[z] is an K-coefficients monic polynomial of the degree

d;.

(1.17.2) For each o = {iy, -+ ,is} € I(Kyx), polynomials f;, (2),- -, fi.(z) have no common

real root av € R of multiplicity > n (but may have a common root v € C\ R of any
multiplicity).

(i) For a monic polynomial f(z) € K[z] of degree d, let F,,(f)(z) denote the n-tuple of
monic polynomials of the same degree d defined by

(1.18) Fo(f)(2) = (£(2), f(2) + (), f(2) + f"(2), -+ f(2) + f77D(2)).

Note that a monic polynomial f(z) € K|z] has a root « € C of multiplicity > n iff
F(f)(a) =0, € C".

Remark 1.9. (i) Recall that the space QD*(C) was already investigated for the case
n = 11in [15],% and that the space QY*(K) was already studied well in [16] for the the case
(X%, D) = (CP™ ', D,,(d)),® where D,,(d) € N™ denotes the m~tuple of positive integers
defined by

(1.19) D,,(d) = (d,d,--- ,d) (m-times).

(ii) Let Zy = {£1} denote the multiplicative cyclic group of order 2, and we denote by
X?2 the Zo-fixed point set of a Z,-space X.

Then the complex conjugation on C easily extends to the Zs-actions on the spaces
Zi, (C™,(C")*) and QP*(C) such that

(1.20) Ziey (R, (R")") = 2, (C", (€))%, QP(R) = Q¥(C)™.

It is easy to see that the complex conjugation on C also naturally extends to the Zs-action
on Xx.c(n) = Zx.(C*, (C")*)/Gx ¢ such that

(1.21) Xsr(n) = Xsc(n)%. O

21t is written as Pol}, (S, Xx) = QR-Z(C) if n = 1 in [15].
31t is written as QI'™(K) = QP*(K) in [16] for (Xx, D) = (CP™~!, D,,(d)).



Definition 1.10. Suppose that the condition (1.17)* holds, and let D = (dy,--- ,d,) € N
be an r-tuple of positive integers satisfying the condition Y, _; ding = 0.
(i) First, consider the case K = C. By Lemma 1.6, one can define the map

(1.22) ipnc QYY(C) = QXs(n) by
iD,n_,@(f)(a) = {%Zﬂ(fﬁ(a);fn(]%)(a)) T Fn(fr)(a)] i: z iﬂfo

for f = (fi(2), -+, fr(2)) € QP*(C) and a € RUocc = S', where we set e = (1,1,---,1) €
C".

Since the space QP*(C) is simply connected and g, ¢ is a universal covering, the map
ipnc lifts to the space QZc, (C", (C")*), and there is a based map

(1.23) jpac QP (C) = Q2x,(C", (C)")
such that the following equality holds:
(1.24) Qgn,c © jpnc =iDnc

(ii) Next, consider the case K = R. Recall the Zy-action on the spaces QP*(C) and

Xy, induced from the complex conjugation on C, and remark that the mapniD’n’(c is a
Zay-equivariant map. Then, by (1.20) and (1.21), we see that

(1.25) ipnc(Qr¥(R)) C QXx(n)™ = OXsp(n).

Thus, the restriction ip ., c|QY>(R) defines the map

(1.26) ik = ipnc|Q)F(R) 1 Q)Y (R) = OXxg(n)

such that the following diagram is commutative:

QPE(R) 25 OXyp(n) ¢t QZe, (R", (R7))

~

(1.27) igl szl anl

DE(C) 225 QXg(n) S Q2 (C7,(C))

where the j, : Z, (R, (R")*) — Zx.(C", (C")*) denotes the inclusion map. Moreover,
note that (¢, r is a homotopy equivalence. Thus, there is a based map

(1.28) Jpmr : QYF(R) = QZk,. (R, (R")¥)
which satisfies the following equality:

(1.29) Q¢ur © jpar =ipnr (up to homotopy).

153



154

Definition 1.11. (i) We say that a set S = {n;,, -+ ,n; } is a primitive collection if
Cone(S) ¢ ¥ and Cone(T') € ¥ for any proper subset 'S S.
(ii) For each r-tuple D = (dy,--- ,d,) € N", define the positive integer d(D, X, n,K) by

(Qnrmin(z) - 2) Ldmin/nJ -2 itK=C,

(1.30) d(D; %, K) = {(nrmin(E) —2)|dmin/n| =2 HK=R,

where |z| denotes the integer part of a real number z, and ryu;,(2) and dpin = dmin(D)
are the positive integers given by

(1.31) rmin(2) = min{s € N: {n;,,--- ,n, } is a primitive collection},
. dmin = dmin(D) = min{d17d2a"’ 7dr}~

(iii) To state the main result of this paper, we need to consider the following two
conditions (1.31)* and (1.31):

(1.31)* dypin > n > 1.
(1.31)" One of the following three conditions (1.31.a), (1.31.b) and (1.31.c) holds:

(1.31.a) dppm >n > 2.
(1.31.b) n =1, dpin > 2, and ryin(X) > 4.
(1.31.c) n=dpm =1 and ry;(X) > 5.

Note that the condition (1.31)" holds if (1.31)* is satisfied. O

2 Main results

Now we can state the main results of this article as follows.

Theorem 2.1 ([18]; The case K = C). Let n € N, D = (dy,--- ,d,) € N", and let Xy,
be an m dimensional simply connected smooth toric variety such that the two conditions

(1.17)* and (1.31)* hold.
(i) If >-4—; demu = 0y, the map (given by (1.23))

Jpmc : QLY (C) = QZ, (C", (C)Y)

is a homotopy equivalence through dimension d(D; %, n,C).
(i) If >, dimy # O, there is a map

Jpae t Q7 (C) = 02, (C, (C))

which is a homotopy equivalence through dimension d(D; %, n,C). O
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Theorem 2.2 ([18]; The case K =R). Letn € N, D = (dy,--- ,d,) € N, and let X5, be
an m dimensional simply connected non-singular toric variety such that the two conditions
(1.17)* and (1.31)" hold.

(i) If >, dgmy, = 0y, the map (given by (1.28))

Jpart QT (R) = Q2 (R, (R"))

is a homotopy equivalence through dimension d(D; %, n,R).
(i) If >, dimy # Oy, there is a map

Joar t QPE(R) — Q2 (R, (R")Y)
which is a homotopy equivalence through dimension d(D;>,n,R). ]

Corollary 2.3 ([18]). Letn € N, let D = (dy,--- ,d,) € N", and let X5, be an m dimen-
sional simply connected non-singular toric variety such that the two conditions (1.17)* and
(1.31)* hold.

(i) If > p_, dxmg = 0y, the map ipnc : QR(C) = QXx(n) induces an isomorphism

)

(ipnc)s : ms(Qy(C)) — m(QXx) 2 71 (Xx(n))

for any 2 < s < d(D;X,n,C).
(ii) If >p_, diny, # Oy, the map ip,c : QR*(C) — QXs(n) defined by

(21) Z.D,n,(C = QQn,(C o jD,nA,(C

o

induces an isomorphism (ipnc)s @ Ts(QR*(C)) — m(2Xx(n)) = 7ey1(Xs(n)) for any
2<s<d(D;%,n,C). O

Let Zy = {+1} be the multiplicative cyclic group of order 2, and consider the Z,-action
on the spaces QP*(C) and Z,, (C", (C")*) induced from the complex conjugation on C.

Since QPE(R) = QPE(C), Z, (C", (€))% = Zi, (R”, (R")") and jpz = (jpac),
we also obtain the following result.

Corollary 2.4 ([18]). Letn € N, let D = (dy,--- ,d,) € N", and let X5, be an m dimen-
sional simply connected non-singular toric variety satisfying the two conditions (1.17)* and
(1.81)t. Then the map

jpac: QP (C) = Q2 (C*, (CV))
is a Zs-equivariant homotopy equivalence through dimension d(D; 3, n,R). O

Corollary 2.5 ([18]). Letn € N, let D = (dy,- - ,d,) € N", and let X5, be a simply con-
nected compact non-singular toric variety such that the two conditions (1.17)* and (1.31)*
hold. Let (1) denote the set of all one dimensional cones in %, and ¥y any fan in R™
satisfying the condition

(2.2) (1) cE X
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(1)

Let Y, diny, = 0,,,. Then the map
Jpme : Qu(C) = QZyx, (C,(C"))

n

is a homotopy equivalence through the dimension d(D;%q,n,C).
Moreover, the map ipnc : QD> (C) — QXy, induces an isomorphism

o

(iD,n,0)x  Ts(QR ™ (C)) — 7o(WX, (n)) = mp1 (X5, (m))
for any 2 < s < d(D;X%q,n,C).
If >, dymy, # 0y, there is a map
Jpac: Qi (C) = Q2 (C,(CY))

which is a homotopy equivalence through dimension d(D; %, n,C).

Moreover, the map ipc : Q2% (C) — OXy, defined by
(23) iD,n,(C = QQn,(C o jD,n,(C

induces an isomorphism (ip,.c)s : T(QP(C)) — my(QXs, (n)) = 7oy (X, (n))
for any 2 < s < d(D;¥q,n,C). O

Corollary 2.6 ([18]). Letn € N, let D = (dy,--- ,d,) € N, and let Xy be a simply con-
nected compact non-singular toric variety such that the two conditions (1.17)* and (1.31)f
hold. Let 3y be any fan in R™ satisfying the condition (2.2).

(i) Let Y ,_, dyny = 0,,. Then the map

Jpmr : QYT (R) = QZy, (R, (R")*)

is a homotopy equivalence through the dimension d(D;%,n,R).

(i) If Y _, dpmu # Oy, there is a map

(3.1)

Jpar: Qo (R) = Q2 (R, (R"))

which is a homotopy equivalence through dimension d(D; %y, n,R). O

3 Examples

Example 3.1. Consider the case Xy, = CP™ ! for m > 2. It is a toric variety and its
associated fan ¥, is the fan in R™~! given by

X, = {Cone(n) nG {eg, e, ,em_l}},
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where the set {ek}’k";ll denotes the set of standard orthogonal basis of R™~! given by

(32) €1 = (1707()"" a0)762 = (071707"' 70)7'“ y Em—1 = (070707"' a1)7
and we set eg = — Z;n;ll er. Thus, the underlying simplicial complex of X2, is given by
(33) ICEm = {UC {071727"' >m71} : 0_# {071725”' 7777/71}}

Since I(Ks,,) = {{O, 1,2-+-,m— 1}}7 the set {eg, ey, e, -, en_1} is only a primitive
collection and we obtain the following:

(34) Z]sz (K”, (Kn)*) _ (Kn)m \ {Omn} ~ Sd(K)mnfl’ Tmin(zm) =m,
1 ifK=R
where d(K) = dimg K = ' ’
2 ifK=C.
In particular, for D = (dg,dy, -+ ,dm_1) € N™,
m—1
(35) dkek:0m71 54 d():dl:"':dmflzd ~ D:Dm(d)
k=0

for some d € N, where D,,(d) = (d,d,--- ,d) (m-times) as in (1.19).
Now let dg(D;m,n) denote the positive integer defined by

(2mn — 2)(|dmin/n] +1) -1 fK=C,

(36) dx(Dsm,n) = {(mn —)(|dmin/n) +1) =1 K=R,

Recall the following previous result for the case Xy, = CP™ 1.

Theorem 3.2 ([16]). Let m,n € N be positive integers suc thatm > 2, D = (dy, -+ ,d;y—1) €
N dupin = min{dy, - -+ ,dm_1}, and suppose that d(K)mn > 4.
(i) If D = D,,,(d) for some d € N, then dy, = d and the natural map

jD,n,]K . QE,Em (K) N Qsd(K)mn—l

is a homotopy equivalence through dimension di(D,,;m,n) = (d(K)ymn—2)(|d/n]+1)—1.
(ii) If D # Dy,(d) for any d € N, then there is a map

o QI () > QgL
which is a homotopy equivalence through dimension dx(D;m,n). -

Remark 3.3. If we use Theorems 2.1 and 2.2, the homotopy stability dimension of
the natural map jp,x is d(D;%,,,n,K) = (d(K)mn — 2)|dmm/n] — 2. However, since
d(D; %, n,K) < dg(D;%,,,n), the result of Theorem 3.2 is better than that of Theorems
2.1 and 2.2 for the case Xy; = CP™ !, In fact, one can show that the result of Theorem
3.2 is the best possible stability dimension. O



158

Finally consider the case of the Hirzerbrch surface H (k).

Definition 3.4 ([14], Example 2.12). For each k € Z, let H(k) C CP? x CP! be the
Hirzerbruch surface defined by

(3.7) H(E) = {([wo : x1 : 23], [y1 : v2]) € CP? x CP' : z1yF = 2995},
Since there are isomorphisms
(3.8) H(—k)= H(k) if k#0, and H(0) = CP' x CP' if k=0,

without loss of generalities, we may assume that k£ > 1. Then the Hirzerbruch surface
H(k) is a two dimensional toric variety (over C), and its associated fan Xy is given by

Cone(ny, ny), Cone(ny, n3), Cone(nsz, ny), Cone(ny, n;)

(3.9) ZH(k) = { Cone(n, ), Cone(ny), Cone(ng), Cone(ny), {02} }’

where we set n; = (1,0), np = (0,1), n3 = (—1,k), ng = (0,—1).
Thus, the set of all one dimensional cones in ¥y is given by

(3.10) Yk (1) = {Cone(n,), Cone(n,), Cone(ns), Cone(ny)}.
Since {ny, nz} and {my, n4} are the only primitive collections,
(311) 7ﬂmin(EH(k)) =2

Moreover, for D = (dy, ds, ds, d;) € N*,
4
(3.12) D ding =0y & (ds,dy) = (dy, kdy +dy). O
k=1

Thus, it follows from Theorems 2.1, 2.2 and Corollaries 2.3, 2.5 that we obtain the
following examples.

Example 3.5 (The case Xy = H(k)). Let (k,n) € N>, Xy = H(k), D = (dy,dy,d3,d,) €
N*, dpin = min{dy, ds, ds, dys}, K = C or R, and assume that the following condition holds.

(3.13) dpm>n>1 if K=C, and dpw>n>2 if K=R.

(1) ]f (dg, d4) = (dh kdl + dQ), dmin = min{dl, dg} and the map

. DX n ny*
Jpmk  Qu e (K) — QZ’CEH(k) (K™, (K™)*)

is a homotopy equivalence through dimension (2d(K)n — 2)|min{d;,ds}/n| — 2.
Moreover, if K = C, the map ip,c induces an isomorphism

D,Xx)

(iDn ) s To(Qu " (C)) = T Wy (1) = M1 (X (1))
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for any 2 < s < (4n — 2)|min{d;,ds}/n| — 2.
(ii) If (d3, dy) # (dv, kdy + dy), there is a map

D ZH(k)

ok Qu (K) — QZ’CEH(k> (K®, (K™)*)

which is a homotopy equivalence through dimension (2d(K)n — 2)|dmm/n] — 2.
Moreover, if K = C, the map ipnc = Q¢nc © jpnc induces an isomorphism

, D, o ~
(ipmc)e t Ts(Qu " (C)) — my(WKgyy (0)) = i1 (X, (0))
rany 2 < s < (4n —2)|dyin/n] — 2. O
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