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Note on the space of real non-resultant 
systems determined by a toric variety 

山口耕平 (Kohhei Yamaguchi) 
電気通信大学情報理工学研究科 (Universityof Electro-Communications) 

Abstract 

For a fan刃in記， afield lF and an r-tuple D = (d1, • • •, dr) of positive integers, 
let Poly匠(JF)denote the space of non-resultant systems of bounded multiplicity n 
determined by a toric variety XE, where r is the number of one dimensional cones 
in I: and XE denotes the toric variety over C corresponding to the fan I:. Since 
Poly匠(C)= Holb(S2, XE) when n = l and the certain condition is satisfied, this 
space may be also regarded as one of generalization of the space Holb(S久XE)of 
all based rational curves from the Riemann surface S2 to X刃 ofdegree D. As one 
of real analogues of this space, we shall study the space Q匠(lF)for lF =罠 orC 
In particular, we report that the Atiyah-Jones-Segal type homotopy stability holds 
for the space Q匠(lF)(cf. [2], [21]). This note is based on the joint works with A. 
Kozlowski ([12], [17], [18]). 

1 Basic definitions and notations 

Let N be a set of all positive integers. For connected spaces X and Y, let Map(X, Y) 
denote the space consisting of all continuous maps f : X→Y with the compact open 
topology. Let Map*(X, Y) C Map(X, Y) be the subspace of all base point preserving maps 
f: (X,*)→(Y, *). For a based homotopy class DE n:0(Map*(X, Y)) = [X, Y], we denote 
by Map以X,Y) C Map*(X, Y) the path component containing the homotopy class D. 
Now recall several basic definitions and notations concerning to toric varieties. 

Definition 1.1. (i) A convex rational polyhedral cone in応isa subset of町 ofthe form 

s 

(1.1) び＝ Cone(S)= Cone(m1, • • ・, m』＝ ｛ど入k叫：入k2: O} 
k=l 

for some finite set S = { m1, • • •, ms} C zm. The dimension of CJ'is the dimension of the 
smallest subspace of応 whichcontains CJ'. 

(ii) A convex rational polyhedral coneびiscalled strongly convex if CJ'n (-0') = {Om}, 
where we set Om = 0 = (0, 0, • ・・，0)E賊匹 Aface T of a convex rational polyhedral cone 
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u is a subset T C u of the form T = u n｛XE賊m:L(x) = 0} for some linear form Lon 
記 suchthat u C｛XE賊m:Lほ） ：：：：：： O}. 
(iii) Let E be a finite collection of strongly convex rational polyhedral cones in町．
Then it is called a fan (in屈門ifthe following two conditions (1.1.1) and (1.1.2) are 
satisfied: 

(1.1.1) Every face Tofu E E belongs to区

(1.1.2) Ifび1,び2EE,び1nび2is a common face of eachびk(k = 1, 2) and soび1n び2EE. 

(iv) An m dimensional irreducible normal variety X (over q is called a toric variety if 
it has a Zariski open subset雰＝ （(C*r and the action of雰 onitself extends to an action 
of T包onX. The most significant property of a toric variety is that it is characterized 
up to isomorphism entirely by its associated fan E. We denote by XE the toric variety 
associated to a fan E. ロ

Definition 1.2. Let K be a simplicial complex on the index set [r] = {1, 2, • • •, r },1 and 
let (X, A) be a pairs of based spaces. 

(i) Let I(K) denote the collection of subsets u C [r] defined by 

(1.2) I(K) =｛び c[r] : c, (/_ K}. 

(ii) Define the polyhedral product忍(X,A) of the pair (X, A) with respect to K by 

(1.3) 忍 (X,A)= LJ (X, At, where 
rJEK  

(X,Af = {(xぃ..・，年） Exr : Xk E A if k茫(Y}. 

Definition 1.3. Let K =脱 or<C, let ~ be a fan in町 suchthat｛似｝呈江 andlet 

(1.4) I:(1) = {p1, • • ・, Pr} 

denote the set of all one dimensional cones in E. 
(i) For each 1 :S k :S r, we denote by nk E zm the primitive generator of Pk, such that 
Pk n zm = Z2".o. nk. Note that凡＝ Cone(n砂
(ii) Let JC刃 denotethe underlying simplicial complex of E defined by 

(1.5) 応＝ ｛｛iぃ...'ね｝ C [r] : n;i, n;2, • • ・, n;s span a cone in E }・ 

It is easy to see that /CE is a simplicial complex on the index set [r]. 

1 Let K be some set of subsets of [r]. Then the set K is called an abstract simplicial complex on the 
index set [r] if the following condition holds: if T C !7 and !7 E K, then T E K. In this paper by a simplicial 
complex K we always mean an abstract simplicial complex, and we always assume that a simplicial complex 
K contains the empty set 0. 
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(iii) Define the subgroup G麟 'C11'& =（応＊yby 

(1.6) G泣＝ ｛（ぃ，．．．，凸） E'IT'oc:II旧）〈nk,m〉=1for all m E Z叫，
k=l 

where〈u,v〉＝ど悶＝1四vkfor u = (uぃ・・・,um)and v = (vi,・・・，加） E賊匹
(iv) Let 

(1. 7) （幻）＊ ＝四＼｛O叶

and consider the natural G江oc-actionon Z/C刃（恥爪（恥門＊） whichis given by coordinate-wise 
multiplication, i.e. 

(1.8) 伽，・・・ ，几）・（X1,・・・ ，Xr) = (μ心1,...,μ心r)

for ((μ1, • • ・, μふ（匹・・・，か） EGE，区 x（臣）八 wherewe set 

(1.9) 匹＝ （四1,...'μ知）if(μ,x) = (μ, (x1, • • ・,xn)) E 1K X四．

Then define the space X刃，的(n)by the corresponding orbit space 

(1.10) XE,oc(n) = ZKE（誓（釘）＊）/GE，民・

Moreover, let 

(1.11) qn,JK: ZK,E（駁叫（恥門＊） → X刃，応（n)=年（ご，（誓）＊）/G謬

denote the corresponding canonical projection. 

Theorem 1.4 ([4], Theorem 2.1). If the set { nk}k=l of all primitive generators spans応
(i.e.冗rk=1恥． nk=恥門，thereis a natural isomorphism 

(1.12) XE竺 Z/CE(C,C*)/GE,<C = XE,dl). 

Hence, we can identify XI:,c(n) with the toric variety XI: if n = 1. ロ
Remark 1.5. Let II{ =恥orC. For each 1 ::; i::; r, let Fi= (J1;i, • • ・, fn;i) E OC[zo, • • ・, Zs『
be an n-tuple of homogenous polynomials of the same degree di satisfying the following 
condition: 

(1.12)* For each(J"E J(K,E), the homogenous polynomials {Jk;ihE。haveno common real 
root except O s+l E脱s+l.

In this situation, consider the map 

(1.13) F = (Fi,・・・ ，Fr):脱s+l¥ {0s+1}→（冗）T=正 given by 
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(1.14) 
{F(x) = (F立），・ • • F立）） for尤 ERm+1 ¥ {Om+1}, 
Fi(x) = (fぃ（x),hi（x), • • ・, fn;i(x)) for 1:::; i:::; r. 

By the assumption (1.12)*, homogenous polynomials {fk;ihEヮhaveno common real root 
except Os+l E艮s+1 for each 1 :s; i :s; r andび EI(KE)-Thus, we see that the image of the 
map F is contained in Z心（応叫（口）＊）， andwe may regard the map F as 

(1.15) F=  (Fぃ..・，Fr):脱s+l¥ {Os+l}→知（誓（誓）＊）． ロ

Lemma 1.6 (cf. [5], Theorem 3.1). Suppose that the set{~叶k=l of all primitive generators 
spans艮匹 For each 1さiSr and(JE J(K,E), let Fi = (f1;i, • • ・, fn;i) E K[zo, • • ・, Zs]n 
be an n-tuple of homogenous polynomials of the same degree di satisfying the condition 
(1.12)*. 

Then there is a unique map f : ]Rps→ Xどぷ(n)such that the diagram 

(1.16) 

艮s+l¥ {Os+l}竺

IS』
z/(刃（応爪（幻）＊）

qn,IK』
股PS —~ z/Cょ国，（四）＊）/GE，瓦＝ XE,oc(n)

is commutative if and only if the following condition holds: 

r 

(1.17) Ldk四＝ Om.
k=l 

Here，/S :恥s+l¥ {Os+l}→町psdenotes the canonical double covering, and the map 
F = (F1, • • ・, Fr) is given by {1.15). ロ

Assumptions. From now on, let ~ be a fan in罠mas in Definition 1.3, and we always 
assume that XE is simply connected and non-singular. Moreover, we shall assume the 
following condition holds. 

(1.17)* There is an r-tuple D* = (di,•••, d;) E Nr such thatどrk=1d匹＝ Om.

Remark 1.7. (i) It follows from [6, Theorem 12.1.10] that XE is simply connected if and 
only if the following condition（廿） holds:

(tt) The set { nk }%=1 of all primitive generators spans zm over Z, i.e. 
江＝1Z• nk = Z匹

Thus, one can easily see that the set { n叶k=lof all primitive generators spans屈mif XE is 
simply connected. In particular, we can see that心issimply connected if心isa compact 
smooth toric variety. 
(ii) Let ~ be a fan in恥msuch that ~(1) = {p1, • • ・, Pr}, where ~(1) denotes the set of 
all one dimensional cones in ~ as in (1.4). In this situation, consider the case s = 1 for 
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Lemma 1.6. We make the identification IRP1 =ゞ＝艮Uoo and choose the points oo and 
[1, 1, • • •, 1] as the base points of町P1and XE, respectively. Then, by setting z =贄，for
each 1さk::; r, we can view fk as a monic polynomial fk(z) E恥[z] of degree dk in the 
real variable z. ロ

Now it is ready to define the space Q匠（K)for K =艮 orC. 

Definition 1.8. Let恥＝艮or<C. For each r-tuple D = (d1,・・・ ，山） €評， let Q匠（K)de-
note the space of all r-tuples (fi(z), • • ・, fr(z)) E恥[zYof氏coefficientsmonic polynomials 
satisfying the following two conditions: 

(1.1 7.1) For each 1 ::::; i ::::; r, li(z) E恥[z]is an応 coefficientsmonic polynomial of the degree 
di. 

(1.17.2) For each a = {i1,・・・ ，ね｝ E I(KE), polynomials A (z), ・・・ ，ム(z)have no common 
real root 0: E恥ofmultiplicity 2 n (but may have a common root 0: E (C＼恥 ofany 
multiplicity). 

(ii) For a monic polynomial f(z) E恥[z]of degreed, let Fn(J)(z) denote then-tuple of 
monic polynomials of the same degree d defined by 

(1.18) Fn(J)(z) = (J(z), J(z) +『(z),J(z) + J"(z), • • ・, f(z) + j(n-l)(z)). 

Note that a monic polynomial f (z) E恥[z]has a root 0: E (C of multiplicity 2 n iff 
凡(f)(a)= 0n € C] 

Remark 1.9. (i) Recall that the space Q匠(qwas already investigated for the case 
n = 1 in [15], 2 and that the space Q~汽K) was already studied well in [16] for the the case 
(XE,D) = ((Cpm-1,Dm(d)),3 where Dm(d) E Nm denotes them-tuple of positive integers 
defined by 

(1.19) D贔d)= (d, d, • • ・, d) (m-times). 

(ii) Let Z2 =｛土1}denote the multiplicative cyclic group of order 2, and we denote by 
炉 2the Z2-fixed point set of a Zrspace X. 
Then the complex conjugation on C easily extends to the Zractions on the spaces 

ZJCE(C叫(C門＊） andQ巴(qsuch that 

(1.20) z/CE（賊叫（艮n)*)= ZJCE((C叫(C門＊）Z2, Q予区（恥）＝ Q［,S(C)Z竺

It is easy to see that the complex conjugation on <C also naturally extends to the Zraction 
on XE,dn) =互（C凡(C門＊）/GE,IC such that 

(1.21) XE，照（n）= Xx,c(n)鰭 ロ
2It is written as Polら(S1,X叫＝ Q竺(C)if n = 1 in [15]. 
3It is written 邸Q~エ（恥） ＝ Q歴ぷ（阪）in[16] for (X1;,D) = (cpm-1,Dm(d)). 
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Definition 1.10. Suppose that the condition (1.17)* holds, and let D = (dぃ..・，山） E阿
be an r-tuple of positive integers satisfying the condition I:~=l d叫＝ Om.
(i) First, consider the case恥＝C.By Lemma 1.6, one can define the map 

(1.22) iv,n,IC :Q~'I:(C)→QX汎n) by 

iD,n,c(f)(a) = {[Fn(fリ（a)，凡(f,)(a),.・・ ，凡(fr)(a)] if a E艮
[e,e,•••,e] ifa:=oo 

for f = (J1(z), ・ ・ ・, fr(z)) E Q予E(qand a E艮Uoo= S1, where we set e = (1, 1, • • •, 1) E 
C匹

Since the space Q炉’E(qis simply co皿 ectedand ~qn,IC is a universal covering, the map 
i D,n,IC lifts to the space ~ZK~ ((C叫(C門＊）， andthere is a based map 

(1.23) jD,n,c : Q巴〖（C)→DZK.E(C凡(Cn)*)

such that the following equality holds: 

(1.24) Qqn,C ° J•D,n,c = iD,n,C・

(ii) Next, consider the case応＝恥． Recallthe Zraction on the spaces Q匠(<C)and 
XE induced from the complex conjugation on <C, and remark that the map iD,n,C is a 
Zrequivariant map. Then, by (1.20) and (1.21), we see that 

(1.25) iD,n,dQ匠（恥）） cQXx(n色＝ 9Xx，恥（n).

Thus, the restriction iD,n,dQ巴（脱） definesthe map 

(1.26) iD,n,lR = iD,n,dQ匠（屈）：Q~,I：（罠）→DX刃，屈(n)

such that the following diagram is commutative: 

(1.27) 

Q竺（賊）巴二QXs，叫）凸ユQZ/C冗（町，（町）＊）
2 

叶 叫幻n』
Q匠(C）旦~ DX口(n) 凸三 oz/CE(C叫(C門＊）

where the jn : z/(E（町，（町）＊）二→ zkx(C凡(<Cn)*)denotes the inclusion map. Moreover, 
note that Dqn，沢isa homotopy equivalence. Thus, there is a based map 

(1.28) J•D,n，恥：Q~汽艮）→ QZKr（町，（町）＊）

which satisfies the following equality: 

(1.29) Qq疇o]D,n,llli. = iD,n,llli. (up to homotopy). 
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Definition 1.11. (i) We say that a set S = { niu • • •, n』isa primitive collection if 
Cone(S) (/_ I: and Cone(T) EI: for any proper subset T ~ S. 
(ii) For each r-tuple D = (d1, • • ・, dr) E評， definethe positive integer d(D, I:, n，恥） by

(1.30) d(TJ心，n，恥）＝｛（2nrmin(X)-2)ldmin/n」-2 if恥＝ C， 
(nrmin②)-2)ldmin/n」-2 if 1K =恥

where lx」denotesthe integer part of a real number x, and rmin岱） anddmin = dmin(D) 
are the positive integers given by 

(1.31) 
｛靡in⑤)=min{sE N: {nt19・・・ ，叫｝ is a primitive collecti叫，

dmin = dmin(D) = min{d1,d2,・・・ ，山｝．

(iii) To state the main result of this paper, we need to consider the following two 
conditions (1.31)* and (1.31)し

(1.31)* dmin 2'. n 2'. 1. 

(1.31)t One of the following three conditions (1.31.a), (1.31.b) and (1.31.c) holds: 

(1.31.a) dmin 2 n 2 2. 

(1.31.b) n = l, dmin 2: 2, and Tmin（I;) 2: 4. 

(1.31.c) n = dmin = 1 and Tmin岱）2:5. 

Note that the condition (1.31)t holds if (1.31)* is satisfied. 口

2 Main results 

Now we can state the main results of this article as follows. 

Theorem 2.1 ([18]; The case K = <C). Let n E N, D = (d1,・・・ ，山） € 阿， and let XE 
be an m dimensional simply connected smooth toric variety such that the two conditions 
(1.1か and(1.31)* hold. 
(i) I]こいd叫＝ Om,the map (given by (1. 23)) 

]D,n,C: Q竺(C)→9Z心 (C凡(C門＊）

is a homotopy equivalence through dimension d(D;江n，C).
(ii) If:こ~=ldknk -/c Om, there is a map 

]D,n,C: Q匠（C)→ QZ心 (C凡(Cn)*)

which is a homotopy equivalence through dimension d(D; ~, n, q. 口
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Theorem 2.2 ([18]; The c邸 e恥＝艮）． Let n E N, D = (dぃ•・・ ，山） E評， and let XE be 
an m dimensional simply connected non-singular toric variety such that the two conditions 
(1.1か and(1.3J)t hold. 
(i) If江＝1dk叫＝ Om,the map (given by (1. 28)) 

J•D,n,恥:Q匠（恥）→ QZkェ（町（町）＊）

is a homotopy equivalence through dimension d(D; :E, n皇）．
(ii) If冗~=ldknk -/-Om, there is a map 

J•D,n，股： Q巴汽罠）→ 9姦刃（町，（町）＊）

which is a homotopy equivalence through dimension d(D;江疇）． 口

Corollary 2.3 ([18]). Let n E N, let D = (dぃ・ • ・, dr) E評， andlet X刃 bean m dimen-
sional simply connected non-singular toric variety such that the two conditions (1.17) * and 
(1.31)* hold. 
(i) If Lし関西＝ Om,the map iD,n,<C : Q匠(C)→9X…(n) induces an isomorphism 

伽，n，c)＊：叫Q匠（C)）：匹(OXE)竺応＋1(X砥n))

for any 2 :S s :S d(D；E,n,C). 
(ii) Ifど~=1d団 kヂOm,the map iD,n,<C : Q匠（C)→ QX山(n)defined by 

(2.1) iD,n,<C := Oqn,<C O ]D,n,<C 

induces an isomorphism (iD,n,c)* :応(Q栢x(C))→匹(QXx(n))竺応＋1(XE(n))for any 
2::::; s::::; d(D；ど，n，C）．ロ

Let Z2 =｛土1}be the multiplicative cyclic group of order 2, and consider the Zraction 
on the spaces Q岱x(C)and年 (C叫(C門＊）inducedfrom the complex conjugation on C. 
Since Q~町民） ＝Q~汽C)阿 zk”(C叫 (C門＊色＝ ZIC刃（賊叫（賊n)*) andjD,n，良＝ （J•D,n,c)阿
we also obtain the following result. 

Corollary 2.4 ([18]). Let n E N, let D = (dぃ・ • ・, dr) E評， andlet X刃 bean m dimen-
sional simply connected non-singular toric variety satisfying the two conditions (1.1か and
(1.31)t. Then the map 

J•D,n,c : Q杓(C)→DZJCE(cn,（び）＊）

is a Z2-equivariant homotopy equivalence through dimension d(D;江n，罠）． 口

Corollary 2.5 ([18]). Let n EN, let D = (d1, ・・・ ，山） €評， and let Xr; be a simply con-
nected compact non-singular toric variety such that the two conditions (1.1か and(1.31)* 
hold. Let ~(1) denote the set of all one dimensional cones in ~, and ~1 any fan in賊m
satisfying the condition 

(2.2) E(l) c E1 ~ E. 
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(i) Let江＝ldk四＝ Om.Then the map 

J•D,n,c : Q巴ぶl(C)→9互 (C円(C叩）

is a homotopy equivalence through the dimension d(D;詞 n，C).

Moreover, the map iD,n,<C : Q匠（C)→nxE1 induces an isomorphism 

(iD,n,c)•: 7rs(Q匠(C))二→匹(OX叫n))竺応＋1（X叫n))

for any 2：：：：： 8 ：：：：： “D図几口

(ii) Ifど~=ldknk # Om, there is a map 

jD,n,c : Q賢（C)→nzK.E1 (C凡(Cll)*)

which is a homotopy equivalence through dimension d(D；詞n，C).

Moreover, the map iD,n,<C : Q匠（C)→nxE1 defined by 

(2.3) iD,n,<C := f1qn,<C O ]D,n,<C 

竺

induces an isomorphism (iv,n,c)* : ns(Q~ぶ1 （C)) →四(DXE1(n)) 竺匹＋1(XE1 (n)) 
for any 2 :::; s :::; d(D；詞n，C）．ロ

Corollary 2.6 ([18]). Let n EN, let D = (d1, ・・・ ，山） €評， and let X1; be a simply con-
nected compact non-singular toric variety such that the two conditions (1.1かand(1.31)t 
hold. Let I;1 be any fan in恥m satisfying the condition (2.2). 

(i) Let江＝1dk四＝ Om.Then the map 

J•D,n,R : Q巴霞）→QZ叫尉（町）＊）

is a homotopy equivalence through the dimension d(D;詞疇）．

(ii) Ifど~=ldknk i= Om, there is a map 

ね，n，股： Q炉ぶ1（脱） → 9Zks1（閏（口）＊）

which is a homotopy equivalence through dimension d(D心1,n，罠）． 口

3 Examples 

Example 3.1. Consider the case x~ = (Cpm-l for m 2': 2. It is a toric variety and its 
associated fan刃m is the fan in賊m-lgiven by 

(3.1) 江＝｛Cone(n):n ~ {e。,e1,• • ・, eぃ｝｝，
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where the set { e叶に了 denotesthe set of standard orthogonal basis of賊m-lgiven by 

(3.2) e1 = (1, 0, 0,..., 0), e2 = (0, 1, 0,...'0),...'em-1 = (0, 0, 0,...'1), 

and we set e。=—ど：＝了 ek, Thus, the underlying simplicial complex of I:;m is given by 

(3.3) 応m=｛び c{0,1,2,・・・,m-1}:0'#{0,1,2,・・・,m-1}}.

Since I以） ＝ ｛｛0, 1, 2 • • •, m -1}}, the set { e。,e1,e2, • • ・, em-i} is only a primitive 
collection and we obtain the following: 

(3.4) ZKI;m（誓（四）＊） ＝（四）m¥ { Dmn}'.::::'5d(1K)mn-l, T min←)  =m, 

where d（仄） ＝ dim股仄＝｛： ］： ： ： 
In particular, for D = (d。,d1,• • ・, dm-1) EN叫

m-1 

(3.5) ど伍＝Om-1⇔ d。=d1= • • • = dm-l = d⇔ D=広（d)
k=O 

for some d EN, where Dm(d) = (d, d, • • ・, d) (m-times) as in (1.19). 
Now let d瓦(D;m, n) denote the positive integer defined by 

(3.6) 如 D;m,n)= {(2mn-2)(ldmin/n」+1) -1 if仄＝ C， 
(mn -2)(ldmin/n」+1)-1 if 1K =艮

Recall the following previous result for the case XE = (Cpm-l. 

Theorem 3.2 ([16]). Letm, n EN be positive integers sue that m 2 2, D = (d。,・ • ・, dm-1) E 
N叫dmin= min{d。,•..,dm-i}, and suppose that d（K)mn 2 4. 
(i) If D =広（d)for some d EN, then dmin = d and the natural map 

J•D,n，底：Q~ぷm （応） →osd（恥）mn-1

is a homotopy equivalence through dimension dIK(Dm; m, n) = (d（照）mn-2)(ld/n」+1)-1.
(ii) If D =/ D叫d)for any d EN, then there is a map 

J•D,n,1K: Q~ぶm （恥） →f2Sd(IK)mn-1 

which is a homotopy equivalence through dimension d応(D;m,n). 口

Remark 3.3. If we use Theorems 2.1 and 2.2, the homotopy stability dimension of 
the natural map ]D,n』cis d(D；：加n，恥） ＝ （d（恥）mn-2)ldmin/n」-2. However, since 
d(D;~加 n, 恥） ＜ d区(D心m,n), the result of Theorem 3.2 is better than that of Theorems 
2.1 and 2.2 for the case XE= (Cpm-1. In fact, one can show that the result of Theorem 
3.2 is the best possible stability dimension. ロ
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Finally consider the case of the Hirzerbrch surface H(k). 

Definition 3.4 ([14], Example 2.12). For each k E Z, let H(k) C CP2 x CP1 be the 
Hirzerbruch surf ace defined by 

(3.7) H(k) = {([xo: X1 : x2l, [Y1 : Y2]) E CP2 x CP1 : X1Y↑ =X2Yぢ｝．

Since there are isomorphisms 

(3.8) H(-k)竺 H(k)if kヂ0,and H(O)竺 CP1x CP1 if k = 0, 

without loss of generalities, we may assume that k ~ 1. Then the Hirzerbruch surface 
H (k) is a two dimensional toric variety (over q, and its associated fan刃H(k)is given by 

(3.9) 翫 (K)= {Cone(nlm),Cone(n2,n3),Cone(nぁm),Cone(n4,nリ
Cone(nふCone（叫Cone（几），Cone(n0,{O2} }, 

where we set n1 = (1, 0), 7"'2 = (0, 1), n3 = (-1, k), n4 = (0, -1). 
Thus, the set of all one dimensional cones in ~H(k) is given by 

(3.10) ~H(k)(l) = {Cone(n1), Cone('Tlf2), Cone(n3), Cone(n4)}. 

Since { n1,'T":3} and｛初，n4}are the only primitive collections, 

(3.11) Tmin(~H(k)) = 2. 

Moreover, for D = (d1, d2, d3，山） €閏

(3.12) 

4 

どd叫＝ 02⇔ (d3山） ＝ （d1，屈＋必）．
k=l 

口

Thus, it follows from Theorems 2.1, 2.2 and Corollaries 2.3, 2.5 that we obtain the 
following examples. 

Example 3.5 (The case Xr; = H(k)). Let (k, n) E N2, Xr; = H(k), D = (d1, d2, d3，山） € 

閏 dmin= min{ di, d2, dふ山｝，恥＝ Cor屈， andassume that the following condition holds. 

(3.13) dmin 2". n 2". 1 if恥＝ C, and dmin 2". n 2". 2 if恥＝艮．

(i) If (d3, d4) = (d1, kd1 +必）， dmin= min { d1，必｝ andthe map 

JD,n，阪：Q~ぶH(k）（恥）→OZK,EH(k）（記，（記）＊）

is a homotopy equivalence through dimension (2d（照）n-2)l min{ d1,必｝／n」-2.
Moreover, if照＝ C,the map iD,n,IC induces an isomorphism 

(iD,n,c)* :冗"s(Q~,EH(k)(q) ---=-+冗・s(OXEH(k)(n))合さ冗・s+1(X刃H(ki(n))
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for any 2：：：：： s =S (4n -2几皿叶心必V叫一2
(ii) If (d3, d4) #-(d1, kd1 +必），thereis a map 

叫，恥：Q~ぷH(k) 置） → OZKEH(k）（記，（四）＊）

which is a homotopy equivalence through dimension (2d（IK)n -2)ldmin/n」-2.
Moreover, if恥＝ C,the map iv,n,IC = Dqn,IC o ]D,n,IC induces an isomorphism 

(iD,n,c)＊：冗_8(Q~,EH(k) (C))二冗・s(DXEH(k)(n))~ 7rs+1(XEH(ki(n)) 

r any 2::::; s::; (4n -2)ldmin/n」-2. 口
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