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On autonomous linear functional differential

equations with a phase space of general tYpe

Toshiki NAITO

The University of Electro-Communications

1. Introduction. We consider returded functional differen-

tial equations
(1.1) dx/dt = f(t,x¢), xt(6) = x(t+8), 6€&€[-1,0].

For a function ¢ defined on [-T,0], we denote by x(t,o,¢) the
solution of (1.1) with the initiallcondition Xg(o,9) = ¢.

When the retardation is finite,‘i.e., T<», X¢(o,9) 1is a
continuous function on [-r,0] for t > o+r  whether ¢ is contin-
uous or not. Hence, we choose for the space of initial data the
space of continuous functibns on [-f,O]. However, whén the
retardation is infinité, i.e., r =, x¢(c,p) depends on ¢ in '
such a way that xt(0,¢)(e) = ¢ (t-oc+8) for o < -(t-0). If¢
is not continuous, Xx{(0,p) is never a continuous function on
(—m,Oj fdr_any t> o There are many possibilities of the

choice for the space of initial functions.



Example 1.1 ([2]). Space of integrable functions. Let

dg = {¢ :(-» , 0]2RM measurable and |$hé < ® }, where
A~ ~ 0 ~
l¢l& = lo (03| + , g(e) |¢ (o) |do

with g:(-«, 0] = RY which satisfies some conditions.

Example 1.2 ([3],[8]1). B = {5 (- ,0] > RQ measurable

on (-~ , 0], continuous on [-r,0], r > 0, and |¢|, <=}, where

18l = ( sup |3 (@] P+ Lg(0)]§(0) [Pao)/P, p > 1,
-r<o< |

with g:(-« , 0]~ R+which satisfies some conditions.
Example 1.3 ([6]1). Space of continuous functions. For any
YER, let 3 = {6 €C((-= , 0],RM):e¥%¢(6) + a limit as 0> -w} ,

and 1et

With the space of Example 1.1, Coleman and Mizel dicussed
thé existence, the uniqueness, the asymptotic behavior of
solutions ([2]). The linear functional differential equations

with phase spaces above aré_studied in [4], [71, [81, [9],.and
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[11]. Assuming that the phase space satisfies some conditions
common to the above examples, Hale discussed the asymptotic
behavior of solutions in [3] (see also [6]). Recently, in [5]
Hale and Kato have presented new axioms and hypotheses for the
phase space which seem to be natural. The all spaces listed
above have these properties. In this lecture, we éonsider the
solution operator of autonomous linear functional differential
equations with this phase'space.rThe theory given here is an

extension of the one developed in [8].

A

2. The space:fg. Let ¢ be a linear space of functions
mapping.(-w,O] into C™ with elements designated by $, @, e s
and ¢=¢ means ¢(t)= ¥(t) for all t<0. Assume that a semi-norm

is given in(3 , and assume that

B

is a Banach space with the norm

-bbwhich is naturally induced

A Oé consists of equivalence classes ¢ of ¢€¢% 9 =

{1?)(:’(}23 : l‘z";‘ﬁ = 0} . Given aﬁ A > 0 and a c;ej% , let FA($) be

by

~ the set of all functions ; defined on (-«,A] such that ;O = $

and x(t) is continuous on [0,A], and denote

Fa -\ FA(&) : @c—gfé;} .

7
We assume that (B has the following properties, which are



choosen from the ax1oms and hypotheses presented in [9]

(1) Qt(:dé and Xt is continuous in t on [0,A] for all
xéFA | |

(ii) |$ (0)}; K |$| for any ¢ 6-43 and some K.

of 4% as

For any B >0, we define semi-norm

B,

161, =.inf |6l , |olg = inf{|¥], : 6(0) = 9(0),0€ (-w,-5])
B des B TP A v .

6] gy=~inf ]y, [0),= infl]o]. ¢ 9(0) = 4(0),0€[-8,0]} .
Ol ORI G A
The followiné ineqpality is quite natural and useful.

Let 050 = {o€B: $(0) = 0} . We assume that the opefator S(t) is
well defined on 630 in such a way that S(t)¢;3;t$.', where

np g(t+é) for lebé -t
T¢(e)={v '

0 - for 6

v
1
-+

The asSumptidn on S(t) is
(iv) iS(t)}tgo is a strongly contlnuous semigroup of
bounded 11near operators on d3

The next assumption will be used to obtain Concrete representa-

tions of some elements in 45.

(v) If {¢k} converges to ¢ uniformly on any compact set in
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(-©,0] and if {¢k} is a Cauchy sequence in d%, then &eaééand
¢k+ ¢ as koo |
Let ;,awSCn, be a function such that Q(e)=a for 0 € (-»,0].
We assume that
(vi) ;egfs for any aeCh,
and denote by a the element of(g determined by ; egé .
The following assumption will be needed to prove the compactness
of the operator U(t) which will appear in Sectién 3.
(vii) There is a continuous function Kj(B) of B> 0 such

that

where

6l . o = inf {sup |6(®)]: ée€s}.
lel-g,01 RO

-B<o<
3. The solution operator. Consider a linear functional
differential equation

(3.1) dx/dt = L(x) ,

where L, is a bounded linear operator on f3 into €0,
Assume that the solution x(t,¢)=x(t,0,¢) of (3.1) exists on[0,x)
uniquely for any ¢ inﬁi and assume that the operators T(t)

defined as

T(t)o = x¢(¢) for t >0, degB
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make a strongly continuous semigroup of bounded linear operators

on dg. Let U(t) be an operator defined by
T(t)¢ = U(t)$ + S(IPs , t 20, o B
where
PO = 4%20 - 9(0) , ¢ e,

which isclearly a projection operator mapping Cg ontod%o.
A
Then U(t)¢ is the equivalence class of €+ for t > 0, where

~

€ 1is a function on (-«,#*®) such that

x(t,0) = 6(0) + SoL(xg(o)ds for 20

(3.2)  E(t) = {
$(0) for t<0 .

‘Using the asSumptions (iii), (iv), (v), (vi) and (vii)'énd‘thié
representation of U(t), we can prove that U(t) ié é compact
operator (see [5]). From this fact, Hale obtained the following
result (Theorem 3.1).

For any bounded set X of a Banach space, put a(X)=inf{ d>0
; X has a finite cover of diameter <d} , which is called the
measure of noncompactness of X.bFor example, a(X)=0 if and
only if X is relatively compact. For any continuous operator T
on a Banach space into a Banach space which takes bounded sets

into bounded sets, define a(T) by a(T) = inf {k: o (TX) <ka (X)
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for all bounded sets X

If T is a bounded linear operator, then o(T) <|T|

T is a compact operator if and only if o(T)=0. It is known that
the raduis Te (T) of the smallest.dosed disk in the cbmﬁlex plane
with cénter zero which contains the essential spectrum-of a ‘
bounded linear operator T is given by

(3.3)  1o(T) = lim o(T™H/™

n+00

(see.[10]).
Now, we will compute Tg(T(t)). Since U(t) is a compact

operator, it is easy to see that
a(T(t)) =-a(S(t)P) for t >0

Since {S(t)} is a semigroup on the range of the projection P,
we have S(t)PS(s)P=S(t*s)P for t,s>0. Using this and the formula

- (3.3), we obtain
V Te‘(T(t)) = I‘e(S(t)P)

Browder proved that the point Xy of the spectrum of a closed
‘linear operator T does not lie in the essential spectrum if and
dnly if \UN(( AgI-T)™) is of finite dimension and the resolvent
V(AI-T)_ln%g holomorphic in the neiborhood of Xd and has a pole
at Ag ([11). Using this result, we can easily prove that the

essential spectrum of S(t)P coincides with that of S(t).
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Hence we have
16 (S(t)P) = re(S(t))

Let B be the number defined as

(3.4) 8= 1in 108 a(8(8)) _ j,elog a(S(B)) < o',
tso -t t>0 t ;

‘Then, it follows that

lim o(S()ML/M = &8

Nsoo

Finally, from the relations above we obtain

ro(T(t)) = etf

" This implies the foilowing theorem.

Theorem 3.1.

fre C: Reds g 3P (M p(A) .

4. The point spectrum and the resolvents of A. Let V()x) be
the linear subspace of ch consisting‘of vectors b& C™ such that

@(A)béaB , where w(A)b is the equivalence class of the function
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exeb, 6 & (-w,d]. Define a linear operator A(A):V())~> ¢ as
A(N)b = Ab - L(w(AN)b) for DEV(N

Theorem 4.1 ([5]).

Ps(A) = {AeC; dim kerA(A) # 01} .

Proof. Suppose that A lies in P5(A). Then, there exists a

b eB > ¢ # 0, such that A¢ = A¢, which implies

)\t(b

(4.1) T(t)d = e for t>0

For a ¢& ¢ , define the function x(t) by

v
o

(4.2) x(t) =

~ {(T(tmm) =) Tt 2

A
o

b (t) Tt

Since x4 € T(t)¢, relation (4.1) implies that ots e_ktxt is in

A

¢ for t >0. From definition (4.2) of x, we have

6T0) = e Mx(t+0) = %0 (0) for 6 > -t

Hence, the sequence {¢k}°1:=1 of B converges to e>‘6¢(0) uniformly

on any compact set of (-50,0]. Since d)ké ¢’7 for k=1,2,..., {d>k}

is a Cauchy sequence of # . Therefore, hypothesis (v) implies
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w()e(0) = ¢, and also we have that ¢(0) # 0. Since ;(t) is a

solution of (3.1), it holds that
rer T (0) = dx/dt = L(T(t)9) = L(e*%0) = L(*Tw e (0))
which implies that
A(K)¢(0)E-X¢(O)" L(w(A)¢(0)) =0
Since ¢(0) # 0, it follows that dim kerA(A) # 0. It is easy to
prove that if dim kerA()) # 0, then A lies in Pg(A). Q.E.D.

The following proposition is proved from hypothesis (v).

Proposition 4.2. Let g(t) be the function defined in (3.2).

Then, the integration fge_KSU(s)¢ds‘is the equivalence class of

the function of g given by
5 e MSE(s+e)ds, 0 € (-»,0]

Let Y be a number such that

y = 1im 10818 | 4. 19§l%iili

t> t t>0

8

It is trivial that B<y (see (3.4)). From the definition of semi-

norm

'l(t)’ t>0, we have the following proposition.

Propdsition 4.3.

10
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e o]

. o -AS % -As ‘* - |
| S5e™"7s(s)¢ ds|(t)_<__ .f,c le | 1S(s)¢ l(t)ds = 0 for ¢&B,
where Re A>Y .,

Pfeparing these propositions, we can prove the following
" theorem.

Theorem 4.4. Let A€ C be a number such that Re A>Y and

A 9_4 P5(A), which implies A& p(A) (Theorem 4. 1) .

 Then, the‘resolvent R(A3A) =‘(XI—A)-1 is givén as
»R(X;Aj¢'= w(Mb + K_IETUT + f?e_xss(s)¢*ds for ¢€8 ,
where
A(ODb = LAY + fje‘lssfs)éz’v‘rds)
‘A Let B be thé infinitesimgl generator of {S(t)}tio

It is known that X is in p(B) for sufficiently large X > 0 with

the resolvent

(4.3)  R(A;B) = STe *5S(s)eds for ¢ EB, .

Theorem 4.5

-1

AG = 1im DBRO;B)ES +u()M() TLGLOTARBIOM )

if and only if this limit exists.

11



Proof. For sufficiently large ) > 0, we have from

Theorem 4.4 and relation (4.3) that

R(A;A)¢ - R(x;B)o*

1.———6

L1300 + RGGBYe®) + AT1500)

= w(M)AN)

Note that AR(A;T)¢= TR(A;T)¢ + ¢ for the resolvent of a closed

linear operator. Hence, it follows that

AR(A;A)¢ - BR(X;B)¢*

1, ———e

=u(A)a()) "L(e(0) + AR(X;B)¢%)

Since AR(A;A)¢ approaches ¢ as X > ®, we obtain Theorem 4.4.
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