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Note on central extensions and Leopoldt’s conjecture

ﬁif\'jq}g +m#zE ( Yoshiomi Furuta )

Introduction
Let k be an algebraic number field of finite degree, and

92 be a prime number. Throughout this paper, we always assume

(%) /-1 € k when ¢ = 2.

We denote by G(K/k) the Galois group of a Galois
extension K/k. Denote by k(l) the maximal g¢-extension of k
unramified outside 4. Then it is well-known that Leopoldt’s
conjecture for k and ¢ ' is equivalent to H_3(G(k(l)/k),2)
= 0 . This is connected with a certain pr;blem of central
eXtensions through the relationship between the structure of the
Galois group of a central extension and (the dual of) Schur’s
multiplicator H_3(G,Zi {Theorem 4 ). The problem is reduced in

Section 3 to a simpler case (Theorem 8).
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8§1. Leopoldt’s conjecture and abundant central extensions.

For any pro-finite group G and a natural number n, the

cohomology group H_n(G,Z) of minus dimension is defined by

H(G,2) = lim H 7(G/U,,Z),

FE1.]
where Ul runs over open subgroups of G ofkfinite index, and
lim is of the deflation map. Then we have H ®(G,Z) =~ H™G,Z)".
Hence H_3(G,Z) ~ H3(G,Z)A a HZ(G,Q/Z)A, which is called (the
dual of) Schur’s multiplicator of G.

For a tower of Galois extensions M 5 K o k, denote by
K;/k the genus field of\ K/k in‘ M, which is by definition,

the composite of K and the maximal abelian extension of k in

A
M. Denote by K /k the maximal central extension of K/k in

M
M, namely the maximal extension in M whose Galois group over
K is contained in the center of the Gaois group over k. Then
we have the following theorem (Cf. Heider {3, §2], Furuta

[1,Theorem 5]).

THEOREM 1.

13 (G(K/k),2) .
Defq m/k) » G(k/k) B - (G(M/K),Z)

G(ﬁ JEX ) =
M/k’/™™M/k

A
We call M ebundent for K/k when G(KM/k/ijk) 2

H3(G(K/k),2), namely Defgy i) . aesk) B (G(M/K),Z) = 0.
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For a Galois extenéion M/k, it follows from Theorém 1 and
the definition of cohomology groups of pro-finite groups that
H—3(G(M/k),2) = 0 if and only if M is abundant for any finite
Galois extension K over k contained in M.

Now denote by k the algebraic closure of k. Then it is

well-known that
(1.1) H 3(G(E/k),Z) = O.
(Cf. Serre [9, Theorem 4], Heider [3, §5], Yamashita [10,

Theorem 3], Miyake [8]). Hence Kk is abundant for any Galois

extension K/k, and we have

A
THEOREM 2. G(KE/k/K*E/k) ~ H3(G(K/k),Z).

Now we are interested how small the abundant extension for
K/k, whose existence is guaranteed as above, can be chosen, and

especially in the following problem:

PROBLEM Foxr aeny %aeloios extension K/k, doeos there exiot on
ebundent extersion M for K/k ouchd thef only Arime diviooro

ramified i K/k qre roemified in M/K ?

- The above problem is closely related to Leopoldt’s

conjecture e.g. as follows.

We assume always (%) as in Introduction, and denote by

k(l) the maximal g¢-extension unramified outside g¢. Then the
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following theorem is well-known (Cf. Heider [4, Satz 6,
Bemerkung], Heider [5, Satz 11], Iwasawa [6], Kuz’min [7,

Theorem 7.21).

THEOREM 3. Under the cosumbtion (%), Leoroldt’s

conjecture for L& Lo ftarue for Kk if aend only if

13k /k),2) = o.
By the remark after Theorem 1, we have

THEOREM 4. 4dUnder the e@ooumbtion (%), Zeoroldt’'s
conjecture for L (o true for Kk Lif end onty if k(l) io
etundant for any %eloio extenoion of finite degree over k

contaeined in k(l).

§2. Central extensions for a segquence of fields.

Let KXK/k be an f-extension of finite degree. Then there
is a sequence of extensions k = Kg c Ky € -+- c K =K such

that Ki+1/Ki igs cyclic of degree @ and each Ki is normal

A
over k. Denote by Ki the maximal central extension of Ki/k

A
. . : X
in M. At first we reduce the structure of G(KM/k/KM/k) to

A A
that of G(Ki+1/Ki).

Let M oL >K o>k be a tower of Galois extensions over
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k, and assume ﬁhat M is abelian over K. Put G = G{L/k), H
= G(K/k), A = G(M/K) and B = G{(M/L). Then A and B are

H-module and G-module respectively by means of conjugation. Let
and I

I be the augmentation ideals of the group rings Z{[G]

(i) (i)

G H

and Z[H] respectively. Denote by L and K be the

extensions of L and K in M corresponding to IéB and IaA

(1y _ 2 (1) _ 2
L = LM/k and K = KM/k'

Let HO = H/[H,H], where [H;H] is the commutator subgroup

of H. For t € H and a € A, denote by T and a the class

respectively. Note that

of H0 and A/B which contain <t and a respectively. Set

R(H,A,B) = <TT(T ® 3_)e Hy ® (A/B) ;TT 2% = 1>
T T

where ® stands for the tensor product over Z by means of the

exponential map.

Theorem 5. WNofatfion 6einsg eo above, we eosume ihat G(L/K)

{9 contained in the center of G(K/k). Then we Aove
(1) g(it1l) DL(1) DK(l)
A A Hy, ® (A/B)
0
(2) G(L /K ) =~
M/k’"M/k R(H,A,B)
Proof. (1) Put G1 = G(L/K). Then H = G/Glf Since A
; . g4
is abelian, we have b = b for b e€eB and g, € Gl' Hence
we can treate B as H-module, and we have IéB = IEB. Then
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A

IﬁA oo IéB = IéB. Hence K(l) c L(l). Moreover we have KM/k o
A .
1+1A

KL/k = L. by assumption. Hence IHA < B. This implies IH

i

c IHB = IéB, which means K(1+I) o) L(l)

(2) For a € A, let & be the class of A mod.IHA which
contains a. Let ¢ be a homomorphism of H0 8)(A/IHA) ‘to
I,A/I2A defined by |

¢t @ &) = at’l mod.IElA
for T € H and a € A. Then ¢ is well-defined and surjective
by Furuta and Yamashita [2, Lemma 2]. Moreover [2, Theorem]
implies
'(2.1) Ker ¢ = <TT(x @ a_)e Hy ® A/I A ;Traf‘l = 1> .
T T

. Hence

Ho @ (A/IyA)

(2) % 2
G(Ky7p /Ky ) = IA/IGA =~ Kor

and
H, ® (B/I A)
(2) . 2, . 0 H
G(Kyyk/Lyyk) = IgB/IgA = v $)n(H, @ (B/IgA)) .

A canonical exact sequence 0 — B/IHA i, A/IHA I, A/B — O

implies an exact sequence

Hy @ (B/IyA) id @ 1 Hy ® (A/I4A) id @ = H, ® (A/B) —— 0.

Put x = id ® n and let ¢’ be the restriction of ¢ to
H0 @)(B/IHA). Then we have the following diagram of exact

sequences
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0
. o’ l,
0 — Ker ¢’ —— HO @ (B/IHA) — IHB/IHA — 0
li’ li)l
0 —» Ker ¢ — Hy @ (A/IzA) —2—s IHA/II_ZIA — 0
lx 1J
Hy ® (A/B) I A/IyB
! !
0 0

We define a homomorphism ®A/B of HO ® (A/B) to IHA/IHB by
Pp/BK = jegp. Then ®A/B is well-defined and surjective.
Moreover we have Ker ®pa/B K(Ker(jé¢)) = K¢_1(Im i’y =
k((Ker ¢)(Im i’)) = x(Ker ¢). Therefor it follows from (2.1)
and the definition of «x that Ker @A/ * R(H,A,B). Hence

Hy ® (A/B) Hy ® (A/B)

A A
G(LM/k/KM/k) X IHA/IHB X Ker ¢A/B = R(H,A,B) , which is

to be proved.

Let M oL oK o>k be a tower of Galois extensions over
k, and assume that G{L/K) is contained in the center of
G(L/k). Let K’ be the maximal abelian extension of k
contained in K, and M’ be the maximai abeiian extension of K
in M. For < € G(K/k) and a € G(M’/K), let T and a be
elements of G(K'/k) and G(L/K) whose extensions are <t and
a‘ respectively. Set

(2.2) R(M,L,K,k) = <TT(T ® a_ )e G(K'/k) @ G(L/K); TTa® ! = 1,
T T

v € G(K/k), a_ € G(M’/K)>.
T

Then we have
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THEOREM 6. Zef M o L DK o k e a tower of %Yalfoio

extensiono over k. dooume thet G(L/K) 4o cyclic and

contained in the cenrter of G(L/k). JThen
A ~ ~ G(K’'/k) @ G(L/K)
G(Ly /i /Ky ) = R(M,L,K,K)

Pro00f., We apply Theorem 5 by setting A = G(M’/K), B =

G(M’/L), G = G(L/k) and H = G(K/k). Then R(M,L,K,k) =

A A

A
R(H,A,B) and KM/k = KM’/k since KM/k is abelian over K.

A A
Moreover LM/k/K is abelian, for oviousely G(LM/k/L) is

‘ A
- contained in the center of G(LM/k/K) and L/K 1is cyclic.

A A
Hence L = LM’/k . Thus Theorem 5 implies the theorem.

M/k
Let M > L oK o k1 > k be a tower of Galois extensions

over k, and assume that G(L/K) is cyclic and contained in the

center of G(L/k). For <; € G(K/ky), let %1 be the class of

G(K/kl) mod. [G(K/kl),G(K/kl)] which contains Ty and let %1
be the class of G(K/k) mod.[G(K/k),G(K/k)] which containes Ty

We define a homomorphism Ao,k of R(M,L,K,kl) to
1
R(M,L,K,k) by
lkl___> k(;].@ g-) = ;1® i—i,

where a € G(M’/K) = G(M/K)/[G(M/K),G(M,K)] and a is an

element of G(L/K) whose extension to M’ is equaql to a, M’

’

being as above the maximal abelian extension of K in M. Then



since L/K 1is cyclic, we have

(2.27) R(M,L,K,k) = <3 @ a € G(K’/k) ® G(L/K) ; a® ! = 1
t € G(K/k), a € G(M’/K) >.

This implies immediately

Theorem 7. fef M > L oK ok ¢6e o towesr of %atoio
extenoionos over k, and'aaoume t4et G(L/K) ios cyclic and
contained in the center of G(L/k). For <t € G(K/k), denotfe 6y
Kt the intermediate field of K/k inverient 6y <T. TRen we

Aave

R(M,L,K,k) = |
Tt € G(K/k)

AKtﬁkR(M’L’K’Kt).

Fn the Aroduct, i& Lo enouph that <t runo only over

retregentetives of G(K/k) mod.[G(K/k),G(K,k)].

§3. Reduction to extensions of type (2,%).

In order to prove Theorem 8, we prepare'the following lemma.

LEMMA . ¢gef Kl/k te @ cyclic extenoion of degree L.
fet Kz/k te @ cyclic extension of desree o hower of L, and F
be the extenaion of k of desree QL conteined in Ko « Put L
=z Kle y and guthrode K1 n Ky = k. $f M (o e %aloio extension
of k whict contains L and atundent for K F/k, thern M (o

eloo cbundent for L/k.
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, A
Proof. Put L; = K;F. Let L; and L; be the maximal

central and the genus field for Ll[k in M respectively.

Since Ll/k is of type (4,4), the order of H-3(G(L1/k),2) is

A
equal to 4. Hence (L1 : L;) = 4. Moreover LT is the genus

field for L/k in M, since the both L1 and L are abelian

A A
over k. By the definition of L., it is clear that G(Ll/Ll)

1

A A
and hence G(Ll/L) is contained in the center of G(Ll/k).

A ' A

Moreover L1 is non-abelian over k. Hence L1 is a

non-abelian central extension for L/k. Since H—3(G(L/k),Z)
A
is of order ¢, the extension L1 must be the maximal central

extension for L/k in M. This means that M is abundant for

L/k.

THEOREM 8. fef 1 f6e o 4atéoka£ #hrime, aend kg 6e an
elgebreic nunter field of finite depree oatiofying (X). then
Yeoroldt’ o conjecture (o Ltrue for any elgebarcic number fField
k of finite degree whick containo k0 and for & LiFf aend only
LF the Foltowing condition (#) Lo oetiofied:

(#) <fet k ¢6e ony alpebraic number field of finite degpree
whick conteino kO‘ et L 6e eny obelion extenroion of k
whick Lo of tyre (L,8) end urremified oufaide L. Then
there elweyo exsioto on ebundent extenroion M foa L/k

ouck thet M i[9 elso unremified oufoide QL.

Pro0f. The necessity of (#) is trivial by Theorem 4.
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k(ﬁ) be as above the

Thus we prove the sufficienty. Let
maximal g-extension of k unramified outside ¢, and K be a

Galois extension of finite degree over k which is contained in
k(ﬁ). To prove the theorem it is enough by Theorem 4 to show

that k%) is abundant for K/k. Since K/k is an
4-extension, there is a sequence k = K0 c K1 c -+ c Kt = K
such that each Ki is normal over k, (Ki : Ki—l) = 4, and
G(Ki/Ki—l) is contained in the center of ’G(Ki/k). Let k be
the algebraic closure of k, and let R be as in (2.2).

We prove first the following equality

(2.3) rR(k‘%), K., K,_;, k) = R(E, K, K;_

1’ k)
fOI‘ i = 2, 3’ * to
For <t € G(Ki—l/k)’ let Kt be the intermediate field of

Ki—l/k which is invariant by <t. Let M be any one of k(l)

A
or k. Then the maximal central extension K, of
. . . A
Ki—l/Kt in M 1is abelian over Kt. Because G(Ki—l,M/Kt/Ki—l)

A
is contained in the center of G(Ki /Kt) and Ki—l/Kr is

| —1,M/Kt
cyclic. In the same manner, Ki is abelian over -Kt. Therefor
X A . . .

Ki,M/Kt and Ki—l,M/Kt are both the maximal abelian extenslon

. . X A
over Kt contained in M. Hence Ki,M/Kt = Ki—l,M/Kt . Then
Theorem 6 implies

A X A A
G(K; m/x /Ki,myx ) = O vy /K59, m/k )
T T T T
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G(K;_/K_) & G(K;/K; _4)
R(M, K, K K_)

i-1’
On the other hand Theorem 7 implies

R(M, Ki) Ki_l) k) = l I

X R(M, K., K. K ).
. € G(Ki—l/k) Kt»k | e S o e

Therefor in order to prove (2.3) it is enough to show
A X A X
(2.4) G(Ki,k(l)/Kt/Ki,k(Q)/Kt) ~ G(Ki,E/Kt/Ki,E/Kt).
. . . A X
Now if Ki is cyclic over Kt, then Ki,M/Kt = Ki,M/Kt in both

cases M = k(L) and M = k. Hence (2.4) 1is trivial. Suppose

that Ki is non-cyclic over: Kt. Then there is an intermediate

field Fy of Ki/Kc such that (F1 : Kt) =4, K, = FlKi—l and

FinkK; y = K_. Let F, be the intermediate field of Ki41/Kt

which is of degree ¢ over Kt. Then F,F, is of type (4,4%)

k(l) is the maximal g-extension over K_c ’

k(l) is abundant for Fle/Kt by the assumtion (#) of the

over Kt. Since

theorem. Similarly, k is also abundant for FIFZ/Kt by
(1.1). Therefor it follows from Lemma that both k%) and K

are abundant for Ki/Kt y which implies (2.4) and hence (2.3).
Next we prove that (2.3) implies Leopoldt’s conjecture to
be tru for k and ¢. Now it follows from (2.3) and Theorem
6 that
A A A A
G(K; 1c(0) /K1 k() ) > G(Ry g /i/Ks 1 Kyk)

for i =2, -+ ,t. Hence we have

_t A A L
I N S R N L L L PRES IS 7 N S 72 L



149

which implies

A A

A
)= (Kge Ky Rk )

A
(2.5) (K K

Let Ak and Aél) be the maximal abelian extension of k in

A
kK and in k(l) respectively. Then we have K (2) =
1,k /k
k¥ = af® ana K = k¥ = A, for K, is cyclic
1,608y ~ Tk 1,k/k = *1,k/k T “k? 1 v
over k. Hence (2.5) implies
(2.6) (K, AlD)) o (R oAy,
k(l)/k k k/k k

Let K’ Dbe the maximal abelian extension over k contained in

K. Then since = KAél) and KE/k KAk, we have

K
k(L) /x

X
G(K

(2.6) implies

/Aél)) ~ G(K/K’) and G(Ké/k/Ak)

R

G(K/K’). Hence

A X X

K : K = (k& : K- .

TS DY S VS V7%
The right hand side is equal to the order of H_S(G(K/k),Z)
since k is abundant for K/k. This implies by Theorem 1 that

k(l) is also abundant for K/k, which is to be proved.

Remark. When L/k is abelian of type (4%,%), Schur’s
multiplicator H_S(G(L/k),Z) is cyclic of order ¢. Therefor

the existence of an abundant extension M for L/k in (#) is

A
equivalent to the existence of a Galois extension L and an

X
abelian extension L over k satisfying the following

condition:
A A i A X
(i) L is non-abelian over k, L > L, and (L ; L") = g,



150

A A
(ii) G(L/L) 1is contained in the center of G(L/k),
A
{(iii) L/L is unramified outside 2.
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