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Introduction.

Let d be a positive integer and d» 2. Let us denote by (W)

d+1

the space of holomorphic functions on W& C” ' ", For any A& C we

d+1

define (Z(W) ={fe W) (4, + Xz)f O} , where A = jé%(g/azj)g'

Let M ={z e Cd+1; z2 + z2 + oo + 22 =07, In [13] it was shown
1 2 d+1

that the restriction mapping oh:f —%>fiM is a one-to-one linear

d+1

mapping of (7%(Cd+1) onto J(C )iM . In this sense we call M a

uniqueness set of the differential operator ZSZ +'x2.

Here we will show that the same kind of phenomenon holds more
generally for aklinear partial differential operator of the second
order with constant coefficients (Theorem 4.1) and that <ixis a
linear topological isomorphism of é&(ﬁ(r)) onto <9(§(r))|m ,
where B(r) is the Lie ball of radius r (Theorem 2.1).

The Fourier-Borel transformation P, has been studied in [2],

[el, 10}, [12], [13] etc. We will determine tne inverse image of

CZ(B(r)) by the transformation P, (Theorem 3.1).

§1. Preliminaries.

Let d be a positive integer and assume d 2. S =‘{x € Rd+1;
d+1

Xy = 1} denotes the unit sphere in Rd+1, where qu2 = x% .
N J=1

ds denotes the unique 0(d+1) invariant measure on S with 'fS 1 ds
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= 1, where O(k) is the orthogonal group of degree k. | “m is the .

sup norm on S. Hn‘d is ‘the space of spherical harmonics of degree
. b

n in dimension d + 1. For spherical harmonics, see Muller [11].

For SnAe H d‘*gg denotes the unique homogeneous harmonic polynomial
?
f degree n on Cd+1 such that S ' = S
0 g nsS  “n°
The Lie norm L(z) and dual Lie norm L*(z) on gd+1 are

defined as follows:

L(z) = L(x + iy) = [IXH + Uyn + 2{uxn iyn - (x-y) }%]

1%(z) = sup{jz-515 L(5)< 1],

d+1

where z, ¥ € C , and z.3 = 21;1 + Zo5, t oee. Zd+1§d+1 ’

X, y € gd+1 (see Druzkowski [1]). We put

'ﬁ(r) = {z € Cd+1; L(z)<§r} for O<r <
and
Br) = {z « c*7; L(z)< r}] for O <r<w.

Let us denote by é7(§(r)) the space of holomorphic functions on

B(r). Then O(B(r)) is an FS space. OB ) = 0(c®*7) is the

space of entire functions on Cd+1. Let us define

O@Gr)) = ind 1im OB(")).

r'>r
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Then 0(§[r]) is a DFS space. Forheé C, we put (l(B(r)) = {f e

O(B(r)); (4, +x?)f = 0} and G(Blr]) = {£ ¢ TEE1; (4, +1°)f

d+1)

+

= O}, where A = (9/3 Z1)z+ (9/?922)2 cece + (g/azd+1)2. Pn(C

denotes the space of homogeneous polynomials of degree n on Cd+1.
For >0 we put

X L= {f & C7(Cd+1); sup If(z)( exp(-rL(z) )< }.
1

r’
zeCd+

Then Xr L is a Banach space with respect to the norm
’

Hfﬂr j, = sup If(z)lexp(-rL(z)).

ZeCd+1
Define
d+1 s oq s , \
Exp(C : (r:L)) = praj 1lim X_, I for O<r<i ,
ri>r T
, d+1 . . . ‘ ,
BExp(C : [r:L)) = ind 1im X_, for O<r < .
r'< r r',L
d+1 . . ac d+1 :
Exp(C (r:L)) is an PS space and Exp(C : [r:1L]) is a DFS space.
d+1 d+1 ) .
Exp(C™" ") = Exp(C : [o:L]) is called the space of entire

functions of exponential type. EXp'(Cd+1: (r:L)) and

Exp'(Cd+1: [r:L]) denote the spaces dual to Exp(Cd+1: (r:L)) and

EXp(Cd+1: [r:L]) respectively.
S = {z € Cd+1; z% + zg + eee + z§+1 = 1} is the complex
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sphere. We define Exp(S: [r:L]) = EXp(Cd+1: [r;L])[gf and

gxp(S: (r:L)) = EXP(Cd+1: (r;L))ig . The topology of Exp(S: [r:L])

d+1,

. . ‘ . . . VT v d+1
is defined: to be the quotient topology Exp(C f [r’LJ)/Iexp{r:ﬂ(C ),

where we put‘Iéip[r:L1(Cd+1) =\{f é‘Exp(Cd+1: [r:L1); £ =0 on'§} .
We also define the topology of Exp(gﬁ (r:L)) similarly. Exp'(S: [r:L])
and Exp'(S: (r:L)) denoteﬁthe spaces dual to Exp(S: [r:L]) and
Exp(S: (r:L)) respectively. |
If £ is a fuﬁction or a functional on S, we denote by S (f; )

the n-th spherical harmonic component of f:

(1.1) Sn(f; s) = N(n,d) <f, Pn’d( -8)> for s € S,

where

(2n+d-1) (n+4d-2)!
(1.2)  N(n,d) = dim Hy 4 = — nT (d = 1)1

and Pn q is the Legendre polynomial of degree‘n and of dimension
14
n
d + 1. We put Ln(x) =0xi P, 4(%-x/uxn) for fixed o € S. Then
b
Ln is the unique homogeneous harmonic polynomial of degree n with

the following properties:

L (Ax) = L (x)  for all A € 0(d+1) such that Ad = « .

Ln(d) = 1.
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We see that S_(f; ) belongs to H for n = 0,1, ... .
n n,d
2

Put A, = '{(n,k) € 2 ; n=k (mod 2) and n>kj, where Z,
{O, 1y 24y ees}. For any F € 0(B(r)) we can determine uniguely

Sn,k(F; ) e Hk,d for every (n,k) é~/\+ in such a way that

PRI, - ™~ ' ‘
(1.3)  Fz) = & (F)VEE L5 9),
(n,k)é/\+
2 2 2 2 . .
where 2z° = z7 + Zo *oeee t Zhg and the right hand side of

1.

~ ,
(1.3) converges uniformly on every compact set of B(r). The
S, k(F; ) is called the (n,k)-component of F (see [8][9]).

[} . N

Next we consider-a complex cone M as follows:

u={zect 2%=-0]}.

M is identified with the cotangent bundle on S minus its zero

d+1)

section, Pn(M) denotes the restriction to M of Pn(C We put

the subset N of M as follows:

N={z=x+1iy €M 1xu=1uyn=1Y,

where x,y & Rd+1. The unit cotangent bundle to S is identified

with N and we haVe N = 0(d+1)/0(d-1). dN denotes thebunique

0(d+1)-invariant measure on N with jﬁ 1 dN(z) = 1.
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It is known that for any fn € Hn,d' and any g, € Hm,d

(1.4) Js £,(8) g.(s) ds

n! Nn,d) P((d+1)/2) [ % (2) B, (2) aN(z),
22" T(n + S T

(see, for example [4][51[13]).

§2. A uniqueness set for the differential operator [E + )?,

OQur main theorem in this section is the following

Theorem 2.1 ( [M4]). (i) The restriction mapping F — FIM defines

the following bijections:

(2.1) N ﬁz(%(r)),——e C?(ﬁ(r))[m for any A é C.

(ii) If f e (ﬁ(%(r))lM then cX;1f can be expressed as

follows:

(2.2) {x;1f(z) = j& f(fz'/2) K, (z, f?l) dN(z"') for z élﬁ(r),
where L(z)< f< r and

: o d+1 =1
(2.3)  Kaz,5) = 3 {N(n,a) (0 + 1) (W& /2)™ =
n= :

TndtNZ5) (205)7).



122

In particular, if A = 0 we have a "Poisson" formula: -

(1 + z"

(2.4) dg't(z) = [y £(pz1/2) —

(1 - 2"

)
'y dn(z').

N

(iii) oyis a linear topological isomorphism of (B(z)) onto
(ﬁ(g(r))lM if we equip 0(%(1’))]“1 with the topology of uniform

convergence on every compact set of B(r)N M.

We need the following lemmas in order to prove the theorem,

Lemma 2.2. Let F € @\('ﬁ(r)) and Sn K be the (n,k)-component
’ .

of F., Then we have

(2.5) . (in/2)"7F e+ 2 .
. n,k I( n;k + 1) I‘7( n+k-§d+1 ) k,k

for (n,k) € A\, and

(2.6) lim sup Is. /™ < 1/r.

n — po n,nw

Conversely if we are given a sequence of spherical harmonics
{Sn,k)}(n,k) €A, satisfying (2.5) and (2.6) and ;f we put for
z € B(r)

(2.7) R(z) = T (@ )"EE L (2)
: (n,k)os-/\+ . :
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then the right hand side of (2.7) converges uniformly and absolutely

on every compact set of B(r) and F belongs to é?(g(r)). Furthermore

we have

~

Sn’k(z) = Sn,k(F; z) - for (n,k) € /\+ .

Remark the case A = O is known (see [91).

Sketch of the proof. By [8] Theorem 3.2 we have

(2.8)  4,F(z) = T A,((F )EE L (2))
(n,k)ép,
3 (n-k)(n+k+d-1)(J2ZT )P7K2 ‘§n «(z).

yK)€
= n)>1£\+

]

(2.8) gives us, for O0<k<n-2 with n =k (mod 2),

(2.9) (n - k)(n+k +d - 1)Sn k = ->\2 Sn—2,k ’

14

because F € éi(%(r)) and Hn,d L Hm,d ifn#m. (2.5) follows
from (2.9). (2.6) follows from [8) Theorem 3.2 (3.3%3).

Conversely, suppose wé are given a sequence {Sn,k} satisfying
(2.5) and (2.6). Then we can show that the right hand side of (2.7)
converges,uniformly and absolutely on every compact set of'ﬁ(r)
‘since the 5ilov boundary of E(f) is {f eies; 0<b<2K, s € 8)

(see Hua [3] ). Therefore F belongs to O (B(r)) and S = S (F;
n,k n,k
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It is easy to show that AlZF = —A?F. : g.e.d.

Lemma 2.3. For F & C}(g(r)) we have for any z € Cd+1

(2.10) ’E;,H(F; z) = N(n,d) jN F(fz'/2) (Eﬁi§)n dN(z'),

where f is any real number such that ()<j’ < r and the right

hand side of (2.10) is independent of f.

Sketch of the proof. Since 5. (F; ) € H it is valid for
n,n n,d

any s € S

. P M . . . l t
(2.11) s, (F; ) = N(n,a) Jg 8, (F; 8') B g(sws') ds'.

By (2.11) and (1.4) we have (2.10) because Pn(M)J_ Pm(M) (n # m)

andfig’d(z-s) = {ZHP(n + Q%l) (z-s)n‘Ah! N(n,d) P(Q%l)} on N,

Sketch of the proof of Theorem 2.1. (i) For any N & C it is

clear that ct(ﬁ(r))lMC:CTIgfr))IM . Let F ¢ éa(g(r)). Then for

any z € M n %kr) we have

—~

(2.12)  F(z) = n§0 Spn(Fs 2).

By (2.12) we have for any z' € N

10
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(2.13)  Frz'/a) = T (/S L(F 2,

because (r/4)N’C(§(r)/\ M. If oAy (F) =_O,'§; L, =0 on N by (2.13)
L . - E ’

and the orthogonality of homogeneous polynomials on N. So the

spherical harmonic function S = 0 by (1.4) and F = 0 by (2.5).

?
B

Therefore ¥\ is injective.

Next for £ € (/(B(r)) we define the function F as follows:

p(z) = I (7 )T L (2),

(n,k)en,
where
d . -k
~ M+ &) (1v2)" ~
Sn,k(z) = : ‘Sk,k(f; z).
P(E§£ + 1) P( n+k;d+1 )
3 ; \1/n ; 1/n
As f € Cﬁ(B(r)), lim sup ﬂSn,nHW = 1lim sup HSn,n(f; )%m < 1/r

n —>p n —>w

by [8) Theorem 3.2. Hence by Lemma 2.2 F € ﬂaﬁg(r)) and FIM = fIM .
Therefore o\ is surjective.
(ii) By the proof of surjectivity of olx in (i) and (2.10) we

get (2.2). In particular, we obtain (2.4) since Ko(z, %L) =

=

Do .
z N(k,d) (22 and § N,a)x® = (1 +x)(1 - x)"% for x e C,

x1 <1 (see, for example Miller [11] Lemma 3 ).
(iii) It is clear that o, is continuous. (2.2) gives that

for any f and p' with O<KpP'<fP<r

11
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-1 it el2y. . +_f_l ___fi—d .
(2.14)_ L?Eﬁgé?” £(z)] < exp FUALLT) - (1 + )01 k ) Zzzfgf(zﬂq

As (f/2)X is the compact set of B(r) " M (2.14) showes ‘that o(};"1

is continuous. o ' : g.e.d.

~ ) »
~Corollary 2.4. If F belongs to Q\(B(j’)) for 0<f<r and "FlM

belongs to é(g(r)ﬂm then F belongs to é%\('}\i(r)).

§%, The Fourier-Borel transformation.
The Fourier-Borel transformation P, for a functional T €

d+1,

Exp'(C [r:11) is defined by

(3.1) P.T(z) = < Ty, exp(inry-z) > for z & CdH,

where N\& C\{0} is a fixed constant. In this section we will
determine the functional space on S whose image by P, coincides

with @\(ﬁ(r)). Our main theorem in this section is the following

Theorem 3.1([14]). The transformation P, establishes linear

topological isomorphisms

(3.2) B : Exp'('gz[lkir/Q: L]) = (X\(rﬁ(r)) (0<r<sx),
(3.3) Py : Eicp'(gz (NMr/2: 1)) = é,\(’ﬁ[r]) (0Osrew),

12



Remark. The above theorem was proved by Morimoto [10] in the

case of r =R ,

We need the following lemma in order to prove the theorem.

Lemma 3;2. If Snwis the spherical harmonic éomponent of f'

then

(3.4) f' € Exp'(S: [r:1]) & 1lim sup (HSJQJh!)1/n'§ 1/r,
n — K
(3.5) £ e Bp'(§: (r:1) & lim sup GS l,m0) Y < 1/,

Lemma 3.2 can be proved in the same way as in the proof of

[10] Theorem 6.1.

Sketch of the proof of Theorem 3.1, By using the results of

[6] and Theorem 2.1, Corollary 2.4 and Lemma 3.2, Theorem 3.1 can

be proved. , g.e.d.

§4. A uniqueness set for linear partial differential operators
of the second order.

Consider the differential operator

: ( di1 dﬁ . 2 dé1 5

4.1) P(D) = a, . m———— + b, =— + ¢

: i=1 3= i, aziezj 3=1 J azj ’

where ai,j , bj , ¢c € C and ai,j‘= aj,i for i,J = 1,2, ee. 5, d+1,

13
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and we put

I

(4.2) A

(w0 ) -

As A is a symmetric matrix there is some T € U(d+1) and A1 R )2 R

cee s Ngyq € R such that

N,
(4.%) 4 tp =( S ) ’
>\A+|

where U(K) is the unitary group of degree k. We define

(4.4) AO = T T T,
°f(/\4ﬂ)>
where we put
1/ (x #0)
f(\) = {
0 (A=0).

t A t AR
If TA'T = ‘. and SA’'S = . for some T, S ¢ U(d+1) and
Ad ¢l * h‘*‘

kj ’ Fj e C(j=1,2, oo , d+1) then

tT(f(N). o [P

. v Se
* £ Nawr)

T f (f’&dﬂ)

When A is regular we have A, = a~t,

Wwe define (J,(c%*') = {t e O« p(or = o} and My =

{z € Cd+1; Ayz-z = O} . Holo(MP) = (?(Cd+1)|M denotes the space
P

14
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of holomorphic functions on the complex cone M, . We define spaces

éf germs of holomorphic functions as follows:
Gp(10}) = ina 110 Gy,
O eW
HoloMP({o}j = igdelilm cﬁ“(W)IMP ,’
where W runs through the neighborhoods of 0. We equip (7P(W) and

GKW)iM with the topologies of uniform convergence on every compact
P

set of W and every compact set of WnN MP respectively. - It is known

@?(w) is an FS space. The topologies of 0}({0}) and Holoy ({o})
, P

are the locally convex inductive limit of the topologies of 0§(w)

and C7(W)|M respectively. It is known C?P({O}) is a DFS space.
, P - o

Our main theorem in this section is the following:

Theorem 4.1 ([15]). Let rank A> 2. The restriction mapping

dP : F -—sFIM defines the following linear topological isomorphisms:

Hp
(4.5) ¥t Op(c™) 25 Holo(ny),
(4.6) sps (p(10}) ”-;'HoloMP({o}),.

Let d' be a positive integer and 1<d'< d. BL(r) denotes the

_ 1
Lie ball on ¢4 *7. Tet d" = d - d', $e @ *1 and t e ¢4, Let

15
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N

W be an open set in cd . For f e C?(BL(r)x W) (r>0) S, k(f:;,t)
?
denotes the (n,k)-component of f with respect to 5 ((n,k) ¢ A, ).

Then we can write

(4.1 £(5,t) = T ()G (i1, 1),
(n,k)en,

When t is fixed, the right hand side of (4.7) converges to f(3,t)
uniformly and absolutely on every compact set of BL(r) and
Sn k(f:k,t)1521homogeneous harmonic polynomial of degree k.

?

d'+1

For fixed §e C Sn,k(fzg,t) belongs to (J(W).

In order to prove the theorem we need following lemmas.

<, d+1 - ;
Lemma 4.2, Suppose f belongs to (/7 (C ) and satisfies the

differential equation

d“ g

(4.8) Agf = ( j§1 bj a_t; + c)f,

2
where zﬂ; = (B/g§1)2 + oee. + (a/gzd,+1) and bj , ¢ € C. Then

we have
dll
N -k
(4.9) 3 ) M(x + 4 ;1)( j§1 b39/3tj + C)n: T (fiet)
. S f: "t = . ,
n it 21K ((n-k)/2) 1 [((n+k+d'+1)/2) Ik

for (n,k) ¢ AR

dll
> o
Lemma 4.3. Let P(D) = 4, - 321 b il Myr = 1(5,t) €

16
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cd+1; 32 = O},'Holo(M ) = 67(Cd+1)| and Holo, ({0}) =
d Md, lvid,

ind 1im CT(W)IM « The restriction mapping Ad:f — ] defines
0eW L Mg

the following bijections:
(4.10) ok (7,(cM*) — Holo(y,),

(4.11) o Cp({0}) — Holon'({O}).

We can prove Lemmas 4.2 and 4.3 in the same way as in the

proofs Theorem 2.1 and Lemma 2.2.

Sketch of the proof of Theorem 4.1. There exists some T €

U(d+1) such that

e3h

TA'T = ‘X£+t >

0.
‘0
where d' is a positive integer with 0<d's d and }\j £0 (3 =1,

2, ... ,d'+1). Consider

1433

A = Vi,

d+1

and (B1, By 5 eee ’Bd'+1 » Cgryp s see s Cd+1) e C which satisfies

i~ . ~ -— t
(2B,{%N «o¢ 2Bge qiNay Cgryp  oee Cyeq) = (0y by wew By 4) T

17



It is clear that O(P is a continuous linear mapping of ﬁP(Cd”)
into Holo(MP). for any g e(?(CdH) we put
- d'+1
h(z) = g((AN'T) 'z) exp( )} B.z.).
j=1 J d
Then it is easy to show that
(4.12) P(D)g(z)
da'+1 d'+1 d+1 d'+1
= exp(- Z B g )( Z (9/3w ) S C. (9/3w ) 4C = LB )h,
3=1 j=d'+2 J i=1
where we put w = A'Tz. Since Md' = (/\'T)MP , We can prove that

the bijectivity of oy, from (4.12) and Lemmas 4.2 and 4.3,

Furthermore, we have for any f & Holo(MP) and for any f and f'

with f>r and f'> 1’
(4.13)  sup {la3'£(2)] 5 2 € (A'1) "N (B ) x BLxr 1 )

< Csup{If(z); z e (/\'T)-1((f/2)Nd-X B{f") )},

H .
where N, ={Se @'+ 2 _oin B (2) and BIr'] = {t e ¢?';

ntusr‘}, and C is a constant which depends on r,r', fand F'. We

can see that 0‘5531 is continuous by (4.13).

We can prove (4.6) similarly. q.e.d.

18
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