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Abstract

Recent remarkable development in experiments for cold atom systems enables us to

simulate lattice systems which are hard to realize in solid-state systems. Thanks to

the advantage of ultracold atomic systems, the high controllability of the parameters

of the system and high resolution of the detection, numerous intriguing models have

been realized in such cold atom systems. One of the examples for such realization

is topological phases. Topological phases, of which geometric properties of wave

functions are connected to transport phenomena, have been actively investigated both

theoretically and experimentally in recent years. Motivated by these backgrounds,

we study two kinds of topological phases which can be realized in ultracold atomic

systems.

First, we analyze topological properties of the one-dimensional (1D) Bose-Hubbard

model with a quasiperiodic superlattice potential. This system can be realized in in-

teracting ultracold bosons in an optical lattice in the presence of an incommensurate

superlattice potential. We first analyze the quasiperiodic superlattice made by the

cosine function, which we call Harper-like Bose-Hubbard model. We compute the

Chern number and observe a gap-closing behavior as the interaction strength U is

changed. Also, we discuss the bulk-edge correspondence in our system. Furthermore,

we explore the phase diagram as a function of U and a continuous deformation param-

eter β between the Harper-like model and another important quasiperiodic lattice,

the Fibonacci model. We numerically confirm that the incommensurate charge den-

sity wave (ICDW) phase is topologically non-trivial and it is topologically equivalent

in the whole ICDW region.

Second, we propose a two-dimensional (2D) version of Thouless pumping that can

be realized by using ultracold atoms in optical lattices. To be specific, we consider

a 2D square lattice tight-binding model with an obliquely introduced superlattice.

It is demonstrated that quantized particle transport occurs in this system, and that

the transport is expressed as a solution of a Diophantine equation. This topological

nature can be understood by mapping the Hamiltonian to a three-dimensional (3D)

cubic lattice model with a homogeneous magnetic field. We also propose a continuum

model with obliquely introduced superlattice and obtain the amount of pumping by
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calculating the Berry curvature. For this model, the same Diophantine equation

can be derived from the plane-wave approximation. Furthermore, we investigate

the effect of a harmonic trap by solving the time-dependent Schrödinger equation.

Under a harmonic trap potential, as often used in cold atom experiments, we show,

by numerical simulations, that nearly quantized pumping occurs when the phase of

the superlattice potential is driven at a moderate speed. Also, we find that two

regions appear, the Hofstadter region and the rectifying region, depending on the

modulation amplitude of the superlattice potential. In the rectifying region with

larger modulation amplitudes, we uncover that the pumping direction is restricted to

exactly the x-axis or the y-axis direction. This difference in these two regions causes

a crossover behavior, characterizing the effect of the harmonic trap.

This thesis is organized as follows. In Chapter 1 we give an overview of topolog-

ical phases and ultracold atoms. In Chapter 2 we explain the numerical calculation

methods which we used in this thesis. Topological aspects of the 1D Bose-Hubbard

model with quasiperiodic modulation are discussed in Chapter 3. We propose new

topological phases in a 2D optical superlattice model, and elucidate the topological

nature of this model in Chapter 4. Chapter 5 concludes our results in this thesis.
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Chapter 1 Introduction

The Nobel prize in 2016 has been awarded to David J. Thouless, F. Duncan M.

Haldane, and John M. Kosterlitz for theoretical discoveries of topological phase tran-

sitions and topological phases of matter. In these phenomena, the physical quantities

are described by topological invariants. Topological invariants, as typified by winding

number, are robust against disorder and correlation. Returning to the Nobel prize,

the reason of the award is based on three great theoretical discoveries:

1. Topological phase transition which occurs in thin layer (which is called Berezinskii-

Kosterlitz-Thouless transition or Kosterlitz-Thouless transition today)

2. Integer quantum Hall effect and quantum pumping (which is called Thouless

pumping)

3. Topological phase which can be realized in one-dimensional (1D) quantum spin

models (this phase is called Haldane phase)

These results were the starting point of the research of topological phenomena which

have been widely developed up to today. This thesis is deeply connected to the

item 2: Integer quantum Hall effect and quantum pumping. In this thesis, we study

two kinds of topological phases which can be realized in ultracold atomic systems.

One is a 1D Bose-Hubbard model with quasiperiodic modulation, and the other is a

two-dimensional (2D) square lattice model with obliquely introduced superlattice.

In section 1.1, an overview of the theory of the topological phases is given. In

section 1.2, the properties of cold atom systems are described. The organization of

this thesis is written in section 1.3.

1.1 Topological Phases

1.1.1 Berry phase

Berry phase is an important concept to understand topological physics. When the

system is described by a parametrized Hamiltonian, a phase difference occurs after

an adiabatic process whose parameter follows a cyclic path in the parameter space.

This is called the Berry phase, or called the geometric phase, which is distinguished

from the dynamic phase which occurs by dynamical process[1].
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Consider a physical system which is described by a Hamiltonian parametrized by

a set of parameters R = (R1, R2, . . . ),

H = H(R), (1)

R = R(t). (2)

Prepare the time-dependent Schrödinger equation,

H(R(t)) |ψ(t)⟩ = iℏ
∂

∂t
|ψ(t)⟩ , (3)

and consider the case that the initial state is one of the eigenstates, and R moves

slowly (adiabatically) and it comes back to the initial point after time T in R space

(R(0) = R(T )). From the adiabatic theorem, if any two of En(R) do not cross,

the state at t = T should come back to the initial state. However, there remains a

freedom of phase, which can be expressed as ψ(0) = eiγ(T )ψ(T ). Now we derive this

phase γ(T ) below.

Let En and |ϕn(R)⟩ be a set of eigenvalues and eigenvectors of time-independent

Schrödinger equation with Hamiltonian H(R),

H(R) |ϕn(R)⟩ = En(R) |ϕn(R)⟩ . (4)

Since we assume that R(t) is adiabatic, by applying the adiabatic theorem, we obtain

|ψ(t)⟩ = eiγ(t) |ϕn(R(t))⟩ . (5)

Here, γ(t) is the phase factor.

From Eq. (3),

En (R(t)) = ⟨ψ(t)|H(R(t))|ψ(t)⟩ = iℏ ⟨ψ(t)| ∂
∂t

|ψ(t)⟩ . (6)

On the other hand, by direct substitution of Eq. (4),

⟨ψ(t)| ∂
∂t

|ψ(t)⟩ = ⟨ϕn(R(t))|e−iγ(t) ∂
∂t
eiγ(t)|ϕn(R(t))⟩ (7)

= i
∂γ(t)

∂t
+ ⟨ϕn(R)| ∂

∂R
|ϕn(R)⟩ · ∂R

∂t
. (8)

By comparing Eq. (6) and Eq. (8),

i
∂

∂t
γ(t) = − i

ℏ
En(R(t))− ⟨ϕn(R)| ∂

∂R
|ϕn(R)⟩ · ∂R

∂t
. (9)

By integrating this, we obtain

γ(T )− γ(0) = −1

ℏ

∫ τ

0

En(R(t))dt+ i

∮
C

dR · ⟨ϕn(R)| ∂
∂R

|ϕn(R)⟩ . (10)
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The first term is a trivial term, which appears even when the Hamiltonian does

not change, and this is called a dynamic phase. The second term only depends on

geometric features of the integral contour C, but not depend on R(t), which means

how the contour is traversed (as long as the adiabatic condition is satisfied). This is

why the Berry phase is also called the geometric phase.

The closed-path Berry phase can be written down as follows:

γn = i

∮
C

dR ·An(R), (11)

An(R) = ⟨ϕn(R)| ∂
∂R

|ϕn(R)⟩ . (12)

An(R) is called Berry connection. Berry connection is gauge-dependent, which trans-

form as Ãn(R) = An(R) + ∂
∂R
λ(R) under the gauge transformation |ϕ̃n(R)⟩ =

e−iλ(R) |ϕn(R)⟩. This is an analog of vector potential in electromagnetism. By consid-

ering this analogy, the closed-path Berry phase corresponds to the number of magnetic

flux.

Berry curvature is an analog of the magnetic field in electromagnetism, and it is

defined as an anti-symmetric second-rank tensor:

Ωn,µν(R) =
∂

∂Rµ
An,ν(R)− ∂

∂Rν
An,µ(R). (13)

Here, An,µ(R) is a component of Berry connection A(R). Especially, when the di-

mension of parameter space is two (R = (R1, R2, )), Berry curvature is expressed

as

Ωn(R) =
∂

∂R1

An,2(R)− ∂

∂R2

An,1(R). (14)

By applying Stokes’ theorem, the closed-path Berry phase can be rewritten as

γn =

∫
S

dS Ωn(R), (15)

where S is an area surrounded by the closed path C. If the surface S is a closed

manifold, this phase is restricted to integral multiple of 2π, and this integer is called

Chern number:

Cn =
i

2π

∫
S

dS

[⟨
∂ϕn
∂R1

∣∣∣∣ ∂ϕn∂R2

⟩
−
⟨
∂ϕn
∂R2

∣∣∣∣ ∂ϕn∂R1

⟩]
. (16)

This quantization of Chern number is guaranteed by Chern theorem (Chern-Gauss-

Bonnet theorem). Finally, we note that the Berry curvature and the Chern number

are gauge-invariant.

In the next section, we discuss Thouless pumping, which is an example where the

Berry phase and the Chern number are related to the real physical phenomena.
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1.1.2 Thouless pumping

In an infinite periodic system, if a potential varies slowly, the charge transfer over one

period must have an integer value. Thouless found this fact in 1983 in his paper[2].

The reason of this quantization can be understood by expressing the charge transfer

by the form of Chern number, which we have seen in the previous section.

Consider a time-dependent Schrödinger equation with time-dependent Hamlito-

nian,

iℏ
∂

∂t
Ψ(x, t) = Ĥ(t)Ψ(x, t). (17)

The eigenvalues En(t) and eigenstates ψn(x, t) for each moment of time-independent

Schrödinger equation are also time-dependent,

Ĥ(t)ψ(x, t) = En(t)ψn(x, t). (18)

Here, we take a set of ψn(x, t) which satisfies orthonormalization condition ⟨ψn(t)|ψm(t)⟩ =
δnm.

Now, we express Ψ as a linear combination of ψn,

Ψ(t) =
∑
n

cn(t)ψn(t)e
iθn(t), (19)

where

θn(t) = −1

ℏ

∫ t

0

En(t
′)dt′ (20)

is called the dynamic phase factor. By putting Eq. (19) into Eq. (17), we obtain

iℏ
∑
n

(ċnψn + cnψ̇n + icnψnθ̇n)e
iθn =

∑
n

cnĤψne
iθn . (21)

Since θ̇n = −En

ℏ , the right hand and the third term of left hand cancel each other,

and we obtain ∑
n

ċnψne
iθn = −

∑
n

cnψ̇ne
iθn . (22)

That is,

˙cm(t) = −
∑
n

cn ⟨ψm|ψ̇n⟩ ei(θn−θm). (23)

In fact, ψn(t) has a degree of freedom of selecting its phase. To remove this, we

impose a conditon:

⟨ψ0|ψ̇n⟩ = 0. (24)

Then, c0(t) and cm(t)(m ̸= 0) can be determined.

ċ0(t) = 0 ∴ c0(t) = 1, (25)
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˙cm(t) = −⟨ψm|ψ̇0⟩ ei(θ0−θm) (26)

= −⟨ψm|ψ̇0⟩ e−
i
ℏ

∫ t
0

(E0(t′)−Em(t′))dt′
, (27)

cm(t) = − ⟨ψm|ψ̇0⟩
E0 − Em

iℏe−
i
ℏ

∫ t
0

(E0(t′)−Em(t′))dt′
. (28)

From Eqs. (19), (20), (25) and (28), we obtain |Ψ(t)⟩ to the first order in the time

derivatives:

|Ψ(t)⟩ ≈ exp

[
−(i/ℏ)

∫ t

ϵ0 (t
′) dt′

] [
|ψ0(t)⟩+ iℏ

∑
j ̸=0

|ψj(t)⟩ (ϵj − ϵ0)
−1
⟨
ψj(t)

∣∣∣ ψ̇0(t)
⟩]

.

(29)

By using a form of the particle current density J = d
dt
(ψ∗ψ) = − ℏ

2mi
∇·{ψ∗∇ψ − (∇ψ∗)ψ},

we obtain its expression to the same order,

J0 =
ℏ2

mL

∑
j ̸=0

1

(ϵj − ϵ0)

[
−
⟨
ψj

∣∣∣ ψ̇0

⟩⟨∂ψ0

∂x

∣∣∣∣ψj⟩−
⟨
ψ̇0

∣∣∣ψj⟩⟨ψj ∣∣∣∣ ∂ψ0

∂x

⟩]
=

ℏ2

mL

[⟨
∂ψ0

∂x

∣∣∣∣ (ϵ0 −H)−1

∣∣∣∣ ψ̇0

⟩
+

⟨
ψ̇0

∣∣∣∣ (ϵ0 −H)−1

∣∣∣∣ ∂ψ0

∂x

⟩]
.

(30)

For an infinite periodic system, Eq. (30) can be replaced by

J =
ℏ2

2πm

∑
λµ

∫
dk

fλ (1− fµ)

ϵλ(k)− ϵµ(k)

[⟨
∂ψλk
∂x

∣∣∣∣ψµk⟩⟨ψµk ∣∣∣ ψ̇λk⟩+
⟨
ψ̇λk

∣∣∣ψµk⟩⟨ψµk ∣∣∣∣ ∂ψλk∂x

⟩]
.

(31)

By using this identity,

∂ψλk
∂k

= i[g(k) + x]ψλk +
∑
µ̸=λ

ψµk
1

ϵλ(k)− ϵµ(k)

iℏ2

m

⟨
ψµk

∣∣∣∣ ∂ψλk∂x

⟩
, (32)

where g(k) is an arbitrary real function, we can replace [ϵλ(k)− ϵµ(k)]
−1 ∂/∂x by

(im/ℏ2) ∂/∂k. Integrating Eq. (31) by t for one cycle, the contribution of the first

term in Eq. (32) vanishes. Then, we obtain the charge transfer in one cycle:

C =
i

2π

∑
λ

fλ

∫ T

0

dt

∫ 2π/L

0

dk

[⟨
∂ψλk
∂t

∣∣∣∣ ∂ψλk∂k

⟩
−
⟨
∂ψλk
∂k

∣∣∣∣ ∂ψλk∂t

⟩]
. (33)

This can be regarded as the sum of Chern number Eq. (16) on the Brillouin zone,

which is mathematically equal to torus.

Chern number is also related with the integer quantum Hall effect. In the next

section, we discuss how the Chern number appears in a 2D electron system, where

the integer quantum Hall effect appears.
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1.1.3 Integer Quantum Hall Effect

One of the most surprising discoveries in 20th century is the discovery of the quantum

Hall effect. von Klitzing et al. found that the Hall conductivity of the free electron

system in a thin layer with strong magnetic field is quantized as follows[3]:

σxy = n
e2

h
(n : integer), (34)

where e is the charge of electron and h is Planck constant. At first, the reason

why the Hall conductivity is written by the multiple of e2/h was unclear. However,

the topological nature of this integer n has been revealed in the so-called “TKNN

paper”[4]. Chern number is expressed as

N =
∑
m

1

2πi

∫
dkxdky

(⟨
∂um

∂kx

∣∣∣∣∣ ∂um∂ky

⟩
−

⟨
∂um

∂ky

∣∣∣∣∣ ∂um∂kx

⟩)
, (35)

where |um(k)⟩ is m-th Bloch function.

Now we consider a 2D lattice system with a homogeneous magnet field.

H =
∑
m,n

−taĉ†m+1,nĉm,n − tbĉ
†
m,n+1ĉm,ne

i2πΦm + h.c. (36)

Next, we apply Fourier transform to the Hamiltonian, separate kx into q blocks and

let kx = k0x + 2πΦn. We obtain the Hamiltonian which is diagonal for k0x:

Ĥ(k0x, ky) =

q−1∑
n=0

{
−2ta cos

(
k0x + 2πΦn

)
ĉ†
(
k0x + 2πΦn, ky

)
ĉ
(
k0x + 2πΦn, ky

)
−tb

(
e−iky ĉ†

(
k0x + 2πΦ(n+ 1), ky

)
ĉ
(
k0x + 2πΦn, ky

)
+ eiky ĉ†

(
k0x + 2πΦ(n− 1), ky

)
ĉ
(
k0x + 2πΦn, ky

))}
.

(37)

This Hamiltonian Ĥk0x,ky
can be interpreted as a q-cite 1D lattice. Using a set of

coefficients {am}:

|ψ⟩ =
q−1∑
m=0

amĉ
†(k0x + 2πΦm, ky)|0⟩, (38)

the eigenvalue equation is

− 2ta cos
(
k0x + 2πΦn

)
an − tb

(
e−ikyan−1 + eikyan+1

)
= Ek0x,kyan. (39)

This is called Harper equation, and the boundary condition is aj+q = aj. By solving

Harper equation, we can obtain eigenenergies of this system. When we plot eigenen-

ergies in different strengths of the magnetic field, a butterfly structure in Figure 1.1

appears[5].
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Figure 1.1: Hofstadter Butterfly. The vertical line shows the strength of the magnetic
field, and the horizontal line shows an energy spectrum of the Hamiltonian for each
magnetic field strength.

Eq. (39) is derived from the 2D square lattice with the magnet field. However, Eq.

(39) can also be interpreted as an eigenvalue equation of a 1D lattice with a cosine type

potential. This implies that the 2D system with the magnet field and the 1D lattice

with superlattice are equivalent in the topological context. This correspondence also

appears in the definition of topological invariants. As we have seen in the previous

section, the pumped charge for one cycle is written as:

C =
i

2π

∑
λ

fλ

∫ T

0

dt

∫ 2π/L

0

dk

[⟨
∂ψλk
∂t

∣∣∣∣ ∂ψλk∂k

⟩
−
⟨
∂ψλk
∂k

∣∣∣∣ ∂ψλk∂t

⟩]
. (40)

This has the same form with Eq. (35). Now, if we match the notation of Hamiltonians

of 1D quantum pumping and 2D quantum Hall system, each Hamiltonian can be

written as:

H(ϕ) =
∑
j

[
−t
(
ĉ†j+1ĉj + ĉ†j−1ĉj

)
+ λ cos(2πbj + ϕ)ĉ†j ĉj

]
, (41)

H =
∑
m,n

[
−t
(
c†m,n+1cm,n + c†m,n−1cm,n

)
+
λ

2

(
ei2πbnc†m+1,ncm,n + e−i2πbnc†m−1,ncm,n

)]
.

(42)
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These two Hamiltonians can be mapped to each other by Fourier transform and

inverse Fourier transform. We note that a parameter, a phase of the twisted boundary

condition θ, is hidden in Eq. (41). To calculate the energy spectrum of Eq. (41),

we need to set θ. Finally, we summarize the correspondence between 1D quantum

pumping and 2D quantum Hall system in Table 1.1.

1D quantum pumping 2D quantum Hall system
b Periodicity of superlattice Magnetic field strength
ϕ Phase of superlattice Wavenumber ky
θ Phase of twisted boundary condition Wavenumber kx
C Charge pumping amount Hall conductivity

Table 1.1: The correspondence between 1D quantum pumping and 2D quantum Hall
system.

1.2 Ultracold Atoms

Ultracold atoms are drawing attention as a platform of quantum simulator. Quantum

simulator enables us to study systems which are hard to control in the laboratory by

transforming them into a controllable, accessible system. R. P. Feynman gave a

lecture about physics and computation at MIT in 1981[6], and left an impressive

phrase:

“Nature isn’t classical, dammit, and if you want to make a simulation

of nature, you’d better make it quantum mechanical, and by golly it’s a

wonderful problem, because it doesn’t look so easy.”

He pointed out that classical computer (probabilistic simulator) cannot represent the

result of quantum mechanics, because of a consequence of hidden-variable problem.

Of course, it is possible to track a density matrix of the whole quantum system and

simulate them. However, when the system has many particles, the degree of freedom

explodes exponentially, and we need exponentially large computer to simulate it. This

is why we need a quantum simulator to simulate quantum systems. Recently, thanks

to a remarkable development of ultracold atom experiment, ultracold atomic system

becomes one of great platforms of quantum simulator.

Ultracold atoms are atoms that are trapped in vacuum by using a magnetic or op-

tical field, and maintained at temperatures usually below microkelvin (µK) order. At

this temperature, the quantum effect becomes principal and quantum condensation

occurs to the mass of atoms. To realize this very low temperature, the experimental
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technique, which is called laser cooling and evaporative cooling, is used. Ultracold

atoms are often used to simulate a quantum system since it is very clean system

and has very little noise or disturbance. The system of ultracold atoms has many

suitable properties to simulate quantum systems. We close up three properties of ul-

tracold atoms, 1. High controllability of physical parameters, 2. Richness of detection

methods, 3. Exotic phases realization by using synthetic gauge fields.

One of the most characteristic properties of ultracold atomic systems is the high

controllability of the physical parameters. Feshbach resonance enables us to control

the interaction strength between atoms. The low energy physics of scattering is

characterized by a parameter called scattering length. Usually, scattering length

only depends on interatomic potential. However, when the energy of the bound

state (molecular state) and the kinetic energy of the scattering state become close, a

resonance which is called Feshbach resonance occurs. In order to adjust the energy

level of different spin states, a magnetic field can be used in the experiments of

ultracold atoms. A magnetically tuned Feshbach resonance is described in a simple

expression. According to Ref. [7, 8], the s-wave scattering length a as a function of

the magnetic field B is expressed as:

a(B) = abg

(
1− ∆

B −B0

)
, (43)

where abg is the background scattering length, B0 is the resonance position, and ∆

is the resonance width. This technique enables us to access a new parameter region

which cannot be reached in other systems, such as BEC-BCS crossover. Also, it is

possible to simulate the important models in physics, for example, Hubbard model,

Kondo lattice model, and so on. Feshbach resonance makes it possible to control

the interaction strength in these lattice models, while a controlling parameter is very

hard in solid systems.

To construct a lattice of ultracold atomic system, an optical lattice is used. The

optical lattice is formed by counter-propagating laser beams, which make a standing

wave. When atoms are placed in this oscillating optical field, a dipole moment occurs

in the atom, and it interacts with the electric field and causes an energy shift. This

is called AC stark shift, which is expressed as

V (r) = −1

2
α(ω)|E(r)|2, (44)

where α(ω) is the AC polarizability and |E(r)|2 is the strength of AC electric field

which is averaged by time. For example, in a 1D system, we can prepare a lattice

by using the standing wave |E(r)|2 = E2 cos2(k · r). When the lattice depth is

sufficiently deep, it is useful to express a Hamiltonian in Wannier functions. Then
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(a) (b)

(c) (d)

Figure 1.2: Various optical lattices. (a) Square lattice, (b) Parallelogram lattice, (c)
Triangular lattice, (d) Hexiagonal lattice. See also [9, 10]
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the Hamiltonian of ultracold atoms in optical lattice can be described by a Hubbard

model, which is written as:

HBH = −t
∑
⟨i,j⟩

(
b†ibj + h.c.

)
+
U

2

∑
j

nj (nj + 1) (45)

for bosons and

HFH = −t
∑
⟨i,j⟩,σ

(
c†iσcjσ + h.c.

)
+ U

∑
j

nj↑nj↓ (46)

for fermions. Feshbach resonance allows one to tune the on-site interaction strength.

By using this technique, many kinds of exotic phases have been realized, for instance,

bosonic Mott insulator [11, 12, 13], fermionic Mott insulator [14, 15], SU(N) [16, 17].

Second surprising point of cold atom systems is various probing methods. Time-of-

flight (ToF) method has been a good method to measure temperature and momentum

distribution [18, 19, 20]. After cooling the atoms, by switching off the magnetic or

optical trap, atoms get free from trap potential. After that, atoms move by initial

speed distribution and start to drop freely by gravity. When sufficient time has been

passed, the space distribution of atom cluster is reflected by initial speed distribution.

By taking a photograph of this atom cluster, it is possible to obtain speed distribu-

tion (or momentum distribution). Quantum gas microscope enables observation and

control of quantum system in the level of individual atoms. It is possible to take a

snapshot of real space distribution. Moreover, single-site spin control is realized, and

arbitrary spin patterns can be prepared. These techniques are important to compose

a quantum simulator. Also, these detection methods enable us to investigate the

dynamics or thermalization of quantum systems. [21]

The last important possibility of ultracold atoms which we see in this section is

artificial gauge fields. Since the atoms are electrically neutral, atoms never experience

electric field and Lorentz forces. The first realization of artificial gauge field is using

Coriolis force in the rotating frame [22, 23, 24]. However, this method can only make

a weak gauge field. To overcome this problem, a new method to make a strong gauge

field has been investigated, which is called laser-induced gauge field. This method uses

an internal degree of freedom to construct a Berry phase. For example, let us consider

a two-level atom which has the ground state |g⟩ and an excited state |e⟩. When the

laser beam is distributed to the system, two levels are coupled by this beam. If the

laser intensity and phase are varying spatially, a proportion of coupling also varies.

This causes a Berry phase, which would be a substitution of an Aharonov-Bohm

phase.

Some of the important models of topological phases are succeeded to capture the

essence of the requirement for making topological phases. However, it is hard to realize
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in conventional materials. Recently, several groups realized various lattice models for

topological phases. For instance, 1D topological phases such as Topological pumping

[25, 26], Rice-Mele model/Su-Schrieffer-Heeger (SSH) model [27], Harper model[28,

29] are realized. In 2D, Hofstadter model, Haldane model [28] are actualized. Also,

many exotic setups are theoretically proposed. For example, three-dimensional (3D)

Dirac fermions [30, 31], Weyl semimetals [32], 3D Z2 topological insulators [33], Hopf

insulators [34] are proposed. Moreover, by using initial degree of freedom of the

atoms, one can construct synthetic dimensions [35, 36, 37]. By using this idea, it

is possible to realize not only 2D topological phase, but also four-dimensional (4D)

quantum Hall system, which is described by second Chern number [38].

1.3 Organization of the thesis

As summarized above, cold atom systems experiments are extremely developed re-

cently. This enables us to simulate lattice systems, which are hard to realize in

solid-state systems. Also, topological phases have been actively investigated both

theoretically and experimentally in recent years. Motivated by these backgrounds,

we study two kinds of topological phases, 1D Bose-Hubbard model with quasiperi-

odic modulation and 2D optical superlattice model, which can be realized in ultracold

atom systems.

This thesis is organized as follows. In Chapter 2, we explain the numerical cal-

culation methods, exact diagonalization (Lanczos method), density matrix renor-

malization group, Fukui–Hatsugai–Suzuki method, and time-dependent Schrödinger

equation, which we used in this thesis. In Chapter 3, we discuss the topological na-

ture of a 1D Bose-Hubbard model with quasiperiodic modulation. Furthermore, we

investigate the phase diagram as a function of the interaction strength U and the

potential deformation parameter β. New topological phases in the 2D optical super-

lattice model are proposed, and the topological nature of this model is elucidated

in Chapter 4. We investigate three models, tight-binding model, continuum model,

and continuum model with a harmonic trap and show that the amount of pumping is

provided by the Diophantine equation. Also, we studied the effects of the harmonic

trap. We conclude our results in this thesis in Chapter 5.
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Chapter 2 Numerical Calculation

Methods

When we treat the problem of condensed matter physics such as many body systems

with interaction, it is possible to calculate rigorously when the system is small, but

the calculation time explodes exponentially as the system size becomes bigger. In

this dissertation, we use exact diagonalization for one body problem or small system

size, and we use density matrix renormalization group (DMRG) for a problem which

has a large system size. DMRG is a very powerful method to treat 1D systems.

In addition, some problems occur when we discretize continuous systems in order

to calculate integral or differential equation. For example, to calculate a Chern num-

ber by discretizing the Brillouin zone straightforwardly, very dense mesh is needed.

This problem can be resolved by using a method called Fukui-Hatsugai-Suzuki method.

Also, there exists a numerically stable method, which can reduce the calculation time,

to solve a time-dependent Schrödinger equation.

In this chapter, we outline how to use these four methods, exact diagonalization,

DMRG, Fukui-Hatsugai-Suzuki method, and a method which we used to solve a

time-dependent Schrödinger equation. In Sec. 2.1, we explain exact diagonalization

method. In Sec. 2.2, DMRG method is described. In Sec. 2.3, Fukui-Hatsugai-

Suzuki method is explained. Finally, we introduce a method which we used to solve

a time-dependent Schrödinger equation in Sec. 2.4.

2.1 Exact Diagonalizaton (Lanczos Method)

Exact Diagonalization is a numerical computation method which calculates the eigenen-

ergies and the eigenstates by writing up all of the basis sets of the system and di-

agonalizing the Hamiltonian matrix. When the dimension of Hamiltonian is up to

∼ 104, there are appropriate methods such as Jacobi method or Householder method.

However, when the dimension is larger, up to about ∼ 108, and when the Hamiltonian

matrix is sparse, Lanczos method is effective[39]. Lanczos method can only obtain the

smallest m eigenvalues and corresponding eigenvectors. Nevertheless, in most cases

of condensed matter physics, low-energy levels are important. Also, Hamiltonian in

most of the models are sparse matrix. Therefore, Lanczos method is one of the best

ways to calculate eigenvalues and eigenvectors numerically.

Here, we introduce Lanczos method. Suppose that an n-dimensional symmetric
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matrix A is transformed into a tridiagonal matrix B by using a unitary matrix P , we

obtain the following relation.

B = P−1AP ⇐⇒ PB = AP. (47)

Since B is a tridiagonal matrix, B can be written as

B =



α1 β1 0

β1 α2 β2 0

0 β2 α3 β3
. . .

0 β3
. . . . . . 0

. . . . . . βn−1

0 βn−1 αn


. (48)

Let P = (u1u2 . . .un). Then according to Eq. (47), we obtain

Au1 = α1u1 + β1u2,

Au2 = β1u1 + α2u2 + β2u3,

Au3 = β2u2 + α3u3 + β3u4,

...

Aun = βn−1un−1 + αnun.

(49)

With a condition that ui is orthonormal, we derive

αi = u†
iAui,

βi =
√
(Aui − βi−1ui−1 − αiui)†(Aui − βi−1ui−1 − αiui),

ui+1 =
Aui − βi−1ui−1 − αiui

βi
.

(50)

Consequently, if we prepare an n-dimensional vector u1, we can obtain α1, β1,u2, α2, β2,u3,

. . . , one after another. Usually, we use random numbers to determine the trial vector

u1. These {αi} and {βi} are the matrix elements of the tridiagonal matrix which we

need. Finally, we diagonalize the tridiagonal matrix B. This can be done by O(N)

calculation.

The characteristic point of Lanczos method is that we can cut off the procedure

to obtain the matrix elements of the tridiagonal matrix. Calculating eigenvalues and

eigenvectors of the cut-offed tridiagonal matrix gives an approximation of counter-

parts of the original matrix. This is very important to accelerate the calculation.

This can be understood as follows.
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Let λ1, λ2, . . . be the eigenvalues and let x1,x2 . . . be the corresponding eigenvec-

tors in descending order of the absolute value. If a trial vector u1 is not orthogonal

to x1,x2 . . . , u1 can be written as:

u1 = c1x1 + c2x2 + · · · (c1, c2, · · · ̸= 0) . (51)

In the procedures of Lanczos method, as in Eq. (50), we make ui+1 by multiplying

ui by A and subtract the component parallel to ui. While we construct um, u1 has

been multiplied m − 1 times by A. Am−1u1 can be written in terms of eigenvectors

{xi}:
Am−1u1 = c1λ

m−1
1 x1 + c2λ

m−1
2 x2 + · · · (52)

Therefore, we expect that a characteristic space which is based upon u1,u2, . . .um

contains x1,x2, . . . sufficiently. At this time, the larger the eigenvalue, the faster the

eigenvector x1 appears in a characteristic space based upon u1,u2, . . .um. Accord-

ingly, we should add (or subtract) a multiple of a unit matrix in order to maximize

the absolute value of the eigenvalue which we need.

Method

1. Determine trial vector u1.

2. Calculate v = Auk,

vi =
n∑
j=1

aiju
(k)
j . (53)

3. Calculate αk, βk, and the vector uk+1,

αk =
n∑
i=1

v∗i u
(k)
i ,

βk =

√√√√ n∑
i=1

|vj − βk−1u
(k−1)
i − αku

(k)
i |2,

u
(k+1)
i =

vi − βk−1u
(k−1)
i − αku

(k)
i

βk
.

(54)

4. Redefine uk+1 by using Gram-Schmidt orthonormalization so that it is strictly

orthogonal with u1, u2, . . .uk−2 (this step is needed to keep numerical accu-

racy),

uk+1 := uk+1 −
k−2∑
i=1

u†
iuk+1

u†
iui

ui. (55)
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5. Repeat 1) to 4). Let the repetition number m.

6. Calculate eigenvalues λk and eigenvectors x̃k of m×m dimensional tridiagonal

matrix B, and obtain eigenvectors xk of the original matrix A by using

xk =
m∑
i=1

x̃
(k)
i vi. (56)

2.2 DMRG

Density matrix renormalization group (DMRG) is a numerical method for calculating

low-energy physics of quantum many-particle systems. In many-particle systems,

when a system size is large, the dimension of Hilbert space becomes exponentially

large. This makes it very difficult to calculate physical quantities numerically. To

avoid this difficulty, a method called numerical renormalization group (NRG) has

been proposed. This method enables to calculate exponentially large Hilbert space

by starting the calculation from a small system, and enlarge the system a little, and

cutoff the eigenvalues/eigenvectors except we choose beforehand, and repeat this loop

until we reach the system size that we aim at. By using this method, it should be

possible to treat arbitrary system sizes. However, while NRG succeeded for the Kondo

model, it is not successful in the Hubbard model and the Heisenberg model. This is

because an edge effect remains while enlarging the system size.

In 1992, Steve White introduced DMRG method. In DMRG, the environment is

added to the system, which enables us to take quantum fluctuations into account,

a fluctuation which is spread through outside of the system in practice. Because

of this treatment, DMRG succeeded in canceling the edge effect[40, 41]. DMRG

allows to investigate the properties of spin chain systems such as the Ising model,

the Heisenberg model, and also fermion/boson systems such as the Hubbard model.

Especially, very accurate results have been obtained in 1D systems. DMRG is also

precise in tree structure systems or 2D rectangular systems where one side is much

longer than the other side. Recently, a matrix product state, which is a basic idea of

DMRG, is applied to 2D and 3D systems [42, 43].

Basic idea

In DMRG, we separate the whole system into a system and an environment, and we

call them a superblock altogether. While enlarging the system, we choose eigenval-

ues/eigenvectors which we should keep. To choose them, we take a partial trace for

environment and leave the eigenvectors which have larger eigenvalues of its density

matrix. Because of this approach, it is possible to take the effects of the outside of the
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system, where NRG could not take into account, and possible to leave the important

degrees of freedom.

Now, we introduce a basic idea of DMRG. First, write down the ground state as

follows:

|ψ⟩ =
∑
i,j

ψij |i⟩ |j⟩ . (57)

Here, |i⟩ is the basis of the system (l dimensions), |j⟩ is the basis of the environment.

To reduce the calculation time, we need to decrease the dimensions of Hilbert space.

Now, we reduce the dimension of eigenstates to m. Let this basis be |uα⟩. Similarly,

we reduce the dimension of environment to m, and let its basis be |vα⟩. By using

these bases, we can write an approximation of |ψ⟩ as

|ψ̄⟩ =
∑
i,j

m∑
α=1

cαu
α
i v

α
j |i⟩ |j⟩ . (58)

Using the singular value decomposition of ψij (Here, U , V are unitary matrices),

ψij =
∑
k

UikdkVjk, (59)

the norm of the difference between the original wave function and the approximated

wave function can be written as

S = | |ψ⟩ − |ψ̄⟩ |2 =
∑
i,j

(∑
k

UikdkVjk −
m∑
α=1

cαu
α
i v

α
j

)2

. (60)

Therefore, in order to minimize S, we should choose the largest m singular values dk

and use them as cα, and bring u and v from corresponding U and V .

Between singular values dk and the eigenvalues ωk of the reduced density matrix

of the system ρ, there is a relationship ωk = d2k. This is the reason why we take the

largest m singular values dk instead of eigenvalues ωk. Then, the sum of cut-offed

eigenvalues is an estimation of an error. Therefore, a difference between 1 and

Pm =
m∑
α=1

ωα (61)

would be the estimation of an error (cf. Sum of density matrix is always 1).

Infinite size DMRG

We explain the 1D boson lattice model as an example. The superblocks which we

consider in a process of the calculation is made by four blocks as we showed in 2.1.
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Now we label them i1, i2, i3, i4 from the left to right side. i1 and i4 consist of

an l-site system, and i2 and i3 consist of a 1-site system. Let H1, H2, H3, H4 be

Hamiltonians in each block. Also, let H12, H23, H34 be Hamlitonians which extends

over two blocks. Especially, when the system consists of an n-site system, we write

down the Hamiltonians for i1 and i4 as HL
Bn
, HR

Bn
respectively.

1. We start the calculation from the n = 1 case. Calculate matrix elements of

each block Hamiltonian (⟨i1|H1|i′1⟩, ⟨i2|H2|i′2⟩, . . . ) and matrix elements of the

two-block Hamiltonian such as H12 (⟨i1i2|H12|i′1i′2⟩, . . . ).

2. Make a matrix representation of the superblock Hamlitonian H1234 from the

matrix elements which are calculated in 1).

⟨i1i2i3i4|H1234|i′1i′2i′3i′4⟩
= ⟨i1|H1|i′1⟩ ⟨i2i3i4|i′2i′3i′4⟩+ ⟨i2|H2|i′2⟩ ⟨i1i3i4|i′1i′3i′4⟩

+ ⟨i3|H3|i′3⟩ ⟨i1i2i4|i′1i′2i′4⟩+ ⟨i4|H4|i′4⟩ ⟨i1i2i3|i′1i′2i′3⟩
+ ⟨i1i2|H12|i′1i′2⟩ ⟨i3i4|i′3i′4⟩+ ⟨i2i3|H23|i′2i′3⟩ ⟨i1i4|i′1i′4⟩+ ⟨i3i4|H34|i′3i′4⟩ ⟨i1i2|i′1i′2⟩

(62)

3. Diagonalize the superblock Hamiltonian H1234 by using Lanczos method and

obtain the ground state |ψ⟩.

|ψ⟩ =
∑
i1i2i3i4

ψi1i2i3i4 |i1i2i3i4⟩ (63)

4. Trace out the environment blocks from the ground state in 3) and obtain a

density matrix of system blocks.

⟨i1i2|ρ|i′1i′2⟩ =
∑
i3i4

ψi1i2i3i4ψi′1i′2i3i4 (64)

5. Diagonalize the density matrix ρi1i2i′1i′2 and obtain m eigenvalues ωα from the

largest ones and their eigenvectors.

|uα⟩ =
∑
i1i2

uαi1i2 |i1i2⟩ (α = 1, 2, . . . ,m) (65)

Note that we obtain all of the eigenvalues and eigenvectors of the density matrix

when the system size is small and the dimension of the density matrix ρi1i2i′1i′2
is smaller than m at the beginning of the calculation.

6. Calculate the matrix elements of operators in the system (i.e., creation/annihilation

operator) for example, ⟨i1i2|b†j|i′1i′2⟩，⟨i1i2|bj|i′1i′2⟩.
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7. Apply a basis transformation to the operator which we made in 6) by using

eigenvectors uαi1i2 of density matrix ρi1i2i′1i′2 .

⟨uα|HL
Bn+1

|u′α⟩ =
∑
i1i2i′1i

′
2

⟨uα|i1i2⟩ ⟨i1i2|(H1 +H2 +H12)|i′1i′2⟩ ⟨i′1i′2|u′α⟩ (66)

Here, ⟨i1i2|u′α⟩ = uαi1i2 (α = 1, 2, . . . ,m).

8. Let HL
Bn+1

be a new block 1 and let HR
Bn+1

be a new block 4. Add two sites

between them and let them a new block 2 and block 3. Construct a new

superblock by these block 1∼4.

9. Go back to 2) and repeat the iteration until the system size reaches the goal

size.

Figure 2.1: A schematic diagram of the superblock of infinite-size DMRG.

Finite size DMRG

Now we consider a finite size system which has N sites. In order to improve the

accuracy of the calculation in the finite size system, we perform a procedure called

“sweep”. In infinite size DMRG, we only used Bn to construct Bn+1, but in finite size

DMRG, we need N−3 type of blocks B1 · · ·BN−3. The procedure is as follows. Here,

we explain it when N is an even number. When N is an odd number, we should take

BL for 1 site and BR for 0 site, and the remaining procedures are the same.

1. Construct BL
2 · · ·BL

N/2 and BR
2 · · ·BR

N/2 by using infinite DMRG method. In

this case, we need to keep the operator c, c† of an edge of the block.

BL
1 • •BR

1 → BL
2 , B

R
2

BL
2 • •BR

2 → BL
3 , B

R
3

...

BL
N/2−1 • •BR

N/2−1 → BL
N/2, B

R
N/2

(67)
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2. Let n be the size of BL. First, we start from n = N/2. Fix the size of the

superblock, and shift the position of the two sites between BL and BR (DMRG

sweep). Construct BL
N/2+1, B

L
N/2+2, · · · , BL

N−3 by this procedure.

BL
N/2 • •BR

N/2−2 → BL
N/2+1, B

R
N/2−3

BL
N/2+1 • •BR

N/2−3 → BL
N/2+2, B

R
N/2−4

...

BL
N−4 • •BR

2 → BL
N−3, B

R
1

(68)

3. Next, we start from n = N − 3 and sweep to left. Renew BR
2 , B

R
3 , · · · , BR

N−3 by

this procedure.

BL
N−3 • •BR

1 → BR
2

BL
N−4 • •BR

2 → BR
3

...

BL
2 • •BR

N−4 → BR
N−3

.

(69)

4. Now, we start from n = 1 and sweep to right. Renew BL
2 , B

L
3 , · · · , BL

N/2 by this

procedure.

BL
1 • •BR

N−3 → BL
2

BL
2 • •BR

N−4 → BL
3

...

BL
N/2−1 • •BR

N/2−1 → BL
N/2

(70)

5. Go back to 2) and repeat the procedure until the calculation converges.

2.3 Fukui-Hatsugai-Suzuki Method

In the practical numerical calculation, since there are two partial differentiations exist

in the definition of Chern number, it seems that we need to prepare a very dense mesh

when we discretize the Brillouin zone. However, by using this method, it is possible

to calculate a Chern number by calculating only for discretized points of the Brillouin

zone without worrying about a gauge choice.

A Chern number for a Hamiltonian Ĥ(k1, k2) of integer quantum Hall system is

expressed as follows:

cn =
1

2πi

∫ 2π

0

dk1

∫ 2π

0

dk2F (k1, k2), (71)
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F (k1, k2) = ∂1A2 − ∂2A1, (72)

Aµ = ⟨n|∂µ|n⟩ . (73)

To evaluate this by the numerical calculation straightforwardly, we should discretize

the Brillouin zone by meshes and calculate a difference instead of differential. In

this way, we need very dense mesh. Therefore, we use a method introduced by

Fukui, Hatsugai, and Suzuki[44]. In Fukui-Hatsugai-Suzuki method, we also divide

the Brillouin zone into meshes, and then calculate a U(1) link variable on each edge,

and field strength on each plaquette, and calculate the Chern number by summing

up all the field strengths.

Now we look up the procedure of Fukui-Hatsugai-Suzuki method closely. First,

divide the parameter space k1, k2 ∈ [0, 2π] to n × n mesh. The edge length of each

plaquet will be a = 2π/n. Then, we define a U(1) link variable as follows:

Uµ(k) = ⟨n(k)|n(k+ aêµ)⟩ /Nµ(k), (74)

Nµ(k) = |⟨n(k)|n(k+ aêµ)⟩| , (75)

k = (k1, k2), (µ = 1, 2). (76)

Here, e1 and e2 are unit vectors in the k1 and k2 direction. From this link variable,

we define field strength F̃12(k) and lattice Chern number c̃n.

F̃12(k) = lnU1(k)U2(k+ aê1)U1(k+ aê2)
−1U2(k)

−1, (77)

− π <
1

i
F̃12(k) ≦ π, (78)

c̃n =
1

2πi

∑
k

F̃12(k). (79)

c̃n only takes integer values. In the limit of infinitesimally small plaquettes, c̃n coin-

cides with normal definition of Chern number. Therefore, if we take the plaquettes

sufficiently small, we obtain a correct Chern number. More precisely, it is proper

when a condition

|F12(k)|δk1δk2 ≈ |F̃12(k)| < π for all k (80)

is satisfied.

2.4 Time-dependent Schrödinger equation

To simulate the Thouless pumping in a continuum model, we need to solve a time-

dependent Schrödinger equation. Euler method, which is the simplest method to

solve a first degree differential equation, is numerically unstable. Therefore, we need
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to use a numerically stable method which can reduce the calculation time. In this

research, we use a method initiated by M. Tsukada[45].

The outline of this method is explained by next three points:

1. The state is developed in each very short time ∆t. This makes it possible to

adjust any kind of Hamiltonian, including a time-dependent Hamiltonian.

|ψ(t+∆t)⟩ = exp[−i∆tH]|ψ(t)⟩ (81)

2. Cayley form is used to guarantee the numerical stability.

exp[−i∆tH] ≃ 1− i∆tH/2
1 + i∆tH/2

(82)

3. An exponential product decomposition is used for the time evolution operator.

exp[−i∆tH] ≃
∏
n

exp [−i∆tHn] (83)

To explain this method, we start from a 1D Schrödinger equation for a free particle

below.

i
∂

∂t
ψ(x, t) = −1

2

∂2

∂x2
ψ(x, t) (84)

When we know a wave function at time t, we can obtain a wave function after a very

short time by multiplying the time evolution operator. The formal solution can be

written as:

ψ(x, t+∆t) = exp

[
i
∆t

2

∂2

∂x2

]
ψ(x, t). (85)

To make the calculation numerically stable, we use Cayley form, which is unitary.

ψ(x, t+∆t) ≃ 1 + i∆t∂2x/4

1− i∆t∂2x/4
ψ(x, t) (86)

Also, we need to discretize a spacial variable. A spatial partial differentiation operator

is expressed as:
∂2

∂x2
ψ (xi) ≃

ψ (xi+1)− 2ψ (xi) + ψ (xi−1)

∆x2
. (87)

At first sight, an inverse matrix appears in Eq. (86), hence the computational com-

plexity is O(N3). However, it can be reduced to O(N) as follows.

We should solve a simultaneous equation below:

A −1 0 . . . 0

−1 A −1
...

0 −1 A
. . . 0

...
. . . . . . −1

0 · · · 0 −1 A




ψ (x1, t+∆t)

ψ (x2, t+∆t)

ψ (x3, t+∆t)
...

ψ (xN , t+∆t)

 =



B −1 0 . . . 0

−1 B −1
...

0 −1 B
. . . 0

...
. . . . . . −1

0 · · · 0 −1 B




ψ (x1, t)

ψ (x2, t)

ψ (x3, t)
...

ψ (xN , t)

 ,

(88)
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where

A ≡ 4∆x2

i∆t
+ 2, B ≡ 4∆x2

i∆t
− 2. (89)

To solve this, we execute next four steps.

1. Define an auxiliary vector b.

For i = 1, . . . , N − 1

bi = ψi−1 +Bψi + ψi+1. (90)

2. Applying the recursion formula forward.

For i = 1, . . . , N − 1

bi = (bi + bi−1)ui. (91)

3. Applying the recursion formula backward.

For i = N − 2, . . . , 1

bi = bi + bi+1ui. (92)

4. Replacing ψ by bi.

For i = 1, . . . , N

ψi = bi. (93)

The calculation amount of each steps is O(N).

Next, we consider a 2D time-dependent Schrödinger equation:

i
∂

∂t
ψ(r, t) = −1

2

[
∂2

∂x2
+

∂2

∂y2

]
ψ(r, t). (94)

A formal expression of time evolution operator is

ψ(r, t+∆t) = exp

[
i
∆t

2

(
∂2

∂x2
+

∂2

∂y2

)]
ψ(r, t). (95)

Since each spatial partial differentiation is commutative, the time evolution operator

can be written as:

ψ(r, t+∆t) = exp

[
i
∆t

2

∂2

∂x2

]
exp

[
i
∆t

2

∂2

∂y2

]
ψ(r, t). (96)

Therefore, it can be calculated independently for each axis in turn, by using the same

technique as Eq. (88) ∼ Eq. (93).

Finally, we consider a 2D time-dependent Schrödinger equation with potential

term:

i
∂

∂t
ψ(r, t) =

(
−△

2
+ V (r)

)
ψ(r, t), (97)
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where

△ ≡ ∂2

∂x2
+

∂2

∂y2
. (98)

In this case, the time evolution operator is

ψ(r, t+∆t) = exp

[
−i∆t

(
−△

2
+ V (r)

)]
ψ(r, t). (99)

By using an exponential product decomposition, it can be written as:

ψi(r, t+∆t) ≃ exp

[
i
∆t

2

△
2

]
exp[−i∆tV (r)] exp

[
i
∆t

2

△
2

]
ψi(r, t). (100)

This formula can be derived by using Baker-Campbell-Hausdorff formula. This for-

mula enables it to calculate the time evolution by multiplying an exponential term

one by one, as we have done in (96).
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Chapter 3 Topological Properties of

Ultracold Bosons in

One-Dimensional

Quasiperiodic Optical Lattice

In this chapter, we introduce a one-dimensional (1D) Bose-Hubbard model with a

quasiperiodic superlattice potential and analyze its topological properties. First, in

Sec. 3.1, we explain the backgrounds of quasicrystals and 1D quasiperiodic model.

In Sec. 3.2, we define the model Hamiltonian. Our methods for numerical analysis

of the model our definition of the topological number in 1D quasiperiodic models are

given in Sec. 3.3. After that, the basic topological properties of the Harper-type

Bose-Hubbard model are shown in Sec. 3.4. Finally, in Sec. 3.5, we investigate

whether a topological equivalence between Harper-type and Fibonacci-type models

exists even in the interacting system. A brief summary of our findings concludes this

chapter in Sec. 3.6.

3.1 Backgrounds

3.1.1 Quasicrystals

Various materials forming quasicrystals have been studied for their unique physical

properties[46, 47, 48, 49, 50]. In recent years, topological phases have been a fo-

cus of constant attention in condensed matter physics[51, 52]. A typical example of

topological phase is the integer quantum Hall effect, where the quantized Hall con-

ductance is proportional to the Chern number[3]. The 1D version of a quasicrystal is

a quasiperiodic lattice. The relation between one-dimensional quasiperiodic systems

and two-dimensional topological insulators has recently been pointed out[53] and ex-

perimentally confirmed by using optical waveguides[54]. This idea provides a new

point of view for both quasicrystals and topological phases[55, 56, 57]. Accordingly,

a detailed analysis for topological phases in quasicrystals is needed.

3.1.2 1D Quasiperiodic model

Next, we explain the topological equivalence which is proper to 1D quasiperiodic sys-

tems. Kraus et al. proved that some sort of 1D quasiperiodic models are toplogically
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equivalent[58]. Consider the Hamiltonian as follows:

Ĥ =
∑
n

[
(−t+ λodV od

n )c†ncn+1 +H.c.+ λdV dc†ncn
]
. (101)

Here, V od and V d are quasiperiodic. There are two well-known 1D quasiperiodic

models, Harper model and Fibonacci model. In Harper model, we use VHarper =

cos(2πbn), and in Fibonacci model, we use VFibonacci = 2(⌊b(n+ 2)⌋ − ⌊b(n+ 1)⌋)− 1

for the quasiperiodic function. Figures 3.1 and 3.2 are a schematic diagram of Harper

model and Fibonacci model. As the figure shows, in Harper model, site-dependent

potential takes various values, making VHarper quasiperiodic, but in Fibonacci model,

VFibonacci only takes two values, and its order is quasiperiodic. Kraus et al. proposed

a function which connects VHarper and VFibonacci smoothly:

VS =
tanh{β[cos(2πbn+ ϕ)− cos πb]}

tanh β
. (102)

Here, the parameter β changes between 0 and ∞. This function becomes Harper

model in the limit of β → 0, and Fibonacci model in the limit of β → ∞. We

can also make a new quasiperiodic model by changing a potential modulation λd and

hopping modulation λd. Kraus et al. showed that the energy gap does not close when

the β, λod/λd changes their values in the range of [0,∞], which implies that those are

topologicaly equivalent.

Figure 3.1: Harper-type potential. Figure 3.2: Fibonacci-type potential.

1D quasiperiodic models have theoretically been studied in various contexts[4,

59, 60, 61]. 1D quasiperiodic systems can be realized not only by using optical

waveguides, but also by using ultracold atoms[28, 62, 63]. An important difference

between optical waveguide systems and ultracold atomic systems is the existence of

tunable particle-particle interactions. In the optical waveguide systems, photons do
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Figure 3.3: (a) Function which connects Harper model and Fibonacci model smoothly.
(b) Range where topological equivalence is ensured in 1D quasiperiodic system. Ci-
tation from [58].

not interact with each other, but in the ultracold atomic systems, it is possible to

introduce and control the strength of interaction by using Feshbach resonance[64].

Such advances have stimulated theoretical studies of 1D quasiperiodic systems with

interaction[65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79]. Kraus et al. showed

that two different types of 1D quasicrystals can be smoothly connected without gap

closing, which implies their topological equivalence[58].

3.2 Model

We investigate the topological properties of the Bose-Hubbard model with quasiperi-

odic modulation described by the Hamiltonian defined on an L-site chain,

Ĥ(ϕ, β) = −t
∑
⟨j,j′⟩

(
b̂†j′ b̂j +H.c.

)
+
∑
j

[
λV (ϕ, j) n̂j +

U

2
n̂j(n̂j + 1)

]
, (103)

Figure 3.4: Bose-Hubbard model with quasiperiodic modulation.

which b̂†j(b̂j) is the boson creation (annihilation) operator, n̂j = b̂†j b̂j is the particle

number operator, t is the hopping strength, λ is the modulation strength of quasiperi-

odic potential, ϕ is the phase of the modulation, U is the on-site interaction strength,

V (ϕ, j) are periodic functions of j with period (2πb)−1. The hopping is introduced

32



between neighboring sites (j′ = j + 1, j = 0, . . . , (L − 2)), and also between the end

sites ((j, j′) = (L − 1, 0)) with a phase factor eiθ for the b̂†1b̂L term for the twisted

boundary condition (see below). In the following we take t = 1 as the unit of energy.

3.3 Methods

We apply the exact diagonalization and the density matrix renormalization group

(DMRG) method to numerically obtain the many-body ground state of Eq. (103) for

a given number N of bosons. In order to investigate the topological properties of this

system, we analyze the effect of boson number change in the open boundary condition

and also calculate the Chern number by introducing twisted boundary conditions.

The Chern number (with respect to (θ, ϕ)) is defined as

C =
1

2πi

∫ 2π

0

dθ

∫ 2π

0

dϕ

[⟨
dΨ

dθ

∣∣∣∣ dΨdϕ
⟩
−
⟨
dΨ

dϕ

∣∣∣∣ dΨdθ
⟩]

(104)

in which θ is the phase of the twisted boundary condition. However, it is not possible

to introduce twisted boundary conditions on a finite system with a genuine quasiperi-

odicity, because a quasiperiodic system does not have translation symmetry. Thus,

we approximate the irrational number b, which characterizes the quasiperiodicity of

the system, by a rational number so that we may impose twisted boundary condi-

tions. We obtain the best rational approximations of the irrational number b by using

convergents of continued fraction representations. For example, for

b =
3−

√
5

2
= 1−

1

1 +
1

1 + . . .

, (105)

the rational approximations will be 1/2, 1/3, 2/5, 3/8, 5/13, and so on. Additionally,

we have used the method for calculating the Chern number from the ground states

for a discrete set of values of (θ, ϕ).[44] In DMRG, we must use the same basis for four

values of parameters forming a rectangle in the (θ, ϕ)-space to calculate link variables

and lattice field strength which is defined in Ref.[44].

3.4 Topological Properties of the Harper-type Bose-Hubbard

model

1D Bose-Hubbard model can be boiled down to a one-particle problem of spinless

fermions in the hard-core limit (U = ∞) by using a Jordan-Wigner transformation

such as

b̂†j = ĉ†j

j−1∏
n=1

eiπĉ
†
nĉn . (106)
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Figure 3.5: Energy gap plotted as a function of θ in [0, 2π], ϕ = 0 plotted for three
strengths of the interaction U = 0.001, 0.12, 1.0; λ = 1, (L,N) = (8, 3) for b = 3/8.

For the diagonal (V od = 0) Harper-type modulation V d (ϕ, j) = cos(2πbj + ϕ), the

new Hamiltonian is

Ĥ = −t
∑
⟨jj′⟩

(ĉ†j′ ĉj +H.c.) + λ
∑
j

cos(2πbj + ϕ)n̂j, (107)

in which ĉ†j(ĉj) is the fermion creation (annihilation) operator and n̂j = ĉ†j ĉj. When

b = p/q with coprime integers p and q, which means that b is rational, the system is

periodic with a period q. In this condition, the energy band splits into q bands. This

band structure conforms with that of the electrons on square lattice under magnetic

fields. When b is irrational, the band structure will be a cantor set and every band

gap has a non-trivial Chern number[5].

Now, we consider the case with a finite U . First, we approximate the quasiperiodic

system by a periodic system (see (3)). When U is sufficiently large, the system is

similar to a free fermion system, and the gap energy will be close to the single particle

level separation at the Fermi level in the fermion system. When U is sufficiently small,

almost all of the particles are in the one-particle ground state. Between these limits,

we observe that the energy gap between the ground state and the first excited state

closes for a certain choice of (θ, ϕ) at a number of values of U . The gap closing behavior

is shown in Fig. 3.5 for an approximate system of b = 3/8. This result is consistent

with the previous studies of Bose-Hubbard model with a periodic superlattice, in

which topological transitions are observed[80, 81].
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Figure 3.6: The minimum energy gap ∆Eg in the (θ, ϕ) space plotted as a function
of U for t = 1, λ = 1. (a): b = 2/5, (L,N) = (5, 2). (b): b = 3/8, (L,N) = (8, 3).
(c): b = 5/13, (L,N) = (13, 5). Uc ≃ 0.39, 0.27, 0.25 for (a), (b), and (c) respectively.

What happens as we improve the approximation of the quasiperiodicity in Eq.(3)?

Fig. 3.6 shows ∆Eg, which is the minimum of the energy gap between the ground

state and the first excited state, in the parameter range ϕ ∈ [0, 2π), θ ∈ [0, 2π) for

b = 2/5, 3/8, 5/13. When the energy gap is zero for a certain choice of (θ, ϕ), or ∆Eg

becomes zero, the topological number is allowed to change its value. We define Uc as

the largest U when the gap closes. We also calculate the Chern number. If U < Uc,

the Chern number takes various values often changing by multiples of L. However,

if U > Uc, for which the gap energy monotonically increases when U increases. The

Chern number remains C = 1 in all accuracies b = 2/5, 3/8, 5/13. This indicates that

it is topologically non-trivial in the limit of quasiperiodic system (b→ (3−
√
5)/2).

In non-interacting fermionic systems, topologically protected edge states arise

when the Chern number is non-zero and the system has an open boundary condition.

This phenomenon is called the bulk-edge correspondence. In a 1D quasiperiodic
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Figure 3.7: The difference between the particle density distribution of the ground
state of quasiperiodic Bose-Hubbard model with 34 sites, b =

√
5−1
2

, ϕ = 2, λ =
1 and filling ν = 12/34, 13/34, 14/34, (a) U = 100 and (b) 1. Red, green, blue
points respectively show the particle density distribution nN(j) of N -particle systems
for N = 12, 13, 14, and purple and orange lines show the difference between them,
d(N + 1, N) ≡ nN+1(j)− nN(j) for N = 12, 13.

system, such a topologically protected state arises as an end state, which is a localized

state at the end of the system. In contrast, in interacting bosonic systems, we find

that a non-trivial topological character appears in the particle density distribution.

In our system, when the interaction strength U is sufficiently large, such a localization

can be seen in the difference in the density distribution between the ground states

of different fillings, which is shown in Fig. 3.7, calculated by DMRG in the open

boundary condition.

The edge localization structure appears only in particular ranges of ϕ. The range

of ϕ where the edge localized structure can be seen depends on the system size, as

in non-interacting fermion systems. This adiabatic pumping might be detected by

using the method proposed in Ref. [82], by observing the center of mass after pump-

ing for several cycles. However, as U becomes smaller, the edge localized structure

smoothly disappears, and the localization structure is not observed for any ϕ when
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Figure 3.8: The minimum energy gap between the ground state and the first excited
state for the system of 13 sites with open boundary condition, b = 5/13, U = 0.1, 1
and 10, λ = 1. When U is sufficiently large, while β changes, the gap remains open
and the topological number is fixed. This implies that Harper-like Bose-Hubbard
model and Fibonacci-like Bose-Hubbard model are topologically equivalent in large
U region.

U is sufficiently small. We show a typical profile in Fig. 3.7. Despite the edge struc-

ture being absent in whole range of ϕ, the Chern number remains non-zero. This

implies that the edge localization structure does not have the same property as in the

edge mode in non-interacting fermionic systems. Similar non-local density difference

has been observed in the topologically non-trivial insulating phase in a superlattice

Bose-Hubbard system[83].

3.5 Harper model and Fibonacci model

Now we demonstrate that the ground states of the Harper-type and Fibonacci-type

Bose-Hubbard models can be smoothly connected without closing the energy gap

∆Eg when the interaction is moderately strong. This implies that these two models

are topologically equivalent. According to Ref. [58], we define a smooth modulation

V (ϕ, j, β) =
tanh [β (cos (2πbj + ϕ)− cos (πb))]

tanh β
, (108)

which becomes a Harper (Fibonacci) type one in the limit of β → 0 (β → ∞). Using

this smooth modulation function, we consider the Hamiltonian as follows:

Ĥ(ϕ, β) =− t
∑
⟨jj′⟩

(
b̂†j′ b̂j +H.c.

)
+
∑
j

[
λV (ϕ+ 3πb, j, β) n̂j +

U

2
n̂j(n̂j + 1)

]
. (109)
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Figure 3.9: (a) The minimum energy gap and (b) the superfluid density as a function
of U and β computed for a system with (a) b = 5/13, (L,N) = (13, 5), λ = 1, (b)
b = 8/21, (L,N) = (21, 8), λ = 1. Superfluid density is calculated for fixed phase
ϕ = 0.

We investigate the behavior of the energy gap ∆Eg while the parameters β and U

changes. Figure 3.8 shows the energy gap ∆Eg as a function of β. Since ∆Eg does

not become zero while β changes for U = 10, we conclude that the Harper-type and

Fibonacci-type Bose-Hubbard models are topologically equivalent. The gap-closing

behaviors for smaller U are different. When U = 1 and U = 0.1, ∆Eg becomes

zero two and six times respectively. This behavior is complicated and sensitive to U .

These gap-closing behaviors arise from finite size effects in the superfluid phase as

discussed later.

To investigate the phase diagram as a function of β and U , we plot the energy

gap ∆Eg and superfluid density ρs in Fig. 3.9. The energy gap ∆Eg is calculated by

taking the minimum of the excitation energy as we did in Fig. 3.5. The superfluid

(SF) density can be computed using twisted boundary conditions:

ρs = 2πL
Eapbc

0 − Epbc
0

π2
, (110)

which is defined in Ref. [66], where Epbc
0 and Eapbc

0 are the ground state energies for

periodic (θ = 0) and anti-periodic (θ = π) boundary conditions. The SF density does
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not strongly depend on ϕ. As β is changed, Uc changes its value. In the Harper-type

region (β ∼ 0), Uc ∼ 0.25 in this approximation accuracy as we mentioned. However,

in the Fibonacci-type region (β ∼ ∞), Uc ∼ 1.55.

According to Ref. [66], in the Harper-type quasiperiodic Bose-Hubbard model,

there are three phases in the quasiperiodic Bose-Hubbard model when the particle

number density matches b, namely superfluid (SF), Bose glass (BG), and incommen-

surate charge density wave (ICDW). Figure 3.9(b) shows the superfluid density for

ϕ = 0. We have checked that the value of the superfluid density is almost unchanged

even if we change the phase ϕ.This plot suggests that SF phase emerges at low U and

low β region. At low U and high β region, the superfluid density is almost zero, but

the energy gap is very small. These properties conform with the BG phase. The rest

of the region (U > Uc(β)) is a gapful phase, which is ICDW. The shape of the ICDW

region can be found from the region with the relatively-large energy gap in Fig. 3.9.

The above results support that this phase has a non-trivial Chern number C = 1,

and that the whole ICDW region is topologically equivalent.

3.6 Summary

To summarize, we have considered a quasiperiodic Bose-Hubbard model with inter-

action by using exact diagonalization and DMRG. First, we have shown that the

energy gap of the Harper-type Bose-Hubbard model increases as the on-site interac-

tion strength U increases when U > Uc (∼ 0.25t), and at the same time, topological

number (Chern number) stays non-zero and constant. Also, while the topological

equivalence between quasiperiodic models such as the Harper model and the Fibonacci

model was only known in non-interacting fermionic systems previously, here we have

shown that the topological equivalence exists also between interacting quasiperiodic

systems, the Harper-type and Fibonacci-type Bose-Hubbard models. The equivalence

exists when U is moderately large, and the boundary of topologically non-trivial phase

has been revealed. Moreover, the phase diagram as a function of β and U has been

investigated. The phase diagram includes superfluid, Bose glass, and incommensurate

charge density wave.
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Chapter 4 Two-Dimensional Thouless

Pumping of Ultracold

Fermions in Obliquely

Introduced Optical

Superlattice

In this chapter, we propose a two-dimensional (2D) square lattice model with an

obliquely introduced superlattice of ultracold atomic system, where a 2D version of

Thouless pumping can be realized. First, in Sec. 4.1, we explain the backgrounds of

our proposal. In Sec. 4.2, we introduce a 2D square lattice tight-binding model with

various types of obliquely introduced potential, a single well and a superlattice. Next,

we consider a continuum model with obliquely introduced superlattice and analyze its

topological nature in Sec. 4.3. We investigate the effect of a harmonic trap by solving

the time-dependent Schrödinger equation in Sec. 4.4. Finally, Sec. 4.5 summarize

this chapter.

4.1 Backgrounds

Intensive studies of the quantum Hall effect have opened up a wide research area

which is known as topological phases [51, 52]. Topological phases are characterized

by the associated invariants, which are prohibited to vary unless the energy gap

closes. Moreover, topological phases have a characteristic property called the bulk-

edge correspondence[84, 85, 86, 52], which guarantees the existence of the edge states,

meaning that electrons can only move on the edge of a given material, as far as the

bulk topological invariant has a non-trivial value. In quantum Hall systems, the

topological invariant is defined by the Chern number[4, 87, 88, 89], and it appears

as the quantized Hall conductance. Similar relationships also appear in 3D quantum

Hall systems[90, 91, 92, 93].

Topological phases can be realized in various experimental platforms, not only in

materials, but also in optical waveguides[54], photonic systems[94, 95, 96], etc. In

particular, a great amount of efforts have been made to realize topological insulators

40



in cold atom systems by using synthetic gauge fields, which are induced by an opti-

cal lattice[97]. Various topological systems have been realized in cold atom systems,

for instance, the Su-Schriefer-Heeger model [27], the Hofstadter model [98, 99], syn-

thetic dimensions [36, 37], and the Haldane model [28]. Recently, topological charge

pumping which is called Thouless pumping[2, 100] has been realized in cold atom

systems [25, 101], and also many theoretical proposals have been made in numerous

studies[102, 103, 104, 82, 105, 106, 107, 108, 109, 110, 111, 112, 26, 113, 114, 115,

116, 117]. Also, 2D Thouless pumping, where the nonlinear response is characterized

by 4D topological invariant, is realized in Ref. [118].

Mapping Hamiltonian between different dimensions plays an important role in un-

derstanding topological properties. One of the significant examples of mapping can be

seen in the problem of Hofstadter butterfly[5]. Hofstadter mapped a two-dimensional

(2D) system of square lattice under a uniform magnetic field to a 1D equation, which

is called the Harper equation. Interestingly, a recent research of Thouless pumping

used this mapping backwards, and showed the topological equivalence over a certain

group of Hamiltonians. This kind of mapping to higher dimensions can be applied

not only to 1D systems, but also to two and higher dimensional systems[57].

Recently, the development of experimental techniques regarding cold atoms in

optical lattice is remarkable[119, 120], and the degree of freedom in designing the

quantum simulation is high. Triangle[10], square[121], and hexagonal lattices[122]

have all been realized in cold atom systems. Moreover, it is possible to realize

non-standard lattices in cold atom systems. One example of such lattices is the

lattice made by superimposing a usual lattice potential and a superlattice poten-

tial. For example, in Ref.[123], Taie et al. realized an optical Lieb lattice by

adding a diagonal lattice to a usual square optical lattice. By taking advantage

of these high degrees of freedom of the optical lattice, various topological phases

are proposed theoretically[124, 125, 126, 127, 128, 129, 130, 131, 132] and realized

experimentally[133, 134, 135, 136, 137, 138]. In particular, the cold atom system is

one of the most suitable platforms for realizing Thouless pumping. Various types of

Thouless pumping are realized in cold atom experiments[25, 101, 139, 118].

Also, this chapter is partly motivated by recent remarkable progress in solid state

physics, i.e. twisted bilayer graphene (TBG). TBG is receiving a lot of attention

lately because of the realization of unconventional superconductivity[140]. TBG has

been investigated in many contexts, such as its electronic structures[141, 142], flat

bands[143], topological band structures[144], and Moiré butterflies[145]. It provides

also a prototypical example of superimposed lattice potential.
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Figure 4.1: Plot of on-site potential in the case of a = (
√
5+1
2
, 1), V (x) = −V e−x2/w2

,
V = 10, w = 1, δ = 0. Horizontal and vertical axes correspond to m and n directions
respectively.

4.2 Tight-binding Model

4.2.1 Model

Stimulated by the above mentioned previous studies, it is natural to ask what hap-

pens if the additional diagonal lattice in the optical Lieb lattice is angled. Here, as

a paradigmatic example, we consider a fermion gas loaded in the 2D optical square

lattice with a superlattice structure which is introduced obliquely. The lattice con-

stant is taken to be unity. We study the topological properties of the system which

is described by the following Hamiltonian:

Ĥ =
∑
m,n

[
−t
(
ĉ†m+1,nĉm,n + ĉ†m,n+1ĉm,n

)
+H.c.

]
+
∑
m,n

[
Vm,nĉ

†
m,nĉm,n

]
, (111)

Vm,n = V (d), (112)

d =
a

|a|
·

(
m− δ

n

)
, (113)

where ĉ†m,n(ĉm,n) is the fermion creation (annihilation) operator, t is the hopping

strength, δ is the parameter of the real-space potential shift, a = (ax, ay) is the

normal vector of the superlattice direction, and d implies the distance from the line

which is expressed by ax(x− δ) + ayy = 0. The boundary conditions are taken either

open or periodic. Below we take t = 1 as the unit of energy.
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Figure 4.2: Energy spectrum plotted against the parameter δ, which represents to
what extent the obliquely introduced potential is shifted spatially. The on-site poten-
tial is given in Fig. 4.1, with open boundary conditions. The bulk of the spectrum
remains unchanged, with a few of the states crossing across the band gap. The color
shows the PR, which measures the spread of the eigenfunction.

4.2.2 Obliquely Introduced Single Well

First, we consider the case that V (d) has a single dip, where the Hamiltonian has

an oblique linear-shaped single well. We take V (d) = −V e−d2/w2
, a = (

√
5+1
2
, 1) as

the linear-shaped potential, which restricts particles to move around the potential

in the low-energy region. The on-site potential in this system is plotted in Fig.

4.1. As a consequence of the overlap of the square lattice and obliquely introduced

potential, this model can be effectively considered as a 1D tight-binding model with

a superlattice. This effective superlattice opens the energy gap. By the analogy to

the previous studies of topological aspects of 1D superlattice[53, 54], the edge states

will appear when we drive the phase of the superlattice, which corresponds to the

parameter δ in this model. In Fig. 4.2, we diagonalize the tight-binding model, which

is described in Eq. (111), with the system size 50× 50 and under the open boundary

condition. Figure 4.2 shows the plots for the bottom part of the energy spectrum

since the upper part of the spectrum has no band gap because of the 2D nature of

the wave function. We can see the existence of band-crossing states in the energy

spectrum with open boundary conditions as a function of δ in Fig. 4.2. The color in
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Figure 4.3: Wave functions of the energy eigenstate in the xy plane: (a) 30th and (b)
31st excited state in real space with δ = 0.75. While the wave functions are spread
over the oblique potential in (a), they are localized at the edge in (b). Horizontal and
vertical axes correspond to m and n directions respectively.

the figure shows the participation ratio (PR) which is defined as

Iψ =

(∑
m,n

|ψm,n|4
)−1

. (114)

Small PR denotes that the eigenfunction is well localized. Note that the bulk band is

fixed because we choose an irrational number for tangent α. Figures 4.3 (a) and (b)

show the wave function of an in-band state and a band-crossing state. We confirm

that the wave function of the band-crossing state is localized around the edge.

With changing a, the distribution of energy band also changes. Figure 4.4 shows

the energy spectrum plotted against a tilting angle θ, which is related to a through the

formula a ∝ (cos θ, sin θ). We diagonalize the tight-binding model with the system

size 50× 50 and under the open boundary condition. For the same reason as in Fig.

4.2, Fig. 4.4 shows the plots only for the bottom part of the energy spectrum. As

shown in the figure, a butterfly-like structure appears in the energy spectrum plot.

This structure is similar to the “3D butterfly” which is introduced in Refs. [92, 93].

We will explain the origin of this similarity later. The color in Fig. 4.4 represents

PR in each eigenfunction, which is defined in Eq. Eq. (114). We can see that

the eigenstates in the band gap are well localized, corresponding to edge states in

topological systems.

The upper part of Figure 4 also shows many localized states, but this is not the

point we want to focus on because the wave functions in this region are no longer
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Figure 4.4: Butterfly structure in plots of the energy spectrum against the tilting
angle θ in the case of a = (cos θ, sin θ), V (x) = −V e−x2/w2

, V = 10, w = 1, δ = 0.
The color shows PR which is defined in Eq. (114).

quasi-one-dimensional.

4.2.3 Obliquely Introduced Superlattice

As we have seen in the previous section, the band crossing states and the edge localized

states appear when V (d) is a single well, exemplifying the topological nature of the

effective 1D system. We will now discuss topological properties in 2D when V (d) is a

periodic function. As a typical periodic function, we take V (d) = V cos(λd). In this

case, when we vary δ slowly, the Hamiltonian will be periodic in time, and this setup

corresponds to the adiabatic transport, which was first proposed by Thouless[2].

It is known that the mapping between a 1D superlattice system and a 2D Hof-

stadter model exists[58]. Analogously, we can clearly understand the topological

aspects of our model by mapping it to a 3D Hamiltonian. For simplicity, we start

our discussion in the case that ax/ay is a rational number. The Hamiltonian can be
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rewritten as follows:

H(ϕ)

= −t
∑
m,n

[
ĉ†m+1,n(ϕ)ĉm,n(ϕ) + ĉ†m,n+1(ϕ)ĉm,n(ϕ) + H.c.

]
+V

∑
m,n

cos

(
2π

(
px
qx
m+

py
qy
n

)
+ ϕ

)
ĉ†m,n(ϕ)ĉm,n(ϕ), (115)

where qx and qy determine the period for x and y direction of the Hamiltonian,

respectively. Also, we use ϕ ≡ 2πδpx/qx for the parameter controlling the phase of

the cosine-type potential. We can map this Hamiltonian to a 3D Hamiltonian by

using Fourier transformation,

ĉm,n(ϕ) =
1

√
2πLz

∑
l

e−ilϕĉm,n,l (116)

ĉm,n,l =
1

√
2πLz

∑
l

eilϕĉm,n(ϕ). (117)

Hamiltonian Eq. (115) will be

H3D = −t
∑
m,n,l

[
ĉ†m+1,n,lĉm,n,l + ĉ†m,n+1,lĉm,n,l +H.c.

]

+
V

2

∑
m,n,l

[
e
2πi

(
px
qx
m+

py
qy
n
)
ĉ†m,n,l+1ĉm,n,l +H.c.

]
. (118)

This Hamiltonian describes a 3D tight-binding model on the cubic lattice with a

homogeneous magnetic field, whose direction is perpendicular to the z-axis but oblique

in the xy-plane. There are previous studies for this model, and it is known that the

Hofstadter butterfly and the integer quantum Hall effect (IQHE) also appear in the

3D lattice[90, 91, 92, 93]. According to Refs. [92, 93], each gap in the 3D Hofstadter

butterfly is characterized by two Chern indices. In the 3D model, these indices are

proportional to the Hall conductivity. When we go back to our 2D model, these indices

determine the topological pumping just like Thouless pumping, and the bulk-edge

correspondence shows that the pumped amount and the number of edge states match

each other. In this model, pumped amount in x-direction and y-direction corresponds

to the number of localized states at edges of x-direction and y-direction, respectively.

Also, by comparing Eq. (115) and Eq. (118), we can see that potential strength

V corresponds to the hopping strength in the z-direction. These correspondences

explain why the 3D butterfly appears in Fig. 4.4.
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Here we have only considered a cosine-type potential, but a similar mapping is also

possible for other types of potentials for which there are higher frequency components,

and these components will be mapped to longer distance hoppings in the z-direction.

4.2.4 Diophantine Equation

By mapping the Hamiltonian, we have seen that the Chern number characterizes the

system, but how does the Chern number appear in observables? This question can

be solved by considering the polarization. Since the derivative of the polarization is

proportional to the current, the pumped amount is proportional to the total amount

of change in the polarization. Now, let us briefly summarize the theory of polarization.

According to Ref. [146], the polarization has an integer ambiguity by a multiple of

the lattice constant, but the change of the polarization in the course of a continuous

change of the Hamiltonian can be defined without ambiguity. When we write the wave

vector of the electronic wave function k = (kx, ky), the change of the polarization can

be written as

∆Pi→f =

∫ f

i

(∂ϕP) dϕ (119)

∂ϕP =
e

S

occ∑
n

∫
BZ

2 Im ⟨∂ϕψnk|∂kψnk⟩ d2k (120)

where ϕ is the parameter of the Hamiltonian, S is the area of the Brillouin zone, and

the charge of an electron is −e. This integrand has the same form of expression as

the Berry curvature[1].

Following the above formula for the change of the polarization, we can define

the pumped amount even in infinite systems. Namely an analogy with Eqs. (119)

and (120) enables us to express the pumped amount in x and y-direction for our 2D

system when ϕ is increased from ϕi = 0 to ϕf = ϕ as:

Px(ϕ) = −
∫ ϕ

0

dϕ′ ay
2π

∫ 2π/ay

−2π/ay

dky
ax
2π

∫ 2π/ax

−2π/ax

dkx2 Im ⟨∂ϕ′ψnkx |∂kxψnkx⟩ (121)

Py(ϕ) = −
∫ ϕ

0

dϕ′ ay
2π

∫ 2π/ay

−2π/ay

dky
ax
2π

∫ 2π/ax

−2π/ax

dkx2 Im
⟨
∂ϕ′ψnky |∂kyψnky

⟩
. (122)

In the presence of the superlattice potential, the lattice periodicity is multiplied by

qx and qy for x and y-direction respectively. Therefore, the size of the first Brillouin

zone shrinks by (1/qx) × (1/qy). This can be regarded as an analog of the magnetic

Brillouin zone1. We note that the signs in Eqs. (121) and (122) are opposite to the

counterpart in Eq. (120) due to the sign of an electron charge.
1In our model, the inversion symmetry is restored when one of the sites is on the minimum line of

the potential. Since there are qxqy sites in the superlattice produced by the on-site potential, there
are qxqy points protected by inversion symmetry in one cycle in our model.
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Considering the case where ϕ is periodic with period 2π, the pumped amount in

x and y-direction in one period for our 2D system is written as:

Px(2π) = − ay
2π

∫ 2π/ay

−2π/ay

dky

[
ax
2π

∫ 2π

0

dϕ

∫ 2π/ax

−2π/ax

dkx2 Im ⟨∂ϕψnkx |∂kxψnkx⟩

]
(123)

Py(2π) = − ax
2π

∫ 2π/ax

−2π/ax

dkx

[
ay
2π

∫ 2π

0

dϕ

∫ 2π/ay

−2π/ay

dky2 Im
⟨
∂ϕψnky |∂kyψnky

⟩]
. (124)

The formula in the square brackets in Eqs. (123) and (124) has the same form as the

definition of the Chern number on the torus created by (ϕ, kx) and (ϕ, ky), respectively.

The Chern number is guaranteed to be an integer, but Px(Py) is not necessarily an

integer, because it is given by the average of Chern numbers. However, if changing

ky(kx) does not close the band gap, then the Chern number does not change either,

so Px(Py) is also an integer. To summarize, in an adiabatic time-periodic system, the

amount pumped in the x-direction during one period is represented by the integral

of the change in polarization in the x-direction, which corresponds to the average in

the ky-direction of the Chern numbers for (ϕ, kx).

As we have mentioned above, in the tight-binding approximation, we can map

our model to a 3D cubic lattice model with an obliquely introduced homogeneous

magnetic field in Eq. (118), and the amount of Thouless pumping in our model

corresponds to the quantized Hall conductance in the cubic lattice model. In Eq.

(118), x and y are cyclic coordinates, so that the wave function can be written as

Ψlmn = eikxm+ikynFl, where kx and ky are the Bloch wave numbers along the x and y

directions. Then the Schrödinger equation will be

t(Fl−1 + Fl+1) − V {cos(2πlpx/qx + kx) + cos(2πlpy/qy + ky)}Fl = EFl. (125)

This equation is equivalent to a 3D version of the Harper equation. By analyzing this

equation, the following Diophantine equation can be obtained [91],

r

Q
= s+ u

px
qx

+ v
py
qy
. (126)

Here, r is the number of filled bands and Q is the least common multiple of qx and

qy. u and v correspond to the pumped amount while φ changes from 0 to 2π/Q. The

details of the derivation of this equation is shown in the next section.

Below we focus on the case where px = py = 1 and qx, qy are coprime. Then Eq.

(126) can be transformed to

r ≡ uqy + vqx (mod Q). (127)
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qx 2 3 2 3 4 2 3 4 5 6
qy 3 4 5 5 5 7 7 7 7 7
u 1 1 1 -1 1 1 1 -1 -2 1
v -1 -1 -2 2 -1 -3 -2 2 3 -1

Table 4.1: Several examples of the solution of the Diophantine equation Eq. (145)
with the smallest absolute value in the case of px = py = 1, r = 1.

Basically, we are concerned with the lowest band, so we should consider the case

r = 1. Table 4.2.4 shows the solution of Eq. (145) in several cases.

We show the details of the derivation of this equation below.

4.2.5 Derivation of Diophantine Equation in Tight-Binding Limit

Here, we derive Eq. (126) from the Hamiltonian,

H(ϕ) = tx
∑
m,n

[
ĉ†m+1,n(ϕ)ĉm,n(ϕ) + h.c.

]
+ ty

∑
m,n

[
ĉ†m,n+1(ϕ)ĉm,n(ϕ) + h.c.

]
+ V

∑
m,n

cos (2π (Φxm+ Φyn) + ϕ) ĉ†m,n(ϕ)ĉm,n(ϕ).

(128)

This Hamiltonian is periodic in ϕ with period 2π. Here, we suppose that Φx and Φy

are rational numbers, such as Φx = px/qx,Φy = py/qy, where (px, qx) and (py, qy) are

pairs of coprime integers with qx, qy > 0.

The Fourier-transformed Hamiltonian obtained by using Eq. (118) is

H = −
∫ π

−π

dkx
2π

∫ π

−π

dky
2π

[
t (cos (kx) + cos (ky)) ĉ

†(kx, ky, kz)ĉ(kx, ky, kz)

+
V

2

(
e−ikz ĉ†(kx + 2πΦx, ky + 2πΦy, kz)ĉ(kx, ky, kz)

+ eikz ĉ†(kx − 2πΦx, ky − 2πΦy, kz)ĉ(kx, ky, kz)
)]
.

(129)

Here, we have defined kz = ϕ for convenience. However, there is a mixing between

(kx, ky, kz) → (kx± 2πΦx, ky ± 2πΦy, kz) and thus the Hamiltonian is not diagonal in

k. To diagonalize this, we need to separate kx, ky into qx × qy regions as follows,

kx = k0x + 2πΦxm, (130)

ky = k0y + 2πΦyn. (131)
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Then, the Hamiltonian can be written as:

H =
1

(2π)3

∫ π/qx

−π/qx
dk0x

∫ π/qy

−π/qy
dk0y

∫ π

−π
dkzĤ(k0x, k

0
y, kz), (132)

Ĥ(k0x, k
0
y, kz) =

qx−1∑
m=0

qx−1∑
n=0

{
−2t

(
cos
(
k0x + 2πΦxm

)
+ cos

(
k0y + 2πΦyn

))
×ĉ†

(
k0x + 2πΦxm, k

0
y + 2πΦyn, kz

)
ĉ
(
k0x + 2πΦxm, k

0
y + 2πΦyn, kz

)
−V

2

(
e−ikz ĉ†

(
k0x + 2πΦx(m+ 1), k0y + 2πΦy(n+ 1), kz

)
ĉ
(
k0x + 2πΦxm, k

0
y + 2πΦyn, kz

)
+eikz ĉ†

(
k0x + 2πΦx(m− 1), k0y + 2πΦy(n− 1), kz

)
ĉ
(
k0x + 2πΦxm, k

0
y + 2πΦyn, kz

))}
.

(133)

Note that the Brillouin zone is reduced to [−π/qx, π/qx] for kx and [−π/qy, π/qy] for
ky. Now, the Schrödinger equation Ĥ (k0x, ky) |ψ⟩ = Ek0x,ky |ψ⟩ is reduced to that for

a 1D tight-binding model. The single particle energy is obtained by expanding the

state into single-particle states at each lattice point m,

|ψ⟩ =
q−1∑
m=0

amĉ
†(k0x + 2πΦxm, k

0
y + 2πΦym, kz)|0⟩, (134)

where |0⟩ is the vacuum. The eigenvalue equation is(
−2t cos

(
k0x + 2πΦxn

)
− 2t cos

(
k0y + 2πΦyn

))
an

−V
2

(
e−ikzan−1 + eikzan+1

)
= Ek0x,k0y,kzan.

(135)

This corresponds to the Harper equation for the Hofstadter model. Let Q be the least

common multiple of qx and qy, and let Nx and Ny be integers which satisfy Nx/Q =

px/qx = Φx, Ny/Q = py/qy = Φy. For convenience, we perform the transformation

aj =

Q−1∑
l=0

ei2πjl/Qbl, (136)

and we obtain
− tx

(
eik

0
xbj+Nx + e−ik

0
xbj−Nx

)
− ty

(
eik

0
ybj+Ny + e−ik

0
ybj−Ny

)
− V cos

(
kz +

2πj

Q

)
bj = Ek0x,k0y ,kzbj.

(137)

To solve this equation, we apply the perturbation theory under the condition tx, ty ≪
V . The solution at tx, ty = 0 is

Em
(
k0x, k

0
y, kz

)
= −2ta cos

(
kz +

2πm

Q

)
, ψj = δj,m. (138)
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If we make tx, ty finite, gaps open at the degeneracy points. To understand the details,

we should make the condition for degeneracy clear. When the two bands ψm1 and

ψm2 cross each other, the degeneracy condition is

kz +
2π

Q
m1 = −

(
kz +

2π

Q
m2

)
(mod 2π). (139)

The degeneracy only occurs when kz = 0,±π/q, so we can rewrite it as

m1 +m2 + l ≡ 0 (mod q) (l ∈ {0,±1}, l = qk0x/π). (140)

It is obvious that the lowest band corresponds to m = 0. It is possible to determine

all of the band indices by using Eq. (140). There is a simple relation between the

gap number r and band indices m1,m2,

r ≡ −|m1 −m2| (mod Q). (141)

Now we are ready to use the perturbation theory. Since the tx(ty) term only mixes

two sites which are Px(Py) sites apart from each other, in order to hybridize ϕm1 and

ϕm2 , the following equation must be satisfied,

|m1 −m2| = Nxtr +Nyur (mod Q), (142)

that is,
r

Q
= sr +

px
qx
ur +

py
qy
vr. (143)

The lowest order of perturbation which mixes ϕm1 and ϕm2 is the |ur|th order for the

tx term, and |vr|th order for the ty term, respectively.

The Hamiltonian around the rth gap is(
ϵ ∆e−ikxure−ikyvr

∆eikxureikyvr −ϵ

)(
a

b

)
= E

(
a

b

)
. (144)

Now, it is possible to calculate the amount of pumping in one cycle from this Hamil-

tonian. The pumped amount will be tr for x-direction and ur for y-direction, and this

is exactly the solution of Diophantine equation Eq. (143). However, we should be

aware that “one cycle” here corresponds to the width of Brilliouin zone of kz, while

kz changes its value by 2π/Q.

Below we focus on the case where px = py = 1 and qx, qy are coprime. Then Eq.

(126) can be transformed to

r ≡ uqy + vqx (mod Q). (145)

Basically, we are concerned with the lowest band, so we should consider the case

r = 1. Table 4.2.4 shows the solution of Eq. (145) in several cases.
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(a)

(b)

(c)

Figure 4.5: Band structure computed using the tight-binding approximation with
qx = 3, qy = 4 and (a)V = 1.0, (b) V = 3.0, and (c) V = 5.0, respectively. The
blue band in (c) corresponds to the lowest band and the symbol (i) indicates the
lowest band gap. The high-symmetry points in the first Brillouin zone are defined as
Γ = (0, 0), X = (π, 0), Y = (0, π), and M = (π, π).
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Figure 4.6: The pumped amount which is calculated by integrating the Berry curva-
ture and using the tight-binding approximation with qx = 3, qy = 4, V = 5.0.

4.2.6 Band Structure and Pumped Amount

In the previous section, we have shown that the pumped amount obeys the Diophan-

tine equation. Now we show a concrete example below. In particular, we focus on

the case qx = 3, qy = 4.

Figure 4.5 shows how the band changes when the magnitude of the modulation

V of the onsite potential is changed. Figures 4.5 (a), (b) and (c) are the band

structure for V = 1.0, 3.0, 5.0 respectively. When V is large, the lowest band gap

(i) is opened, which can be observed in Fig. 4.5 (c). On the contrary, when V is

small, the Berry curvature could not be calculated well since the band gap is small.

The smaller the band gap, the larger number of meshes are required for the Fukui-

Hatsugai-Suzuki method. The reason why the band gap is so small is that the higher

order perturbations open the gap. It is not likely that the band gap is closed in the

process of increasing V , so it seems that the gap is open even if V is very small, but

is too small to be detected numerically.

Here we investigate the pumped amount for the lowest band in Fig. 4.5 (c).

We apply the Fukui-Hatsugai-Suzuki method[44] in order to calculate the pumped

amount, which can be obtained by integrating the Berry curvature[1]. The specific

expression of the pumped amount is given in Eqs. (121) and (122). Figure 4.6 shows

the pumped amount for large V , which is calculated by using Eqs. (121) and (122).

The pumped amount after one cycle, Px = 1 and Py = −1, agrees with the solution

of the Diophantine equation shown in Table 4.2.4.
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4.3 Continuum model

4.3.1 Model

In the light of the analogy of Thouless pumping and IQHE, the results in the previous

section suggest that the amount of transport, as the Hamiltonian parameter ϕ changes

its value from 0 to 2π, is quantized and can be expressed in terms of the Chern number.

Since the discussion in the previous section is based on the tight-binding model, it is

desirable to extend our discussion to continuum systems so as to apply the results to

cold atom systems. To treat the system more precisely and to see the feasibility of

the previous model in the experimental setups, let us consider next a 2D continuum

model.

To be specific, we consider the following Hamiltonian,

Hcont =

∫
dxdyψ†(x, y)

[
−

ℏ2

2m

∂2

∂x2
−

ℏ2

2m

∂2

∂y2

+ Vx(x, y) + Vy(x, y) + VSL(x, y)

]
ψ(x, y), (146)

Vj(x, y) = 2Vj cos(qjj) (j = x, y), (147)

VSL(x, y) = 2VSL cos(pxx+ pyy − φ), (148)

where ψ(x, y) is the field operator of a particle, ℏ is Planck’s constant, and m is the

mass of a particle. There are three types of potentials in this system: Vx, Vy, and

VSL. Vx and Vy form the 2D square lattice, and VSL forms the superlattice oblique to

the square lattice.

4.3.2 Band Structure

We now apply the plane-wave approximation to the Hamiltonian introduced in Eqs.

(146) ∼ (148) to calculate the eigenenergies and the wave functions directly. First,

we apply Fourier-transformation:

ψkx,ky =
1√
LxLy

∫
dxdyeikxx+ikyyψ(x, y), (149)

to Eq. (146). Then, we obtain the following Hamiltonian.

H =
∑

0≤kx,ky<1

∞∑
nx,ny=−∞

[
1

2

(
(kx + nx)

2 + (ky + ny)
2
)
ψ†
nxny

ψnxny

+
(
Vxψ

†
nxny

ψnx+qx,ny + Vyψ
†
nxny

ψnx,ny+qy + VSLe
−iφψ†

nxny
ψnx+px,ny+py +H.c.

)]
.

(150)
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When the condition Vx, Vy, VSL ≪ 1 is satisfied, it is possible to diagonalize Eq. (150)

numerically by introducing the cutoff for wavenumbers kx and ky.

Figure 4.7 shows the band structure when the plane-wave approximation is used.

To calculate the wave function under the plane-wave approximation, we introduce the

cut-off of wave number k. To be specific, we only consider small nx and ny satisfying

the condition: |nx|, |ny| ≦ 12 in Eq. (150). The band structure is similar to that of

Fig. 4.5 when VSL is small, but the gap begins to increase as VSL increases, and the

first gap is clearly open in the plot for VSL = 0.5. Even in this model, it is unlikely

that a phase transition accompanied by the gap formation occurs somewhere, so we

expect that a gap opens even if VSL is small. When VSL is small, the gap is formed

by a higher-order perturbation, which is probably not visible in the figure.

4.3.3 Pumped Amount and Diophantine Equation

Figure 4.8 (a) shows the pumped amount for the ground state under the condition qx =

3, qy = 4, Vx = 0.5, Vy = 0.5, VSL = 0.25. Since we use the plane wave approximation

to calculate wave functions, there are an infinite number of bands. Only the low-

lying qxqy bands are plotted. In this case, a single band corresponds to having the

1/(qxqy) filling. The pumped amount after one cycle is -1 in the x-direction and +1

in the y-direction, which is consistent with the solution of the Diophantine equation.

Also, the pumping proceeds in a staircase, which has 12 steps. This is consistent

with qxqy = 12. In general, we suppose that the pumped amount which is calculated

in the plane-wave approximation follows the same Diophantine equation as in the

tight-binding limit. The justification of the equation is mentioned in Sec. 4.3.4.

We here focus on the fact that the band gap between the second and third excited

states is large in Fig. 4.7, requiring us to treat the low-lying states below the gap

carefully. Figure 4.8 (b) and (c) show the pumped amount of the first excited state

and the second excited state, respectively. Also, Fig. 4.8 (d) shows the sum of (a) to

(c). As mentioned earlier, the pumped amount is also represented by the Diophantine

equation Eq. (126) within the plane-wave approximation. Concretely, the pumped

amount when the corresponding state is located from the bottom to the r-th state is

the solution of Eq. (126). Therefore, if we denote the n-th pair of Chern numbers

from the bottom as (Cx, Cy) and the solution of Eq. (126) for r = n as un, vn, we

have Cx = un − un−1, Cy = vn − vn−1. Table 4.2 shows the solutions of (17) for

r = 0, 1, 2, 3 of Eq. (126) and the difference between them for qx = 3, qy = 4. The

pumped amount after one period (ϕ = 2π) corresponds to the difference between the

adjacent solutions of the Diophantine equation, (1,−1), (−2, 3), and (1,−1), which is

listed in Table 4.2. These are consistent with Figure 8. Also, Fig. 4.8 (d) corresponds

to the solution for r = 3 in Table 4.2.
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(a)

(b)

(c)

Figure 4.7: Band structure computed using the plane-wave approximation with qx =
3, qy = 4, Vx = Vy = 1.0, (a) VSL = 0.1, (b) VSL = 0.3, (c) VSL = 0.5, respectively.
The blue band in (c) corresponds to the lowest band. The symbols (i) and (ii)
indicate the lowest band gap and the band gap between the second and the third
excited states. The high-symmetry points in the first Brillouin zone are defined as
Γ = (0, 0), X = (π, 0), Y = (0, π), and M = (π, π).
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Figure 4.8: The pumped amount for the ground state, the first and the second excited
state, which is calculated by integrating the Berry curvature and using the plane-wave
approximation with px = 3, qx = 1, py = 4, qy = 1, Vx = Vy = 2.0, VSL = 0.5. The bold
line in (d) shows the total of those three states. Red and blue lines correspond to x
and y direction, respectively.
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r 0 1 2 3

u 0
+1−→ 1

−2−→ -1
+1−→ 0

v 0
−1−→ -1

+3−→ 2
−1−→ 1

Table 4.2: The solutions of the Diophantine equation Eq. (145) for different r and
the differences of them in the case of qx = 3, qy = 4.

We suppose that the wide band gap in r = 3 is generated by a first-order pertur-

bation, while other gaps are generated by higher order perturbations. Bold lines in

Fig. 4.8 (d) show the pumped amount when the states are filled up to this wide band

gap. In the present case, instead of dealing only with the lowest band, we sum up the

contributions of the three bands from the bottom as already mentioned. Then, the

pumping in the x-direction becomes zero, and only the pumping in the y-direction

remains.

We also compute the Chern numbers for various cases with different qx and qy.

These include the case of (qx, qy) = (5, 7) where both Cx and Cy have absolute values

of 2 or larger. In every case, Cx and Cy obey the Diophantine equation Eq. (126).

These results validate the claim that a pair of Chern numbers are determined by the

Diophantine equation from the calculation of the Berry curvature.

4.3.4 Justification of Diophantine Equation in Plane-wave Approxima-

tion

In this section, we derive Eq. (126) from the Hamiltonian given in Eq. (146). For

simplicity, let qx = qy = 1. To make the perturbation theory easier to apply, we

divide the Hamiltonian in Eq. (146) into H0 and H1,

H = H0 +H1, (151)

H0 =

∫
dxdyψ†(x, y)

[
−

ℏ2

2m

∂2

∂x2
−

ℏ2

2m

∂2

∂y2

+Vx(x, y) + Vy(x, y)

]
ψ(x, y), (152)

Vj(x, y) = 2vj cos(qjj) (j = x, y), (153)

H1 =

∫
dxdyψ†(x, y)VSL(x, y)ψ(x, y), (154)

VSL(x, y) = 2vSL cos(pxx+ pyy − φ). (155)

First, eigenstates of H0 can be written in Bloch states in a Brillouin zone of

size (2π/a, 2π/a). If H1 is added here, some Bloch states are hybridized. This is
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an idea just like the magnetic Brillouin zone. Let the Bloch state obtained from

H0 be ψ̂(kx, ky) and the corresponding eigenenergies be E0(kx, ky). The expression

corresponding to Eq. (129) is

H = −
∫ π

−π

dkx
2π

∫ π

−π

dky
2π[

E0(kx, ky)ψ̂
†(kx, ky, kz)ψ̂(kx, ky, kz)

+
V

2

(
e−ikz ψ̂†(kx + 2πΦx, ky + 2πΦy, kz)ψ̂(kx, ky, kz)

+ eikz ψ̂†(kx − 2πΦx, ky − 2πΦy, kz)ψ̂(kx, ky, kz)
)]
.

(156)

This is not diagonal because it is mixed for different (kx, ky). However, we can

diagonalize it by using a similar method as used in Sec. 4.2.5. By expressing the

single-particle states as a linear combination of different wave number states,

|ψ⟩ =
q−1∑
m=0

amψ̂
†(k0x + 2πΦxm, k

0
y + 2πΦym, kz)|0⟩, (157)

the eigenvalue equation is obtained as follows:

(
−2t ψ

(
k0x + 2πΦxn

)
− 2t ψ

(
k0y + 2πΦyn

))
an

−V
2

(
e−ikzan−1 + eikzan+1

)
= Ek0x,k0y ,kzan.

(158)

Since the eigenenergies of the Bloch state do not change so much from the cosine

function, the position of the degenerate point does not change. As a result, the

degree of perturbation required is determined from the degenerate point condition,

which leads to the same Diophantine equation.

4.4 Effects of Harmonic Trap

So far, we have studied the continuum model Eq. (146) in the infinite system having

qx× qy-site periodicity with an integer number of filled bands. We have seen that the

pumped amount is quantized and the Chern numbers obey the Diophantine equation

in the infinite system. In this section, we discuss the effect of a harmonic trap on

the continuum model. We consider the following Hamiltonian, where the harmonic

potential as a trap is added to the continuum model Hamiltonian Eq. (146), and

simulate the time evolution of the lowest energy states and their center of mass(COM).
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H = Hcont(x, y, t) +Htrap(x, y) (159)

Htrap = Vtrap(x
2 + y2) (160)

i
∂

∂t
Ψ(t) = HΨ(t) (161)

For the initial state, we employ the eigenstates calculated for the initial super-

lattice potential. We set ϕ = 0 when one of the lattice minima is on the minimal

line of the superlattice potential. Starting from t = 0, we solve the time-dependent

Schrödinger equation using the infinitesimal time evolution operator while the super-

lattice potential is changing. We set the mesh size to ∆x = 0.2, and the time step to

∆t = 0.1.

When the harmonic potential exists, the difference in the COM of the wave func-

tions of the occupied states corresponds to the pumped amount. Let (x0, y0) be the

initial COM at t = 0. These are not necessarily 0. We will plot the change in the

COM, which is expressed as ∆x = x−x0, ∆y = y− y0. Below, we take an average of

the COM of the 5 lowest energy states. Even if we change the number of states, the

change in the COM does not significantly affect the pumped amount thanks to the

harmonic potential, but in this case, we set the number of states to 5 to avoid edge

effects. We can discuss the pumping behavior in terms of the computed COM.

In the presence of a harmonic trap, the pumping behavior turns out to be com-

pletely different between two regions. One is the weak superlattice region, in which

VSL is small compared to VL (which is called the Hofstadter region), and the other

is the strong superlattice region, in which VSL is large (which is called the rectifying

region).

4.4.1 Hofstadter Region

First, we consider the region which is near the tight-binding limit, i.e. Vx, Vy ≫
V 2
SL/(4EL). In the previous discussions, we have calculated the pumped amount by

considering the integral of the Berry curvature, but this corresponds to the pumped

amount when the perfectly adiabatic process is achieved. In the present case with a

trap potential, we have to solve the time-dependent Schrödinger equation represented

by Eq. (159). We need a new parameter of one cycle time T . In practice, the

perfectly adiabatic process cannot be realized. Although the quantization of the

pumped amount is lost due to the effect of the harmonic trap and the loss of the

adiabaticity, the correct tendency remains for the direction and the pumped amount.

Figure 4.9 shows the COM for 5 states which have the lowest energy for varying

time period T . It shows that when T is chosen so that the pumping is done at
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Figure 4.9: COM of each state plotted against the time period T for the lowest 5
states in the case of qx = 3, qy = 4, Vtrap = 0.00001.

adequate speeds, the COM after one cycle is around (u, v) = (1,−1). We can see

that plateaus are found in the middle of the figure. In other words, the solutions to

the Diophantine equation, discussed in the previous section, appear as the pumped

amount only when T is in the range of intermediate speeds. Here we discuss why the

plateaus appear in Fig. 4.9. There are three important time scales, the period of cycle

T , the inverse of band-gap size 2π/Egap, and the inverse of the depth of harmonic

trap 2π/Etrap. When T is much smaller than 2π/Egap, the pumping procedure is too

fast and cannot be regarded as an adiabatic process. On the other hand, when T is

much larger than 2π/Etrap, there is enough time for the COM of particles to go back

to the initial position, that is, the center of the harmonic trap. As a result, T should

be between 2π/Egap and 2π/Etrap to observe clear pumping behavior. In other words,

if T is too small, the particles will not be able to follow the motion of the superlattice

and will be left behind, while if T is too large, because of the harmonic trap effect,

the pumping does not work properly.

Figure 4.10 shows concrete examples of such pumping. Figures 4.10 (a) and (b)

are the time evolution of the COM for the 5 lowest energy states in the case of (a)

qx = 3, qy = 4 and (b) qx = 3, qy = 5, respectively. According to Fig. 4.10, particles

are pumped in (1,−1) direction for (a), and (−1, 2) direction for (b). Surprisingly,

while the direction of the superlattice is changed only slightly, the pumping direction

is completely changed. This pumping direction can be predicted by solving Eq. (126)

with the condition r = 1 since the lowest band contribution is dominant. For example,

in the case (a), the solutions of Eq. (126) are (u, v) = (1+3m,−1+4n) with integers
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Figure 4.10: Time evolution of the average of COM for the 5 lowest energy states in
the case of VSL = 0.5, Vtrap = 0.00001 and (a) qx = 3, qy = 4 and (b) qx = 3, qy = 5,
respectively.

m and n. |u| and |v| correspond to the order of perturbation. Therefore, although

there are an infinite number of solutions, only the solution where |u| and |v| have the
smallest values is dominant. In the case (a), that is (tx, ty) = (1,−1). Similarly, in

the case (b), the solution of the Diophantine equation is (u, v) = (−1 + 3m, 2 + 5n),

and the dominant solution is (u, v) = (−1, 2). These results are consistent with Fig.

4.10.

Observing Fig. 4.10 carefully, we find a small oscillation after the particle was

pumped to the next lattice minimum. This oscillation occurs at the moment when

the ground state energies in two sites become close. At that moment, the potential

shape can be approximated by a double well, and the particles oscillate between

the two wells. Since the angular frequency of this oscillation will be the same as
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Figure 4.11: Time evolution of the average of COM for the 5 lowest energy states in
the case of VSL = 5.0, Vtrap = 0.00001, qx = 3, qy = 4.

the hopping amplitude J , the period will be TDW = 2π/J . To estimate J in the

optical lattice, we can use J = 4ER√
π
s3/4 exp(−2

√
s) where s = VL/ER and ER denotes

the recoil energy [120]. We have checked that this estimate is consistent with the

numerical result in Fig. 4.10. We have also verified that the frequency of this small

oscillation does not change while we change the time period T . This result implies

that the small oscillation is caused by the pumping which is performed in finite time.

Throughout this paper, we have focused on the case px = py = 1, but the Dio-

phantine equation Eq. (126) can be also applied to other cases. For the case where

px ̸= 1 and py ̸= 1, see Sec. 4.4.3.

4.4.2 Rectifying Region

In the opposite region, where the VSL term is dominant, the pumping behavior changes

completely. From our numerical simulation, we find that the pumping direction is

restricted to the x-axis or the y-axis exactly in this region. More precisely, the

pumping direction will be whichever is closer to the x-axis or the y-axis.

When VSL varies across the Hofstadter region to the rectifying region, a crossover

occurs. Figures 4.10 (a), 4.11 and 4.12 provide concrete examples of such crossover.

Figures 4.10 (a) and 4.11 show the time evolution of the COM for the 5 lowest energy

states in the case of qx = 3, qy = 4, with (a) VSL = 0.5 and (b) VSL = 5.0, respectively.

We note that only the difference of the superlattice potential depth causes the change

of pumping direction. Figures 4.12 (a) and (b) show the time dependence of particle

density profiles computed in the conditions corresponding to Fig. 4.10 (a) and Fig.

4.11. We can clearly see that particles move in different directions depending on

whether VSL is small or large.

The band structure in the previous section gives us a hint to understand why this
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Figure 4.12: Time dependence of particle density profiles for the 5 lowest energy
states in the case of qx = 3, qy = 4, with (a) VSL = 0.5 and (b) VSL = 5.0. (a) is an
example of those in the Hofstadter region and (b) in the rectifying region. Horizontal
and vertical axes correspond to x and y directions respectively. In (a), particles move
towards positive x (right) and negative y (down) direction. On the contrary, in (b),
they move towards positive y (up) direction.

crossover happens. The solution of the Diophantine equation with r = 1 appears

when only the lowest band is considered, and pumping occurs in both the x and

y-directions. On the contrary, if we compute a state which is lower than the wide

band gap, pumping will occur only in the x or y-direction. The result in Fig. 4.11

suggests that the state below this wide band gap is occupied in this region. A system

containing a harmonic trap has the property that a wide band gap is automatically

selected without adjusting the number of particles. In the present case, by changing

VSL, the width of the band gap also changes, and the crossover would be caused by the

change in the band gap which is automatically selected by the effect of the harmonic

trap.

We note that such a change in the direction of pumping has been also studied in

Ref. [101]. In Ref. [101], the topological transition in 1D systems is reported, where

the Chern number of excited states is changed. On the other hand, the crossover found

in our study occurs due to the effect of the harmonic trap. Since the coefficients in the

64



-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  1  2  3

C
O

M
 (

x/
a,

y/
a)

time (Qt/T)

  x
  y

Figure 4.13: Time evolution of the average of COM for the 5 lowest energy states in
the case of VSL = 5.0, Vtrap = 0.00001, px/qx = 2/3, py/qy = 2/5.

Bloch wave expansions of the trapped eigenstates evolve continuously as functions of

VSL and are not quantized due to the effect of the harmonic trap, quantization of the

pumping is not complete and the topological transition does not occur.

4.4.3 Pumping in px ̸= 1, py ̸= 1 Case

Throughout this paper, we have focused on the px = py = 1 case. However, the

obtained Diophantine equation Eq. (126) applies to other cases. Here, we show a

concrete example for those cases.

Figure 4.13 shows the time evolution of the average COM in the case of px/qx =

2/3, py/qy = 2/5 where the harmonic potential exists. Since 1 ·2/3+1 ·2/5 = 16/15 =

1+1/15, (u, v) = (1, 1) is the solution of the Diophantine equation which corresponds

to the lowest order of the perturbation. If we look at Fig. 4.13, we see that particles

are pumped in the direction of the line x = y. We can confirm that the pumping

direction and the solution of the Diophantine equation match each other in this case

as well.

4.5 Summary

We have proposed a 2D version of Thouless pumping by employing a 2D square lattice

tight-binding model with an obliquely introduced superlattice. We have shown that

quantized particle transport occurs in this system, and the transport is expressed as a

solution of the Diophantine equation. This topological nature could be understood by

mapping the Hamiltonian to a 3D cubic lattice model with a homogeneous magnetic

field. Moreover, we have investigated how the harmonic trap affects our model by

solving the time-dependent Schrödinger equation. We have shown that plateaus ap-

pear in the plot of COM against the time period T for the superlattice sliding. When
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T is in the plateau region, a nearly quantized pumping is achieved. We have found

that the pumping behavior is different for two regions, which we call the Hofstadter

region and the rectifying region. In the Hofstadter region, the pumped amount obeys

the Diophantine equation. On the contrary, in the rectifying region, the pumping

direction is restricted exactly to the x-axis or the y-axis direction. This difference

causes the crossover behavior, highlighting the effect of the harmonic trap.

In summary, we have shown that the pumped amount in the 2D lattice with

obliquely introduced superlattice obeys the Diophantine equation, and the harmonic

trap affects the pumping behavior in various ways. The effects of the interaction and

the lattice deformation are left for future studies.
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Chapter 5 Conclusion

In this thesis, we have studied new topological phases which can be realized in ultra-

cold atomic systems in optical lattice. In this chapter, we summarize this thesis.

In Chapter 1, we have introduced two hot topics: topological phases and ultracold

atoms, and explained their characteristic features. The Berry phase is the phase

difference which occurs when an adiabatic process whose parameter follows cyclic

path in parameter space. Related to the Berry phase, the Berry connection and

the Berry curvature have been defined. By integrating the Berry curvature all over

the Brillouin zone, we have obtained the Chern number. The Chern number is one

of the topological index which is deeply connected with topological phases. The

transport properties of Integer quantum Hall effect system and Thouless pumping

system are described by Chern number. Also, there exists a mapping between these

two systems, and they are mathematically equivalent. Ultracold atoms are atoms

that are trapped in vacuum by using magnetic or optical field, and maintained at

temperatures usually below microkelvin (µK) order. There are three outstanding

properties in these systems, 1. High controllability of physical parameters, 2. Richness

of detection methods, 3. Exotic phases realization by using synthetic gauge field.

Numerous kinds of topological phases are realized in ultracold atoms system.

In Chapter 2, we have presented the numerical methods which we have used in

this thesis, exact diagonalization and DMRG. Exact diagonalization is a numerical

computation method which calculates the eigenenergies and the eigenstate by writing

up all of the bases of the system and diagonalizing the Hamiltonian matrix. We

have used Lanczos method, which is good when the Hamiltonian is sparse and the

dimension of Hilbert space is up to about ∼ 108. When the dimension of Hilbert space

is much larger than ∼ 108, it is hard to use exact diagonalization, but if the system

is 1D, Density matrix renormalization group (DMRG) is one of the most effective

method. In DMRG, we separate the whole system into a system and an environment,

and we enlarge the system and environment one site by one site. While enlarging the

system, we choose eigenvalues/eigenvectors which we should left. To choose them,

we take a partial trace for environment and leave the eigenvectors which have larger

eigenvalues of its density matrix. This method succeeded in many 1D models. Also,

we have introduced Fukui-Hatsugai-Suzuki method, which enables us to calculate a

Chern number by calculating only for discretized points of the Brillouin zone without
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worrying about gauge choice. Finally, we have presented an effective method to

calculate time-dependent Schrödinger equation.

In Chapter 3, we have studied a quasiperiodic Bose-Hubbard model with interac-

tion by using exact diagonalization and DMRG. We have shown that the energy gap

of the Harper-type Bose-Hubbard model increases as the on-site interaction strength

U increases when U > Uc (∼ 0.25t), and at the same time, topological number (Chern

number) stays non-zero and constant. Also, there are two typical quasiperiodic mod-

els, the Harper model and the Fibonacci model. The topological equivalence between

these models is known. We have introduced the on-site interaction to these mod-

els, and have shown that the topological equivalence also exists between interacting

quasiperiodic systems, the Harper-type and Fibonacci-type Bose-Hubbard models.

Furthermore, we have investigated the phase diagram, which includes superfluid,

Bose glass, and incommensurate charge density wave, as a function of the potential

deformation parameter β and the interaction strength U .

In Chapter 4, we have considered a 2D version of Thouless pumping by employing

a 2D square lattice tight-binding model with an obliquely introduced potential. We

have studied three models, the tight-binding model, the continuum model, and the

model with harmonic trap potential. The topological nature of the tight-binding

model with obliquely introduced superlattice can be understood by mapping the 2D

Hamiltonian to a 3D cubic lattice model with a homogeneous magnetic field. Also,

we have shown that quantized particle transport occurs in both the tight-binding

model and the continuum model, and the transport is expressed as a solution of the

Diophantine equation. Moreover, we have studied the effect of the harmonic trap

by solving the time-dependent Schrödinger equation. Under the harmonic trap, we

have found that the pumping behavior is different for two regions, which we call the

Hofstadter region and the rectifying region. In the Hofstadter region, we have shown

that a nearly quantized pumping occurs when the phase of the superlattice potential

is changed at an appropriate speed. This quantized pumping obeys the Diophantine

equation. On the contrary, in the rectifying region, the pumping direction is restricted

exactly to the x-axis or the y-axis direction. We have found that the harmonic trap

causes the crossover between two regions, the Hofstadter region and the rectifying

region.

In this thesis, we have considered a 1D system with the interaction in Chapter

3 and considered a 2D noninteracting system in Chapter 4. Therefore, a 2D system

with interaction, which is more practical for an experimental setup, is left for a future

problem.
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[61] S. Aubry and G. André, Proceedings, VIII International Colloquium on Group-

Theoretical Methods in Physics 3 (1980).

[62] L. Fallani, J. E. Lye, V. Guarrera, C. Fort, and M. Inguscio, Phys. Rev. Lett.

98, 130404 (2007).

[63] V. I. Yukalov, Laser Phys. 19, 1 (2009).

[64] L. Tanzi, E. Lucioni, S. Chaudhuri, L. Gori, A. Kumar, C. D’Errico, M. Ingus-

cio, and G. Modugno, Phys. Rev. Lett. 111, 115301 (2013).

[65] J. Vidal, D. Mouhanna, and T. Giamarchi, Phys. Rev. Lett. 83, 3908 (1999).

[66] G. Roux, T. Barthel, I. P. McCulloch, C. Kollath, U. Schollwöck, and T. Gia-
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