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SOME PROPERTIES OF CERTAIN ANALYTIC FUNCTIONS

Hrtoshr  SAITOH (ME®S®% 2 % )

1. Introduction.

Iet A(p,n) denote the class of functions of the form

o]

(1.1) - f@ =2+ 1a T ( pmeN = {1,2,3,-—1} )
k=n pi-k

which are ‘amalyt.i::‘inthe unit disk U ={z:|z|. <1}.
Fﬁrthér, we define a function F)\ (z) by
(1.2) | Fy (z) = (l—)x)f(z) + Azf' (z)
for A>0, and f(z)eA(p,n) A functlon f(z) belonglng to A(p,l)—A(p) lS said to be

in the class P(p,u) if and only if it satisfies

(1.3) re {£®P) (2)} > o
for some a ( Oga<p! ) and for all zeU.

o

The Hadamard product or convolution of two power series f(z) = I anzn and
n=0

g(z) = & bnzn is defined as the power series
n=0 :

(1.4) (fXxqg) (z) = n__Z_Oanbnz .

Let the function f(z) and g(z) be analytic in U. Then the function f(z) is said
£o be subordinate to g(z) if there exists a function w(z) analytic in U, with
w(0) = 0 and |w(z)|. <1 (zeU), such that

f£(z) = gw(z2)) ,
for zeU. We denote the subordination by

(1.5) £(z) < g(2)
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2. Inequalities for functions in the class A(p,n).
We begin with the statement of the following lemma due to Miller [1].

Lema 1. Let ¢ (u,v) be a complex valued function such that

$ : D—->C, DCCXC (C is the complex plane ),
and let u = Uy + iu2, v =) + iv2. Suppose that the function ¢(u,v) satisfies

(i) ¢(u,v) is continuous ih D,

(ii) (1,0)eD and Re{¢(1,0)} > O, ,
(iii) for all (iu2,vl)eD such that v, & -n(l+u22)/2, Re{¢ (iuz,vl) }.< 0.

n+l

* + —— be regular in the unit disk U such

let p(z) =1 + pnz“.+ P12

that (p(z),zp'(z))eD for all ieU. \ If

Re {¢(p(z),zp'(z))} > O (zeU ),

then Re {p(z)} >0 ( zeU).
Applying the abové lemma, we prove

Let a function f(z) defined by (1.1) be in the class A(p,n).

Theorem 1.
If
(3) o
: f (z) p! .
Re{——————~~—-zp_j }>a ‘(0.=<a.<————(p_j)!,zeU),
then we have
e 9@l 1 411204 np! ( 2e0 )
o3t 5 DT 25+ + nf ZEY )y

where 1 < Jj < p.

Proof. We define the function p(z) by

: (3-1)
et £ (@) - gy 1-ppia)

(2.1) Dl !

) _ (p=j*1)!2q + np! ‘ _ n ntl
with g = T 23+ + nJ - Then p(z) = 1 + P2 + Ppa1? + is

- regular in U. Differentiating both sides in (2.1), we obtain
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(2.2) ﬂfg,i’i— £9)(2) = (p-5+1)8F T + (p~5+1) @-B) I p(2)
o | Cr P I
and, by using (2.1) and (2.2), we have |

(3 ,. ,
(2.3) (p-3+1) ! {—f——-ﬁ)— - a} = p! (p-3+1)B - (p-j+1)!a
P
+ p! (p-j+1) (1-B)p(z) + p!(1-B)zp'(z).

Hence, in view of Re {f(J) (z)/Z¥ 7} > o, we have

(2.4) Re {¢(p(z),2zp'(2))} > 0,
where ¢ (u,v) is defined by
(2.5) . ¢ (u,v) = pl(p-j+1)B - (p-j+1)!la + p!(p-j+1) (1-B)u + p! (1-B)v

. with u = u:L + 1u2, v = vl + 1v2. Then we see that

(i) ¢(u,v) is continuous in D = CX€,
(ii) (1,0)eD and Re{¢(1,0)} = (p-j+1) !{p!/(p-j)! - a} > O,
(iii) for all (iu,,v;)eD such that v; < ——n(l+u22)/2 '
Re{¢(iu,,v;)} = p!(p~3+1)8 = (p~3+1)la + p! (1-B)v;

- np! (1-B) (lfuzz)

< p!(p-3+1)B - (p-j+1)!la - <0
= 2

_ (p~j+1)!2a + np! . o "
for B = P2 (o3+D) + nJ < 1. Consequently, ¢(u,v) satisfies the conditions

in lemma 1. Therefore, we have Re {p(z)} >0 ( zeU ), that is,

e 0 D], p g1 (p=3+1) 120 + np!
3 o)1 T T 25+ + o)

which completes the proof of Theorem 1.
Taking n = 1 in Theorem 1, we have

Corollary 1. ILet f(z)eA(p)=A(p,1l) and suppose

(3)
£ (z) p! .
Re{————-—a—-——} >0L‘ (0;q<—————( 71 ,zeU)..

Then we have
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£-1) .
(z) 1 (p-j+l) 120 + p!
R‘% Pt } T 3tDT T 2(-3) * 3 (2e0 ),

where l;j;lp."
Corollary 1 is the result by Saitch [5].
Next, we prove
Theorem 2. Let a function FA(Z) defined by (1.2) for A>0 and f(z)eA(p,n).

if

(3)
F (z)
-2 pL-MpA)
Re{ I }>0L (0gacx =) ; 2eU ),
then
(3) ' .
£ (z) (p—3) 120 + nplA
e { 3 } > Tp3) 112 + (2pm-2)A} ( zeU ),

where 0 < j < p.

Proof. By the differentiation of F)\ (z) , we obtain

(2.6) F, 9 (2) = a-r23) £ () + 22O ()

We define the function p(z) by

. (3)
(p-j)! _£-7(z) _ _ i
(2.7) Y I B + (1-8)p(2)

_ (p—j)'20£ + np!A _ n ntl
with B DT 2+ Oprn=2) (0<B<1). Then p(z) =1+pz +p 2

is reqular in U. Making the differentiation in (2.7), we have

(2.8) —=—(1-B)zp' (2) .

(3+1)
zf— _(2) Bl 6+ 1-pp()]} =

o3 p—J) !

By using (2.6), (2.7) and (2.8), we obtain

(3)
Fy (z) _p! (1-MpA) , p! (l—)\+p)\) (1-8)
(2.9) —— - o= Bnins  - o By pz)
IX(- 1
+ E.(._ij_)__?_)_ zp' (z).

Hence, in view of Re {F)\ (3) (z) /2 7} > o, we have

(2.10) " Re {¢(p(z), zp'(2))} > 0O,
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where ¢(u,v5 is defined by

p! (1- >\+p)\) p! (1-A+pA) (1-B) p!A(1-8)
(2.11) $(u,v) = = o + o1 u + o371
with u=ul+iu2andv=v+iv2. Then we see that
(i) ¢(u,v) is continuous in D = CXC,

(i1) (1,0)eb and Re{$(1,0)} = RLUZMPA)

ot 70
(1ii) for all (iuz, vy )eb such that

V1 <-n (l+u22)/2
Re{¢(1u2,'v )} =

pLU-MpA) , _  , PIAGB) |
(p-3)! P! 1 ,
< P (A-Mph) np!A (1-8) (1+u,")
STepr P T <0
“for B = (]?a ) L 2052; EE;;\H Consequently, ¢ (u,v) satisfies the conditions
in lemma 1. Therefore, we have

Re {p(2)} >0 ( zeU ), that is,

Re (J)(Z) p! 8 =
ZP“J (p-3)!

(p-3)!2a + npl)
which completes the assertion of Theorem 2

E-NH{2Z + 2pm-2)A}

Making n = 1 in Theorem 2, we have
Corollary 2.

let a function F, (z) defined by (1.2) for A>0 and
f(z)eA(p)=A(p,1). 1If

Re { —————} > 0. (0<a
P =
then |

Re f(j)gz) N (p-.j)!20z+p!)\
P

(p=3) ! (2-X+2pA)
where 0< j<p

RN, oy,

( zeU ),

Corollary 2 is the result by Saitoh [5]



165

3. Some properties of the class P(p,a).

For giving some results in this part, we need the following lemma of

Ruscheweyh and Sheii—-Small [4].

Lemma 2. Let F(z) and G(z) be convex in U and
f(z) < F(z) . Then
£XG(z) < FXG(z) .

With the aid of above Lemma 2, we prove

Theorem 3. Let a function f(z) defined by (1.3) be in the class P(p,0).

Then we have

£P-1) (z)

- < 20 - p! - g—(-I—)é—~—q—)-log(l—z) .

Proof. Define the function G(p~ 1) (z) by

(pl-20)z

G(p) (z) = p! I

and G(p_l) (0) = 0 .- Then it follows that

(p-1) T _
___G___Z_.E)__ = 20, - p! - ‘2“("9;_‘&_)‘109'(1_2) .

Noting f£f(z) P(p,0), we see that

Defining the function k(z) by

(3.1) k(z) = - logz(l—z) -1 "TlFl— A
. = n
we have
(p-1) | (p-1) ,
Lo @ ka(p) (z) and G (z) _ kXG(p) (z)

P
Further, k(z) is convex and univalent in U, and G(p ) (z) is also convex and

univalent in U. Therefore, using Lemma 2, we have

kx£P (2) < xxc® (2 , that is,

f(p—,l) (z) < P ()

_ _ _2(pl-a) _
Z p” = 200 - p! — log(1l-z) .
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Thus we completes the proof of Theorem 3.
Next, we prove

Corollary 3. let £(z)eP(p,a), Then we have

(p-1)
Re{ £ @

}{) 200 - p! + 2(pl-a)log2 .
Proof. Since the function k(z) defined by (3.1) is convex and univalent
in U, the function Gl(z) given by

G (z) = 20 - p! - 21104 (1-2)

is also convex and univalent in U. Therefore, by the principle of the subordi-

nation, we have

(p-1)
Re{i__z___‘ﬂj > dnf Re {G (2)} .
|z]|<1

We note that Gl(U) is symmetric with respect to the real axis because all coef-

ficients of Gl(z) are real. Noting that Gl(U) is convex, we obtain

inf Re {Gl(z)} = inf G,(x) = 20 - p! + 2(p!-a)log2,

|z|<1 “l<x<l T
which proves the assertion of Corollary 3.
Putting p = 1 in Theorem 3 and Corollary 3, we have the following corol-
laries which were proved by Owa, Ma and Liu [2].
Corollary 4. Let f(z)eA=A(1l). If the function f(z) is in the class

P(1,a)=P(a), then

féz) < 20 -1 —.giézgl-log(l~z)

Corollary 5. If f(z)eP(a), then

Re [—fé@—} > 20 - 1+ 2(1-a)log2 .
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