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CHARACTERIZATION'OF OPERATORS AND REVERBERATION CYCLES

ASSOCIATED WITH A SINGLE NEURON EQUATION
by
Masako Yamaguchi
Introduction

Since E.R.Caianiello (3]vproposed a mathematical model of neural behaviors,
numercus contributions have been given by himself and his collaborators regar-
ding mathematical properties of the neurél equations. Among these contributions
the reverberation phenomenon of a neural network has been one of their main
concerns. For instsnce fhey investigated neural networks whose reverberation
cycles are required not to exceed a preassigned maximal length, as: shown in
Caianiello and others [1]~.[9], [ll]ﬁv[l6]{ Their main mathematical tecniques
rely upon matrix algebra. S V

On the other hand Kitagawa[l0] recently started with discussion of dynami-
cal behaviors of all the possible solutions of the neural eqﬁation for the case
of single neuron. Among others, Kitagawa [10];introduced,various specal opera-
tofs and investigated some characteristic features of the dynamics led by each
of these operators. This paper is especially connected with detailed discussions
of these operators introduced by Kitagaws J1io].

‘ In Section 1 we éhall give a necessary and sufficient condition for that
all the sequences obtained from the solutions of the neural equation (l.l)‘ﬂnmm
a set of mutually disjoint reverberation cycles and show that'the:néural system
satisfying the above condition is equivalent to that under either of two opera-
tors Ly and Ly introduced by Kitagava [10]. 1In section 2 we then define a
digraph with respect to each of operators which were introduced by Kitagawa[10]
in connection with (1.1). Our grapf theoretical consideration shows that there
exists a set of 2(n+l) special operators, called an y-.p set of operators, in te
terms of which any operator associated with (1.1) can be represented in a
unique way. In Section3, we deal with reverberation cycles associated with
each of these fundamental operators Lde and LQZ ({=0,1,...,n-1). We determine
the exact number of all the possible reverberation cycles with any admissible
length. Here we make use oe a combinatrial method appealing to circular parti-
tions. We then proceed to discuss the reverberation phenomena for operators L\

“

and L&? as well. It is shown that the number of all the reverberation clcles
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can be reduced to those of reverberation cycles under the operators qu and Ly..
: 14

81. Characterization of the operators Ly, and Lio-
0

We shall investigate.  mathematical properties of a single neuron model rep-

resented by a nonlinear difference equation which read :

(1.1) X(t+1) = ﬂg/ﬁkﬁ’t—k)*@]

(1.2) 1ly) = J1 i u>oe
0 [JK us0
)
where x(t) is the state (1 or 0) of a neuron at the time t i¥} the set I of
indices (0,%1,%2,...), &, is the coupling coefficient fro@Ehe neuron to itself
which is effective k unit times after firing, and § is the threshold value.

In what follows in this paper we assume thet all ak-(k::O,l,...,n—l) and
¢ are constant independently of t. The functional equation (1.1) is regarded
a neural equation (NE) due to Caianiello [1] for a single neuron.

In order to investigate state transition phenomena of (1.1), it is convi-

mient to introduce the following n-dimentional vector as shown in Kitagawa [10]:

(1-3) d;; = (Gr;) J/;"// ‘~./ J;’?ffZ; J/;_”ﬁ)

where OQ = x(s) and C£;denotes the state of our neuron at time t, whileag\is

called an n-state configuration of our neuron at time t. Let us define the

inner product ( a,a&) by

N
(1.4) (&, dy) = é@fé«

where a = (a sa l) and a concurrence function by

-
0’71?

(1.5) Z(dr) = ( &, é;) - (9)

which reduces the functional equation (1.1) to

(1.6) oo = TLX(de)]
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In connection with (1.6) Kitagawa [10] intrgduced the operator L of n-dim-

entional vectors defined by

(1.7) | -

L (ds, It 0{;5')7+2, —;77‘/) (7(x(d], de, d,{—}yv;)
The flve characteristic features of the fu.nctlonal equation of (1.1) have been
pointed out by Kitagawal[10], one of which is the translatability of associated
operators. An operator L defined by (1.7), namely

(1.8) L (Jt) = {/\d\,t, d;,, GQ—/, T, d:f'%%-z)

with

(1.9) | NSy = [z @;)__7

is translatable, i.e., commutative with all translations"jz{ ¢ Agog> Where T, z(t)

=z(t+ ), in the sense that we have

(1.10 4 .
> TAL(F) = (k)]
for all t ande«/ . Because of this translatability property, we may and we shall

confine our discussion to a transition :

W Lldpe, -, B) = (12D Dy -, S)

for anYé\ (a,,_,/ é\)ln the n-state configuration space X . whlch is defined by

(1.12) 4t'= {é\z (d;;ﬂ/,“‘/a‘/\/dr;)/‘ 37 = /AZ J. z= o, 1, ”"/f_

Now we shall give the following

Definition 1.1. A solution x(t) of the functional equation (1.1) is said
to have a ‘reverberation cycle, abbfeviated by RVC, of period R if the following‘
equality holds: '
(1.13) X( t+R ) = x(t)
for any te I = {O,;l,ﬁ',. ..ot

Let us define Li(d’\) = L(Li_l(é\)) and LO(@P);—:

Lemma 1.1. The equality (1.13) holds if and only if the following equa-
lity holds

R
(1.14)  / (OQ_/ 0(;.// - C&-’/f@ J‘”ﬁ)* (J‘ 0/;—/, : Jﬂfz 177‘-/)

for any t& I.
Proof. The proof is trivial.

Because of Lemma 1.1, our search for any reverberation cycle is equiva-
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lent to that for the solutions of equation (1.7) with the condition (1.1L).
For the operator L, an immediate observation gives the following
Lemma 1.2. For any assigned n-state configuration in Xn the number of
state configurations transformed tQJ by an application of L is at most two.
In particular, when any assigned[belongs to some reverberation cycle there is
one and only onejéuch that L(é\/) =4 . '

Kitagawa[10] was concerned with the following special operator;

1) Ly (G 8,8 ) 2 (5, Gy s S

for" any state configuration (é;,_,’ ~.,J;£)in Xn and showed ’gha‘t for any state con-
figuration there exists a positive integer R such that equality (1.14) holds,
that is, any n-state configuration in Xn belongs to some reverberation cyele,

under the operator L. . Here we shall introduce the another special operator
[

(116) Loy (s, s D1, o) = (Do, Gy v )

for any (J/n-/, o J;‘/Ja)in X . : :

In connection with these operators La‘; and L o, just introduced, it is
important to oberve that there exist sets of coupling coefficients Jak }
and the threshold value § for any of which the operator L associated with
the functional equation (1.1) is equivaMklent to one of these two oper-
ators L"’s and va

Lemma 1.3. There exist sets of coupling coefficients {ai; i=0,1, -~

» ’
n—l}- of and the threshold value § such that (i) 1[z(J)]= J for any

J = (é:”_//‘“/ S8 ) mXor (ii) 1[z(4)1= Jo for any J = (O’\w—//“‘)’
OV/‘ d(;) in Xn' ' :
Proof. Thicase (i). For-any o = (dy-y, s d;£)in X , let us

assume 1{z(j )]= J, which holds if and only if the following inequalities

hold: 4 v
(1.17) Ly T 2 di-02 o
Al
A
(1.18) ﬂoo: - & >0
=/ / J

h

. 3 . 4 ‘; - ‘—/‘ - N . _
for any set (11, i, ’lh)’ 0= h £ n-1, such that 0 £ i <12 <ig<n 2.
For any fixed ai, i=0,1,2, ~~~ ,n-2, let us put
(1.19) ) — _

A = >4 <=0,y nL

@, >0



) ,
(1.20) A = 2 a, =0l - L
Ay<o

It is trivial that (1.17) and (1.18) for a. . and & hold true if.
(1.21) ) . -
Ay-y + A = @< A )
The case (ii). This is quite similar to the case (i).

Under each of these operators L07

]
dependent on the sole state ‘9;_ (1) exactly n step before the time t.

and L any solution of (1.1) is
“e

Now we shall prove the following

Theorem 1.1. The necessary and sufficient condition for that any n-state
configuration j‘ =(’5;¢_// \H/ojj/g;) in Xn belongs to some reverberation cycle
is that
L= Ly or LO(o , that is, 1[z(J)] = Jy, or a -

Proof. (1 ) Necessity. For any 7 = I J/‘) , let us put

re) - -
(i) J ‘: (0}«7/-// Tty 0(;/ &) = ( ¥ 0)

()

(ii) J= (g, o, S,01) = c;/i),

(1.22)

(iii) W Z (JW) 5 V4
7€ Xny

(iv) ook Z(F5") = «,
é/f\\é X on-s
Now it is evident that the following thre%:ases exhaust all the

possibilities:

Case 1. [} 0

Case 2. d £0

Case 3. ¢ £0<u
Casel. In this case, for any é‘\';. (-1, a'/\)/ ZY(J(j)oand hence
we have

(i.23) '/[;f(é“”)j =/
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which implies

(1.24) 1[2(T?)] =0,

) (4} ‘

pecause 1[z(g )] = 1, i.e., L( d‘(") ) =L( & / )~contradicts Lemma.l.2.

From (£.23) and(Z.24), we have L (J,_, ---, 017,05) = (Jo, Tpsy - aj)
for any § =(J-,, - di, d;) in Xn’ which means that L is equivalent to the
operator L, .

e ~ W

Case 2. In this case for any g = J;;—/,“‘)d);) »2(g )20 , and hence
we have :

(1.25) 1(x(F"] =0

which implies, in view of Lemma 1.2,

(1.26) 1LZ(F)] = 1

as in Case 1. :
Frome (1.25) and (1.26), we have L(dy_, ~--, J Jo )=(J;/ Of:”__// -,
J; ) for ey J = (4., - d, Jp) in X, which implies that L is equivalent

to the operator Lz .
2]

Case 3. Now let us introduce an (n-1)-state configuration
(= =) -
(1.27) 5= (80 27)
whreye /
\f\C") 1 ; d" <o . ’
(1.28) o = 5 | 7[ / j=12-5> 74
0 { f a(}' 20
and another one
(1.29) NS (*) )
d\ = ( J’:’—/ p) Ty J/ )/
where .
(1.30) J 1 if a0 .
f = . s =Lz n-1
‘ o 'f aJ‘ =0 .
Then it is clear that
R,
(1.31) (=27 2))
.32 U = ‘F
(1.32) U = = ( (d ) 1 ))

Now we shall prove that the Case 3 does not ocecur by ad sbsurde.
Let (= 0. Then it follows that

(1.33) 1(2(871)] =0
which implies, in view of Lemma 1.2}
-3 1 12(87, 0)] = |

/
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which is. equivalent to

(1.35) (5 0)) o,
From (1.33) and (1.35) we have

(1.36) x ((F 1)) - Z((f(:)o)) = dyy < O,

On the other hand let wu >0. Then it follows that

(130 7 (F(FY1)] =1,
which implies, in view of Lemma 1.2.

N

- X0
(1.38) 1 [Z(Jﬂ/ 0)] =5
which is equivalent to ’

X () .
(1.39) x((27, 0)) 20
From (1.37) and (1.39) we have

R N

(1.30) ((FT1)~ 2T T 0)) = @uy; 20O
But (1.36) and (1.40) are mutually contradictory, showing that the Case 3
does not exist.

(2 ) sufficiency. This is trivial, because, for any j in X~ we have

(1.41) A;n (&) =4
(1.4k2) L':,Z ('09\) = 4

4

which show that any §° in Xn beléhgs to some RVC of at most length 2n
ard respectively under successive applications of Lai :and those of L‘Vo s
respectively. q.e.d.

Our Lemms 1.3 and Theorem 1.1 give us a characteristic of L v, and

L= in the realm of functional operators defined by (1.11).
° .

§2. Graphical representation of the operator L
In this Section a digraph GL is defined for each operator L introduced
by (1.11), and we shall represent GL in terms of a set of specific operators
which includes L, eand L;Z as its members.
Definition 2.1. A digraph G = (Xn,[’) is called to be a digraph
with respect to the operator L when the set of arecs is given by
r {(J/Z(J}) 5 Jé X”} . In this case we denote the digraph by
o = (x, [ "
Let us define the following operations between two digraphs:

-

Définition 2.2. . For any two digraphs G =( X, f’) and G' = (X,[7 ),
(2.1) c+a'=(X,pyur))
(2.2) G.¢c = (X, pAT7).

Definition 2.3. The total number of arcs in a digraph (Xn, [7)
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whiéh starts from an assigned ; in \Xn is called to be the outdegree of
g in the digraph (xn, ). .
Definition 2.L. The number of arcs in a digraph (X, [7) which
comes to an assigned dﬁ in Xn ig called to be the indegree of 4 in
the digraph (Xn, 7 ).
From the definition of FL and Lemma 1.2 we have immedjately the

following
Corollary 2.1. For a digraph G = (Xn, f;) w.r.t. an operator L,
we have
(2.3) outdegree of g =1
(2.4) indegree of D £ 2,
for any 4¢ X% + In particular any é\ belongs to some reverberation cycle

if and only if indegree of F = 1.
Definition 2.5. A digraph G= (Xn, r ) is called to be oé -complete

if, any j;: (J:n—/) .w/()j/oJ;)gntains two arcs (d\) (//03,4,,} .y c.j;)) and
(d: (0, Sy =~ J:)) ’

.

Definition 2.6. A digraph G = (xn, I ) is called to bedf -complement
to a digraph G = (Xn’ [Zc) w.r.t. an operator 'L if G+ G is L -
complete, denoted by G = GL'

Lemma 2.1. For any operator L, there exists one and only one operator
L such that a digraph Gi—w w.r.t. the operator—L— is an 06 -complement to

the digraph G, w.r.t. the operator L.

Proof. LFor any operator L there exist the set {ai; i=0,1, ., , n—l}
of coupling coefficients and threshold value @ corresponding to the operator
L. Because of density of the set of real numbers, we may and we shall confine
to the set {ai; i=0,1, ~-+ , n—l} and Q such that exact inequalities hold
e (25 a,0)] =[] f E@ae)0
| b T (e, 0)<0,
vhere X (J; @, 9) = (&, d)— & 750)/‘ & =( Ao, dp)ond any A
in Xn. :

Now let us introduce the operator L corresponding to the set

JL:(: ) C=0,I;~;"I—l}and threshold value & , where a—u = - Tor = 4 |
[ o

vl and G =-@ . Then for any in X

o _— — —
(2.6) X(/g/‘ﬂ/ é)% o if and only if ¥ (/3 4_{/ ) S0 where g = @, 0//_“/
An—; )

(2.6) 1is equivalent to say that, for any ‘j’;
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(2.7) A (,0:’/—/) ] J71 \JO) - (a\/ J;”"// o a-/\)

implies and is implied by

2:8) I ( Ly ) i Go) = (I, Sy - 1) |

This means that GL + GL is dc -complete, this is to say, GL iqxc -complement
to G, . The uniqueness of the operator L is trivial. g.e.d.

L
Lemma 2.2. For any operator L, we have the equation

(2.9) &7 &, =6G.¢" =G,
-

* By
(2.10) G ¢+ GZ =Gy F G = &
where G¥* is the [, -complete digraph.

.

Proof. This is evident from the definition of G¥.
Now let us consider a system of operators consististing J Lq2§; {[4% }
L . . .
({ = o, 1, - 71—/}.} Ztu and 4/23 which are introduced in KItagawa [10] and

defined in the following way:

(2.11) /.l;,; ( Iy~ J, - d}):’: (5}5/ sy =7 d;;)

2.12 P - o

E ; Z.o/g (Idn~t, ~ v 02/ - dp/ = (dﬁj d’ﬂfl/ .y ﬂ//\)

2.13

(2 lhj Aw ((;47"// ) d:, d?)) = ((9, fw—// - d;)

. Liw (On-iy -~ 010 D)= (1, Spy -~ 5,

for any > _ . = ~ in X . The set of all these operators is called
A =S . Op)
& =N~ IO n

to be the 4—-w set of operators in Xn.

Similarly as in Lemma 1.3 we obtain

Lemma 2.3. There exist the sets of coupling coefficients f‘ad ;(fzo,i)
\v,72*i}and threshold value § corresponding to each of the operafors
defined by (2.11), (2.12), (2.13) and (2.4), respectively.

Lemma 2.4. We have the equations

. ~ Lk
(2.15) @y + G o= &
) 9’(‘
- ) ok
(2.16) Gt G =T
for ,é'= 0,1, -+ ,n-1. where G¥ is the CZ: -complete graph.
Proof. This is evident from the definition of each operators.

From Lemma 2.4, we have immediately the following

Corollary 2.2. We have relations
: ~ C
2.1 . - 7
(2.17) Gy = L?Z——
x¢ o
(2.18) o _ ¢
Cfdw = G

LE/
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for lf = 0,1, -~~~ , n-1.
Corollary 2.3. We have relations

(2.19) 64/ . ‘7;/07 = &¢
< ‘¢

20y, Gy = G

/

for [ ==o0,1, -~ , n-1, where Gé denote a special digraph when the set of
arcs reduced to an empty set )é
Any operator L defines and is defined by J such that 7[7(27]= a\
because we have
(2.21) 4 (F) = (12BD] ey 31) = (B0t o, 00),
This fact makes us possible to introduce thiﬁo’cion
(2.22) (67 7)€ 4,
Now a representation of any operator L in Xn on the basis the
set of operators by thechelp of the notion (2.22) is given by the following

Theorem 2.1. A digraph G, w.r.t. any assigned operator L in Xn is

L
-/
S G T G(3, )
O FIeL, A=e g
a=(Jﬂ-&'“/a})€X%

represented by

(2.23) 6‘4 =

where digraphs G (J,d,) and &(J)are defined by

(2.24) Gy, f &=Jdyg
F(F, d¢) = ¢ _
6;_/@ (f 5 = Jdz

G(8) =) % f S
6_4;; /'7[ Jd=o0.

Proof. Let us denote any arc in digraph GL by

(2.26) (=1, - a, o )/ (J: O:z—l/ "/d7)) = (J/ J/)/

which implies and is implied by (5 J\)gé By the definitions of the digraphs

(2.25)

Fic, og)and G (w) y we have
(2.21) (& J7) e ¢ (dde),

for 4/ =o0,1, ..+ , n-1, and also

(2.28) (F, T7) ¢ G (),

which give us
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(2.29) (7, 3) ¢ c—;*/d‘)jz G(Sde)

Hence we have

(230) G, € 5 G@) T (),

@G, €L Z=0
& = Ony -~ J3) Xy
On the other hand, for any (7, a )€/, we have

(2.31) 5(5)77&(; %) = ((Dyoyr 5530, (8 S p) 0 I7 D),

where d\ = (- w,CTI/d‘;))beca.use the set of arcs in the dlgraphs defined

I

by g
(2.32) [77’ G5 dy)
=p

consists of two arcs

(2.33) l(d:),_./} /Or/\/d—\) (J\ Ogi—-// /£))

(2.34) (¢ o

Gty o 8, 8), (3 dy o ),

to which the multiplication of digraph G- (M) leads to (2.31).
Equation (2.30) together with (2.31) gives us (2.23), as we were

to prove. g.e.d.
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- §3. The number of reverberation cycles

In this Section we shall deal with thea;a)set of operators defined in
Section 2 and obtain the number of a}l reverberation cycies with possible
length, ,

We shall define a notion of a circular partition for any positive intéger.
The total number of circular partitions ﬁ:& then given by virtue of the -
number of ordered pafititions each of wnich is usually called composition after
P.A.Macmashon. So far as our enumerations of reverberation‘cycles'are concered,
the advantage of the notion of circular of partitions is that it makes us -
possible to introduce the notion of equivalent classes in the set of all ordered
partitions, ‘

A partition of a positive integer n is a represented by a sum of positive

integers as follows

(3.1) D= bbb, bt

where,ti‘> 1, 1€ i € k ,for k = 1,2,...,n, Eq. (3.1) is called a k-par-

tition of n and denoted by (tl, t2, ceest An ordered k-partition is called

k)l
by k-ordered partition. It is conventional to abbreviate repeated parts, by

use of exponents ; for example, 6-ordered partition (2,3,2,3,2,3) of n=15

is written (2,3)3. A special permutatiannﬁﬁ‘(tl,ta,...,tk) is defined by

(3-2) 0"(17.) ‘bz) A )-tk ) = (-bK, -b"rtZ/ .“\I‘t«‘.)

and let us put

(3.3) 0% (b, Ts, oo, ) = 007 (b, ts, -, 1))

(3.4) 0.0 ('bl, ‘bz, ) tk) = (-tl/ T/_z/“‘, tk)
for 2 1. ’

Definition 3.1. Two k-ordered partitions, (t .,tk) and (s

. l’t2"' 19505
"Sk)’ of n are called to be equivalent if there exists a positive integer

3 (14 3< k) such that

(3-5) O‘J(tl/tzl“", tk)z <5'1“32/ Sy, SK)

Iet us denote by Pn Kk the set of all the possible k-ordered partitions

b

k the set of all the possible equivalent classes of Pn k°
2 2

each element of which is called a k-circular partitions of n., The equivalent

of n and by Cn

class containing the k-ordered partition (tl,tz,...,tk) }s denoted by E(tl;



LR I

t2,‘..,t ). In what follows we shall denote by # A the number of all the

k

elements belonging to a set A,
Lemma 3.1. For any k-ordered partition (tl,t seeest

;tE(tl,tg,...,t

5 k) of n, for which

) = j holds, there is a positive,d for which we have
k ’ q nfegev)

(1) (t,, 1z, - , %) = ('t«.t;,‘
(3.6) {2 #E(tite - t))= ],

k/ (3) 4 is a divisor of g.c.m. of n and k, denoted by d ‘(n,k).

% with 8=k,

Proof. Because of OK(tl,tg,...,tk) = (tl,tg,..,,t

(3.7) [ £ HT (4, t,, -, ) £ K

k)’ we have

.

It is evident that (3.6) is valid for j=1 or k., Now let us assume that 1< j
< k., This implies that there exists a uniquely determined positive integer

h (1 h<k) scch.that

(3.8) Tt e o, Tk ) = (b ta, o, i)
Uy + - 5 g AP RN :: 2,-.n-
(3.9) St te, oo D) #F (L, - tk ) ;O\ =12 h-l.
It is clear that h is a divisor of k, because the equation
,\Sh“""\, ~ 7 X s N
(3.10) 0 [t e, ot ) = 3Tt e )

with k=sh+r, for Og r<{h-1, gives us r=0. Hence any k-ordered partition of

E(tl,t ...t ) can be written as follows

2"k . .
+ N |
(3.11) SRt i) = 0T (B e, b )
for p=O;l,...,&/d and i=0,1,...,h-1, which implies h=j. In consequence we
have 4 : A
: — / : AN
(3.12) ote oty = (b s, ,td[ )

with dj=k. The equality dé§%t1=n giyes us dfn which implies, in view of dj=k,
a|(n,k). q.e.d. v

Let us put
. P SN , 4 o A Y
(3.13) VI N E P S [P USEE N e T PR P ORI o) "D I L AP ,tr/
‘ ‘ =k
We shall give the following .
Lemma 3.2. For any positive integer n and k, 1£{k-n, we have
) ./"1‘ N N —- /."/ e
(3.14) LT =T

I R
oo 4

Proof., Tt is trivial that for any positive integer n and k, 15k-n,



we have
(3.15) W ;01- - N

On the other hand, we have, from Lemma 3.1,

(3.16) a b Z hi o hs G bk ) €.k o
and ) #E(h =300
(3.17) # (bt ) S (b e FE(t,  te) = 5 ;
:‘:IRT-(’ T s . e . g . P / -
SRt U e By gy RE(G e )=l
for any a l (n,k). = %[’}//d/ i;?)
From (3.16) and (3.17), we have
7 ,,\4 /6’// L./ \
(3'18) "#‘ fo‘ = ,,i..\ 7/ / )

T )
which gives us the equality (3.1Lk), becauce of (3.15). gq.e.d.

From Lemma 3.2, we have immediately the total number of k-gircular par-
titions of n in the following
Lemma 3.3. For any positiwve integer n and k, 14 k &n, we have

(3.19) i Cpp = Z ?/W/ /‘/( K/)

(w 3
At this stage it is useful to appeatl to the spec1al property of the famous

Moblus function which is deflned
c1 i A=
(3.20)  wdi= s o i A s wl spuare - free,
1Y A s g P m’ac?‘o Y dstinet prrve 7/40///@":

for any positive integer d. IN fact we cbserve, as in the classical use of
the MObius function, the following theorem.

Theorem 3.1, For any positive integer n and k, 1€ k&n, we have the

equalit
qu y ,)/f/ / )

| o 1
(s21) V7= 7//'?:) A (4/.4 —r
dlint

Now we shall first give the number of reverberation cycles with all the
possible lengths under each of two operators IﬁC and'La% , by using the results
given above, First of all we shall explain the correspondence between state
configuration(s) and an ordered partition. As a conventional notation of any
n-stste configurationaf:(g;#/u;Jg)we abbreviate the same consecutuve states
in its composition, by use of exponents ; for example, a 6-state configuration

/
3 A2 l)

(1,0,1,0,0,%) is written by (17, 0%, 17). In this way any n-state con-
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figuration a’\ can be written
4
#

T: — .
J ) For %= eren

p) ’

~ t
(3.22) d = (0 &

or

(3.23) F = (a\f/ sz‘l 5 07\22—-;} ;"&k) 7[”' K= od,
where o=/ C - Oh:/'~or\, éf( =2 g 7oz/ 7/5’1/ /'=/,,2.«-‘;,/£f,

Now the k-dimensional vector (fl,%z. ,tk) defined just now forms a k-order-

ed partition of n and is uniquely determined for each assighned n-state con-

a4
(:3

2

figuration. Such a k-dimentional vector i§ called to be a k-ordered partition
associated with n-state configuration., It is evident that for any k-ordered
1oboseeeaty)
each of which the partition (tl’tg""’tk) is associated, and these two statw
configurations are mutually conjugate.

partition (t there exist exactly two n-state configurations with

In what follows we denote by NZL(R) the number of reverberation cycles
with length R under the operator L defined in statae configuration space Xn.
3.1. The operator Ly

In this subsection we shall confine our discussion to the operator LéT

Under the operator Lg we have immediately the following

Corollary 3.1. For any n-state configuration 2 in X 0 a re‘verberation
cycle conta:.nlngé~ includes also its conjugate n-state conflgurarlon @ in X .

Lemma 3.L4. For any assigned reverberation cycle there exists an odd
integer k uniquely determineed such that (i) there exists k-ordered partition
(tl,t2,... ,tk) associated with some n-state configuration in the reverberatiocn
cycle, (ii) the set of all the ordered partitions associated with n-state
configurations in the reverberation. cycle consists of the set E(tl,tg,...,t‘k) s
where E(tl,tg;,...tk) denotes the equivalent class of k-ordered partitions

containing the ordered partition (tl,t ,t.) given (i) and the set of (k+1)

oreeeaty
-ordered partitions, . and_

Proof. For any reverberation cycle, we mayrwe shall note that there exists
some n-state configuration thich assiciated with a k-ordered partition of n,
denoted by (t tosee

that 1n general for any even integer f and any n—state conflguratlonf. f
,J‘ é‘)wheref =1 or 0, n-state configuration L (£ ) associated with
ﬁ
( [-/ )-ordered partition (sl+s‘< s SpaeeesSy, ). ;
In connection with (tl, 2,...,tk), let us devide the set of 2n integers
I={l,2,...,2n § into the mutually disjoint sets

.,t ), with an odd integer k. This is due to the fact
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17 = {0 =2t Sy, am2-k)
and
(3.25) I9 = i ; (eI, C&I"’},
Since the set of all the n-state conflguratlons belonging to the reverbera-
tion cycle is written by{[_ (3)/0§IL in view of the definitioh of th# operator
e

LR‘ the set of all the ordered partitions associated with each state confi-
guration in {[ﬂ (3; €I }15 equal to the set E(t ths- tk), while any n-
state conflguratlon 1n{L (5} [éI Jassomates with a (k+1)-ordered partition
of n. q.e.d.

The converse assertion of Lemma 3.4 is given by the following

Lemma 3.5. For any odd integer k and any equivalent class E(tl, Drees
tk) there exists an reverberation cycle uniquely determined which has an n-
state configuration, assoc1at1ng1nim.the k-ordered partition (tl, xE ,tk).

Proof, The set of the n-state configurations in Xn’ with each of which
k-ordered partition (tl’tg"
two state configurations.

..,tk) is associated, consists of the following

‘ 2 tgs b
(3.26) (1% 0% - 0% 1)
and +

£ t t
(3.27) (07, 17 . 1™ 0",

On the other hand, in view o# Corollary 3.1, these two n-state configurations
belong to the same reverberation cycle, which implies, by Lemma S.h; that for
1bose sty
exists one and only one reverberation cycle,. E;e'd"

Now the length of a RVC is defined by the number of all the different

any assigned equivalent class E(t with an odd integer k there

n-state configurations belonging to the RVC. We observe ,
Lemma 3.6. Fop any odd integer k and any k-ordered partition (tl,t
sty ) of n, for which# E(t

Daee
1obose ..,tk)=j holds, the length of reverberation
' cycle corresponding to E(tl, 3seees

Proof., For any odd integer k and any k-ordered partition (tl,t
for which# E(t

which (tl,r

tk) is given by ﬁg , where dj=k.

23..-,tk)9

1otose ,tk)=j holds, let us denote an n-state configuration

ps-+esty) is associated by
Tk

/ 2 - %- o
(3.26) &= (8% §% . FH, %)

»

From Lemma 3.1, we have the equation

J
(320 (0, %y o, ) = (T T L)

),
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with 3d = i</. Whi;k im}%‘es)

(3.28) § = (AA)MA

— 7
(3.29) A = 7 t:. o~y
) CAr D 9T J )
where m= :ij, because both of d and j a¥Ye odd integers. Hence we have
PR
(3.30) Z‘a?’ (@) = /—1/4) = (AA) A .

(3.31) Z«Q (” ) = 4 Laq/:])m = (/7-?1.)"’/4 = <’/7Y\
(3.32) ’J? Lf) < L u)‘)

Py 4
where R é? .= —-and>[<:z On the other hand, sincef#E(tl,tg,...,tj)=j,

we have

(3.38) Ot Fs T ) FE L e T )
¢ )

for i=1,2 ,...,j-1, which implies, in view of (3.32), that we have

£ ™
(3.34)  Z (F) # &

«, /
forxf=1,2,...,zf~/. (3.31) and (3.34) give us that the length of RVC
is equal to)ﬁ% q.e.d.

Lemma 3.7. The set of all the possible lengths of reverberation cycles

is given hy
(3.35) z:}z S d s o ood /},»ie;;e»r suck Thar J/n}

Proof. According to Lemma 3.land Lemma 3.6, for any odd inééger k and
a {(n,k), the length of RVC corresponding to E(tl,tg, .,tk), for which # E(
tl’t2""’tk) ii‘holds, is given by the set
(3.36) {<-* &, Vc{/g;g,/;) st Ky odd e [EKwa j/
which is nothing dut the set (3.35). q.e.d,.

After these preparationswe reach to the final result of this subsection
which read

Theorem 3.2. For any odd integer d such that d| n, the number of rever=-
beration cycles with the length 2R =2 is given by

# , o &,

(3.37) /\/ 28) = /p_/m S AL) LT

Proof. Because of Lemma 3. 6 for an odd integer d such that 4 4n the
set of all the #quivalent classes of ordered partitions to each of which a
reverberation cycle with length 2-% coresponds, i§§iven by

i
- . BN

(3.38) D = Situloovl) o 2- b It Ty

-
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.

P v .
1S um oad 11411«3‘*-'-1’ ST =

lirs
~
M~

A4

7

with R= € In view of Lemma 3.3, we have

(3.39) #D = 2 4,’&(72,(;)/;;’

2R ) .
which implies, from Thé orem 3.1, 5/A1]
(3.%0) # D= 2. M(d/)({%/—l)/‘/ —.‘Z/d[d’)'l‘[—i_—/%/
l; AN Har =17 ?// R, R)(: Kéﬁﬂ)
= 2> u(d’)'j—zg/" . - ,
N N S B
Ao &l
a/:ocﬁ .

But Lemmfa 3.4 and 3.5 show that RVC with length 2R=2§;, which, in view
of (3.40), gives us (3.37), as we were to prove. q.e.d.
Corollary 3.2. We have the following @guation,

(3.41) % ’246 /V (27 )

7 A K
where Q;, Zf is glven by (3.37).
-4

3.2. The operator L,
°

In this subsection we confine our discussion to the operator L, .
4

Quite similarly as the case of the operator Lo~ , SO we omit the
o
proofs.
Lemma 3.8. For any assigned reverberation cycle there exists an even

integer k uniquely determined such that (i) there exists a k-ordered parti-

tion (t ..tk) associated with an n-state configuration in the reverbera-

l’t2"
tion cycle, (ii) the set of all the ordered partitions associated with n-state

configurations in the reverberation cycl® consists of the set E( t ..,tk)

styse
and the set of (k+1)-ordered partitions of n. v
- Lemma 3.9. For any even integer k and any equivalent class E(tl, Dreees
tk), (1) ifﬁ=E(tl,t2,...,tk) is an odd integer, then there exists an rever-
beration cycle uniquely determined such that an n-s¥ate configuration in the
reverberation cycle associats with a k-ordered partltlon in the (t

k)’ while (ii) if # E( o5t

1° 230--,

2""’tk) is an even 1nteger then there exists two

reverberation cycles such that these are mutually conjugate reverberation
cycles and each of these reverberation cycle contains an n-state configuration

which associates with k-ordered partition (tl,t } of n.

pre ety
Iemma 3.10. For any even integer k, dl(n,k) and any k-ordered partition

(15850 vesty), for which # E(ty,by,.. .5t )=] with J&=k holds, the length R
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of reverberation cycle corresponding to E(tl’tQ""’tk) is given as follows:
(1) for the case that j is an odd integer, R = ‘Q%L

J
(ii) for the case that j is an even integer, R = 2%

Lemma 3.11, The set of all the possible lengths of reverberation cycle

is given by
(3.42) (5 dlm}

Theorem 3.3. For any positive integer d such that d! n, the number of

O

reverberation cycles with length R= d‘ls given by

(i) for any odd integer R Z 3

(3.43) /sz (R) = %{Wd’)/‘ Q)f

while d/ ady

(3.41) A//Z (1)

(ii) for any even integer R,

(3.15) /\/ (,@~~—Z M/d)/z —~2}+ 2 a(d/)ff‘/‘/m_y}

o paeEen By
4‘§;62i UA)2
3.3 The other operators belonging to thed_y set jﬂﬂédd .

In view of Theorem 1.1, we should notice that, in contrajt with L*a and
L&, , there exists their respective subsets of n-state configurations each
of which does not belong to an RVC for each Ld and L;— when 1 = nAl but
each of which reaches to an n-state conflguratlon belonging to some RVC after
finite applications of each of these operators. In short, each of these n-
state configurations is transient, In spite of the existence of these tran-
sient state configurations, it will be shown in this subsection that so far
as the n-state configurations belonging to the RVC are concerned, the number
of RVC's in each of Ly and L;r can be reduced to those of LX and LS” which
were already given in Subsectlon 3.1 and 3.2.

Theorem 3.4, For any positive integer a !(njﬁ), we have
v N-i ;
(3.16) ( A=
/\/4%@ ) 2 [ 47
(3.47) /V% VRt T Nk : s
o (2%7) = /\/ Xz ) For ar) de //7776)/4(
7

: & oy i even alisr o
fori =1,2,...,n-1, ( o f&}/ (/] € }7(/( g
The proof is omitted.
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Tt may be noted that an n-state configuration in Xn can attein to some
RVC at least f applications of La, (Lak. ) (£ =1,2,...,n-1), i.e., the length
of transient phrase is at most 12.

On the other hand it is immediately to observe that any n-state configu-
ration in X except (1,1,...,1) ((0,0,...,0)) belongs to a transient phrase
under the operator L, (L Z?)’ while the n-state configuration (1,1,...,1)
((0,0,...,0)) in Xn constitutes a RVC with length one under the operator L,
(15 ).
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