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Hypergeometric System of Contingency Table 

By 

Saiei-Jaeyeong Matsubara-Heo* 

Abstract 

In this report, we formulate a conjecture for a GauB-Manin connection of any hyperplane 
arrangement. The formula relates cohomology intersection form to GauB-Manin connection. 
We report that the conjecture is true for a hypergeometric system of contingency table. We 
also obtain a new formula for the cohomology intersection form. 

§ 1. Introduction 

A number of studies on GauB-Manin connections for hypergeometric integrals have 

been published. An important class of such is Gaufl-Manin connection of a hyperplane 

arrangement ([13]). The description of the Gaufl-Manin derivative is given in [13, The-

orem 12] in a complicated formula. When the hyperplane arrangement is generic, a 

formula employing cohomology intersection form is obtained in [5]. An advantage of 

such a formula is that it does not depend on a choice of a basis of the de Rham coho-

mology group. In this report, we provide a conjectural formula that generalizes the one 

obtained in [5] for any hyperplane arrangement (Conjecture 2.3). Moreover, we report 

that there is a particular class of hyperplane arrangements in which the conjecture is 

true: hypergeometric system of contingency table. Proofs of the results in the last sec-

tion are based on studies on integral representations of GKZ systems developed in [6, 7] 

which will be made available in a separate paper. 

§ 2. Gauf3-Manin connection of a hyperplane arrangement 

§ 2.1. Orlik-Solomon algebra 

We recall some terminologies from [11]. Let V be a finite dimensional complex 

vector space and let a = (a:1,..., an) : V'----+ ccn be a linear injection. We write 
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Hi = Kerai C V for the hyperplane defined by ai E V*. Let L be the intersection 

lattice of d and we set L（的＝ L¥ { O} where O is the unique m邸 imalelement of L. 

An element e E L位） iscalled a dense edge if de = { H E d I e C H} is irreducible. 
The symbol D位） denotesthe set of dense edges. Let E := A(C門bethe exterior 
algebra of the vector space en and let { ei}f=1 be the standard basis of en. We write 

E=国五Eifor the graded decomposition of E. Let us define a linear map 8: E→ E 
by the relations 81 = 0, oei = l and 

p 

(2.1) 8(ei1 /¥ ・ ・ ・ /¥ eip) = L(-l)j-lei1 /¥ ・ ・ ・ /¥応^ ・・・I¥eip (p ~ 2). 
j=l 

For an ordered tuple S = (ii,..., iv), we set es := ei1 A••• A eip・ The Orlik-Solomon 

ideal I= I位） cE is a graded ideal generated by { 8es I nS =J 0 and S is depende叫
Note that dis a central arrangemenいWeset A:= A位） ：＝ E/I位） andcall it Orlik-
Solomon algebra. 

For a fixed element H E d, we set 

(2.2) が（ふH):= 〶 A叫必）→が（り
eEL(d), er/.H 

Note that the relation 

(2.3) AP位；H)-:::,,が（dHd)

holds where dH.9/ is the decone of d along H. Let us fix an index O and write H,。
for the corresponding hyperplane. Since d is a central arrangement, a relation 8I C I 

holds and we can set A = A位） ：＝ Ker (8: E→E). It is readily seen that A位） cA
is a graded subalgebra. 

Lemma 2.1. The correspondence A(d恥“)ぅ es=eり^・ • • I¥ eip→(ei1 -ea)八
・ ・ ・ I¥ (eip―eo) E A位） givesrise to an algebra isomorphism A(dH。“)~ A(“)． 
Proof. A simple computation shows that an identity es = (ei1 -eo) /¥ ・ ・ ・ /¥ (eip― 
e0) +eo /¥8e8 holds. Thus, the map is a surjection. Injectivity is clear by definition. ロ

Recall that A is isomorphic to the Brieskorn algebra B generated by dlog forms 

dloga釘 I\••· I¥ dlogaip E H0(V ¥.91,nt¥ut) over CC. Under this identification, it is 

easy to see that A is isomorphic to a subalgebra of B generated by differential forms 
ws := dlog(ai1/ai0) /¥ ・ ・ ・ /¥ dlog(aip/aip_J (S = { io,..., ip}). Note that any element 

1 For an arrangement.14 which is not necessarily central, the Orlik-Solomon ideal is an ideal of E 
generated by {es Ins= 0} U {Bes Ins-/-0 and Sis dependent}. 
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of A defines an element of H0ぼ(V¥Pl), n;(V¥d)). Hereafter, we often identify es with 
Ws・ 

§ 2.2. Formal Gaufi-Manin connection on combinatorial strata 

Let k < n be a pair of non-negative integers and let Grk+l,n+l denote the (k + 1)-
Grassmannian variety of ccn+l = CC『o,n]_Here, we set [O,n] := {0,1,...,n}. We con-

sider a realization of Grk+l,n+l as a moduli space of arrangements. Let Zk+l,n+l be the 

set of complex (k+l) x (n+l) matrices z = (zi]切whichhas rank k+ 1. For each element 
z E Zk+l,n+l, the i-th column vector ai can be regarded as an element of the dual space 

(CCk+1)*. Thus, z gives rise to a linear embedding z : (Ck+1 = Spec CC[x0,..., Xn]'----+ ccn+l 

which in turn defines a matroid Mz on [O, n]. Namely, a subset BC  [O, n] is a basis of 

Mz if and only if { aihEB is a basis of (CCk+1)*. Let us consider a left action of the general 

linear group GL(k + 1, CC) on Zk+l,n+l given by the left multiplication of a matrix. The 

Grassmannian variety Grk+1,n+1 is identified with the quotient GL(k + 1, CC)¥Zk+l,n+l・

Clearly, any representative z of~ E Grk+l,n+l = GL(k + 1, CC)¥Zk+l,n+l defines the 

same matroid Mz, for which we write M~. For a matroid Mon [O, n], we set 

(2.4) 冗(M):= {~ E Grk+l,n+l IM{= M}. 

Note that Mis linearly realizable if and only if R(M)ヂ0.The combinatorial stratifi-

cation of Grk+l,n+l introduced in [4] is the following decomposition: 

(2.5) Grk+l,n+l = u M: linearly realizable matroid on {O,...,n} 

R(M). 

Note that each stratum R(M) is a constructible subset of Grk+l,n+l in Zariski topology. 

However, R(M) can be highly non-trivial due to the universality theorem ofMnev ([10]): 

Theorem 2.2 ([10]). Given any affine algebraic variety V over Q, there exists a 

rank 3 realizable matroid M whose projective stratum R(M) / H is isomorphic to V. 

L~t us take a basis set M of a linearly realizable matroid without any loop on [O, n]. 

Let R(M) c Zk+i,n+l be the preimage of R(M) by the quotient map Zk+i,n+l→ 
Grk+l,n+l・ For a subset TC  [O, n] of cardinality k + l, we set Cr := {z E Zk+l,n+l I 

[O,n] det(zij)i=o,c_:_,k = O}. Let the symbol (~i~~]) denote the set of subsets of [O,n] with (K+1) 
jET 

cardinality k + l. It is easy to see that the identity 

(2.6) た(M)= n CバUCT 
TE（図？）＼M TEM  

holds. Moreover, setting Dr:= Cr n R(M) one has an identity 

(2.7) た(M)＼た（M)= LJ Dr・
TEM  
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For any z Eた(M)and j E [O, n], we setら(x;z)：＝江闊ZijXi. Let R(Myeg denote 
the smooth locus of R(M). We set X := {(z,x) Eたreg(M)x lP'k I £i(x; z) =J O}. Let 
n :X→た(M)'egdenote the natural projection. We may assume that M defines an 
essential arrangement, otherwise the identityた(M)= 0 holds. We write A=  A(M) 

for the corresponding Orlik-Solomon algebra. For any element B EM, we write ZB = 

det(zij),=o,.:_:,k• For each index i E [O, n], we associate a complex number入iE C such 
jEB 

that入。＋・・・十心＝ 0.

For an element e E D (M), we set入e:= LiEe入，． Ifnone of入eis a non-negative 

integer, the result of [3] (see also [12]) shows that the natural morphism 

(2.8) か＋1/w入^ Ak→計 (lP'k＼咋，（叫孤v'.>.))=:H贔(M，入）

is an isomorphism where V.>. := dx＋叫/¥.For any z Eた(M),the linear morphism 

(2.9) AP+lぅeio・・-ip→Wio・・-ipE IHI0（ぎ＼払，9い）
is well-defined. Note that the following identity holds true: 

Wio--・ip = d五log(£i1(x; z)/£i0(x; z)) A・・・ A dx log(£ip(x; z)/£ip-i (x; z)). 

Let炉(logD M) denote the vector space spanned by { d log砂｝BEM.One can define 

the Gauf3-Manin connection associated with 1r : X→た(M)'egin a combinatorial way. 

We set A［入］ ：＝ A（M) Rc C［入]and叫：＝江し。入凸 Eか(M)［入］． Theresult of [13] 
shows that there is a formal Gauf3-Manin derivative▽仰： A門入］／叫^ Ak-1［入］ → 
(A咽／w入＾尼1［入l）Rc［入］炉(log加） whichhas the followi ollowing expression: 

(2.10) ▽<jM = L f叫 IogzB/¥,
BEM 

where fB E EndC［入］ （が［入］／叫^ い［入］） is a certain endomorphism determined by 
the combinatorics of M. Note that dz Iog(g ・ z)B =出logzBfor any g E GL(k+ 1,<C). 

§ 2.3. Cohomology intersection form and a universal expression of 

GauB-Manin connection 

We formulate a general conjecture of a general form of Gauf3-Manin connection. To 

this end, let us briefly recall the construction of the cohomology intersection form. For 

details, the readers may refer to [1, 8, 9]. Let R be a ring obtained from C［入］ byinverting 

polynomials入e-j (e E D (M), j E互o)-We set H贔(M;R) := (A_k+l /w入AAk) RCI入］
R. One can define a canonical bilinear pairing 

(2.11) <•,•>ch: H贔(M;R)鐸 H贔(M;R)→R.
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0 0 

Given a tuple of complex numbers入Eccn+l such that入etf_ Z~o for any e E D(M), one 

can define an evaluation morphism 

(2.12) ゜ev（入） ： H贔(M;R)→AK+1/w。A尼
入

Moreover, the construction is compatible with the ususal cohomology intersection form 

defined over <C ([8]): 

(2.13) 叫(M;R) 露叫(M;R)~R

↓ev(＼）Rev（一ふ jev（ふ

酎(Mぶ）羹 Hk(M, —ふ:C

The image of a cohomology class [w] E H贔(M;R)by ev入 (resp.ev→)is denoted by 
[w] (resp. [w汀） omitting入． Weconjecture that the following universal expression is 
true: 

Conjecture 2.3. The endomorphism fB of (2.10) takes the form 

(2.14) f叫•) ＝袖〈•, ［w鼠〉叫叫，

where袖＝ rriEB入iand <•, •> ch is the cohomology intersection form乞

The simplest case of the conjecture above is the following result. 

Theorem 2.4 (Theorem 3.12 of [5]). Conjecture 2.3 is true for generic strata 

冗(Uk+1,n+1)where Uk+1,n+1 is the uniform matroid of rank k + 1 on [O, n + 1]. 

§ 3. Hypergeometric System of Contingency Table 

§ 3.1. Hyperplane arrangement and contingency table 

From this subsection, we fix a pair of non-negative integers k < n. Let the symbol 
[k, n] denotes the set of consecutive integers between k and n, i.e., [k, n] = {k, k + 
1,..., n}. For a subset DC  [O, k] x [k + 1, n + 1], we associate a bipartite graph whose 
vertex set is [O, n + 1] and whose edge set is D. In order to simplify the notation, we 
write ij for an element (i,j) ED. 

2We normalize the intersection form by (21r✓可）k. This is a good choice when we deal with the 
field of definition. 
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A bipartite graph D is spanning if any i E [O, n + l] is a vertex of D. In the 

followings, we assume that the graph of D is connected and spanning. For any pair of 

subsets IC [O, k], JC [k + 1, n + 1] such that III= IJI, a bijection m: I二Jis called 

a matching if (i, m(i)) E E(G) for any i EI. A pair (I, J) is called a matching pair if 

there is a matching m : I全 J.For any (i,j) E [O, k] x [k + 1, n+ 1] ¥ D, we set Zij = 0. 

Wesetz= (zij)(i,j)E[O,k]x[k+l,n+l]-Foranypairofsubsetsic [O,k], Jc [k+l,n+l] 

such that III = IJI, the symbol z1,J denotes the (I, J)-subdeterminant of z. If we treat 

non-zero Zij as an indeterminate, z1,J is non-zero if and only if (I, J) is a matching pair. 

We set Z = Z(D) = <C0 ¥ TI(J,J): matching pair {z1,J = O}, £i(x; z)：＝叫 (iE [O, k]) and 
£ k 点；z):= ~7=o Zij叩 (jE [k+ 1, n+ 1]). The GauB-Manin connection of a contingency 

table is associated with a family of arrangements 7r : lP'k x Z ¥ { (x, z) I TIご瓜x;z)= 
0}→Z. Let us state it more clearly. We identify z E Z with a [O, k] x [O, n + l] matrix 

(3.1) ゑ：＝（1．．． 1:：：＋＋11 /• .•. zz：口）

Clearly, anyゑdefinesthe same matroid M as long as z E Z and therefore, we obtain 

an open embedding Z 3 z→ ［る］ Eた(Myeg. This embedding naturally induces a 
GauB-Manin connection on Z whose fiber is given by jik /w入^jik-1.

Theorem 3.1. Conjecture 2.3 is true on Z. More concretely, the formal GaufJ-

Manin connection takes the form 

(3.2) ▽GM  
入 ＝ こ(I,J):matching pair 入I;J 〈•, ［w'f,J]〉ch[w1,J]dlogz1,JI¥. 

Here, we set AJ,J := ITた[O,k]¥J入irr廷JA1, w1,J := W([o,k]¥J)uJ・

§ 3.2. matching formula of the cohomology intersection form 

Given a subset S C [O, n + 1] such that ISi = k + l, we set S。:=Sn[O,k], 
S1 = Sn [k + 1,n + 1]. In view of the identity IS1I = k + l -ISol, setting J := 
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[O, k] ¥ S。andJ := S1, we have III = IJI. For I= {i。<.．．＜ iz}C [O, k], we set 

1c = [o, k] ¥ 1 = { io <... < i伍｝． Weset sgn(J尺I)：＝釘CI¥eJ
ei'I¥…/¥eic., /¥e;o /¥…/¥e;l 
= ° m eof¥..,/¥ek eof¥..,/¥ek 

A simple computation shows the identity 

(3.3) 叫 J= ws = sgn(J尺I)zIJ 
H紀I£,
, I1氏Jち

Wo・

Let us fix a generic weight vector won variables (ziJ)iJE!1• A matching m corresponds 

to a monomial臼：＝ TiiEIZim(i)・ Note that ZJ,J = Lm:matching sgn(m)zm. Here sgn 

is the signature of a matching regarded as a permutation. We always align elements 

of I, J in increasing order. For a given matching pair (I, J), a matching m : I仝 J

such that inく(ZI,J)＝士臼 iscalled thew-minimal matching. When I, J comes from 

a subset SC [O, n + 1] of cardinality k + l, we write ms for thew-minimal matching. 

We set M(S) := {(i, ms(i))}iEI・ Note that M(S) = 0 if I= 0. 

Let { e(i)｝：闊 bethe standard basis of z[o,n+i], i.e., all the entries of ei but the 
i-th one is zero and the i-th entry is 1. We set a(i,j) = e(i) + e(j) (i,j) En. For any 

spanning tree a C n, the equation 

k n+l k n+l 

(3.4) こと叫ei+e1) = L畑 t―こ朽ej
i=O j=k+l i=O j=k+l 

has a unique solution v = v((T;入） underthe condition Vij = 0 ((i, j) (/_ (T). If we regard 

A={a(i,j)｝勾Eflas a lattice configuration of z[o,n+i], any simplexび inthe convex hull 

of A is a spanning tree and vice versa. 

For a given vector w = (Wij) E即， onedefines a w-weight of a monomialが＝

TiijEfl炉 3by ~ijEfl Wijeij・ For a given polynomial fin z, let the symbol inw(f) denote 
the w-initial term off, that is the sum of monomials with minimal w-weight. Finally, 

for a generic vector w E股凡 letTw denote the regular triangulation of A determined 
by w ([2, Chapter 5]). The following formula expresses the cohomology intersection 

number in terms of combinatorics of a regular triangulation. 

Theorem 3.2. Let S1, S2 C [O, n + l] be subsets such that IS1 I = IS叶＝ k+ l. Fix 

a generic weight vector w and set Ma := M(Sa) (a = 1, 2), T(S忍） ＝ ｛び ETw I 
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M1 UM2 Cび｝． Then,the following identity holds: 

(3.5) 

(3.6) 

〈[ws」,［WS2]〉ch

= sgn(Jf, Ii) sgn(lふh)sgn(ms1) sgn(ms2)~ x 
(—入k+i)...(—入n+l)

(I1jEJ1 (-Aj)) (TI氏J2(―ふ））
と I1□)EMlnM2切，J(び；入）
UET(S1,S2) I1的）豆＼（M1嶋）切，J(び；入）

= sgn(Jf, Ii) sgn(lふf2) sgn(ms1) sgn(ms2) ~ x 
(—入k+l)...(—入n+1)

(TI氏J凶一ふ）） （I1沢 J2（も））
rr巧，J（い） ITVi,j（び；入）

と (i,j)EMl (i,j)EM2 

IT Vi,j(〇；入）uET(S1;S2) 
(i,j)Eu 

Here Vi,j位；入） isthe ij-th entry of v（び；入）． Inparticular, the intersection number 

〈[wsふ[ws2]〉chis zero if T(S1；ふ） ＝0. 

References 

[1] K. Cho and K. Matsumoto. Intersection theory for twisted cohomologies and twisted 
riemann's period relations i. Nagoya mathematical journal, 139:67-86, 1995. 
[2] J. De Loera, J. Rambau, and F. Santos. Triangulations: structures for algorithms and 
applications, volume 25. Springer Science & Business Media, 2010. 
[3] H. Esnault, V. Schechtman, and E. Viehweg. Cohomology of local systems on the com-
plement of hyperplanes. Inventiones mathematicae, 109(1):557-561, 1992. 
[4] I. M. Gelfand, R. M. Goresky, R. D. MacPherson, and V. V. Serganova. Combinatorial 
geometries, convex polyhedra, and schubert cells. Advances in Mathematics, 63(3):301-
316, 1987. 
[5] Y. Goto and K. Matsumoto. Pfaffian equations and contiguity relations of the hyperge-
ometric function of type (k+ 1, k+ n+ 2) and their applications. Funkcialaj Ekvacioj, 

61(3):315-347, 2018. 
[6] S.-J. Matsubara-Heo. Euler and laplace integral representations of gkz hypergeometric 
functions i. 2020. 
[7] S.-J. Matsubara-Heo. Euler and laplace integral representations of gkz hypergeometric 
functions ii. 2020. 

[8] S.-J. Matsubara-Heo. Localization formulas of cohomology intersection numbers. Journal 
of the Mathematical Society of Japan, 1(1):1-32, 2022. 
[9] K. Matsumoto. Intersection numbers for logarithmic k-forms. 1998. 
[10] N. E. Mnev. The universality theorems on the classification problem of configuration 

varieties and convex polytopes varieties. In Topology and geomet内 Rohlinseminar, 

pages 527-543. Springer, 2006. 



66
HYPERGEOMETRIC SYSTEM OF CONTINGENCY TABLE 

[11] P. Orlik. Arrangements and hypergeometric integrals. MSJ Mem, 2001. 

[12] V. Schechtman, H. Terao, and A. Varchenko. Local systems over complements of hyper-

planes and the kac-kazhdan conditions for singular vectors. arXiv preprint hep-th/9411083, 

1994. 

[13] H. Terao. Moduli space of combinatorially equivalent arrangements of hyperplanes and 

logarithmic gauss-manin connections. Topology and its Applications, 118(1-2):255-274, 

2002. 




