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1. INTRODUCTION

It has long been known empirically that in most statistical
tables expressed in decimal form , the éroportion of numbers with
the first significant digit less than or equal to k ( k =1, 2,
*ee , 9 ) ig approximately log;o(k+1)> +. The base of logarithms is
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taken to be 10 , unless otherwise stated. We do not admit O as
a possible first digit, thus the nine first digits, without regard
to position of decimal point , do not occur with equal frequency,
and many observed tables give a frequency for the occurrence of a

given first digit k approximately equal to 1ogsof(k+1)/k . Thus

the first significant figure is oftener 1 than any other digit ,
and the frequency diminishes up to 9.

This peculiar logarithmic distribution of first digits, while
not universal , is so common and yet so surprising at first glance
that it has given rise to a varied literature , among the authors
of which are mathematicians, statisticians, economists, engineers,
physicists and amateurs . Simon Newcomb [RR] formulated this law
without any actual numerical data . Frank Benford CEEJ made many
counts from a large body of actual data and numerical tables , ow-
ing to which this peculiality is known as Benford’s law after his
name.

Several authors, such as W. H. Furry and Henry Hurwitz [II] ,
S. A. Goudsmit and Furry [KK] , Roger S. Pinkham [SS] and Ralph A.
Raimi [TT] have sought the explanation of this phenomenan by as-
suming that all phisical constants are selected from a population
with some scale—invariant underlying distribution and have shown
that certain assumptions about this distribution lead to the loga-
rithmic law.

Some writers have pointed out that tables which occur natu-
rally often represent distributions which are mixtures or compo-
site of other distributions , and that the mixing process itself

improves the approximation to Benford’s law . If Xi are identi-

cally distributed independent - random variables , consider ‘their

N .
product YN =11 Xi. The central 1imit theorem then shows that the
n=1
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random variable 1log Yn ( mod 1 ) approaches uniform distribution
as n increases . Thus Yn tends to obey Benford’s law . Furry

and Hurwitz [II] stated this result in terms of convolution . A.
K. Adhikari and B. P. Sarkar [AA] and Adhikari [BBJ] proved this
result directly for a special distribution and gave a partial con-
verse on scale invariance.

R. W. Hamming [LLJ adopts the finite point of view of a com—
puting machine with floating point arithmetic and showed Benford’s
law.

Thus Benford’s law , startedvas an empirical law , has been
studied in wvarious areas , such as probability theory, statistics,
computer arithmetics, etc. ‘And Goudsmit and Furry [KK1, Furry and
Hurwitz [IIJ and Warren Weaver [XX] recognize " Benford’s law is
merely the result of our way of writing numbers " , or " Benford’s
law is a built-in characteristic of our number system " , or some-
thing like that.

With thié underlying philosophy, B. J. Flehinger [HH] consid-
ered that the smallest population which <contains the set of sig-
nificant figures of all possible physical constants, past, present
and future, must be the set of all positive integers. The expla-
nation of Benford’'s law should , therefore , lie in the properties
of the set of integers a§ represented in a radix number system.

As far as we consider the distributieon of the first signifi-
cant digits , it is quite natural to restrict ourselves to the set
of all positive integers . Thus we adopt the set of all positive
integers as a model of the population, which would contain signif-
icant humbers of all possible numerical constants. From this pop-
ulation, we sample integers according to a certain sampling proce-
dure and determine whether Benford’s law holds or not for the re-

sulting sampled integer sequences.
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Benford®*s law was proved to be true for a geometrically sam-

pled integer sequences 2N , as an application of an ergodic dy-
namical system in [DDJ] and also in CUUT . It is <clear that the

first digit of an integer a is equal to k if and onlty if

k+10™ < a, < Ck+1 y+10™

for some nonnegative integer m + Then the uniform distribution

mod 1 of {log an} is a sufficient condition for Benford’s law

to hold for {an}. By making use of this criterion, we treat gen-—

eral geometrical sequences <{c+r"}, where ¢ and r # ! are pos-
itive integers and prove Benford’s law except for some special
cases.

The definition of uniform distribution mod 1 is as follows:

DEFINITION. A sequence (xn)- of real numbers is said to be

uniformly distributed mod 1 , if , for every real number a and

b with 0 < a<b<1l,

AN(Ea, bl (xn))
Wi LY

where AN(Ea, b); (xn)) is he number of indices n between 1

and N for which the fractional part {xn} falls 1 La, b) .

Linear recurrence sampling procedures have been considered
with a special reference to Fibonacci numbers . R. L. Duncan [GG]

proved that the sequence {log Fn} is uniformly distributed mod 1,
where Fn is the n-th Fibonacci numbers, which signifies that Ben-

ford’s law holds for Fibonacci numbers. L. Kuipers [NNJ gave ano-
ther proof of Duncan’s result . John L. Brown, Jr. and R. L. Dun-
can [FF1 and L. Kuipers and Jau-Shong Shiue [00]1 extended the re-

sults in [GGJ and [CNNJ and proved that the sequence {Vn} obeys
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Benford’s law , where Vn satisfies a linear recurrence formula
with some restrictions.

K. Nagasaka [PP] succeeded in extending these results and re-
moved unnecessary restrictions on linear recurrence formulae . UWe
pointed out that the condition on the roots of maximum modulus of
the characteristic equation for the corresponding linear recur-
rence formula is essential and indispensable.

Nagasaka and J.-S. Shiue [QQ] give anocther proof of results
in [PPJ by using one of van der Corput’s difference theorems and
extended them to the case that the roots of maximum modulus of the
characteristic equation are purely imaginary . In the case that
the characteristic equation has two conjugate complex roots of
maximum modulus , it is not known whether Benford’s law holds for

the sequence {Vn}, but the asymptotic distibution function mod 1

of the sequence d{un/vn+1} is represented explicitily by Peter
Kiss and Robert F. Tichy [MM] , where Un satisfies such a second
order recurrence.

Another typical integer sequence satisfying Benford’s law is
the sequence {ni} , [JJ] . Sequences treated above increase rap-
idly , at least of exponential order . Slowly increasing integer
sequences such as prime numbers , polynomials, do not have the 1i-
miting frequency distribution for the occurrences of a given first

digit k . Thus we need other summation methods.

Flehinger considered successive cumulative averages ( Hdlder
sums ) calling their limit the Banach limit . Roy L. Ad]ef and
Alan G. Konheim [CCJ proved that the Banach 1imit is a finitely
additive measure on the set of all positive integers and assigns
zero measure on every finite subset of positive integers. We [PPI]
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applied the Banach limit to the sequence {Pn} of positive inte-

gers generated by a polynomial and proved that Benford’s law holds
for it in the sense of the Banach 1imit . The proof needs a long
calculation technique on complex analysis.

Petef Schatte named the Banach limit the Hm*summatinn method

and considered the mantissa distribution in [VWWI1 , uwhich is a gen-
eral notion including Benford’s law . He remarked that our result

above for polynomial integer sequences {Pn} may be obtained as

an application of his theorem 8.3 in [VV] and got a quantitative

result as to the speed of convergence [WWI.
2. RECURRENCE SEQUENCES OF FIRST ORDER.

In the preceding paper [4], we considered a linear recurrence

formula of order 1 . The recurrence sequence { h_ 3} _
n n—1’2,"'

satisfies the following recursion formula:

(2.1 hn+1 = r-hn + s,

where " # 1, s and h1 are positive integers. Then it is

proved that Benford’s law holds for the sequence ( hn }n_1 2 us
Tl

except for the case r = 10™ with m some nonnegative integer.
In this Section, we consider, instead of (2.1), the following
recursion formula of first order:

(2'2) Yn+1 = P'Yn + 'F(n), n - 1,2,"' F)

where r and Yl are positive integers and the range of { f(n) 3.
is also positive integers. Then we obtain

THEOREM 2.1. Let ( Yo }n__1 2 u be an integer sequence
i L
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sgﬂgggigg by +the recursion formula (2.2). If the series

Z.n:1 eny ¢ Pl is convergent, then the sequence { y_ }n=1,2,°-

gbeys Benford’s law except for the case r = 10™ with m some

nonnegative integer.

REMARK 1. In the case that f(n) = s for every n , (2.2)
is identical to (2.1), so that this Theorem 2.1 contains Theorem
3.2 in [4] as a special case.

In order to prove Theorem 2.1 we need again Lemma 3.1 in [4]
and further one of wvan der Corput’s difference theorems in [31],
p.378.

LEMMA 2.1. Let { x_ 3 be a sequence of real num-

_-— n n=1,2,.‘.

bers., If

Aim,( Xn+1 ~ *n ) = a,

where a is irrational, then the sequence { x_ }n=1,2,'-- is
uniformly distribufed mod 1 .
PROOF. From the recursion formula (2.2), we have
Y, = r”‘l‘yl £ rM7T200 1) 4 vee + ref(n-2) 4 Fn-1)
Let us consider the ratio of consective terms of { y_ }n=1,2,--' :
(2.3 Yn+1 / Y
= My " Thera # RMT2ep@) ¢ e+ RO D/

n-1 n-2

Crthey e )M 4 pn-3

f(2) + ¢+ + f(n-1) 3

= Loreyy + FCD) + £/ 4 eee 4 fcsr" oy

2

Cyp o+ B0+ F@/rE 4 e fin=/r""1

=L reyy + { £CL) + £(2)/r + «v0 + 1“'(n)/r‘n—1 ¥ 1/

n-2

L ye * { FQ1) + f(2)/r + o + fin-1D/r >/ r 1.
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Put
sy = FC1) + £/r + oo+ F(n=1 /"2
Then
5, = FUL) + F(22/r + «ov & fen-1/r""2 4+ fny/enTl
= n—-1
= s _y *+ flnd/r ,

which implies that
Aim 5n T Al@ Sh-1 T B>0,

1

since the sum 2 n:1 Fey /e s convergent. Taking the limit of

(2.3), we get

Ai@ ( Yn+t / n )

( reyy + B ) / ¢ y1-+ B/ r)

{r( reyy ¥ B)Y ¥/ ( rey, + B

Therefore

log Yo+l log Yo 2 logr , as n = o ,

From Lemma 3.1 in [41, log r is irrational. Lemma 2.1 asserts

that the sequence { log vy 3 _4 - ,,, 1is uniformly distributed
TA sl

mod 1 . Reconsidering the same argument as in the first part of
the proof of Theorem 3.1 [4], we complete the proof. \
¢ Q.E.D.)

NOTE 1. If we don’t stick ourselves to positive integer se-
quences, we can obviously relax assumptions in Theorem 2.1 .

Indeed, r may be a positive constant greater than one and not of
the form 10™ for any nonnegative rational number m . y, may

also be a given positive rational number and the range of { f{(n) 3

is nonnegative rational numbers.

_8_
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3. LINEAR RECURRENCE SEQUENCES OF ORDER 2.

In this Section, we <consider a linear recurrence formula

L(2,8,¢C) of order 2 . The recurrence sequence { u_ } _
“'»"" n n—1,2""

gatisfies the following recursion formuia of order 2 :

(3.1) u = a5y + a;*u . » N 21 ay £ 0 ,

n+2 n+1 n

and its characteristic equation is

(3.2) 12 = a2 + a

2 1 ( a # 0 ).

THEOREM 3.1. If the characteristic equation (3.2) has two

real distinct roots a and B8 with lal > |8l and a« and 8

are not of the form +10™  for any nonegative integer m , then

{ u_ 3

1
n Tn=1,2,0 . obeys Benford’s lau.

PROOF. The n-th term u, can be represented by

(3.3) oo =A™t g™l a1,

where A and B are constants depending only on a;s a5, Uy and
Uy - Moreover a+*8 # 0O , since ay # 0 « We then have

— N .an LNl .qn—1
n+1 / u, = ( Acdx’ + BB ) / ( A + B8 )

{ A + BB/ 183/ ¢ A+B-B/O" L 3.,
Suppose further that |lal > |8l and A # O, then
log u

- log u, = log ( u / u, ) » Jloga 4, as n > = .

n+i n+l
log « 1is irrational by Lemma 4.2 in [4] and from Lemma 2.1, the

sequence { Jog u_ 3 is uniformly distributed mod 1 .

N Pn=1,2,000

In the case that A = 0 , we have

o =88"1 a1

8 is not of the form x10™ for any nonnegative integer m .

Then



42

log ( u / ou_ )

109 up,y ~ 109 uy n+1 n

i

log ( B-8" ) s ¢ B-8"" 1)

]UQB ’
that is irratiocnal. We derive, again from Lemma 2.1 uniform

distribution mod 1 for the sequence { u_ 2} _ .
n_1’2,oon

n

For the case lal = |8l , we may assume; without loss of gen-
erality, that 0 < a = lal = |8l , that is 8 = -a , then we can
show also by Lemma 2.1 that { log ug }n=1,3,5"‘ and

{ log u_ }n=2,4,6°~' are both wuniformly distributed mod 1 , from

which { log u H is uniform]y distributed mod 1 too.

n=1’2"°'

Hence { u_ 2% obeys Benford’s law.

n n=1,2,¢¢.

( Q.E.D. )

NOTE 2. This Theorem 3.1 is almost identical to Theorem 4.1

in [4] but we gave another proof wusing Lemma 2.1, one of the van
der Corput’s difference theorems. The only difference between

this Theorem and Theorem 4.1 in E4j is the additional assumption:

8 is neither of the form +10™ for any nonnegative integer m .
This assumption is indispensable when A = 0 , but necessary only
for the case that A = 0 in (3.3).

REMARK 2. The condition on « cannot be removed . Consider:

and ( Uy Uo )y = ( €y o ) , where 4 and ¢, are arbitrary
positive integers. The roots of the corresponding characteristic

0
equation are +1 = +10 , and the sequence { u_ ¥ _ is
n n~1,2,“‘

purely periodic with period of length 2 . Obviously, the se-—

quence { u_ 3} does not obey Benford’s law.

n, n=1,2’oo'



THEOREM 3.2. 1f the characteristic equation (3.2) has a dou-

h is not of the form :thm for any nonnega-

ble real rgot a w

hic
tive integer m , then ( Up }n=1,2,-‘- obeys Benford’s law.

PROOF. We can express the n—-th term Up by

u = ( A-n + B yea" > 1,

where A and B are constants depending only upon ays o, u1
and Uy o Then

log u - log u,

n+l

/ u_ )

= log ( un+1 n

=1og £ CAn+A+Bla" 3/ (an+Bra"ls
=1log | A\xn+A+BY}| /| An+B | + log lal

- log lal , as n > = .
Since log lal is irrational, repeating the same argument with
Lemma 2.1 as in the proof of Theorem 3.1, we finish the proof.
( Q.E.D. )
REMARK 3. As a general setting throughout , we agree that

{ u_ 3

n Tn=1.2, 00 is a sequence of positive integers. From the
—i *

recurrence formula (3.1) with a and ¢ integral voctors, u,

may be a negative integer. In this case, we consider the sequence

{ v 3 ={ Ju | 3

n n=1’2,"' - n n=1,2"0¢ ’

instead of { u_ 3 and Theorem 3.1 and Theorem 3.2 holds

N n:l’z,ooo

for the sequence { Vn }n=1,2,‘°'

REMARK 4. The modulus Jlal in Theorem 3.1 and in Theorenm

3.2 is greater than one, since a°8 ='a1 # 0 1is an integer. Then

|Un| tends to infinity as n tends to infinity posibly except
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when A =0 . Suppose that A=0 , B# 0 and lunl - 0 as

n 2>« . Since { u, }n=1,2,'—-

is an integer sequence, u, is al-
ways zero from a certain point on, which is of no interest . If

A =B =0, this sequence {u_ ¥ _ is the sequence of ze-
n n=1,2,¢+ .

ro’s, which is of no interest either_.
Apart from the characteristic equation (3.2), let us consider

a sequence { u_ 2

n Tn=1,2,0- nr1g1na]]y.def1ned by

v = cr" 1+ peg”!

s N 21,
where C # O, D, 7 and & are real constants and O < |8] < Izl

Then { log lu_} 2 is uniformly distributed mod 1 wunless

n n=1,2’oo'

7 is of the form +10™ with m a nonnegative rational number .

In this situation, |7l may be smaller than one, i.e. u, o,

as n =+ o , Then by considering the first nonzero digits of

u , Benford?’s law holds also for { u_ 2 ( From Theorem

n n "n=1,2,¢0
1 in Persi Diaconis [21 ).

If the characteristic equation (3.2) has two complex conju-

gate roots, a and «a , where z 1is the complex conjugate of z ,
then the situation is a little conFusing. We shall consider anly

for the case: a, = O and D = 431 < 0.
In this case, two complex conjugate roots are
a = VEI = ai , a = -ai ,
by setting a = V:EI . Then

n—-1

(3.4) o = a@Eb" s O™ EGED™ 1,

where
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A= ( ci*a ~ coi ) / 2a .
1f we suppose further that A 1is real, then Uy, = ¢, must be ze-

ro and from (3.1), Upn = 0, m>1 . Original Benford’s law sig-

nifies that the distribution of the first significant digits ex—
cept zero obeys the logarithmic Jaw. Thus we agree to say that

Benford’s law holds for an integer sequence { a 3 _, .,  , Iif
TlsLy

the distribution of the first digits of { b 12

n n=1,2y"‘ Ubeys

~the logarithmic law, where { b_ 3 is the subsequence of

n n=1’2"to

all non-zero elements of ( a }n=1,2”"

Direct calculation from (3.4) shows that

u = 2Re A-a*™ i n=ak 1,
= —2Im A-a% Kl | ip n =4k + 2,
= -2Re A-a" "2, ¢ ho= 4k + 3,
= 2Im A-a%%*3 | if n=4k + 4.

From the above convention, we may suppose, without loss of

generality, that U, # O for arbitrary n . Then the following

four sequences { log lu | Yh=1,5,... + (109 lu | Ph=2,6, 000

{log lu bl 3 537 ... and {log lull Yh=4,8,... are uniformly

distributed mod 1 unless a is of the form 10™ for some nonneg-

ative integer m + Thus { lu | 2 obeys Benford’s law.

n ﬂ=1,2,"'

Considering Remark 3 and the convention above, we get

THEOREM 3.3. 1f the characteristic equation has two purely

imaginary complex roots and a, is not of the form -10™  for any

obeys  Benford’s

no i i
gnnegative integer m , 1h£2 { Yn }n=1,2,°"

au .

———
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4. LINEAR RECURRENCE SEQUENCES OF ARBITRARY ORDER.

In this final Section, we treat a general linear recurrence

formula L(d,a,c)> and the recurrence sequence {u ¥ _
='= n n=1,2,¢¢:

. . . . R Bl
satisfies the following linear recursion formula of order d :

+ e 4+ g ey

(4.1 v d-2"Yn+d-2 0"Yn

n+td - 2d-1"Yp+g-1 T 2

and also the initial conditions:

(4.2)

where

-
i
o
o
o
>
a
o
1

a=( 41 34-o ( Cys Cos *** y Cy )

are d-dimensional integral vectors. The characteristic equation
of (4.1) is

d d-2

(4.3) AT = ad_loi + ad_z‘l toeee 4+ 31°1 +ag .

Ana]ogously to Theorem 3.2, we get the following Theorem 4.1,
which we did not consider in the preceding paper [4].

THEOREM 4.1. 1f +the characteristic equation has gonly one

root a of multiplicity d which i not of the form +10™  for

any nonnegative integer m , then Benford’s law holds far the lin-

ear recurrence sequen H
quence { u, N=1,2,¢¢

PROOF. By (4.1) and (4.3), we have that

- . LR ] . d—l n.-l
u, = ( b0 + b1 n + + bd_1 n Ja ,

where bO’ bl’ +++ and bd_1 are constants depending only on a ,
< and a« + From Remark 4, we may suppose that u # O for any

n. Then

d-1

u /u =L {bg+hb (n+1) Yea 3/

VRV (n+1) + -ee + b

d-1

' d-1
{ < bo + bl'n + s + bd_1 n )

1
n—1 3
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d-1

=L { by + b,(n+l) + «cev + p {(n+1) Yea 1/

0 1 d-1
n—1 )

( by + byen + «os + b en

0 1 d-1
> a , 8 n - o ,
Thus

log lu | - log lunl - log lal , as n = = .

n+1
The number «a is algebraic and therefore 1log lal 1is an ir-
rational number. Hence Lemma 2.1 is applicable and we deduce that

{ log lu | 3 is uniformly distributed mod 1 , which in—

n n:l’z’...

dicates that the recurrence sequence { u_ } obeys Ben-

n n=1,2’0t0

ford’s law.

{ Q.E.D. )
Hereafter we suppose that the characteristic equation (4.3)

has distinct roots x4 a2, s+++ and ap with multiplicity ml,

Moy oo and mp , respectively. For our convenience, we arrange

the roots Xy Ropy *0¢ and ap according to the magnitude of

their modulus, that is,

It is known that un can be represented by

1

1 #oees 4 b (n=Dad T,

+ bat(n-1) a7}

- C1y.a 0"
(4.4) u = b, (h-D-aj 5 5

1

where bl’ b2, +e¢+ and bp are polynomials of degree at most

ml—l, m2—1, +++ and mp—l , respectively. Under this setting, we

obtain

THEOREM - 4.2. Suppose that the distinct roots Xys Apy v 0

—

an ap of the characteristic equation (4.3) satisfy
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(4.5) lag I > lapl > lagl > eee > lapl .

and oy is not of the form +10™ for any nonnegative integer m

and further bl(n—l) in (4.4) is not identically zero. Then the

linear recurrence sequence { u }n“l 2., obeys Benford’s lauw.
. N . L J

NOTE 3. This theorem is identical to Theorem 4.3 in [41. In
order to make clear the situation of the roots, we add an adjec—

tive "distinct" and delete the assumption that a; 1is real, since
(4.5) indicates that oy is real.

Another added assumption on bl(n—l) is not so essential.
If bJ(n-l) is the first non-zero polynomial among bl’ b2, coe
and bp » then (4.5) may be replaced by

IaJl > laj+1l PARRRED ] Iapl ’

and aJ is required not being of the form +10™  for any nonnega-

tive integer m .

PROOF . The n-th term ug of the recurrence sequence
{ un }n=1,2,'°' can be represented by
u =b, (n-1ea" 1 4 bt 4 et 4 b (n-1) a7
n 1 1 2 2 p P '

[

where bl’ b2, +++ and bp are polynomials of -degree at most

ml—l, m2-1, +++ and mp—l s respectively. Considering Remark 4,

we may suppose that un # O for any n .« Then

= . n L] n LK ) . n
U+t / u, = ( bl(n) g + b2(n) a, *+ + bp(n) ap, )y /

1 1 1

( b,(n=-1)a" )

n-
1 1 + b2(n-2)-a

n—
o + e bp(n—l)oap
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povnd n L] n L I ] * n
= ay { bl(n) + b2(n) (az/al) + + bp(n) (ap/al) Y/
"1 b, (n=1) + ba(n-1):tan/a )" 14 cve + b (n-Deta_sa "1y
1 1 2 271 P p 1
»a; , 8 n-oe .
Now
log Iun+1l - log lunl - log la1| , @as n o>« ,

and log lall is irrational. Hence Lemma 2.1 applies and we ob-

tain that { log Iun! H is uniformly distributed mod 1 .

n:l,z’ooo

This proves { u_ 3 obeys Benford?’s law.

n n=1,2,“‘
( Q.E.D. )
Now we would like to treat, instead of (4.5), the following

case (4.6):
(4.6) ‘ Iall =la21 >|a3l.2°°‘_21a (I

We suppose FUrther that .

Then we distinguish two cases;

I. 2 and @, are real:
Hence u, can be represented by

-1 -1 1

+oeee + bp(n—l)*ag— ,

<
i

+ b,(n-1) +al

-— . n
(n-1) }:x 3 3

{ b,(n-1> + b 1

n 1 2

if n 1is odd,

-1 oo+ b (-1l
7p p

it

{ by(n=1) = by(n-1) }ea]

-_— . n
1 o + b,(n-1) a3

3
if n 1is even.

Likewise as in Theorem 4.2, we may subpose that b1 and b2

are non—-zero polynomials and b1 # b2 « Then, for odd n = 2m + 1,

— 17 -
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Yom+2 7 Yom
= E{bl(2m+1)+b2(2m+1)}oa?m+1+b3(2m+1)'a§m+1+ o +bp<2m+1)oa§m+13/
[b, (2m=1)+b,(2n=1)3-a?™ Lo (2m-1) a5 1+ ... +bp(2m,1).a§m;1]
- a% » @5 N @
Thus
log lus ol = Tog lu, | 2 2:109 layl , as n = .
If Iall is not of the form 10™ for any nonnegative integer m,

then { log |u2ml }m=1,2,°" is uniformly distributed mod 1 and
by the same argument { log lu, .1 3, o, 1is uniformly dis-

tributed mod 1 . Thus { laog Iunl 3 is uniformly dis-

n=1,2,.¢o
tributed mod 1 .

1I. @y and a, are purely imaginary:

In this case, we put

= ai n = -ai
a1 and a2 i,

where a > 0 + Then (4.4) may be rewriten as

= - . i n‘l - o { - i n_l - . n—l LR I
(4.8) u, = bl(n 1)+ (ai) + b2(n 1)+ (-ai) + b3(n 1) g +
—1y..0"1
+ bp(n 1) ap .
Since
lail = |-ail > lasl PEEERID ] Iapl '
and { u_ 2 is a sequence of integers, thus

n n:l,z"oo

n—-1 n—-1

bl(n—l)‘(ai) + b2(n—1)'(—ai)

is real for sufficiently large every n , and consequently
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bl(n—n-(ai)”‘1 + bz(n—1>-(—ai>”’1

n—-1

= bl(n—l)'(—ai)n-l + Bo(n=D)-(ai)

2

for every n . Thus we get

bl(n—l) = bz(n—l) , for every n .

As we have seen befare, the distributian of

{ log lu_| 2

nl Yh=1,2,... depends only upon ( n-1 )-log Ia1| . Ana-

jogously to the proof of Theorem 3.3, we consider four subse-—

quences of { log lun! } and if a 1is not of the farm

n=1,2”‘°

10m for any nonnegative integer m , then each of four subse-

quence of { log lu_ | 3 is uniformly distributed mod 1 .

n n=1’2’ooo

Hence { log lu_| 2 is uniformly distributed mod 1 and

n n:1’2’o‘o

the original sequence { u_ 32 obeys Benford’s law, using

n n=1’2,‘00

the convention in the last Section, if necessary. Thus we get

THEOREM 4.3. Suppose that the distinct honts ai, Ry 0

21}
>

@ f the characteristic equation (4.3) satisfy (4.6) and

a2< p - 21e

(4.7) and &y is not of the form +10™ for any nonnegative inte-

ger m and further 'bl(n—l) and b2(n—1) in (4.4) are neither

identically zero nor identically equal mutually. Then the linear

recurrence sequence { u_ 3} obeys Benford’s law.

n n=1,2,"‘

REMARK 5. UWe fix the base of logarithms to be 10 , but if
we change the base to an arbitrary positive integer g > 1 , our

arguments still remain valid by exchanging the assumption on @y

from 10™ to gm .



52

LAA]

[BB1]

[ccl

CDD1

CEE]

CFF1J

[GG1]

CHH]

[II]

£Ji11

CKK1

REFERENCES

Adhikari,A. K., and Sarkar, B. P., Distribution of most sig-

nificant digit in certain functions whose arguments are ran-

dom variables. Sankhya Ser. B, 30 (1968), 47-58.

Adhikari,A. K., Some results on the distribution of the most

significant digit. Sankhya Ser. B, 31 (1969), 413-420.

Adler, R. L., and Konheim, A. G., Solution of Problem 4999.
Amer. Math. Monthly 70 (1963), 218-219,

Arnold, V. I., and Avez, A., Problémes ergodiques de 1la

mecanique classique. Gauthier-Villars (1967).

Benford, F., The law of anomalous numbers. Proc. Amer. Phil.
Soc., 78, (1938), 551-572. |

Brown, J. L., and DBuncan R. L., Modulo one uniform dfstribu-
tion of the sequence of 1logarithms of certain recursive se-

quences. Fibonacci Quart., 8 (1970), 482-486.

Duncan, R. L., An application of uniform distribution to the

Fibonaccibnumbers. Fibonacci Quart., 5 (1967), 137-140.

Filehinger, B, J., On the probability that a random integer

has initial digit A. Amer. Math. Monthly, 73 (1966), 1056-
1031, |
Furry, W. S., and Huruwitz, H., Distribution of numbers and
distribution of significant figures . Nature, 155 (1945),
52-53. |

Goto, K., and Kano, T., Uniform distribution of some special

sequences. Proc. Japan Acad., 61, Ser. A (1985), 83-86.

Goudsmit, S. A., and Furry, W. S., Significant figures of
numbers in statisitical tables . Nature, 154 (1%944), 800-

801.

— o0 —



CLLd

MMl

[NN1]

[001

CPP]

[Qal

CRR1]

[SS3

L1713

fuul

RV

fWw3

93

Hamming, R. W., On the distribution of numbers. Bell System

Tech, J., 49 (1970), 1609-14625.
Kiss, P., and Tichy, R. F., Distribution of thé ratios of
the terms of a second order linear recurrence. to appear in

Indag. Math.

Kuipers, L., Remarks on a paper by R.. L. Duncan concernig
the uniform distribution mod 1 of the sequence of logarithms

of the Fibonacci numbers . Fibonacci Quart., 7 (1969), 465-

466, 473.
Kuipers, L., and Shiue, J.-S., Remark on a paper by Duncan
and Brown on the sequence of logarithms of certain recursive

sequences. Fibonacci Quart., 11 (1973), 292-294.

Nagasaka, K., On Benford’s law. Ann. Inst. Stat. Math., 36,

Ser. A (1984), 337-352.

Nagasaka, K., amd Shiue, J.-S., Benford’s law for linear re-
currence sequences. Preprint.

Newcomb, S., Note on the'fréquency of the use of the differ-

ent digits in natural numbers . Amer. J. Math.,'d (1881),

39-40.
Pinkham, R. S., On the distribution of first significant

digits. Ann. Math. Stat., 32 (1%961), 1223-1230.

Raimi, R« A., On the distribution of first significant fig-

ures. Amer. Math. Monthly, 76 (196%9), 342-348.

Rauzy, G., Proprietes statistiques de suites arithmetiques .

Le Mathematician, 15, P. U. F. (1976).

Schatte P., Zur Verteilung der Mantisse der Gleitkommadar-

stellung einer Zufallsgrfsse . Zeit., f+ Angew. Math. und

Mech., 33 (1973), 553-565.

Schatte, P., Estimates for the H,—uniform distribution. Pre-

print.



54

[XX1 Weaver, W., Lady Luck: The Theory of Probability . Double-

day Anchor Series, New York (1963).
{11 Brown, Jr. J. L. and Duncan, R. L., Moduloe one uniform dis-
tribution of the sequence of logarithms of certain recursive

sequences. Fibonacci Quart. 8 (1970), 482-486.

C2] Diaconis, P., The distribution of 1leading degits and uniform
distribution mod 1. Ann. Prob. 5 (1977), 72-81. |

{3] Kuipers, L. and Shiue, J.-S., Remark on a paper by Duncan and
Brown on the sequence of logarithms of certain recursive se-

quences. Fibonacci Quart. 11 (1973), 292-294.

[43 Nagasaka, K., On Benford?s law . Ann. Inst. Stat. Math. 36,
Part A (1984), 337-352.

[5]1 Van der Corput, J. G., Diophantische - Ungleichungen . Acta

Math., 36 (1931), 373-436.



