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On evolution equations described by distributive
lattices

By

Soujun KITAGAWA*

Abstract

We investigate about evolution equations which are formulated in terms of distributive
lattices. Shift operators are introduced and the evolution rules are rewritten by shift operators.
The complexity of evolution rules is defined by the number of initial values contained in the
solution. Some results are obtained about evolution rules such that whose complexity is of
polynomial order.

§1. Introduction

A distributive lattice is an algebraic system with two binary operations, A and
V, that arise from the theory of partially ordered sets [1]. Distributive lattices are
fundamental objects in various fields of mathematics. For example, the power set of
a set can be treated as a distributive lattice, where the operations of intersection and
union are adopted as A and V, respectively.
Ikegami, Takahashi, and Matsukidaira investigated evolution equations in the form,
U?H = f(u?—lvuya u;'l—f—l)?

70
erations — introduced by them [2]. In this formulation, it is assumed that f refers 3

where f consists of arguments u”, operations of distributive lattices, and unary op-

n n
j—10 Ujs

They defined the complexity of evolution rules f by

neighbors. In other words, it needs the values of three variables u

to determine the value of u?“.

mn
and uj
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means of measuring the number of terms of initial values contained in the expression of
the solution w}. They pointed out that the number of terms in u} can be reduced to
polynomial order by applying the identities of distributive lattice for specific rules.

We investigate the evolution equations described by distributive lattices in more
general situation. We consider the evolution equations in the form of

+1 _
u? _f(u?+a1""’u?+ak)’

where a; € Z and f consists of arguments and operations A, V, and —. In our for-
mulation, f may refer more than 3 neighbors. We also define the complexity in the
same manner as the reference [2]. We introduced shift operators which shift the space
index contained in the variables and express evolution rules by combinations of shift
operators. The mechanism of eliminations of terms is clarified by expressing the rules
through shift operators. We obtained some results about evolution operators F™ such
that the complexity in the solution can be reduced to polynomial orders.

§ 2. Definitions of lattices

In this section, we review the definitions of lattices, distributive lattices and conju-
gations on lattices. Lattices are defined as algebraic systems on a set L with two binary
operations A and V satisfying the following properties [1].

Definition 2.1. A lattice is an algebraic system (L, A, V) defined by the follow-
ing identities. For any a,b,c € L,

(2.1) aANb=bAa, aVb=0>bVa,
(2.2) (anb)ANc=aN(bAc), (aVb)Vec=aV(bVec),
(2.3) aN(aVvb)=aV(aAb)=a.

The identities (2.1), (2.2), and (2.3) are called commutative law, associative law,
and absorption law respectively. From these identities, we can derive identities,

(2.4) aNa=a, aVa=a,

since we obtain
aNa=aA(aV(aAa))=a,

by applying (2.3) twice. In the similar way, we can obtain a V a = a.
Identities (2.4) are called idempotent law. We frequently apply absorption and
idempotent law at later sections in order to reduce the number of terms in the expres-

sions.
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Remark.  Notice that there exists another definition of lattices. It is also able
to define lattices as particular class of partially ordered sets. It is known that these
two definitions are equivalent. The above definition 2.1 fits our purpose to investigate
properties of evolution equations. Therefore, we adopt this definition.

Next, we recall the definition of distributive lattices.

Definition 2.2. A distributive lattice is a lattice which satisfies the distributive
laws between A and V shown below,

(2.5)

We introduce conjugations on lattices the same as reference [2].

Definition 2.3.  Conjugations — are unary operations which act on a set L de-
fined by next formulae,

(2.6) —acL forall aclL,
(2.7) —(aAb) = (—a)V(=b), —(aVb)=(-a)A(—b),
(2.8) —(—a) = a.

We use a notation (L, A, V, ) for a distributive lattice with a conjugation in this
article. We also call the operations A, V, and — as the lattice operations.

§ 3. Evolution equations expressed by lattice operations

In this section, we formulate evolution equations expressed by the lattice operations,
which we investigate in this article.

§3.1. Formulations of evolution equations

In this article, we treat evolution equations of variables u7, where each u] takes one
of the values in L and its indices j € Z and n € Z>( denote space and time respectively.
An evolution rule is given in a form of

(3.1) u?“ = f(Uftay > Ura,)

and f is constructed from lattice operations A, V, and — on arguments, and a; € Z.
Additionally, it is assumed that the form of f and space indices (ay,...,ax) do not
change for j and n.
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§3.2. Number of terms included in u}

When f is given, we can obtain an explicit solution of u} by substituting

uj = flu ?+517--- U ay)
= f(f(uj j+2a17"' ;L+31+ak) A ;L+1121+ak7“' ;l—|—22ak))
(3.2) = f(f(f(u ]—|—3a17"'7u?—|—23a1+ak)7"' f(u} —|—2a1+ak7"' ?+31+2ak)) )
f(f(u?JrQ?’ahLak?‘">u?;31+2ak)7“'>f( ]+a1+2ak7"‘ ;L+§)ak)))

recursively until n = 0. We define

f(l)(u§~+al, tr ’u§+ak) = f(uj'-i-al’ tr ’ué'-i-ak)’
and
n A n—1 %
f( ( ]+na17"'7uj+nak)' f(f( )( ]+na17""uj—|—(n—1)a1+ak>7"'
n—1 A
f( )< J+a1+(n 1)ak7“‘7uj+nak))7

for n > 2. We can rewrite the equation (3.2) with £ as

1 -1
f( )( ]+a17"'7u?—|—ak)
2 -2
- f( )( J+2@1""’u?+2ak)
3 -3
_f( )( +3a17""u}1+3ak.)
0 0
= f(”)(uj+na1,...,uj+nak).

The obtained expression in this way will contain exponential order of terms with respect
to n in general. However, in the cases of particular f, if we rearrange terms in the
formal solution of u} using formulae (2.1) to (2.8), the number of terms can become
of polynomial order with respect to n. We show examples of the derivation of reduced

expression of u7.
Example 3.1. We set an evolution rule as

n+l _ n n n
(3.3) witt =i Auj g Aufy.

Obviously, it holds that

(3.4) ujl—uo 1/\ujJrl/\u to-

To express u? by u , substitute this form of u (3.4) into u? = u;_l /\u}Jrl /\u]1-+2. Then,
we derive that

2 1 1 1
Uy = uj_q A Ujyq A Ujyo
(3.5) .

= (uj_o /\u? /\U?H) A (u? /\u2+2 A u?+3) A (U?Jr1 /\u?+3 /\u2+4).
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By the idempotent law (2.4), the multiple terms uf, u),; and uj, s in (3.5) can be

combined into single terms, and we obtain

2 _ 0 0 A, 0 0 0 0
(3.6) UG = Uj_o AU AU A UG Lo AU L3 A UGy

2 3
As well as uj, we can express uj by

3 _,,2 2 2
Uy FUjo1 AUy Ao

1 1 1 1 1 1
=U; o NU; ANUGLg AN U0 ANUj L3 AN ULy

(3.7)
0 0 0 0 0 0 0,0 0
=(uj_g Auj_q ANug) A (uj_q Aujig Aujyo) A(ug Aujig Aujys)
0 0 0 0 0 0 0 0 0
A (ujin Ng Augya) Ao Augg ANgis) A(ujs Auges Augg)
or
3 0 0 0,0 0 0 0 0 0

The latter form (3.8) is derived by the idempotent law similarly. The number of terms

of (3.6) and (3.8) are smaller than those of (3.5) and (3.7) respectively. The growth of

number of terms through (3.4), (3.6), and (3.8) is linear while exponential for the formal

recursive substitutions (3.4), (3.5), and (3.7). Actually, it is able to reduce the number
0

of terms in u7 to less than 3n + 1 since v} include terms from u;_,, to u? 12, and those

appearing twice or more can be combined into single terms by idempotent law.
Another example of reducing terms in the evolution solution is shown below.

Example 3.2. We set an evolution rule as u;”rl =ul A (-ufy, V-uly,). For
n = 1, it holds that

_,,0 0 0

By substitutions, we obtain
=i A (T Vo)
:(U? A (W?H N _‘U2+2))
0 0 0 0 0 0
A (P(ujgpn A (Fugig V ougys)) V o(ugo A (Dujis V ougyy))).
It is possible to perform the following calculations. By the identities of conjugations
(2.7) and (2.8), it holds that
(U? A (_'u?—i—l v W?+2))
A (_‘(U?H A (_‘“2+2 N W?+3)) v ﬁ(“g+2 A (_‘U?Jrs Vv _‘U?+4)))
=uj A (T VU )
A (—\u2+1 v _‘(_‘ug+2 Vv ﬂu9+3) Vv _'u?+2 v ﬂ(_‘U?Jr?, v ﬂu2+4))
=uj A (~uj g V g s)

A (=g V(U0 Ay ) Vol o V(U g A y)).
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We can derive

ud A (ﬂu?Jrl v —|u?+2)

J (1 V (UG e Atiys) V ottyo V(U g At ))

A
=uf A (ﬂugJrl v —|u§-)+2) A

J ((_'u(ﬂ)”rl v ﬁu2+2) v (u2+2 A “?+3) Vv (“(g)'+3 A u?+4))

0 0 0
by applying the absorption law (2.3) to the underlined parts. Then, we obtain that
ui =ud A (- Voud,,). Similarly, it can be verified that uff = u A (-=ul,; V-ul,,)
for n > 1.

§4. Evolutions expressed by shift operators

In this section, we introduce the shift operators acting on variables u7, and rewrite
the expressions of the evolution solutions u7 using shift operators.

§4.1. Definitions of shift operators

Definition 4.1.  We define a shift operator a[-] (a € Z) which acts on u and it

shifts all space indices of u} included in the expression - by a. For example,

aluj] =u

1u? A (Ut v =) = al g A (v —ul2),

n
Jtas

and so on. Moreover, we define the extended usage of lattice operations, A, V, and —,
on shift operators as follows,

(a A D)[ug] = alui] A bluy],
(aV b)[u;] = alu;] V bluy],

(—ma)[u;] = =(alu;]),
and recursively,
(F1 A F2)lug] == Filug] A Falug],
(F1V F2)[uy] == Filug] V Falug],
(=F1)[uy] = = (Fiuy]),

where F; and F5 are operations constructed from the combinations of shift operators
and lattice operations, A, V, and —. We use lower cases (a, b, and so on) to refer shift
operators that is confirmed to be a single shift operator, and upper cases (F, X, and
so on) for single or combined shift operators.
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The following example shows how combined shift operators act on a variable.
Example 4.2. It holds that

(1A (=0 Vv 1))[uf] =(-
:(u
(

(u

) A
ul_q) A (=(0[uf]) V ujyq)
) A (

Same formulae of lattice operations hold for shift operators. For example, the

absorption law for shift operators can be verified as follows.

Example 4.3. It holds that

((a V) Aa)[uf] = ((a vV D)[ug]) A (aluf])

J

=(Ujta V Ujyb) AN Ujra = Ujta = a[uf].

Thus, we obtained (aVb) Aa = a. Similarly, we can easily prove that the formulae (2.1)
to (2.8) hold for shift operators.

Define a composition o of single or combined shift operators F; and Fy by (F3 o
Fy)[u?] := Fy[Fy[u?]], then next formulae hold.

Proposition 4.4.  We have the following formulae using the composition o.

(4.1) boa=aob=(a+0b),

(4.2) Fioa=aoFy,

(4.3) (F3V Fy)o Fy = (F30Fy)V (Fyo Fy),
(4.4) (F3 N Fy)oFy = (F30Fy) A (Fyo Fy),
(4.5) —(Fyo0 Fy) = (—Fy) o Fy.

Proof. 'We show the derivation of (4.3). The others can be proved in the similar
way.

(F3 V F2))[F1[uf]]

BB [uf]]) Vv (Fe[Fi[uf]])
(£3 0 F)[uj]) v ((F2 o F1)[uj])
(F30Fy)V (Fyo Fy))[u ]

(<F3 V FQ) o Fl)[u ]

(
= (
(
= (
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Note that left-distributive laws corresponding to the right-distributie laws (4.13) and
(4.14) do not hold. However, the following left-distributive law restricted to the single
shift operator holds.

O(Fl /\FQ) = (Fl /\Fg)oa: (Fl OCL)/\(FQOG) = (aoFl)/\(aoFQ).

Compositions can describe substitutions of variables as follows.

Example 4.5. We set uj = vjy,V 04 = (aV-b)[v;] and v; = wjtc Awjpqg =
(¢ A d)w;]. If we use a direct substitution for the expression, then we obtain

Uj = Vjta V "Vjtb
= (Wjtate N Wjtatd) V ~(Wjtbtre A Witbtd)-

If we use the composition, then we obtain
a V —b)[vj]

= (

= (aV=b)[(c A d)lwj]]
((a@V =b) o (¢ A d))fw;].
(

(

—b) )
(ao(cAd))V=(bo(chd)))|w;]
((acc)A(aod))V=((boc)A(bod)))lw]

= (Wjtat+e N Wjtatd) V 7 (Withte A Wjtbtd)-

Thus, we reached to the same expression for both statements.

§4.2. Polynomial classes of operators for the evolution equations

Let us consider the general form of evolution equation (3.1). The formal solution

can be expressed by the initial data as

0 0
= f(”)(ujJrnal, e Uy gy )

In the reference [2], the authors discussed the complexity of solutions for the evolution
equations defined by lattice operations with 3 neighbors. In this article, we discuss the
complexity of evolution solutions by that of operators acting on the variable u7. As
previously described, we can rewrite the evolution equation using the combined shift

operators;

n+1l __ n
u;™ = Fluf].

Then the exprssion of the solution u} becomes
uy = F”[ug] = (FoFo---oF)[u?].

In this form, the complexity of the evolution solution u’ can be measured by the number
of shift operators contained in F™.
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Example 4.6.  Consider the evolution equation (3.3);

ntl

U;

It can be described by the shift operator,

ntl_ p

U;

[u}] = (=1 ATA2)[uf].

The solution u? is denoted as

0
uy = F"uj]
and we can measure the complexity only for the operator part F™. That is,

F=—-1A1A2,
F?2=_2A0A1A2A3ANA4,
F3=_-3AN—=1A0A1A2A3A4A5A6,

and so on.

As shown in the above example, we can define the complexity of evolution solution
uy by the complexity of evolution operator F™ acting on u?. Thus, let us define a
polynomial class for evolution operator F™ by the number of shift operators included
in F. We define the polynoial class P, for F' if F™ contains shift operators of O(n™)

for n > 0 after reduction of operators using the formulae (2.1) to (2.8).

§ 5. Some results on polynomial class

In this section, we explain some results about polynomial class P,,.

Consider sets of shift operators a; with a single index and b;; with two indices.
Assume the set of shift operators {a;}icr, {bjx, }jesk,ex; and a combination of shift
operators X, where I and J are sets of indices, {K},cs is a family of sets. A notation
Nia; denotes ay A -+ Aayr), Nj(Vi;—bjk;) denotes (=biy V -+ -V =by g, ) A= A(=bj g1 V

-V _‘b|J||K|J||), and so on. Then, the next proposition holds.

Proposition 5.1.  For {a;}icr, {bjk, }jcsk;ex, and X, it holds that

((Asai) A (A (Vi mbji; ) A X)™

(5.1)
=((Nsas) A X)" 1o ((Nsag) A (AN (Vi =bsn, ) A X)),

where, {a;}icr must not be empty, but X may be omitted.
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Proof. 1t is derived by straightforward calculations. At first, we prove the case of
n=2. Set F' = ((Aia;) N (Aj(Vi,7bjx,)) A X). We write ab for a o b in short. Then, it
holds that

((Asai) A (A (Vi =bse;)) A X)?

=(Air(air o (Aiai) A (A (Vi =bik ) A X))
A (g (Vi ~((byres, ) © ((Aste) A (Ay (Vi b)) A X))
AN(XoF)

=(Nir(Niairai) A (Aj (Vi maibing ) A (air 0 X))
A (N (Vi 2 ((Nibjre, i) A (A (Vi =bgir, ik ) A (b, © X))
AN(XoF)

=(Air((Aiairai) A (Aj(Vig—airbie; ) A (air o X))

N (/\j’(\/k;, ((\/paibj/k;/) vV (vj(Akjbj/k;/bjkj)) vV _'(bj’k;, o X))))

A (X oF)

Nir((Aiairai) N (Nj(Vi;—aibjr; ) A (a0 X)) A (X o F)
Ni(a;o F))AN(X o F)

ia;) NX)oF

ia;) A X) o ((Nai) N (Aj(Vi;=bjk; ) A X).

Note that we can apply the abosorption law to the underlined parts. For any n, it holds
that

Fn:(FOF)O...oF

N

g

n times

=((Nia;))NX)o(FoF)o---oF

.

~
n—1times

=((niai) NX)?o (FoF)o---oF

(.

Vv
n—2times

:((/\iai) VAN X)n_l oF.
Then, the equation holds for any n. O
By this proposition, we obtain the following corollary.

Corollary 5.2.  If (Asa;) ANX belongs to class Py, then (Aja;) A (Aj(Vi; =bjk; ) A
X also belongs to Py,.
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By changing the order of composition, we can obtain the next proposition.

Proposition 5.3.  Set F} and F5 as combinations of shift operators. If FooFy €
P,,, then Fy o F5 also belongs to Py,.

Proof. 1t holds that
(FioFp)" = (FioFy)o---o(Fyoky)
:FlO(F20F1>O"'O(F20F1)OF2
= F1 o) (F2 o) Fl)n_l o) FQ.

Since Fy o Fy € Py, (Fy o F1)"™! contains shift operators of O(n™). Therefore, F; o
(Fy 0 Fy)" ! o F, also, and Fy o I, belongs to P,. O

The next condition is a sufficient condition for an operator F' to be of class P, 4.
Proposition 5.4. If I satisfies a recurrence relation,
(5.2) F"" ' =G, A(anoF™) or F"™' =G,V (a,oF"),

where G, has shift operators of which number is less than or equal to Cn™ for some
constant C', then F' € Pp,41.

Proof. Using the above recurrence relation, F can be expressed by F' and G,
.., Gp_1 as follows.
F" = Gn—l VAN (an_l o Fn_l)
= Gn—l A (an—l o (Gn—2 A (an—2 o Fn_2)))

= Gn—l A (an—l o Gn—Z) A (an—lan—Z o Gn—3)/\
---/\(an_l...agoGl)/\(an_l...aloF).

Each G; are consisted by less than or equal to Ci™ terms, and their sum is less than or
equal to C'n™*! for some constant C". O

We show two examples of F' and G,, satisfying (5.2) of proposition 5.4 such that
numbers of terms of (G, is constant. Note that the concrete example for m > 1 has not
yet been found.

Example 5.5. Define F° = 0 for any operators F. It holds that

(a N ((Vimby) V)"

(5.3) . )
=a" A ((V;ma" b)) V(co(an ((Vimby) Ve) ) (n>1),



142 SOUJUN KITAGAWA

(=0OA (0OVa))"

(5.4) .
=0V —-0)A((0A=0)V (ao(=0A(0OVa)"t)) (n>2),

for any a, b; and c.

We can prove the equalities (5.3) and (5.4) by mathematical induction as follows.
Proof of (5.3): Set F' =a A ((V;—b;) V ¢). It is obvious that (5.3) holds for n = 1.
Assume that (5.3) holds for n = [, it means that F! = a' A ((V;—a!=1b;) V (co (a A
((Vi=b;) V e))'=1)), then it is able to calculate F'*! as follows.
A =Flo F = (a' A ((Vimd™ 1) Veo F 1)) o F
=al o F A ((Vima ') o F V co Fl)
=a" A ((Vimalb;) Va'e) A ((Vima' b)) o FV co (al A ((Vima' b)) v eo FI7Y)))
=aU A (Vimdlby) v oale) A (Vima ) o (a A ((V—bs) Ve))
V (ate A ((Vimat ™ bic) v ¢ o Fl )
=a" A ((Vimalbi) Va'e) A (Vi((ma' i) o (a A ((Vmb) V c)))
V(a'e A ((Vimal ™ hie) v ¢ o FIT1Y))
=a't A ((Vima'b;) v oale) A ((Vimalb;) v
Vv (ale A (Vimal"thie) v ¢? o FI71Y))
=a'T A ((Vi—alby) voale) A (((Vi—alb) v
V (ale A (Vima'"thie) v ¢? o FI71Y))
=at A ((Vima'by) v (ate A (Vil(Ajal = thiby) A —altbie)
V(ale A ((Vima! ™ bie) v ¢ o FITH))
=a'Tt A ((Vima'bi) v (ale A (Vi((Aja' T bibg) A —al T bie) v a'e)
A (Vi((Aja' = biby) A —a' " bic) V ((Vima' " bic) V ¢ o FI71))))
=a'Tt A ((Vima'dy) v (ale A (Vi(Aja =t biby) A —al ™ bic)
V ((Vi—a™1bic) v ¢ o FI71))))

(Vi(=a""b; o ((V=b;) V ©)))

(Vi((Aja' = bibs) A —a''bic)))

=a" VA (Vima'bs) v (ale A ((Vima! ™ hie) Vv e o FI71Y))
=a" A (Vimalbs) Ve o (ab A ((Vima ™) vV co FIT1Y)))
:al+1 A\ ((\/i_'albi) Vco Fl)

The last form of this calculation corresponds to (5.3) if n = [+ 1. Therefore, we obtain
that (5.3) holds for n > 1, by the principle of mathematical induction.
Proof of (5.4): Set F'=-0A (0V a). F? can be calculated as follows.

F?2=-00(=0A(0Va)A(0o(=0A(0Va)Vao(=0A(0Va))
=0V (=0A=a))A((-0A(0Va)V(maA(aVad?)))
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=(0V-0)AOV=a)A((0A=0)V (=0Aa)V (maA(aVa?)))
=(0V=0)A((0OA=0A(OV=a)V(=0AaA(0V=a)V(-ah(@Va)A OV -a)))
= (0V=0)A((0A=0)V (=0 AaA (0V=a)V(=aA(aVa)))
=(0V-0)A(0A=0)V(=0AaA0)V (=0AaA—-a)V(-aAa)V(—aAa?))
= (0V-0)A((0A=0)V (maAa)V(-aAa?))
= (0V=0)A((0A=0)V (maA(aVa?)))

=(0V-0)A((0OA-0)VaoF)

Thus, (5.4) holds for n = 2. Assume that (5.4) holds for n = [ > 2, it means that
Fl=(0V-0)A((0A=0)V (ao(=0A(0Va))1t)), then it is able to calculate F'*! as
follows.

FI'=FloF=(0V-=0)A((0A=0)VaoF"))oF
=(O0V-0)o FA((0A=0)oFVaoF"
= ((-0A(OVa) VOV (-0A=a))A((=0A(0Va)A 0V (=0A-a))VaoF")
(OA=0)V (=0Aa)VOV(=0A-a))
A((=0A(OVa)A(OV=0)A(0V-a))VaoF)
(F0Aa) VOV (=0A=a))A((=0A(0Va)A(0V-a))VaoF)
=0V (=0A (aV=a))A((=0A 0V (aA=a))VaoF?)
=(OV-0)A(OVaV-a)A((=0A0)V (-0AaA—a)VaoF)
=0OV-0)A(-0OANOA(OVaV—a))
V(=0AaA=aAOVaV-a)V(0VaV-a)AaoF))
=(OV-0)A((OA=0)V (=0AaA—-a)V ((0VaV-a)AaoF"))
=0OV-0)A((OA=0)V((0OVaV-aV(-0AaA-—a))
A((0AaA—a)VaoFh)))
=(OV=0)A((0A=0)V ((0VaV=a)A((=0AaA=a)VaoFh)))
= (0V =0) A (0 A —0)V
((0VaV=a) A=0AaA=a)V ((0VaV-a)AaoFY))))
=(OV-0)A((0A=0)V ((F0AaA—a)V((0VaV-a)AaoF))))
=(0V-=0)A((0A=0)V (((-0AaA —a)
V((0VaV-a)A(aV-a)A((aA-a)Va®oFm))))
=(OV-0)A((0OA=0)V ((F0AaA—-a)V ((aV-a)A((aA-a)Va?o Fm)))))
= (0V=0) A ((0A=0)V ((0 AaA—a)VaV -a)
A((=0AaA—a)V(aA-a)Va?o FImH))))
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=(0V=0)A((0A=0)V ((aV=a)A ((aA=-a)Va®oF'7hY))
=(0V-0)A((0OA=0)VaoF").

The last form of this calculation corresponds to (5.4) if n = [+ 1. Therefore, we obtain
that (5.4) holds for n > 2, by the principle of mathematical induction.

Remark.  Tkegami, Takahashi and Matsukidaira investigated evolution equations
defined by lattice operators A, V, and — which embed Elementary Cellular Automaton
(ECA) [2]. They also defined the polynomial class for the complexity of solutions.
Their definition is based on the order of the number of terms included in solutions. Our
definition is on the order of that in shift operators. As previously mentioned, both are
equivalent each other. Moreover, we can derive some part of their results as special
cases of our results. Let us consider the equation (5.1) in Proposition 5.1,

((Aiai) A (A (Vi =bji; ) A X)™
:((/\iai) A\ X)n—l o ((/\iai) A\ (/\j(\/k'j_‘bjkj)) N X)

Assume X is empty, |I| = |J| = |K1| =1 and a; =0, by; = —1. Then (5.1) becomes

(0N (=(~1))" = 0" o (0 A (~(~1)))
(5.5) — 00 (0 A (~(~1)))
=0A (=(-1)).

This means 0 A (=(—1)) € Py since the right-hand side, 0 A (=(—1)), of (5.5) does not
depend on n. Assume X is empty, |I| =2, |J| = |K1| =1and a3 =0, az = 1,b17 = —1.
Then (5.1) becomes

(5.6) (OAD)A=(=1)"=(O0ALD)" o ((0A1)A—=(=1)).

This means (0A1) A—(—1) € P; since (0A1)""! in the right-hand side of (5.6) depends
on n and we can easily see 0 A1 € Py.
The above two examples means that the evolution equation

n+1

U;

_ n n
— _|uj_1 /\ uj

is of class Py, and

ntl

U

— n n n

is of class P;.

Through the similar discussion, we can easily derive

~(=1)A=0A1 € Py,
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(=(=1)Vv=0)A1le€ Py,
(—\(—1) AN —\1) N0 € Py,
—1A-0A1€ Py,

using Proposition 5.1. In the reference [2], the above evolution equations are indepen-
dently analyzed and obtained the same classifications. It is interesting that Proposition
5.1 unifies the results to be a single equation (5.1). Similarly, from equation (5.3) we
can obtain the following rules reported in the reference [2].

1A (=(=1)VO0)e P,
IAN(=0V -1) € Py,
OA(=(=1) V1) e P.

§ 6. Concluding remarks

In this article, evolution equations expressed in terms of lattice operations A, V,
and — are investigated. We introduced shift operators which act on ] and shift a space
index j, and we rewrited the evolution solution u! using combined shift operators F'.

The complexity of F' is defined by the number of sjhift operators contained in F™. If it
is of O(n™) for sufficiently large n, then F' is in class P,,. We obtained some results
about shift operators which belong to class P,,.

The future problems can be considered as follows. The complexity of evolution
equations, defined in this article, solely depends on the form of the evolution rule F|,
but not on the conditions of the initial values {u?}jez. As for the general theory of
evolution equations, some formulations of complexity which regards both of evolution
rules and initial conditions were invented. For example, it is known that Wolfram’s
classification of ECA depends on not only rule numbers but also initial values [4]. It
will be meaningful to generalize the formulation of complexity which we defined in this
article to reflect the both of evolution rules and initial conditions.

We assumed that the form of f and the space indices (ay,...,ax) do not vary for

J and n. In other words, f is assumed to be “homogeneous”. From this assumption,
"
J
It is possible to describe uj by shift operators even if the above assumption is not

u? can be described by compositions of the constant operator F, as u} = F" [ug]

satisfied. As previously noticed at example 4.5, compositions of operators can describe
substitutions of variables. Assume that the evolution rules are defined as

n+l _

u; ff({u?-kai}aiEZiefy)

for each j and n. Note that the set of space indices I7* can change as well as operations
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of fm. For example, set u2, ul, and u!l as
j 9 0 YO 1

2 _ 1,01

up = ug AUy,

1_ (0 A 0 0
ug = (uy Aug) V us,
1__.0
Ul—_‘U4,

then it holds that

2 _ 1 1
Uy = Uy N\ uy

6.1
(6.1) = ((u] Aug) Vu3) A (—ug).

Set Ff =0A1, FY = (1A2)V3, FY = -3, then we can rewrite u2, u}, and ul as

ug = Fo[ug) = (0 A 1)ug),
up = Fg[ug) = (1A 2) v 3)[ug],
up = FY[uy] = (=3)[uy].

While, by rewriting second and third sides of the equation (6.1) with shift operators,

we obtain
ug Auy = (0 A 1)[ug] = Fy [ug)

and
((ud Aup) Vug) A (=ug) = (1A 2) V 3)[ug]) A ((=4)[ug))
= (1 A2) V3) A—4)[ug).

The shift operator ((1 A2)V 3) A =4, appearing at the latter equation, can be obtained
by the following calculation.

(IA2)V3)A—=4=(00F))A (Lo F}).

In order to rewrite this calculation with shift operators Fy, FY), and FY, we attempted

to define “partial” compositions o’ in the same manner as follows,

o (FO,F{) = (0A1) o (Y, FY)
= (00 FY) A (Lo FY).

The rigorous definition of partial compositions have not formulated, and it is left to be
investigated in future works.

Takahashi, Matsukidaira, Hara, and Feng investigated binary particle cellular au-
tomata (PCA) [3]. Through their research, they derived evolution equations which are
expressed by max, min, +, and — operations. We show the equations and solutions f'
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with initial conditions fJQ below. The name of equations in the reference are indicated
rightside. The equations are

(6.2) S =max(fy, fi41), (PCA3)

(6.3) S =max(f,, 1), (PCA4-1)

(6.4) S = max(min(f] o, [ +1/2), [ — 1/2),  (PCA4-2)
(6.5) S = max(min(f] o, f7), [ —1/2), (PCA4-3)

and the solutions are

(6.6) f} = max( ;J_n,f;?_n+2,...,f+n 2 fiin), (PCA3)

(6.7) fgn = maX(ng—Qn» go—zn+3a RN j+n—3a go+n)a (PCA4-1)

(68) fgn - Oglggn(min(f272n+3k - k/27 k+11n§i?§n<f]of2n+3i + 2/2)»7 (PCA4_2)
n __ . 0 . 0 .

(6.9) fj'= ogll?%{n(mm(fj_Q”Hk —k/2, 3k/%1é1i1§n(fj—2n+2i +1i/2))). (PCA4-3)

The evolution rules (6.2), (6.3) and the solutions (6.6), (6.7) are described only by
max operations. It is known that ([0, 1], max, min) forms a distributive lattice, and if
we define —a := 1 — a, then ([0,1], max, min,1 — a) forms a distributive lattice with
a conjugation. Therefore, PCA3 and PCA4-1 are included in our formulation of the
evolution equations. While, (6.4), (6.5) contain constant terms +1/2 and (6.8), (6.9)
contain —k/2 and +i/2. These terms cannot be regarded as lattice operations A, V,
and —. However, we can observe that the growth of the number of terms contained
n (6.8) and (6.9) is of O(n?). This fact suggests that it maybe possible to define the
complexity in the same manner as we did in this article, even if other operations that
are not lattice operations are included.
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