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Log prismatic Dieudonne theory: an announcement 

京都大学数学教室井上絢太郎

Kentaro Inoue 

Department of Mathematics, Kyoto University 

1 Introduction 

This is an announcement of a recent work of the author on the generalization of prismatic 
Dieudonne theory developed in [ALB23] to log p-divisible groups. The goal of our talk at 
RIMS was to introduce our main result on the log version of prismatic Dieudo皿 etheory 
and its application to toroidal compactifications of Shimura varieties. In this article, we 
define some basic notions, state our main theorem (Theorem 6.3) precisely, and explain 
a sketch of the proof. 
For notation and terminologies on log schemes, see Ogus's book ([Ogu18]). 
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2 Kfl topology on fs log formal schemes 

We recall the definition of Kummer log flat topology (for short, kfl topology). A monoid 
map J: P→Q  of saturated monoids is called Kummer if the following conditions are 
satisfied: 

1. J is injective; 

2. for every q E Q, there exist p E P and an integer n 2: 1 such that J(p) = q匹

Definition 2.1 (Kummer morphisms of log formal schemes) Let f:（笈，M釘→
（匂，M叫 bea morphism of p-adic saturated log formal schemes. The morphism f is 
called Kummer if, for every x E X, the monoid map叫，g→応，百isKummer. Here, 
we set y := f(x). 

Definition 2.2 (Log flat morphisms of log schemes, [Kat21, 1.10]) Let f: (X, Mx)→ 
(Y,A介） bea morphism offs log schemes. 
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1. f is called log flat if, fppf locally on X and Y, there exist an injective chart P→ Q 
off called a flat chart) such that the induced morphism 

(X,Mx)→(Y,Mり庫[P],P)a(Z[Q], Q)° 

is strict fiat. 

2. f is called Kummer log flat (or kft for short) if f is Kummer and log fiat. 

Definition 2.3 (Kummer log flat morphisms of log formal schemes) Letf: (X,Mx)→ 
（匂，M叫 bea morphism of p-adic fs log formal schemes. We say that f is log flat if the 
induced morphism offs log schemes (Xn, Mxn)→(Yn, MyJ is log fiat for each n：：：：〇，
where (Xn, Mx』 (resp. (Yn, Myn)) is the strict closed subscheme ofぽ，Mx)(resp. 
（匂，M叫） definedby pn+l. The morphism f is called Kum mer log flat (or kft for 
short) if f is Kummer and log fiat. 

Definition 2.4 A family of morphisms {f;:（U;,M叫→ (X,Mx)}iEI is called a Kum-
mer log flat covering (or a kfl covering for short) if the following conditions are satisfied. 

1. Each f; is kfi and locally of finite presentation. 

2. The family is set-theoretically surjective i.e. X = LJ f叫）．
iEJ 

Definition 2.5 (Kfl sites, (cf. [Kat21, Definition 2.3])) For a p-adic fs log formal scheme 
ぽ，Mx),we let（笈，Mxhfldenote the category offs log schemes (Y, My) over（笈，Mx)
such that p is nilpotent on Y equipped with the Grothendieck topology given by kfi cover-
ings. This topology is called kft topology, and the resulting site (x, Mx)kfl is called a kft 
site. 

Proposition 2.6 ([Kat21, Theorem 3.1]) Let（匂，M叫→ (X,Mx) be a morphism of 
p-adic fs log formal schemes. Then the functor given by 

(Z,Mz)→Morぽ，Mx)((Z,Mz），（匂，M叫）

is a sheaf on (X, Mx)kfl・ 

Remark 2. 7 Let（笈，M釘bea p-adic fs log formal scheme. For a p-adic formal scheme 
匂 overX, we regard匂 asa log formal scheme over (X, M釘byequipping匂 withthe 
pullback log structure of M 笈 bythe structure morphism匂→ X.As a result, we have 
fully faithful functors 

FSch;x→LFSch;cx,Mx)→Shv((X, Mx)kn). 

Here, FSchぽ denotesthe category of p-adic formal schemes over疋， andLFSch;cx，叫）
denotes the category of p-adic fs log formal schemes over（叉，Mx).
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3 Log p-divisible groups 

In this section, we review basics on log finite group schemes and log 1rdivisible groups 
over p-adic fs log formal schemes. 

Definition 3.1 (Log finite group schemes, cf. [Kat23, Definition 1.3 and §1.6]) Let (X, Mx) 
be a p-adic fs log formal scheme. 

1. Let G be a sheaf of abelian groups on (X, M釘kfl. We call G a weak log finite 
group scheme if there exists a kfi covering｛（il;,M叫→ぽ，M釘｝iEIsuch that 
the restriction of G to（il;, Mil;)k11 is represented by a finite and locally free group 
scheme over il;. We let wFin（X,M釘denotethe category of weak log finite group 
schemes over（笈，Mx).The category Fin(X) of finite and locally free group schemes 
over X is regarded as the full subcategory of wFin（X,M釘．

2. For a weak log finite group scheme G over（X, Mx), we define 

G* := 1-lom(X,Mx)ka (G, Gm) 

(which we call the Cartier dual of G), where Gm is regarded as a sheaf on（笈，M 王)kfl
via the inclusion functors in Remark 2. 7. We say that G is a log finite group 
scheme if G and G* are representable by finite and kfi log formal schemes over 
ぽ，Mx)- We let Fin(X, Mx) denote the category of log finite group schemes over 
ぽ，Mサ

As the following lemma implies, weak log finite group schemes are described as kfl 
descents of usual finite and locally free group schemes. 

Lemma 3.2 ([Ino25a, Lemma 3.2]) Let (X, M釘bea quasi-compact p-adic fs log formal 
scheme and G be a weak log finite group scheme over（王，M釘． Supposethat we are given 
an fs chart P→Mx. Then the pullback of G along a kfi covering 

ぽ，M釘X(z[P],P)a(Z[pl/nj, pl／守→ （笈，M釘

belongs to Fin（X Xz[P] Z[P1ln]) for some n ~ 1. 

It is important to treat weak log finite group schemes though our main interest is in 
log finite group schemes. One primary reason of this is the following descent property for 
weak log finite group schemes (which does not hold in the category of log finite group 
schemes). 

Proposition 3.3 ("Pro-kfl" descent for weak log finite group schemes) 
Let f:（匂，M叫→ (X,Mx) be a su巧ectionof p-adic saturated log formal schemes. 
Suppose that there exists an fs chart a : P→ M 笈 suchthat f admits a factorization 

（匂，M叫→（ぶ，a,M笈oo,a)→（X,M吐

where（匂，叫）→ （笈oo,mM笈00,Jis a strict, quasi-compact, and fiat. Let（炉，M邪•))
denote the Cech nerve off in the category of p-adic saturated log formal schemes. Then 
there exists a natural bi-exact equivalences 

wFin（X,Mx)':::::'. ~Fin（刃叫
•E• 
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The notion of (weak) log finite group schemes allows us to define (weak) log p-divisible 
groups in a usual way. 

Definition 3.4 (Log p-divisible groups, cf. [Kat23, (4.1)]) Let（王，M釘 bea p-adic 
fs log formal scheme. Let G be a sheaf of abelian groups on（笈，Mxhll-We call Ga weak 
log p-divisible group if the following conditions are satisfied. 

1. A map xp: G→G is surjective. 

2. For every n ~ l, the sheaf G[p門：＝ Ker(xpn:G→G) is a weak log finite group 
scheme over (X, M丑

3. G=LJ立lG何].

The category of weak log p-divisible groups over (X, Mx) is denoted by wBT（X,M豆
The category BT（X) of p-divisible groups over X is regarded as the full subcategory of 
wBT（王，Mサ
A weak log p-divisible group G over (X, M釘iscalled a log p-divisible group if G阿l
is a log finite group scheme for each n ~ l. The cat ego内 oflog p-divisible groups over 
ぽ，M釘isdenoted by BT（笈，Mx).

Lemma 3.5 (cf. [Kat23, Lemma 4.2]) Let（笈，Mx)be a p-adic fs log formal scheme. 
A weak log p-divisible group G over（王，Mx)belongs to BT（文，Mx)if G何]belongs to 
Fin（王，Mx)for some n ~ l. 

Proposition 3.6 ("Pro-kfl" descent for. weak log p-divisible vgroups) Let f:（匂，M叫→
ぽ，M式beas in Proposition 3. 3. Let（炉， M~c•J) denote the Cech nerve of f in the 
catego可 ofp-adic saturated log formal schemes. Then there exists a natural equivalence 

wBT(X,M釘～皿直T（刃叫
•€• 

4 Log prismatic crystals 

First, let us review some basics of prisms introduced by [BS22]. A 8-ring is a ring A with 
a map 8: A→A satisfying the following conditions: 

1. 8(1) = 0 

2. 8(xy) = 8(x)yP + xP8(y) + p8(x)8(y); 

3. 8(x + y) = 8(x) + 8(y)—ど仁］ t犀―_1嘉x'y戸．

For aふringA, a map叩： A →A mapping a to砂＋p6(a) is a ring map lifting the 
Frobenius map on A/p. A prism is a pair (A, I) consisting of a derived (p, !)-complete 
ring A and a locally principal ideal J of A such that p E J + ¢A(I)A. We say that a 
prism (A, I) is bounded if A/ I has bounded p00-torsion. Throughout this paper, we use 
the following lemma with no reference. 
For a bounded 1radic formal scheme笈，theabsolute prismatic site XI}, is the category 
of prisms (A, I) equipped with maps Spf(A/ I)→X. We equip孔 withcompletely flat 
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topology. We simply write厖forSpf(R)/A-Letら (resp.I,幻 denotethe sheaf on孔
given by (A, I)← A (resp. I). The Frobenius lift叩fora prism (A, I) induces a map 
¢: 0/A→ 0 IA. A prismatic crystal on.'.t is a vector bundle on the ringed site（功fA,り），
and a prismatic F -crystal on笈isa pair (£，西） consistingof a prismatic crystal £ and 

an isomorphism咋： （が£)[1/I!Al与£[1/I!A]-When no confusion occurs, we simply write 
£ for (£,咋）． LetVect（笈/A)(resp. Vec仔（功/A))denote the category of prismatic crystals 
(resp. prismatic F-crystals) on疋． Forintegers a：：：：： b,曲曲加厨叩瓜笈A)邸如皿

subcategory of Vect灯笈/A)consisting of objects (£,'-Pt:) such that 

平 C 西（露） c~び

In particular, we write DM（均fA):= Vect篇，1]（功A).

In [BS22, Proposition 7.11], the following quasi-syntomic descent for prismatic crystals 

is proved. 

Lemma 4.1 (Quasi-syntomic descent for prismatic ci::,ystals) Let R→S be a quasi-
syntomic cover of bounded p-complete rings and S(•) be the Cech ne而 eof S over R. Then 
the natural functor 

Vect（厖） →皿Vect(S入●））
•E• 

is bi-exact equivalent. Analogous assertions for Vect'P and Vect心，b]also hold. 

Next, we recall some basics of log prisms introduced in [Kos22]. A b10g―ring is a prelog 
ring (A, M) with ab-ring structure on A and a map b10g: M →A satisfying the following 
conditions: 

1. 810g(e) = O; 

2. a(m)POJog(m) = O(a(m)); 

3. 010g(mm') = 010g(m) + 010g(m') + p810g(m)810g(m'), 

where a: M →A is the structure map. A bounded prelog prism (A, I, M) (resp. bounded 
log prism (A, I, Mり）isa bounded prism (A, I) equipped with a prelog structure M→ A 
(resp. log structure MA  on Spf(A)) and a 810g-structure on the prelog ring (A, M) (resp. 
the log formal scheme (Spf(A), M心）． Here,a 810g-structure on the log formal scheme 

(Spf(A),M心isa sheaf map MA→ Ospf(A) that defines a 810g-structure on each section. 
We can attach to a prelog prism (A, I, M) a log prism (A, I, M)a := (A, I, MA  := M咋
For a log prism (A, I, M心，thering map如 andthe map of log structures名MA→MA
given by m→叩（1+ p810g(m)) form E鱈MA(here, 1 + p81og(m) E o;pf(A) is regarded 
as a section of M心 definea morphism of log formal schemes ¢(A,MA) : (Spf(A), M心→

(Spf(A),M心． Whenno confusion occurs, we write simply叩forqJ(A,MA)・

Definition 4.2 (Absolute log prismatic sites, [Kos22, Remark 4.6]) Let（笈，Mx)be 
a bounded p-adic log formal scheme. Let (X, M叫 bethe site with objects described as 
follows: an object consists of 

• a log prism (A, I, M心 suchthat (Spf(A), MA) is quasi-coherent, 
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• a map of log formal schemes (Spf(A/ I), Mぃ） → (X, Mx), where MA/I is the 
restriction of MA・

We simply write (A, I, MA) for an object when there exists no confusion. A morphism 
(A,I,M心→ (B,J,M叫in(X,M叫isa covering if the map (Spf(B), M叫→ (Spf(A),M心
is strict (p, !)-completely faithfully fiat. The resulting site (X, M叫iscalled the (abso-
lute) log prismatic site of (X, Mサ
The structure sheaf O 11::, is defined by (A,I, M心→ A. Similarly, the sheaf O 11::, is 
defined by (A,I, M心→ A/I, and I11::, by (A, I, M心→ I. The ring map 011::,→ O  ̂
induced by <PA for log prisms (A, I, M心isdenoted by¢. 

Definition 4.3 (Log prismatic crystals) Let（笈，M:r)be a bounded p-adic log formal 
scheme. We let Vect（（ま，M叫） denotethe category of vector bundles on the ringed site 
on ((X,M釘ff:,,Off:,)-Objects of Vect((X, M釘A)are called log prismatic crystals. 
We let Vee仔（（X,M心） denotethe category of pairs (£,西） where£ is an object 

of Vect（（笈，M:r)A) and'PE is an isomorphism（が£)[1/IA]➔ £[1/IA]- Objects of the 
category Vect'P((X, M釘凶 arecalled log prismatic F -crystals. For integers a ::; b, we 
define Vect[a,b]((X, M:r) i:,,) as the full subcategory of Vect'P（（疋，M:r)A) consisting of objects 
(£，西） suchthat 

吹&c西（露） cI_炉・
In particular, we w叫 eDM（（疋，M叫）：＝Vect応（ぽ，M山,).

Remark 4.4 We have the following canonical bi-exact equivalence. 

Vect（（疋，M心）竺四 Vect(A)
(A,I,MA)E(X,Mx)!J:, 

Vee仔((x,M叫）～四 Vect'P(A,I) 
(A,I,MA)E（X,Mx)!J:, 

Vect[a,b］（（x,M叫）＝脚 Vectば，b](A,I)
(A,I,MA)E（笈，Mx)!J:,

Here, Vect(R) is the category of finite projective R-modules for a ring R. For a prism 
(A,I), let Vect'P(A, I) denote the category of pairs (N，砂） ofa finite projective A-module 
N and an isomorphism cpN: (¢AN)[l/I] ➔ N[l/I], and let Vect心，b](A, I) denote the full 
subcategory of Vect'P (A, I) consisting of objects (N,霜） suchthat 

邸 c郊（名N)c laN. 

For an object E of a category on the left side in the above equivalences, the image of E 
via the projection with respect to (A, I, M心isdenoted by E(A,I，叩）． Whenno confusion 
occurs, we simply writeぬforthis. 

To consider the log version of Lemma 4.1 is a natural question. However, such a 
descent property does not hold for prismatic (F-)crystals. As a remedy, we introduce 
the notion of kfl prismatic crystals. Roughly speaking, the category of kfl prismatic 
crystals is defined by replacing Vect(A) on the right hand side in the equivalences in 
Remark 4.4 with the category of vector bundles on the kfl site of (Spf(A), M心(calledkfl 
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vector bundles). Let Vectkfl((X, M討幻 denotethe category of kfl prismatic crystals on 
ぽ，M釘． Wecan define Vect丘((X,M心） andVectffl,[a,b] ((X, M心）ina similar way. 
For the precise definition, see [Ino25a, Definition 4.6 and Definition 4. 7]. Then the desired 
descent property is formulated as follows. 

Proposition 4.5 ("Kummer quasi-syntomic" descent for kfl prismatic crystals) 
Let (X, Mx) = (Spf(R), M叫 and（匂，M叫＝ （Spf(S), Ms) be bounded p-adic saturated 
log formal schemes, and f:（匂，M叫→ （笈応） bea surjective morphism. Suppose that 
there exists a prismatically liftable chart (in the sense of [Ino25a, Definition 4.16]) 
a: Nr→叫 suchthat f admits a factorization 

（匂，M叫→ （ぶ，a,M知，。） ＝ （Spf(Roo,a), MR=,a）→ぽ，応），

where 

ぽoo,a,M知，a)：＝ぽ，M釘X(z加］，w)a(Z[Q;0］よ恥）a,

and the map（匂，M叫→ （ぶoo,a,Mx=,。)isstrict quasi-syntomic. We let（匂（•） ,M邪•))
denote the Cech nerve off in the category of p-adic saturated log formal schemes. Then 
there exist natural bi-exact equivalences: 

Vectk11((X, M心） ～匹Vect（吋），
•E• 

Vect丘（（笈， M叫） ➔ ~Veeげ（吋），
•E• 

Vee心，［a,b]（（笈，M叫）与皿Vect贔（吋）．
•E• 

We give an important example of p-adic log formal scheme satisfying the assumption 
of Proposition 4.5. Let K be a complete discrete valuation field with a valuation ring OK 
whose residue field k is a perfect field of characteristic p. 

Definition 4.6 (Small affine log formal schemes) Fix a uniformizer 1r of凶 and
E(t) E W[t] be a corresponding Eisenstein polynomial. Let l, m, n E Z2:o, r := m + n. 
Consider the prelog ring (R0, Nりdefinedas follows: 

R゚ ：＝｛叩〈x戸．．．，年，Y1,...,Ym〉(n= 0) 

叩 xfl,...,X戸YI,・ ・ ・, Ym, Z1, ・ ・ ・, Zn 〉 /(TI~=l 森一 1r) (n 2'. 1) 

equipped with a prelog structure Nr→R0 given by 

e; f-t { ~:-~ f~: lm1 iさ r)
A p-adic affine log formal scheme (Spf(R), M叫 overOK is called small affine if 
(Spf(R),M叫admitsa strict etale map to (Spf(R0), Nりafor some l, m, n, called a fram-
ing. 
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Remark 4. 7 Consider a smooth variety X over K. By de Jong's alteration, there exist 
a finite extension L of K, a smooth variety Y over L admitting an open immersion 
into a proper semi-stable scheme Y over O L with a normal crossings complement, and a 
dominant proper morphism Y→XL. Since some computation on the'etale cohomology 
of X can be reduced to one of Y, the study of such Y is important. 
Let (Y, Mv) be the fs l哩schemeequipped with the log st四ctu~巳defined by the normal 
crossings boundary divisor Y -Y. Then the p-adic completion of (Y, Mv) admits a strict 
etale covering consisting of small affine log fo竹nalschemes. 

As the following lemma implies, Proposition 4.5 holds for small affine log formal 
schemes. 

Lemma 4.8 ([Ino25a, Lemma 4.17 (1)]) Let（疋，M釘bea small affine log formal scheme 
over OK, and fix a framing on（叉，Mx)-Leta:陀→ M 笈 becha仕 definedfrom the fixed 
framing. Then a is prismatically liftable cha仕．

5 Log crystalline crystals 

Definition 5.1 (Absolute log crystalline sites) Let (X,Mx) be a log scheme over 
恥． Let(X, Mx)crys be the site defined as follows: an object consists of 

• a log scheme (T, Mr) on which p is nilpotent and a PD-thickening U "--+ T such that 
the PD-structure on Ker(Or→ Ou) is compatible with the natural PD-structure on 
(p)C Zp, 

• a map of log schemes f: (U, Mu)→(X, Mx), where Mu  is the inverse image log 
structure of Mr・

Morphisms are obvious ones. We say that a map (U1, T1, Mr』→ (U2,T2,M叫 m
(X, Mx)crys is Cartesian if the natural map U1→ U豆 r2T1 is an isomorphism. A family 
of Cartesian maps {(Ui, T[, Mr:)→(U,T,Mり｝iis covering if{ (T[, Mr.:)→ (T,Mり｝t
is a strict fpqc covering. The resulting site (X, Mx)crys is called an absolute log crys-
talline site of (X, Mx). Let Ocrys denote the ring sheaf given by (T, Mり→f(T,切）．

Remark 5.2 In many references, a certain full subcategory of (X, Mx)crys is referred to 
as an (absolute) log crystalline site. However, this change of sites does not change the 
categories of crystals. See [Ino25b, Lemma 4.24] for this point. 

Definition 5.3 (Crystalline crystals on log schemes) 
Let Vect((X, Mx)crys) be the category of crystals of vector bundles on the absolute 
log crystalline site (X,Mx)crys• An object ofVect((X,Mx)crys) is called a locally free 
crystalline crystal. The Frobenius morphism F: (X, Mx)→(X, Mx) induces a func-
tor 

『 :Vect((X,Mx)crys)→Vect((X, Mx)crys)-
LetVect'P((X, Mx)crys) be the category of pairs (E,西） consistingof an object E E Vect((X, Mx)crys) 
and an isomorphism咋： F*E勾 Ein the isogeny category Vect((X, Mx)crys)露Qp・
Morphisms（ふ，囮） → （ら年） aremorphismsふ→品thatare compatible with cpe1 and 
'P£2・
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Remark 5.4 We have a canonical bi-exact equivalence 

Vect((X, Mx)crys)':c'皿 Vect(T)
(U,T,MT)E(X,Mx)crys 

In the same way as the prismatic theory, we can define kfl locally free crystalline 
crystals. Roughly speaking, the category of kfl locally free crystalline crystals is defined 
by replacing Vect(T) on the right hand side in the equivalences in Remark 5.4 with the 
category of kfl vector bundles on (T, Mサ LetVectkfl ((X, Mx)crys) denote the category 
of kfl locally free crystalline crystals on (X,Mx). We can define Vect贔((X,Mx)crys) in 
a similar way to Vectや((X,Mx)crys)-For the precise definition, see [Ino25a, Definition 
4.25]. 

6 Log prismatic Dieudonne theory 

First, let us to recall some results on (non-log) prismatic Dieudonne theory for p-divisible 
groups established in [ALB23]. Let疋bea bounded p-adic formal scheme. 

Definition 6.1 Let G be a finite and locally free group scheme or a p-divisible group over 
笈． Wedefine a sheaf G It:,. on X1t:,. by 

G1t:,.(A,I) := G(A/I). 

Here, we consider an O It:,. -module 

叫 (G):= Ex応(G1t:,.,O幻．
The morphism r.p: 0 It:,.→りinducesa 01t:,.―linear morphism r.p叫(G):r.p*M1t:,.(G)→ 
M It:,. (G). The functor M It:,. is called a prismatic Dieudonne functor. 

The main theorem of prismatic Dieudonne theory is the following. 

Theorem 6.2 ([ALB23, Proposition 4.68, Theorem 4.74, and Theorem 5.10]) 
Let X be a quasi-syntomic p-adic formal scheme and G be a p-divisible group over笈
Then (M1t:,.(G), r.p叫(G))belongs to DM（功1t:,.),and the contra variant functor 

M1t:,.:BT（笈） →DM（知

is fully faithful. Moreover, if笈 hasan etale cover consisting of an affine formal scheme 
SpfR which admits a quasi-syntomic cover R→ S with S being an integral perfectoid 
ring, this functor gives an anti-equivalence. 

From now on, we turn to log prismatic Dieudinne theory. For simplicity, we are 
restricted to the case that (X, Mx) is small affine In order to construct the log pris-
matic Dieudonne functor, we begin with working in the larger categories. By "Kummer 
quasi-syntomic descent" (Proposition 3.6 and Proposition 4.5), the (non-log) prismatic 
Dieudonne functor descends to a fully faithful functor 

M1t:,.: wBT(X,Mx)→DMkfl（ぽ，M心）（：＝Vect監，1]（（王，M心）），

which turns out to be an anti-equivalence because we can take（匂，M叫＝ （Spf(S), Ms) 
in Proposition 4.5 with S being integral perfectoid ([Ino25b, Lemma 2.3]). We call the 
functor M1t:,. a log prismatic Dieudonne functor. Then the main theorem of log 
prismatic Dieudonne theory is stated in the following way. 
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Theorem 6.3 (cf. [Ino25a, Theorem 5.14]) Let（X,M釘 bea small affine log formal 
scheme. Then the log prismatic Dieudonne functor MA  defined above restricts to the 
following anti-equivalence: 

MA: BT(X,M笠）→DM（（笈，M直）．
We end up with a sketch of the proof of Theorem 6.3. First, we prove that the image 

of BT(X,M王）iscontained in DM（（ま，M心）． Thiscan be reduced to an analogous 
statement for log finite group schemes by defining log prismatic Dieudonne functor for log 
finite group schemes. Strict etale locally on the base, log finite group schemes are written 
as an extension of two (non-log) finite and locally free group schemes ([Ino25a, Lemma 
3.7]). Hence, the claim follows from the exactness of the log prismatic Dieudonne functor 
and the fact that the category of (non-log) vector bundles is closed under extensions in 
the category of kfl vector bundles ([Niz08, Proposition 3.29]). 
Now, it is enough to prove that, for a weak log'[rdivisible group G over（笈，Mx),if 

MA(G) belongs to DM((X, M叫），thenG is a log四ivisiblegroup. To do this, it suffices 
to show that the Lie algebra of G, denoted by Lie(G) (which is apriori just a kfl vector 

bundle on (X, Mx)) is indeed a (non-log) vector bundle on X by [Kat23, Proposition 7.3] 

or [Ino25a, Proposition 3.23]. Let (Xp=O, Mxp=o) be the mod-p fiber of（王，Mx).Since 
ぽ，Mx)is small affine, we have a specialization functor 

Vect贔（（叉，M叫）→Vect丘((Xp=O,Mxp=0)) 
sending Vec仔（（笈，M叫）intoVecげ((Xp=o,Mxp=0)),and M!J,,(E) is specialized to the 
log crystalline Dieudonne crystal of G, denoted by Mcrys(G). The evaluation of Mcrys(G) 
at a log PD-thickening (Xp=O, Mxp=o)→ （笈，Mx)(which is a (non-log) vector bundle on 
X) admits a Hodge filtration, and Lie(G) occurs as the dual of Fil1 as the non-log theory. 
Then, by using [Niz08, Proposition 3.29] again, we conclude that Lie(G) is a (non-log) 
vector bundle on X. Note that we critically used the assumption that (X, Mx) is small 
affine to use the specialization functor to F-crystals on log crystalline sites. 
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