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Abstract

The multivariate Krawtchouk polynomials are orthogonal polyno-
mials for the multinomial distribution, first defined by Griffiths in
1971. We construct infinite-variate extensions of them as complete
orthogonal systems of specific weighted l2-spaces. We also give real-
izations of our infinite-variate extensions as zonal spherical functions
on groups over a non-Archimedean local field. Some typical properties
of Krawtchouk polynomials like duality, orthogonality and complete-
ness are thus shed light from the point of view of zonal spherical
functions.
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0 Introduction

The (1-variate) Krawtchouk polynomials Kn(x; p,N) are classical orthogonal
polynomials over finite points x ∈ {0, 1, · · · , N} of degree n ≤ N , associated
with the binomial distribution for probabilistic parameters 0 < p < 1. Grif-
fiths [4] first gave the multivariate extensions of the Krawtchouk polynomials,
which are orthogonal for the multinomial distribution.

Orthogonal polynomials often arise from the (zonal) spherical functions
on specific groups. Dunkl [2] exhibited the (1-variate) Krawtchouk polynomi-
als as spherical functions on the wreath products of symmetric groups. As a
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generalization of this fact, Mizukawa [11] presented multivariate Krawtchouk
polynomials as zonal spherical functions on the complex reflection groups.
The author in [8] gave another realizations of Krawtchouk polynomials as
follows. Let F be a finite field. The wreath product G = (F×)N ⋊SN acts
on the additive group A = FN . Then the zonal spherical functions of the
Gelfand pair (A⋊G,G) are given in terms of the Krawtchouk polynomials.
After that, the author noticed that when we replace F in the above setting
with a non-Archimedean local field F , then we find the zonal spherical func-
tions in terms of a kind of “infinite-variate extensions” of the Krawtchouk
polynomials. This observation is the motivation for the present paper.

The aim of this paper is two-fold. First, we construct infinite-variate ex-
tensions of Griffiths’s Krawtchouk polynomials by the generating functions.
We establish their typical properties, especially a duality between variables
and degree indices, orthogonality and completeness in specific weighted l2-
spaces. Second, we give realizations of the infinite-variate extensions of
Krawtchouk polynomials with special parameters as zonal spherical func-
tions on groups over a non-Archimedean local field. Since zonal spherical
functions in suitable settings are shown to have a duality, orthogonality and
completeness, the realizations will shed another light on the properties es-
tablised in the first part.

Let us explain our results in more detail. For an integer ℓ ≥ 1, the
ℓ-variate Krawtchouk polynomials K

(ℓ)
n (x;U,N) have the index set [ℓ] =

{0, 1, · · · , ℓ − 1} for the variables x = (xi)i∈[ℓ] (and for n, U). To extend
the index set [ℓ] to infinite ones, we have two choices, the non-negative inte-
gers N0 = {0, 1, 2, · · · } or all integers Z. According to these types of indices,
we introduce two kinds of infinite-variate extensions of Krawtchouk polyno-
mials. We name the first ones K

(+)
n (x;U,N) for x = (xi)i∈N0

the “half infinite

extensions”, and the second ones K
(∞)
n (x;U,N) for x = (xi)i∈Z the “full in-

finite extensions” of Krawtchouk polynomials respectively. We remark that
the half infinite extensions seem to have appeared in Griffiths [5] for the use
of probabilistic applications, without mentioning their detailed properties
like completeness. According to the inclusions of indices [ℓ] ⊂ N0 ⊂ Z, the
Krawtchouk polynomials (or their extensions) of the smaller size are con-
sidered as specializations of the bigger ones. Conversely, the bigger ones
are gotten as the limits from the smaller ones (the equalities (35), (37) and
Lemmas 1.3.1, 1.3.2).

The ℓ-variate Krawtchouk polynomials satisfy their orthogonality relation
(7), which has been proved by some authors by their own approaches (see [13],
[6] and [7]). As an infinite-variate analogue of it, in the first place, we prove

the orthogonality relation (28) of the full infinite extensions K
(∞)
n (x;U,N)
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with completeness in a specific weighted l2-space. Secondly, we prove the
orthogonality relation (46) and completeness of the half infinite extensions

K
(+)
n (x;U,N) by use of those of K

(∞)
n (x;U,N). Finally, we prove the or-

thogonality relation (7) of finite-variate ones based on those of K
(+)
n (x;U,N)

(Theorems 1.2.5, 1.3.3 and the last part of Section 1.3).

The ℓ-variate Krawtchouk polynomials posess a duality K
(ℓ)
n (x;U,N) =

K
(ℓ)
x (n; tU,N), where tU denotes the transposed matrix of U . This typi-

cal property also holds for the full infinite extensions K
(∞)
n (x;U,N). On

the other hand, the half infinite extensions may not possess such a duality,
because the domain of variables x and the set of degree indices n are differ-
ent. This may be explained in the latter part of the paper, where we realize
these Krawtchouk polynomials with special parameters as zonal spherical
functions. The difference comes from the parameters of open orbits of two
groups: one for the Abelian group and the other its dual.

We carry out the realizations in a unified way without any restrictions
of index type, either finite or infinite. We assume a compact group G acts
on a locally compact Abelian group A as topological group automorphisms.
Then the pair (A⋊G,G) is a Gelfand pair. For each open G-orbit P in the
dual group Â, we can construct its zonal spherical function ωP ∈ L2(A)G as a
G-invariant L2-function on A. They are mutually orthogonal by the L2-inner
product on A (the relation (97)). Furthermore under an appropriate condi-
tion, the system of zonal spherical functions {ωP | P ⊂ Â, open orbit} has
completeness in L2(A)G (Proposition 2.1.7). These properties correspond to
orthogonality and completeness of Krawtchouk polynomials described above.

In our specific realizations, we use a non-Archimedean local field F , its
ring of integers o and its maximal ideal p. The group G = (o×)N ⋊ SN

acts on A =
(
o/pℓ

)N
, A = oN or A = FN . According to these actions,

the zonal spherical functions are respectively given in terms of the ℓ-variate
Krawtchouk polynomials, the half infinite extensions or the full finite exten-
sions of Krawtchouk polynomials (Theorems 2.3.3, 2.4.2 and 2.5.2). Under an
appropriate identification of A and Â, the duality of Krawtchouk polynomi-
als is seen in the first or the third examples. In the second example A = oN ,
no such identifications exist. Correspondingly, the half infinite extensions
K

(+)
n (x;U,N) do not have dualities.

This paper is organized as follows. Chapter 1 consisting of four sec-
tions is devoted to formal constructions of the infinite-variate extensions of
Krawtchouk polynomials. In Section 1.1, we summarize 1-variate and Grif-
fith’s ℓ-variate Krawtchouk polynomials as preliminaries. In Section 1.2 and
1.3, we study properties of the full infinite extensions K

(∞)
n (x;U,N) and

3



the half infinite extensions K
(+)
n (x;U,N) respectively. In Section 1.4, we

introduce expressions of multivariate Krawtchouk polynomials as products
of 1-variate ones. In Chapter 2 consisting of five sections, we give realiza-
tions of multivariate Krawtchouk polynomials. Section 2.1 organizes the
setting for zonal spherical functions, and Section 2.2 gives notations for a
non-Archimedean local field. In the following sections, we deal with specific

examples, that is, A =
(
o/pℓ

)N
in Section 2.3, A = oN in Section 2.4 and

A = FN in Section 2.5, with the actions of G = (o×)N ⋊SN in all examples.

1 Infinite-variate extensions of Krawtchouk

polynomials

1.1 Finite-variate Krawtchouk polynomials

We fix positive integers ℓ and N . Here as preliminaries, we introduce the
ℓ-variate Krawtchouk polynomials first defined by Griffiths [4] 1 . We denote
by [ℓ] = {0, 1, · · · , ℓ − 1} the index set for ℓ-variables used as (xi)i∈[ℓ] =
(x0, x1, · · · , xℓ−1). We define the finite point set

X̄(ℓ,N) =
{
x = (xi)i∈[ℓ]

∣∣ xi ∈ N0, |x| ≤ N
}
, (1)

where N0 = {0, 1, 2, · · · } denotes the set of non-negative integers, and |x| =∑
i∈[ℓ] xi. The multinomial coefficient for x ∈ X̄(ℓ,N) is defined by(

N

x

)
=

N !

(N − |x|)!
∏

i xi!
. (2)

The ℓ-variate Krawtchouk polynomialsK
(ℓ)
n (x;U,N) are functions on X̄(ℓ,N),

with degree indices n = (nj)j∈[ℓ] ∈ X̄(ℓ,N) and a parameter matrix U =

(ui,j)i,j∈[ℓ] over C. The definition is given by the following generating func-

tion: for given x ∈ X̄(ℓ,N) and indeterminates T and t = (tj)j∈[ℓ],

Φ(ℓ)(T, t;x, U,N) :=

T +
∑
j∈[ℓ]

tj

N−|x| ∏
i∈[ℓ]

T +
∑
j∈[ℓ]

ui,jtj

xi

=
∑

n∈X̄(ℓ,N)

(
N

n

)
K(ℓ)

n (x;U,N)TN−|n|
∏
j∈[ℓ]

t
nj

j . (3)

1We remark that Griffiths uses one more variable xℓ = N−|x| and regard K
(ℓ)
n (x;U,N)

as (ℓ+ 1)-variate. Our definition here is to emphasize the duality (4).
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An expression by the Gelfand hypergeometric function is given in [12], which

indicates that K
(ℓ)
n (x;U,N) are polynomials in x of the total degree |n|. We

do not use such expression except for the case of ℓ = 1 in (9).
They have a duality relation

K(ℓ)
n (x;U,N) = K(ℓ)

x (n; tU,N) (x, n ∈ X̄(ℓ,N)), (4)

where tU denotes the transposed matrix of U . It follows from the symmetry

of s = (si)i∈[ℓ] and t = (tj)j∈[ℓ] in

1 +
∑
i∈[ℓ]

si +
∑
j∈[ℓ]

tj +
∑
i,j∈[ℓ]

ui,jsitj

N

, the

coefficient of which on
∏
i,j∈[ℓ]

sxi
i t

nj

j is

(
N

x

)(
N

n

)
K(ℓ)

n (x;U,N).

The orthogonality relation of the ℓ-variate Krawtchouk polynomials is
given as follows. We take a set of parameters p = (pi)i∈[ℓ] ∈ (R>0)

ℓ such that

|p| < 1, and consider a weighted inner produnt (u, v)p =
∑ℓ

i=0 uivipi, for u =
(ui)

ℓ
i=0, v = (vi)

ℓ
i=0 ∈ Cℓ+1 and pℓ = 1 − |p|. We set u(j) = (ui,j)

ℓ
i=0 ∈ Cℓ+1,

the j-th column vector of U = (ui,j)i,j∈[ℓ] attached to one entry uℓ,j = 1,

together with u(−∞) = (1, 1, · · · , 1) ∈ Cℓ+1, and assume the orthogonality
condition(

u(j), u(k)
)
p
= 0 for j, k ∈ {−∞, 0, 1, . . . , ℓ− 1}, j ̸= k. (5)

A weight function mp on X̄(ℓ,N) is defined by

mp(x) =

(
N

x

)
(1− |p|)N−|x|

∏
i∈[ℓ]

pxi
i (x ∈ X̄(ℓ,N)), (6)

which represents the probabilistic distribution ofN balls dropped into ℓ boxes
(assuming that some balls may not go into any boxes). Let Vp(ℓ,N) denote
the space of complex valued functions on X̄(ℓ,N) equipped with the l2 inner
product weighted by mp. Then the system of ℓ-variate Krawtchouk polyno-

mials
{
K

(ℓ)
n ( · ;U,N)

}
n∈X̄(ℓ,N)

forms an orthogonal basis of Vp(ℓ,N). More

specifically, the following orthogonality relation holds: for n,m ∈ X̄(ℓ,N),

∑
x∈X̄(ℓ,N)

K(ℓ)
n (x;U,N)K

(ℓ)
m (x;U,N)mp(x) = δnm

(
N

n

)−1 ∏
j∈[ℓ]

(
u(j), u(j)

)nj

p
,

(7)
where δ denotes the Kronecker’s delta. Some authors proved this relation by
their own approaches (See [13], [6] and [7]). We also prove (7) in the last part
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of Section 1.3 by restricting the orthogonality relation of the infinite-variate
extensions of Krawtchouk polynomials.

We introduce the (1-variate) Krawtchouk polynomials Kn(x; p;N) for
x, n ∈ X̄(1, N) = {0, 1, · · · , N} and 0 < p < 1, as the simplest case of
ℓ = 1 and U = (1− p−1) of the above definition:

Kn(x; p,N) = K(1)
n (x;

(
1− p−1

)
, N). (8)

They are expressed by the Gaussian hypergeometric function 2F1 [10]:

Kn(x; p,N) = 2F1

(
−n, −x

;
1

p−N

)
=

n∑
k=0

(−n)k (−x)k
(−N)k k! p

k
, (9)

where (a)k denotes the Pochhammer symbol defined by

(a)0 = 1, (a)k =
k−1∏
i=0

(a+ i) (k ≥ 1). (10)

From this expression, we know Kn(x; p,N) is a polynomial in x of degree n.
We introduce two recurrence formulae [10]:

Kn(x; p,N) =
N − n
N

Kn(x− 1; p,N − 1) − (1− p)n
pN

Kn−1(x− 1; p,N − 1),

(11)

Kn(x; p,N)−Kn(x− 1; p,N) = − n

pN
Kn−1(x− 1; p,N − 1). (12)

See [8] for a group theoretic proof of them. Conversely, the recurrence formula
(12) characterizes Krawtchouk polynomials as follows:

Proposition 1.1.1. Let p be a non-zero constant. We assume a set of func-
tions {Φr(s;N) | N ≥ 1, 0 ≤ s, r ≤ N} satisfies the following reccurence
formula:

Φr(s;N)− Φr(s− 1;N) = − r

pN
Φr−1(s− 1;N − 1). (13)

Then,

Φr(s;N) =
r∑

k=0

(−s)k(−r)k
(−N)kk!pk

Φr−k(0;N − k) (14)

holds. Moreover if the initial values Φr(0;N) have the form

Φr(0;N) =
(−M)r
(−N)r

φ(N − r), (15)
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where M is a non-negative integer and φ(N − r) is any function relying only
on N − r, then we have

Φr(s;N) = Φr(0;N)Kr(s; p,M). (16)

Proof. The equality (14) is easily verified from (13) by induction. Putting
(15) into (14) and by a straightforward calculation, we see (16) from (9).

1.2 Infinite-variate extensions with indices on Z
Here we construct a class of infinite-variate extensions of the Krawtchouk
polynomials, which we call “full infinite-variate extensions”. We will extend
the index set [ℓ] = {0, 1, · · · , ℓ− 1} of the ℓ-variate Krawtchouk polynomials
to all integers Z: let

X(N) = {x = (xi)i∈Z | xi ∈ N0, |x| = N}. (17)

We remark that each x ∈ X(N) has only finitely many indices i ∈ Z such that
xi ̸= 0. We take both variables x = (xi)i∈Z and degree indices n = (nj)j∈Z
from X(N), and a parameter set U = (ui,j)i,j∈Z in the form of an infinite

matrix over C. We define the full infinite-variate extensions K
(∞)
n (x;U,N)

of Krawtchouk polynomials by the following generating function: For given
x ∈ X(N) and indeterminates t = (tj)j∈Z,

Φ(t;x, U,N) :=
∏
i∈Z

(∑
j∈Z

ui,jtj

)xi

=
∑

n∈X(N)

(
N

n

)
K(∞)

n (x;U,N)
∏
j∈Z

t
nj

j ,

(18)
where

(
N
n

)
is defined by the same formula as (2). To be more precise, for given

n ∈ X(N), we should regard Φ(t;x, U,N) as a polynomial in finite indeter-

minates (tj)nj ̸=0 by putting tj = 0 when nj = 0, and define K
(∞)
n (x;U,N) as

the coefficients of its expansion.
We can also define K

(∞)
n (x;U,N) by the following generating function

with indeterminates s = (si)i∈Z and t = (tj)j∈Z:(∑
i,j∈Z

ui,jsitj

)N

=
∑

x,n∈X(N)

(
N

x

)(
N

n

)
K(∞)

n (x;U,N)
∏
i∈Z

sxi
i

∏
j∈Z

t
nj

j . (19)

In fact, by comparing the coefficients of
∏

i s
xi
i on both sides of (19), we have

(18). By the symmetry of s and t in (19), we have a duality relation

K(∞)
n (x;U,N) = K(∞)

x (n; tU,N) (x, n ∈ X(N)), (20)
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where tU = (uj,i)i,j∈Z is the transposed (infinite) matrix of U .
For i ∈ Z, we denote by ei the ‘i-th unit vector’, that is, the element in

X(1) of which the i-th entry is 1 and the others are 0, or we can write

ei = (δik)k∈Z ∈ X(1). (21)

For x ∈ X(N) and y ∈ X(N ′), we define x + y = (xi + yi)i∈Z ∈ X(N +N ′)
by adding in each entries. Then we have an expression

X(N) = {ei1 + ei2 + · · ·+ eiN | (i1, i2, · · · , iN) ∈ ZN}. (22)

The following lemma can be regarded as an infinite-variate extension of the
recurrence formula (11) of the 1-variate Krawtchouk polynomials.

Lemma 1.2.1. For x ∈ X(N − 1), n ∈ X(N) and i ∈ Z,

K(∞)
n (x+ ei;U,N) =

1

N

∑
j∈Z

njuijK
(∞)
n−ej(x;U,N − 1). (23)

Proof. From the definition of the generating function (18),

Φ(t;x+ ei, U,N) = Φ(t; x, U,N − 1) ·

(∑
j∈Z

uijtj

)

holds. Comparing the coefficients of
∏

j∈Z t
nj

j in both sides, we have(
N

n

)
K(∞)

n (x+ ei;U,N) =
∑
j∈Z

uij

(
N − 1

n− ej

)
K

(∞)
n−ej(x;U,N − 1),

which leads to the equation (23).

Lemma 1.2.2. For x ∈ X(N), n ∈ X(N − 1) and j ∈ Z,

K
(∞)
n+ej(x;U,N) =

1

N

∑
i∈Z

xiuijK
(∞)
n (x− ei;U,N − 1). (24)

Proof. It is easily derived from Lemma 1.2.1 and the duality (20).

By the use of (22), we have a symmetric expression of K
(∞)
n (x;U,N) as

follows:
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Proposition 1.2.3. For (i1, i2, · · · , iN), (j1, j2, · · · , jN) ∈ ZN ,

K
(∞)
ej1+ej2+···+ejN

(ei1 +ei2 + · · ·+eiN ;U,N) =
1

N !

∑
σ∈SN

ui1jσ(1)
ui2jσ(2)

· · · uiN jσ(N)
,

(25)
where SN is the symmetric group of order N .

Proof. We verify the statement by induction onN . WhenN = 1,K
(∞)
ej (ei;U, 1) =

uij is obvious from the definition. For the case of N ≥ 2, by Lemma 1.2.1,
we have

K
(∞)
ej1+ej2+···+ejN

(ei1 + ei2 + · · ·+ eiN ;U,N)

=
1

N

N∑
k=1

ui1jkK
(∞)
ej1+···+ejk−1

+ejk+1
+···+ejN

(ei2 + · · ·+ eiN ;U,N − 1).

From the assumption of induction, the right hand side is equal to

1

N

N∑
k=1

ui1jk
1

(N − 1)!

∑
τk

ui2jτk(2)
· · ·uiN jτk(N)

,

where τk runs over all bijections τk : {2, · · · , N} → {1, · · · , k − 1, k +
1, · · · , N}. It is equal to the right hand side of the equation (25).

We now take parameters p = (pi)i∈Z such that pi > 0, and denote by
l2p the l2-space over Z equipped with a p-weighted inner product (u, v)p =∑

i∈Z uivipi, u = (ui)i∈Z, v = (vi)i∈Z ∈ l2p. We define a weight function mp

over X(N) by

mp(x) =

(
N

x

)∏
i∈Z

pxi
i (x ∈ X(N)) , (26)

and denote by Vp(N) the l2-space on X(N) with the measure mp(x) for the
one element set {x} ⊂ X(N). The following lemma gives a symmetric form
of integrations on X(N) by the measure mp.

Lemma 1.2.4. For any non-negative or l1-functions ϕ on X(N),∑
x∈X(N)

ϕ(x)mp(x) =
∑

(i1,··· ,iN )∈ZN

ϕ(ei1 + · · ·+ eiN )pi1 · · · piN . (27)

Proof. For each x ∈ X(N), the number of N -tuples (i1, · · · , iN) ∈ ZN such
that x = ei1 + · · ·+ eiN seems to be

(
N
x

)
. This clearly proves the lemma.
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We are ready to prove one of the main results of the paper, that is, orthog-
onality and completeness of the full infinite-variate extensions K

(∞)
n (x;U,N)

in Vp(N). We denote by u(j) = (ui,j)i∈Z the j-th column of U for j ∈ Z.

Theorem 1.2.5. When
{
u(j)
}
j∈Z is an orthogonal system of l2p, then the

system
{
K

(∞)
n ( · ;U,N)

}
n∈X(N)

forms an orthogonal system of Vp(N). More

specifically, the following orthogonality relation holds: for n,m ∈ X(N),

∑
x∈X(N)

K(∞)
n (x;U,N)K

(∞)
m (x;U,N)mp(x) = δnm

(
N

n

)−1 ∏
j∈Z

(
u(j), u(j)

)nj

p
.

(28)
Moreover when

{
u(j)
}
j∈Z is a complete orthogonal system of l2p, then the sys-

tem
{
K

(∞)
n ( · ;U,N)

}
n∈X(N)

forms a complete orthogonal system of Vp(N).

Proof. Firstly we prove the orthogonality relation (28). Let n = ej1 + · · · +
ejN , m = ek1 + · · · + ekN , where (j1, · · · , jN), (k1, · · · , kN) ∈ ZN . From
Lemmas 1.2.3 and 1.2.4, we have∑

x∈X(N)

K(∞)
n (x;U,N)K

(∞)
m (x;U,N)mp(x)

=
∑

(i1,··· ,iN )∈ZN

K(∞)
n (ei1 + · · ·+ eiN ;U,N)K

(∞)
m (ei1 + · · ·+ eiN ;U,N)pi1 · · · piN

=
1

(N !)2

∑
(i1,··· ,iN )∈ZN

(∑
ρ∈SN

ui1jρ(1) · · ·uiN jρ(N)

)(∑
τ∈SN

ui1kτ(1) · · · uiNkτ(N)

)
pi1 · · · piN

=
1

(N !)2

∑
ρ,τ∈SN

(
u(jρ(1)), u(kτ(1))

)
p
· · ·
(
u(jρ(N)), u(jτ(N))

)
p
.

By the orthogonality of {u(j)}j∈Z, all terms of the right hand side are 0, except
for the ones with ρ, τ ∈ SN such that jρ(r) = kτ(r) for all r = 1, · · · , N . If
n ̸= m, there are no such pairs (ρ, τ), and if n = m, the number of such pairs
seems to be N !

∏
j∈Z nj!. The right hand side is therefore equal to

δnm
∏

j∈Z nj!

N !

(
u(j1), u(j1)

)
p
· · ·
(
u(jN ), u(jN )

)
p
= δnm

(
N

n

)−1∏
j∈Z

(
u(j), u(j)

)nj

p
,

which proves (28).
Secondly we prove the latter half of the theorem, the completeness, by

induction on N . When N = 1, since K
(∞)
ej (ei;U, 1) = uij, the statement

10



is true. Assume the case of N − 1 is true, and take a function φ ∈ Vp(N)

orthogonal to K
(∞)
n (x;U,N) with arbitrary n ∈ X(N). We should show

φ = 0. For any k ∈ Z, we put φk ∈ Vp(N − 1) by

φk(y) = φ(y + ek) (y ∈ X(N − 1)), (29)

and for any m ∈ X(N − 1), we define

ϕm(k) =
(
φk, K

(∞)
m ( · ;U,N − 1)

)
Vp(N−1)

(k ∈ Z). (30)

We can derive that ϕm ∈ l2p, from φ ∈ Vp(N). With the use of a one-to-one
correspondence

X(N − 1)↔ {x ∈ X(N) | xk ≥ 1}, y 7→ y + ek,

we can change

ϕm(k) =
∑

y∈X(N−1)

ϕ(y + ek)K
(∞)
m (y;U,N − 1)

(
N − 1

y

)∏
i∈Z

pyii

=
1

pkN

∑
x∈X(N)

ϕ(x)xkK
(∞)
m (x− ej;U,N)

(
N

x

)∏
i∈Z

pxi
i .

It with Lemma 1.2.2 gives for any j ∈ Z,(
ϕm, u

(j)
)
p

=
∑
k∈Z

ϕm(k)ukjpk

=
1

N

∑
k∈Z

∑
x∈X(N)

φ(x)xkukjK
(∞)
m (x− ek;U,N − 1)

(
N

x

)∏
i∈Z

pxi
i

=
∑

x∈X(N)

φ(x)K
(∞)
m+ej(x;U,N)

(
N

x

)∏
i∈Z

pxi
i

=
(
φ,K

(∞)
m+ej( · ;U,N)

)
Vp(N)

= 0.

We thus have ϕm = 0 from completeness of {u(j)}j∈Z. Sincem is arbitrary, we

have φk = 0 for any k ∈ Z from completeness of
{
K

(∞)
m ( · ;U,N − 1)

}
m∈X(N−1)

assumed in induction. That concludes φ = 0.

1.3 Infinite-variate extensions with indices on N0 =
{0, 1, 2, · · · }

Here we introduce another class of infinite-variate extensions K
(+)
n (x;U,N)

of Krawtchouk polynomials, which we call “half infinite-variate extensions”.

11



The variables x = (xi)i∈N0 and the degree indices n = (nj)j∈N0 are indexed
by N0 = {0, 1, 2, · · · }. The variables x run over the set

X+(N) = {x = (xi)i∈N0 | xi ∈ N0, |x| = N} , (31)

on the other hand, the degree indices n run over the set

X̄+(N) = {n = (nj)j∈N0 | nj ∈ N0, |n| ≤ N}. (32)

We remark that X+(N) ⊄= X̄+(N), thus this extensions may not possess

dualities like (4) or (20). A complex parameters set U = (ui,j)i,j∈N0
is indexed

by N0×N0. The definition is given by the following generating function with
indeterminates T and t = (tj)j∈N0 :

Φ(+)(T, t; x, U,N) :=
∏
i≥0

(
T +

∑
j≥0

ui,jtj

)xi

=
∑

n∈X̄+(N)

(
N

n

)
K(+)

n (x;U,N)TN−|n|
∏
j≥0

t
nj

j , (33)

where
(
N
n

)
is defined by the same formula as (2).

We can regard them as limit cases of the finite-variate Krawtchouk poly-
nomials. For x ∈ X̄+(N) and ℓ ≥ 1, we denote the restriction of indices
by

x
∣∣
ℓ
= (xi)i∈[ℓ] ∈ X̄(ℓ,N). (34)

Similarly we write U
∣∣
ℓ
= (ui,j)i,j∈[ℓ]. Then we have

K(+)
n (x;U,N) = lim

ℓ→∞
K

(ℓ)
n|ℓ(x

∣∣
ℓ
;U
∣∣
ℓ
, N). (35)

In fact, when ℓ is large enough to give xi = 0, nj = 0 for all i, j ≥ ℓ, then the
generating function (3) of the multivariate Krawtchouk polynomials coincides

with (33), thus K
(ℓ)
n|ℓ(x

∣∣
ℓ
;U
∣∣
ℓ
, N) is equal to K

(+)
n (x;U,N). In a similar way,

the full infinite-variate extensions K
(∞)
n (x;U,N) can be regarded as limit

cases of the half infinite ones. For x, n ∈ X(N), parameters U = (ui,j)i,j∈Z
and an integer k, we set

x(k) = (xk+i)i∈N0 ∈ X̄+(N) (36)

by shifting and restricting indices. We also put n(k) = (nk+i)i∈N0 and U (k) =
(uk+i,k+j)i,j∈N0

. When k < 0 is small enough to satisfy x(k), n(k) ∈ X+(N),

12



then we have K
(+)

n(k)(x
(k);U (k), N) equal to K

(∞)
n (x;U,N) by comparing the

generating functions (18) and (33). We may write this as

K(∞)
n (x;U,N) = lim

k→−∞
K

(+)

n(k)(x
(k);U (k), N). (37)

Conversely we can express the finite-variate Krawtchouk polynomials
K

(ℓ)
n (x;U,N) as restrictions of special cases of the half infinite-variate ex-

tensions. We regard that X̄(ℓ,N) ⊂ X̄+(N) by the embedding map

X̄(ℓ,N) ↪→ X̄+(N), n 7→ n ⊔ (nj = 0)j≥ℓ, (38)

where (nj)j∈[ℓ] ⊔ (nj)j≥ℓ = (nj)j∈N0 denotes the joint of entries. For a given
parameter matrix U = (ui,j)i,j∈[ℓ], we fix an extension U+ = (ui,j)i,j∈N0

such
that ui,j = 1 for i ≥ ℓ and 0 ≤ j ≤ ℓ− 1, that is,

U+ =

(
U ∗
1l ∗

)
, (39)

where the vertical and horizontal lines in the right hand side divide the parts
of indices {0, 1, · · · , ℓ − 1} and ones over ℓ. The part of 1l is to fill all the
entries with 1, and the parts of ∗ allows any complex parameters.

Lemma 1.3.1. For x ∈ X+(N) and n ∈ X̄(ℓ,N), we have

K(ℓ)
n (x

∣∣
ℓ
;U,N) = K(+)

n (x;U+, N). (40)

Proof. We let t = (tj)j∈[ℓ] and t
′ = (tj)j∈N0 . The form of U+ in (39) gives

Φ(+)(1, t′; x, U+, N) =
∏
i∈[ℓ]

(
1 +

∑
j≥0

ui,jtj

)xi

·
∏
i≥ℓ

1 +
∑
j∈[ℓ]

tj +
∑
j≥ℓ

ui,jtj

xi

.

Putting tj = 0 for j ≥ ℓ, we have

Φ(+)(1, t ⊔ (0)j≥ℓ ;x, U
+, N) =

∏
i∈[ℓ]

1 +
∑
j∈[ℓ]

ui,jtj

xi

·
∏
i≥ℓ

1 +
∑
j∈[ℓ]

tj

xi

= Φ(ℓ)(1, t;x
∣∣
ℓ
, U,N).

Compare the coefficients of
∏

j∈[ℓ] tj
nj in both sides. Then we have the equa-

tion (40).

13



We now express the half infinite extensionsK
(+)
n (x;U,N) as restrictions of

special cases of the full infinite extensions. Here we consider the embedding

X+(N) ↪→ X(N), x 7→ (xi = 0)i≤−1 ⊔ x. (41)

For n ∈ X(N), we recall n(0) = (nj)j∈N0 ∈ X̄+(N) by the notation in
(36), and we denote n(−1) = (nj)j≤−1. We extend U = (ui,j)i,j∈N0

to U∞ =
(ui,j)i,j∈Z such that ui,j = 1 for i ≥ 0 and j ≤ −1, that is,

U∞ =

(
∗ ∗
1l U

)
, (42)

where the vertical and horizontal lines in the right hand side divide the parts
of negative and non-negative indices. We give the part of 1l and ∗ the same
remark as (39).

Lemma 1.3.2. For x ∈ X+(N) and n ∈ X(N), we have

K
(+)

n(0)(x;U,N) = K(∞)
n (x;U∞, N). (43)

Proof. By putting T =
∑

j≤−1 tj in the generating function (33), we have

∏
i≥0

(∑
j≤−1

tj +
∑
j≥0

ui,jtj

)xi

=
∑

n(0)∈X̄+(N)

(
N

n(0)

)
K

(+)

n(0)(x;U,N)

(∑
j≤−1

tj

)N−|n(0)|∏
j≥0

t
nj

j . (44)

Since x is in X+(N) and U∞ has the form in (42), the left hand side of (44) is
equal to the generating function Φ(t;x, U∞, N). By the use of an expansion
formula

(
∑
j≤−1

tj)
N−|n(0)| =

∑
|n(−1)|=N−|n(0)|

(
N − |n(0)|
n(−1)

) ∏
j≤−1

t
nj

j

together with

(
N

n(0)

)(
N − |n(0)|
n(−1)

)
=

(
N

n

)
on the right hand side of (44),

we have

Φ(t;x, U∞, N) =
∑

n∈X(N)

(
N

n

)
K

(+)

n(0)(x;U,N)
∏
j∈Z

t
nj

j ,

which gives the equality (43).
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We give orthogonality and completeness of the extensions K
(+)
n (x;U,N)

as follows. We take a paremeters set p = (pi)i∈N0 such that pi > 0 and
|p| <∞, and denote by l2p(N0) the l

2-space over N0 weighted by p. We define
a weight function mp on X+(N) by the similar formula as (26) such that

mp(x) =

(
N

x

)∏
i≥0

pxi
i (x ∈ X+(N)), (45)

and denote by V +
p (N) the l2-space over X+(N) weighted by mp. For a given

parameter matrix U = (ui,j)i,j∈N0
, we set u(j) = (ui,j)i∈N0 for j ∈ N0 and

u(−∞) = (1)i∈N0 = (1, 1, · · · ) ∈ l2p(N0).

Theorem 1.3.3. When
{
u(j)
}
j∈N0∪{−∞}

is an orthogonal system of l2p(N0),

then the system
{
K

(+)
n ( · ;U,N)

}
n∈X̄+(N)

forms an orthogonal system of V +
p (N).

More specifically, the following orthogonality relation holds: for n,m ∈ X̄+(N),

∑
x∈X+(N)

K(+)
n (x;U,N)K

(+)
m (x;U,N)mp(x) = δnm

(
N

n

)−1
|p|N−|n|

∏
j∈N0

(
u(j), u(j)

)nj

p
.

(46)
Moreover when

{
u(j)
}
j∈N0∪{−∞}

is complete orthogonal system of l2p(N0), then{
K

(+)
n ( · ;U,N)

}
n∈X̄+(N)

forms a complete orthogonal system of V +
p (N).

To prove this theorem, we use Theorem 1.2.5. At the beginning, we
give appropriate extensions of p and U to have indices on Z. We define
p∞ = (pi)i∈Z by setting pi = 1 for i ≤ −1, or we may write

p∞ = (1)i≤−1 ⊔ p. (47)

We take U∞ = (ui,j)i,j∈Z as a special case of (42), such that ui,j = 0 (i ≤
−1 and i < j), ui,j = 1 (j ≤ −1 and j < i) and ui,i = −|p| + i + 1 (i ≤ −1),
that is,

U∞ =



. . .

−|p|−2
O

−|p|−1 O
1l −|p|

1l U


. (48)

We set u∞(j) = (ui,j)i∈Z for j ∈ Z.
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Lemma 1.3.4. If
{
u(j)
}
j∈N0∪{−∞}

is an orthogonal or complete orthogonal

system of l2p(N0), then
{
u∞(j)

}
j∈Z forms that of l2p∞ respectively.

Proof. Simple calculations show that u∞(j) ∈ l2p∞ for j ∈ Z, and the or-

thogonality
(
u∞(j), u∞(k)

)
p∞

= 0 for j, k ∈ Z, j ̸= k. In order to prove

completeness, we take v = (vi)i∈Z ∈ l2p∞ such that
(
v, u∞(j)

)
p∞

= 0 for all

j ∈ Z. For j ≤ −1, it is seen from (48) that all entries of u∞(j−1)− u∞(j) are
0 except for the (j−1)-th entry (−|p|+ j) and the j-th entry |p|− j. It gives
that

0 = (v, u∞(j−1) − u∞(j))p∞ = (vj−1 − vj)(−|p|+ j),

thus vj−1 = vj on one hand. On the other hand, from the assumption∑
j≤−1 |vj|2 ≤ (v, v) < ∞, we conclude vj = 0 for j ≤ −1. As for v(0) =

(vi)i≥0, since (v
(0), u(j))p = (v, u∞(j))p∞ = 0 for all j ∈ N0, and (v(0), u(−∞))p =

(v, u∞(−1))p∞ = 0, we have v(0) = 0 by the completeness of
{
u(j)
}
j∈N0∪{−∞}

.

These show v = 0 as desired.

Lemma 1.3.4 ensures Theorem 1.2.5 holds in Vp∞(N) for the full-infinite
extensions with parameter U∞ , especially the orthogonality relation for
n,m ∈ X(N):∑
x∈X(N)

K(∞)
n (x, U∞, N)K

(∞)
n (x, U∞, N)

(
N

x

)∏
i∈N0

pxi
i

= δnm

(
N

n

)−1 ∏
j≤−1

(u∞(j), u∞(j))p∞
∏
j∈N0

(u(j), u(j))p. (49)

For n ∈ X̄+(N), we give an extension n∞ = (nj)j∈Z ∈ X(N) by nj = 0
for j ≤ −2 and n−1 = N − |n|, or we may write

n∞ = (0)j≤−2 ⊔ (N − |n|)j=−1 ⊔ n. (50)

For x ∈ X(N), we use x(0) = (xi)i∈N0 in the notation (36). Then we have

Lemma 1.3.5.

K
(∞)
n∞ (x;U∞, N)

=

(−|p|)x−1
(−N+|n|)x−1

(−N)x−1

K(+)
n (x(0);U,N−x−1) (if xi = 0, ∀i ≤ −2),

0 (otherwise),

where (a)k denotes the Pochhammer symbol defined in (10).
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Proof. From the form of U∞ in (48), the generating function (18) is give as

Φ(t;x, U∞, N) =
∏
i≤−1

(∑
j≤i−1

tj + (−|p|+ i+ 1)ti

)xi∏
i≥0

(∑
j≤−1

tj +
∑
j≥0

ui,jtj

)xi

.

(51)

If xi ̸= 0 for some i ≤ −2, the coefficient of t
N−|n|
−1

∏
j≥0 t

nj

j in the expansion

of (51) is 0, thus K
(∞)
n∞ (x;U∞, N) = 0. Hereafter we assume xi = 0 for all

i ≤ −2. Then by putting tj = 0 for j ≤ −2 and t−1 = 1 in (51), we have

(−|p|)x−1
∏
i≥0

(
1 +

∑
j≥0

ui,jtj

)xi

=
∑

n∈X̄+(N)

(
N

n

)
K

(∞)
n∞ (x;U∞, N)

∏
j≥0

t
nj

j .

Since the left hand side is equal to (−|p|)x−1 Φ(+)(1, t(0); x(0), U,N − x−1), we
have

(−|p|)x−1

(
N − x−1

n

)
K(+)

n (x(0);U,N − x−1) =
(
N

n

)
K

(∞)
n∞ (x;U∞, N),

which induces the assertion.

We now prove the orthogonality relation (46) by induction on N . When
N = 1, it follows from orthogonality of

{
u(j)
}
j∈N0∪{−∞}

. Let N ≥ 2. For

n,m ∈ X̄+(N), we set n∞,m∞ ∈ X(N) by (50). Then the relation (49) gives∑
x∈X(N)

K
(∞)
n∞ (x;U∞, N)K

(∞)
m∞ (x;U∞, N)

(
N

x

)∏
i≥0

pxi
i

= δn,m

(
N

n

)−1
(|p|2 + |p|)N−|n|

∏
j≥0

(
u(j), u(j)

)
p
nj . (52)

From Lemma 1.3.5, the left hand side of (52) is transformed to

N∑
x−1=0

∑
x(0)∈X+(N−x−1)

|p|2x−1
(−N + |n|)x−1(−N + |m|)x−1

(−N)x−1
2

×K(+)
n (x(0);U,N − x−1)K(+)

m (x(0);U,N − x−1)
N !∏

i≥−1 xi!

∏
i≥0

pxi
i

=

N−|n|∑
k=0

|p|2k (−N + |n|)k(−N + |m|)k
(−N)k2

(
N

k

)
×
(
K(+)

n ( · ;U,N − k), K(+)
m ( · ;U,N − k)

)
V +
p (N−k)

,
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and by applying the assumption of induction for the terms with k ≥ 1, it is
further changed to(
K(+)

n ( · ;U,N), K(+)
m ( · ;U,N)

)
V +
p (N)

+ δnm

N−|n|∑
k=1

|p|2k (−N + |n|)k2

(−N)k2

(
N

k

)(
N − k
n

)−1
|p|N−k−|n|

∏
j≥0

(u(j), u(j))p
nj

=
(
K(+)

n ( · ;U,N), K(+)
m ( · ;U,N)

)
V +
p (N)

+ δnm

(
N

n

)−1 (
(|p|2 + |p|)N−|n| − |p|N−|n|

)∏
j≥0

(u(j), u(j))p
nj .

Putting it on the left hand side of (52), we have(
K(+)

n ( · ;U,N), K(+)
m ( · ;U,N)

)
V +
p (N)

= δn,m

(
N

n

)−1
|p|N−|n|

∏
j≥0

(
u(j), u(j)

)
p
nj ,

which is the orthogonality relation (46).

Then we prove the latter half of Theorem 1.3.3, completeness. We take

φ ∈ V +
p (N) such that

(
φ,K

(+)
m ( · ;U,N)

)
V +
p (N)

= 0 for all m ∈ X̄+(N). We

regard that X+(N) ⊂ X(N) by the embedding (41), and extend to φ on
X(N) by φ(x) = 0 for x ∈ X(N) \ X+(N). Then for arbitrary n ∈ X(N),
we have from Lemma 1.3.2,

(
φ,K(∞)

n ( · ;U∞, N)
)
Vp(N)

=
∑

x∈X(N)

φ(x)K
(∞)
n (x;U∞, N)

(
N

x

)∏
i∈Z

pxi
i

=
∑

x∈X+(N)

φ(x)K
(+)

n0 (x;U,N)

(
N

x

)∏
i≥0

pxi
i =

(
φ,K

(+)

n0 ( · ;U,N)
)
V +
p (N)

= 0,

thus φ = 0 by Theorem 1.2.5. It completes the proof of Theorem 1.3.3.

We have a following ‘expansion formula’ as a corollary of the theorem:

Corollary 1.3.6. For p = (pi)i∈N0 such that pi > 0 and |p| <∞, we have∑
x∈X+(N)

(
N

x

)∏
i∈N0

pxi
i = |p|N . (53)
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Proof. We take a parameter matrix U = (ui,j)i,j∈N0
such that

{
u(j)
}
j∈N0∪{−∞}

is an orthogonal system of the space l2p(N0) (for example, ui,j = 0 for i < j,

ui,j = 1 for i > j and ui,i = − |p
(i+1)|
pi

, where |p(i+1)| =
∑

k≥i+1 pk). Then the

orthogonality relation (46) with n = m = 0 = (0)j≥0 together with the fact

K
(+)
0 (x;U,N) = 1 proves the assertion.

At the end of this section, we give a proof of the orthogonality relation (7)
of the finite-variate Krawtchouk polynomials by use of Theorem 1.3.3. We
assume to be given parameters p = (pi)i∈[ℓ] such that pi > 0 and |p| < 1, and
a parameter matrix U = (ui,j)i,j∈[ℓ] over C which satisfies the orthogonality

condition (5). We extend p to p+ = (pi)i∈N0
by

pi = |p|(1− |p|)i−ℓ+1 (i ≥ ℓ). (54)

Then we remark that |p+| = 1. We also extend to U+ = (ui,j)i,j∈N0
as a

special case of (39), by setting ui,j = 0 (i < j and j ≥ ℓ), ui,j = 1 (j <
i and i ≥ ℓ) and ui,i = 1− |p|−1 (i ≥ ℓ), that is,

U+ =


U O

1−|p|−1 O
1l 1−|p|−1

1l . . .

. (55)

We let u+(j) = (ui,j)i∈N0 for j ∈ N0 and u+(−∞) = (1)i∈N0 . Then,

Lemma 1.3.7. the system
{
u+(j)

}
j∈N0∪{−∞}

forms a complete orthogonal

system of l2p+(N0).

Proof. Simple culculations shows that u+(j) ∈ l2p+(N0) and the orthogonality(
u+(j), u+(k)

)
p+

= 0 for j, k ∈ N0 ∪{−∞}, j ̸= k. To prove completeness, we

take v = (vi)i≥0 ∈ l2p+(N0) such that (v, u+(j))p+ = 0 for all j ∈ N0 ∪ {−∞}.
For arbitrary j ≥ ℓ, since all entries of u+(j) − u+(j+1) are 0 except for the
j-th entry (1− |p|−1) and the (j + 1)-th entry |p|−1 from (55), we have

0 =
(
v, u+(j) − u+(j+1)

)
p+

= (−vj + vj+1)(1− |p|)j−ℓ+2,

thus vj = vj+1 on one hand. On the other hand, for v
∣∣
ℓ+1

= (vi)
ℓ
i=0 ∈ Cℓ+1

and arbitrary j ∈ [ℓ]∪ {−∞}, we have (v
∣∣
ℓ+1
, u(j))p =

∑
i∈[ℓ] viui,jpi + vℓ(1−

|p|) =
∑

i∈[ℓ] viui,jpi +
∑

i≥ℓ vipi = (v, u+(j))p+ = 0. Since
{
u(j)
}
j∈[ℓ]∪{−∞} is a

basis of Cℓ+1, we have v
∣∣
ℓ+1

= 0, therefore v = 0.
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We now prove the orthogonality relation (7) for n,m ∈ X̄(ℓ,N). We
regard as n,m ∈ X̄+(N) by the embedding (38). Lemma 1.3.7 ensures

Theorem 1.3.3, especially the orthogonality relation (46) for K
(+)
n ( · ;U+, N)

and K
(+)
m ( · ;U+, N) in V +

p+(N):∑
y∈X+(N)

K(+)
n (y;U+, N)K

(+)
m (y;U+, N)

(
N

y

)∏
i∈N0

pyii = δnm

(
N

n

)−1∏
j∈[ℓ]

(u(j), u(j))nj
p .

(56)
Putting x = y

∣∣
ℓ
= (yi)i∈[ℓ] ∈ X̄(ℓ,N) and z = y(ℓ) = (yℓ+i)i∈N0 ∈ X+(N−|x|)

in each term and using Lemma 1.3.1, the left hand side of (56) is transformed
to∑
x∈X̄(ℓ,N)

∑
z∈X+(N−|x|)

K(ℓ)
n (x;U,N)K

(ℓ)
m (x;U,N)

(
N

x

)(
N − |x|

z

)∏
i∈[ℓ]

pxi
i

∏
i∈N0

pℓ+i
zi .

Moreover since
∑

z∈X+(N−|x|)

(
N − |x|

z

)∏
i∈N0

pℓ+i
zi = (1− |p|)N−|x| from Corol-

lary 1.3.6, we can transform (56) to∑
x∈X̄(ℓ,N)

K(ℓ)
n (x;U,N)K

(ℓ)
m (x;U,N)

(
N

x

)
(1− |p|)N−|x|

∏
i∈[ℓ]

pxi
i

= δnm

(
N

n

)−1 ∏
j∈[ℓ]

(u(j), u(j))p
nj ,

which is the orthogonality relation (7) of finite-variate Krawtchouk polyno-
mials.

1.4 Product expressions of Krawtchouk polynomials

As described in Section 1.1, Griffiths’s multivariate Krawtchouk polynomials
are defined by the generating function (3). On the other hand Xu [18] also
defines multivariate Krawtchouk polynomials of his own, in terms of products
of 1-variate Krawtchouk polynomials. Diacoins and Griffiths [1] shows that
Xu’s ones are special cases of the Griffiths’s ones. Here we will introduce
essentially Xu’s Krawtchouk polynomials in a modified way, which are used
in realizing as zonal spherical functions in Chapter 2.

For ℓ-variables or numbers x = (xi)i∈[ℓ] and k ∈ [ℓ], we prepare the
following notations:

|x(k)| =
∑
i≤k

xi, |x(k)| =
∑
i≥k

xi. (57)

20



Definition 1.4.1. For x = (xi)i∈[ℓ], n = (ni)i∈[ℓ] ∈ X̄(ℓ,N) and parameters
a = (ai)i∈[ℓ] such that 0 < ai < 1, we define the ℓ-product Krawtchouk
polynomials

K⟨ℓ⟩n (x; a,N) =
1

(−N)|n|

∏
i∈[ℓ]

(−Ni)ni
Kni

(xi; ai, Ni), (58)

where Ni = N − |x(i−1)| − |n(i+1)|. (59)

We remark that the Xu’s definition [18] is given by a suitable transformation
of parameters and a normarization: if we denote his ones by K̃n(x; p,N) with
p = (pi)i∈[ℓ], 0 < pi < 1, |p| < 1 and x, n ∈ X̄(ℓ,N), then the relation is

K̃n(x; p,N) =
∏
i∈[ℓ]

(
− pi
1− |p(i)|

)ni

K(ℓ)
n (x;

{
pi

1− |p(i−1)|

}
1∈[ℓ]

, N). (60)

The polynomials K
⟨ℓ⟩
n (x; a,N) are special cases of the Griffiths’s Krawtchouk

polynomials (see Proposition 2 of [1] and use the relatin (60)):

Proposition 1.4.2. For a = (ai)i∈[ℓ], we set a parameter matrix Ua =
(ui,j)i,j∈[ℓ] by ui,j = 0 for i < j, ui,j = 1 for i > j and ui,i = 1 − a−1i ,
that is,

Ua =


1−a−10 O

1−a−11

1l
. . .

1−a−1ℓ−1

. (61)

Then we have

K⟨ℓ⟩n (x; a,N) = K(ℓ)
n (x;Ua, N)

(
x, n ∈ X̄(ℓ,N)

)
. (62)

We set probabilistic parameters p = (pi)i∈[ℓ] by

pi = ai

i−1∏
k=0

(1− ak) (i ∈ [ℓ]), (63)

then we have |p| = 1−
∏

i∈[ℓ](1− ai) < 1. We can also verify that the matrix

Ua in (61) satisfies the orthogonality condition (5) and

(
u(j), u(j)

)
p
= a−1j

j∏
k=0

(1− ak) (j ∈ [ℓ]). (64)

Putting (63) and (64) into (7), we have the orthogonality relations of ℓ-

product Krawtchouk polynomials K
⟨ℓ⟩
n (x; a,N):
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Proposition 1.4.3. For n,m ∈ X̄(ℓ,N),∑
x∈X̄(ℓ,N)

K⟨ℓ⟩n (x; a,N)K⟨ℓ⟩m (x; a,N)

(
N

x

)∏
i∈[ℓ]

axi
i (1− ai)N−|x(i)|

= δnm

(
N

n

)−1∏
i∈[ℓ]

a−ni
i (1− ai)|n

(i)| . (65)

By the same idea, we can construct the product forms of the infinite-
variate extensions of Krawtchouk polynomials. Hereafter in this section, in
order to deal with two extension cases (the full and the half infinite exten-
sions) simultaneously, we let I denote N0 or Z. For any x = (xi)i∈I and k ∈ I,
we also use the notations |x(k)| and |x(k)| in (57).

Definition 1.4.4. We take a set of parameters a = (ai)i∈I such that 0 <
ai < 1 for all i ∈ I. We define for x ∈ X+(N) and n ∈ X̄+(N),

K⟨+⟩n (x; a,N) =
1

(−N)|n|

∏
i∈N0

(−Ni)ni
Kni

(xi; ai, Ni), (66)

also for x, n ∈ X(N),

K⟨∞⟩n (x; a,N) =
(−1)N

N !

∏
i∈Z

(−Ni)ni
Kni

(xi; ai, Ni), (67)

where Ni = N − |x(i−1)| − |n(i+1)| is given by the same formula as (59) for
both (66) and (67).

These infinite-variate extensions are also special cases of the extensions
K

(+)
n (x;U,N) and K

(∞)
n (x;U,N) with special parameter matrices U :

Proposition 1.4.5. For a = (ai)i∈I, we set a parameter matrix Ua = (ui,j)i,j∈I
by ui,j = 0 for i < j, ui,j = 1 for i > j and ui,i = 1− a−1i , that is,

Ua =

 . . . O
1−a−1i

1l . . .

 . (68)

Then we have

K⟨+⟩n (x; a,N) = K(+)
n (x;Ua, N) for I = N0, (69)

or
K⟨∞⟩n (x; a,N) = K(∞)

n (x;Ua, N) for I = Z. (70)
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Proof. We consider the case of I = N0. For any ℓ ≥ 1, Proposition 1.4.2 gives
the relation

K
⟨ℓ⟩
n|ℓ(x

∣∣
ℓ
; a
∣∣
ℓ
, N) = K

(ℓ)
n|ℓ(x

∣∣
ℓ
;Ua

∣∣
ℓ
, N),

where the notation x
∣∣
ℓ
is given in (34). As ℓ is large enough, the left hand

side is equal to K
⟨+⟩
n (x; a,N) by the definition (66), and the right hand side

is equal to K
(+)
n (x;Ua, N) by the equality (35), thus we have (69). The case

of I = Z is similarly verified by the equalities (69) and (37).

In order to give the orthogonalities of the extensions K
⟨+⟩
n (x; a,N) or

K
⟨∞⟩
n (x; a,N), we need to assume a condition for parameters a = (ai)i∈I such

that

lim
i→∞

i∏
k=0

(1− ak) = 0. (71)

We set parameters p = (pi)i∈I by pi = ai

i−1∏
k=0

(1 − ak) for i ≥ 0 and pi =

ai

−1∏
k=i

(1 − ak)
−1 for i ≤ −1. Then under the condition (71), we have the

following results by straightforward calculations:

|p(0)| :=
∑
i≥0

pi = 1, (u(j), u(j))p =


a−1j

j∏
k=0

(1− ak) (j ≥ 0),

a−1j

−1∏
k=j+1

(1− ak)−1 (j ≤ −1).
(72)

Since the matrix Ua in (68) satisfies the orthogonality condition in Theo-
rem 1.3.3 or Theorem 1.2.5, we can put these results into the orthogonality
relation (46) or (28). Then,

Proposition 1.4.6. We have for n,m ∈ X̄+(N),∑
x∈X+(N)

K⟨+⟩n (x; a,N)K⟨+⟩m (x; a,N)

(
N

x

)∏
i≥0

axi
i (1− ai)N−|x(i)|

= δnm

(
N

n

)−1∏
i≥0

a−ni
i (1− ai)|n

(i)|, (73)
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and for n,m ∈ X(N),∑
x∈X(N)

K⟨∞⟩n (x; a,N)K⟨∞⟩m (x; a,N)

(
N

x

)∏
i∈Z

axi
i (1− ai)δi,|i|N−|x(i)|

= δnm

(
N

n

)−1∏
i∈Z

a−ni
i

∏
i≤−1

(1− ai)−N+|n(i)|
∏
i≥0

(1− ai)|n
(i)|. (74)

We remark for completeness of these infinite extensions. As for the case
I = N0, we can verify the system

{
u(j)
}
j∈N0∪{−∞}

of columns of Ua forms

a complete system of l2p(N0), therefore the system
{
K
⟨+⟩
n ( · ; a,N)

}
n∈X̄+(N)

forms a complete system of V +
p (N) by Theorem 1.3.3. However for the case

I = Z, we need to assume one more condition of a = (ai)i∈Z such that

lim
i→−∞

−1∏
k=i

(1− ak) = 0. (75)

Then we can show completeness of
{
u(j)
}
j∈Z in l2p, thus we have completeness

of
{
K
⟨∞⟩
n ( · ; a,N)

}
n∈X(N)

in Vp(N) by Theorem 1.2.5. The verifications are

left to the reader.
To describe a duality of ℓ-product Krawtchouk polynomials, we consider

sorting of the degree indices n.

Lemma 1.4.7. For a permutation σ ∈ Sℓ of letters {0, 1, · · · , ℓ− 1} and a
parameter matrix U = (ui,j)i,j∈[ℓ], we define σU =

(
ui,σ−1(j)

)
i,j∈[ℓ] . Then we

have for x, n = (nj)j∈[ℓ] ∈ X̄(ℓ,N),

K(ℓ)
n (x; σU,N) = K

(ℓ)
(σn)(x;U,N), (76)

where σn = (nσ(j))j∈[ℓ].

Proof. From the generating function (3), we have

Φ(ℓ)(1, t; x, σU,N) =

1 +
∑
j∈[ℓ]

tj

N−|x| ∏
i∈[ℓ]

1 +
∑
j∈[ℓ]

ui,σ−1(j)tj

xi

=

1 +
∑
j∈[ℓ]

tσ(j)

N−|x| ∏
i∈[ℓ]

1 +
∑
j∈[ℓ]

ui,jtσ(j)

xi

= Φ(ℓ)(1, σt; x, U,N).

Comparing the coefficients of
∏

j∈[ℓ] t
nj

j , we have (76).
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For any y = (yi)i∈[ℓ], we denote the sorting in reverse order by

←−y = (yℓ−i−1)i∈[ℓ] . (77)

Then the polynomials K
⟨ℓ⟩
←−n (x; a,N) are also special cases of the Griffiths’s

Krawtchouk polynomials:

Proposition 1.4.8. For a = (ai)i∈[ℓ], we set a parameter matrix Ûa =
(ui,j)i,j∈[ℓ] by ui,j = 0 for i + j < ℓ − 1, ui,j = 1 for i + j > ℓ − 1 and

ui,j = 1− a−1i for i+ j = ℓ− 1, that is,

Ûa =

 O 1−a−10
1−a−11

. · ˙ 1l
1−a−1ℓ−1

. (78)

Then we have
K
⟨ℓ⟩
←−n (x; a,N) = K(ℓ)

n (x; Ûa, N). (79)

Proof. We take the permutation σ ∈ Sℓ in reverse order, that is, σ(i) =
ℓ − i − 1 (0 ≤ i ≤ ℓ − 1). Then we note that σUa = Ûa and σn = ←−n . From
Lemma 1.4.7 and Proposition 1.4.2, we have

K
⟨ℓ⟩
←−n (x; a,N) = K

(ℓ)
←−n (x;Ua, N) = K(ℓ)

n (x; Ûa, N).

Since the matrix Ûa in (78) satisfies tÛa = Û←−a , the duality (4) immediately

induces a duality of K
⟨ℓ⟩
←−n (x; a,N) such that

K
⟨ℓ⟩
←−n (x; a,N) = K

⟨ℓ⟩
←−x (n;←−a ,N) (x, n ∈ X̄(ℓ,N)). (80)

By the same idea, the full infinite-variate extensions K
⟨∞⟩
n (x; a,N) are

also modified to have a duality. For any y = (yi)i∈Z, we let ←−y = (y−i)i∈Z.

Proposition 1.4.9. For a = (ai)i∈Z, we set a parameter matrix Ûa =
(ui,j)i,j∈Z by ui,j = 0 for i + j < 0, ui,j = 1 for i + j > 0 and ui,j = 1 − a−1i

for i+ j = 0, that is,

Ûa =


O . · ˙

1−a−1−1
1−a−10

1−a−11 1l
. · ˙

, (81)

where the vertical and horizontal lines divide the parts of negative and non-
negative indices. Then we have

K
⟨∞⟩
←−n (x; a,N) = K(∞)

n (x; Ûa, N). (82)
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This proposition is verified similarly to Proposition 1.4.8. We leave details
to the reader. Anyway, since the matrix Ûa in (81) satisfies tÛa = Û←−a , we

have a duality of K
⟨∞⟩
←−n (x; a,N) from (20), such that

K
⟨∞⟩
←−n (x; a,N) = K

⟨∞⟩
←−x (n;←−a ,N) (x, n ∈ X(N)). (83)

2 Realizations of Krawtchouk polynomials as

zonal spherical functions

2.1 Zonal spherical functions on locally compact Abelian
groups

In this section, we prepare basic facts about zonal spherical functions within
a required range in realizations of Krawtchouk polynomials in the follow-
ing sections. Let A be a locally compact Hausdorff Abelian group, G be a
compact Hausdorff group acting on A continuously as group automorphisms.
Here we define zonal spherical functions of the Gelfand pair (A ⋊ G,G) as
G-invariant (and mainly L2-) functions on A. We take the Haar measures µ
on A and ν on G such that ν(G) = 1.

Lemma 2.1.1. The action g : A→ A for any g ∈ G preserves the measure
µ.

Proof. For each g ∈ G, we define a measure µg on A by

µg(E) = µ(g(E)) (E ⊂ A, µ-measurable).

Since µg is also the Haar measure on A, there exists rg > 0 such that µg = rgµ.
We need to show rg = 1 for all g ∈ G. We take an open set U ⊂ A such
that the closure Ū is compact. Then W = {g(a) | g ∈ G, a ∈ U} satisfies
that g(W ) = W for all g ∈ G and W̄ is compact. By Urysohn’s lemma, we
can take µ-mesurable sets E,F ⊂ A such that E ⊂ W ⊂ F , µ(E) > 0 and
µ(F ) < ∞. We now assume rg ̸= 1 for some g ∈ G. Since rg−1 = r−1g , we
can suppose rg < 1 by replacing g with g−1 if necessary. Then there exists
k ∈ N such that rg

kµ(F ) < µ(E). We have

µ(E) ≤ µ(gkF ) = rg
kµ(F ) < µ(E),

which is a contradiction.

We introduce the Fourier transformation on A. Let Â denote the dual
group of A, that is, Â = {ξ : A → T | continuous group homomorphism},
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equipped with pointwise multiplications on the torus T ⊂ C×. It is known
that Â is also a locally compact Abelian group by the compact-open topology.
For φ ∈ L1(A), we can define the Fourier transformation Fφ ∈ C(Â), a
continuous function on Â, as follows:

Fφ(ξ) =
∫
A

φ(a)ξ(a)dµ(a) (ξ ∈ Â). (84)

It is known that Â has the uniquely normarized Haar measure µ̂, called the
dual measure of µ, which gives the inverse transformation F̄ of F as follows.
For ψ ∈ L1(Â), we define F̄ψ ∈ C(A) by

F̄ψ(a) =
∫
Â

ψ(ξ)ξ(a)dµ̂(ξ) (a ∈ A), (85)

then the following fact holds (the Plancherel’s theorem, see [3]).

Fact 2.1.2. There uniquely exists a unitary isomorphism F : L2(A)→ L2(Â)
which coincides with the Fourier transformation (84) on L1(A)∩L2(A), and
its inverse F−1 : L2(Â) → L2(A) coincides with the inverse transformation
F̄ in (85) on L1(Â) ∩ L2(Â).

We consider the restrictions of F and F̄ on the subspaces of G-invariant
functions as follows. The action of G on A and its contragredient action on Â
induce the permutation representations of G on L1(A) and L1(Â) by Lemma
2.1.1, and on C(A) and C(Â) by the continuity of the actions. Then we have

Lemma 2.1.3. The transformations F : L1(A) → C(Â) and F̄ : L1(Â) →
C(A) are commutative with G-actions.

Proof. We take g ∈ G, φ ∈ L1(A) and ξ ∈ Â, and show g (Fφ) ξ = F(g(φ))ξ.
By Lemma 2.1.1, we have

g (Fφ) ξ =
∫
A

φ(a)ξ(g(a))dµ(a) =

∫
A

φ(g−1(b))ξ(b)dµ(b) = F(g(φ))ξ.

Similarly we can show about the inverse transformation.

Lemma 2.1.3 implies that F and F̄ preserve G-invariance of functions, so we
can restrict them to the G-invariant subspaces:

F : L1(A)G → C(Â)G, F̄ : L1(Â)G → C(A)G. (86)

We now put G = A ⋊ G, the semidirect product group. A unitary G-
representation V is called class-1G when the G-invariant subspace V G is one
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dimensional. Then there exists an element v0 ∈ V G such that (v0, v0)V = 1,
uniquely up to multiplications by complex numbers of the absolute value 1,
which we call the G-invariant unit element of V . We can easily verify that the
convolution algebra L1(G\G/G) = L1(A)G is commutative, as A is Abelian.
This fact is called that (G, G) is a Gelfnd pair, which is equivalent to the
condition that any irreducible unitaty G-representation V is eighter class-1G

or V G = 0 (see [15] or [17]).
Irreducible class-1G unitary G-representations are called the spherical

representations of (G, G). For each spherical representation V , the zonal
spherical function ωV is defined as the diagonal matrix element of V with
respect to the G-invariant unit element v0, that is,

ωV (α) = (α(v0), v0)V (α ∈ G). (87)

It is easy to see that ωV is a continuous bi-G-invariant non-zero function on
G, so we can regard that ωV ∈ C(A)G.

For each ξ ∈ Â, we can construct a spherical representation Wξ ⊂ L2(G)
of the pair (G, G) as follows. We define G-action τξ on L

2(G) by

τξ(a, g)φ = ϕξ,a ·Rgφ
(
(a, g) ∈ G, φ ∈ L2(G)

)
, (88)

where ϕξ,a is a continuous function on G defined by

ϕξ,a(h) = ξ(h(a)) (h ∈ G), (89)

and Rgφ denotes the right g-shift of φ, that is, Rgφ(h) = φ(hg) (h ∈ G).
It is easy to verify that (τξ, L

2(G)) is a class-1G unitary representation with
a G-invariant unit element 1 (the constant function on G). We set Wξ =

Span {ϕξ,a | a ∈ A} ⊂ L2(G), where overline means the closure in L2(G).
Then (τξ,Wξ) is a spherical representation of (G, G) by the following lemma.

Lemma 2.1.4. For any class-1G unitary G-representation V with a G-
invariant unit element v0, the subspaceW = Span {α(v0) | α ∈ G} is a spher-
ical representation of (G, G).

Proof. Obviously, W is a closed class-1G subrepresentation of V . We prove
the irreducibility of W . Let U ⊂ W be a closed subrepresentation of W ,
and U⊥ denote its orthogonal complement in W . If we express v0 = v!0 +
v⊥0
(
v!0 ∈ U, v⊥0 ∈ U⊥

)
, then we have v!0, v

⊥
0 ∈ WG. Since W is class-1G, we

have v!0 = 0 or v⊥0 = 0, that is, v0 ∈ U or v0 ∈ U⊥. Then by the definition of
W , we have W ⊂ U or W ⊂ U⊥, therefore U = W or U = 0, which proves
the irreducibility of W .
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By the definition (87), the zonal spherical function ωξ ∈ C(A)G associated
with Wξ is given as a continuous G-invariant function on A as follows:

ωξ(a) =

∫
G

ϕξ,a dν =

∫
G

ξ(g(a))dν(g) (a ∈ A). (90)

These zonal spherical functions appear as ‘kernel functions’ of theG-invariant
Fourier transformation and its inverse (86) as follows:

Proposition 2.1.5. (i) For φ ∈ L1(A)G and ξ ∈ Â,

Fφ(ξ) =
∫
A

φ(a)ωξ(a)dµ(a). (91)

(ii) For ψ ∈ L1(Â)G and a ∈ A,

F̄ψ(a) =
∫
Â

ψ(ξ)ωξ(a)dµ̂(ξ). (92)

Proof. Since Fφ is G-invariant as seen in Lemma 2.1.3, we have

Fφ(ξ) =
∫
G

Fφ (g(ξ)) dν(g) =

∫
A

φ(a)

∫
G

ξ (g−1(a))dν(g)dµ(a).

From the formula of ωξ(a) in (90), its right hand side is equal to that of (91).
We can prove (92) similarly.

We note that when ξ, η ∈ Â are in the same G-orbit P ⊂ Â, then Wξ

and Wη are unitary equivalent. In fact, if η = ξ ◦ h for some h ∈ G, the
left h-shift Lh is a unitary intertwiner from (τξ, L

2(G)) to (τη, L
2(G)), and

Lh(Wξ) = Wη. We thus denote by WP the unitatry equivalent class of
spherical representations including all Wξ with ξ ∈ P . The associated zonal
spherical function ωP is uniquely determined by ωP = ωξ for any ξ ∈ P .

We use the following notation for the characteristic functions: for any
pair of a set and its subset Y ⊂ Z,

1Y (x) = 1onZY (x) =

{
1 (x ∈ Y ),

0 (x ∈ Z\Y ).
(93)

We mainly deal with open G-orbits in A and Â below, so we set

Ω = {O ⊂ A | open G-orbit} and Ω̂ =
{
P ⊂ Â | open G-orbit

}
. (94)

Since any O ∈ Ω and P ∈ Ω̂ are open and compact, the characteristic func-
tions 1O = 1onAO , 1P = 1onÂP are continuous, in particular µ- or µ̂-measurable,
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and they have finite measures 0 < µ(O) < ∞, 0 < µ̂(P) < ∞. By Proposi-
tion 2.1.5, we have

F1O(ξ) =
∫
O
ωξ(a)dµ(a) = µ(O)ωξ(O) (ξ ∈ Â), (95)

F̄1P(a) =
∫
P
ωξ(a)dµ̂(ξ) = µ̂(P)ωP(a) (a ∈ A). (96)

Proposition 2.1.6. When P ∈ Ω̂, we have ωP ∈ L2(A). Furthermore, the
following orthogonal relation holds:

(ωP , ωP ′)L2(A) = δP,P ′
1

µ̂(P)
(P ,P ′ ∈ Ω̂). (97)

Proof. From (96), we know ωP = 1
µ̂(P)F̄1P . A remark that 1P ∈ L1(Â) ∩

L2(Â) and Fact 2.1.2 thus induce ωP ∈ L2(A). We also have

(ωP , ωP ′)L2(A) =
1

µ̂(P)µ̂(P ′)
(1P , 1P ′)L2(Â) = δP,P ′

1

µ̂(P)
.

When the set Ω̂ has a good condition, the zonal spherical functions have
a completeness in L2(A)G:

Proposition 2.1.7. We assume

µ̂

Â \ ∪
P∈Ω̂

P

 = 0, (98)

that is, orbits belonging to Ω̂ occupy almost everywhere in Â. Then the sys-
tem {ωP | P ∈ Ω̂} forms a complete orthogonal system of the Hilbert space
L2(A)G.

Proof. Under the condition (98), we can verify that L2(Â)G = Span{1P | P ∈ Ω̂}.
The isomorphism F−1 in Fact 2.1.2 is restricted to G-invariant functions such

as F−1 : L2(Â)G → L2(A)G, thus by (96) we have L2(A)G = Span{ωP | P ∈ Ω̂},
which completes the proof.

We describe a duality of the zonal spherical functions:
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Proposition 2.1.8. We assume that there exists a topological group isomor-
phism Θ : A→ Â, a 7→ Θa which satisfies the following conditions:

(i) Θ preserves open G-orbits, that is, for any subset O ⊂ A,
O ∈ Ω if and only if Θ(O) ∈ Ω̂.

(ii) Θa(b) = Θb(a) holds for arbitrary a, b ∈ A.
Then we have a duality of the zonal spherical functions: for open G-orbits
O ∈ Ω and P ∈ Ω̂,

ωP(O) = ωΘ(O)(Θ
−1(P)). (99)

Proof. We remark that there exists a real number r > 0 such that µ(E) =
r · µ̂ (Θ(E)) for any µ-measurable set E ⊂ A, since E 7→ µ̂ (Θ(E)) is the
Haar measure on A. We fix ξ ∈ P and let ξ = Θb by an element b ∈ Θ−1(P).
Then we have from (95),

ωP(O) =
1

µ(O)
F1O(ξ) =

1

µ(O)

∫
O
ξ(a)dµ(a)

=
1

µ(O)

∫
O
Θa(b)dµ(a) =

1

r · µ̂ (Θ(O))

∫
Θ(O)

η(b) r dµ̂(η) = ωΘ(O)(Θ
−1(P)).

2.2 Notations for a non-Archimedean local field

In the following three sections, we take some groups concerning a non-
Archimedean local field as examples of the setting in the previous section.
We will see the zonal spherical functions are expressed in terms of the mul-
tivariate Krawtchouk polynomials or their infinite-variate extensions.

Let F be a non-Archimedean local field, v : F → Z∪{∞} be the descrete
valuation, o = {a ∈ F | v(a) ≥ 0} be the ring of integers of F , and
p = {a ∈ F | v(a) ≥ 1} be the maximal ideal of o. The residue field o/p has
the finite order q, a power of a prime. Then for ℓ ≥ 1, the residue ring o/pℓ

is a finite ring of the order qℓ.

We deal with examples for the additive Abelian groups A =
(
o/pℓ

)N
, oN

and FN . The actions on A are commonly given by the wreath product group
G = (o×)N ⋊ SN , where o× is the multiplicative group of o and SN is the
symmetric group of order N , as follows:

(c, σ)a =
(
c1aσ−1(1), . . . , cNaσ−1(N)

)
,

where c = (ck)
N
k=1 ∈ (o×)N , σ ∈ SN , a = (ak)

N
k=1 ∈ A. (100)

The orbits of these actions and their measures are given by the following
lemma (we leave out the proof, which may be obvious from the action (100)):
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Lemma 2.2.1. We assume that o× acts on a set S, and the orbits decom-
position is given by S =

⊔
i∈ I⊔{∞} Si, where I is an index set (either finite or

infinite), and ∞ is just a symbol. We set

X̄(I, N) = {x = (xi)i∈I | xi ∈ N0, |x| ≤ N}. (101)

Then the action of G = (o×)N ⋊ SN on A = SN given by (100) has the
following orbits decomposition: SN =

⊔
x∈X̄(I,N)O(x),

O(x) =
{
(ak)

N
k=1 ∈ S

N
∣∣∣ ∀i ∈ I, ♯{k | ak ∈ Si} = xi

}
. (102)

Moreover if S has a measure µ such that all o×-orbits Si are measureble,
then the product measure µ×N on SN gives the measures of G-orbits by

µ×N (O(x)) =
(
N

x

)∏
i∈I

µ(Si)
xi × µ(S∞)N−|x|

(
x ∈ X̄(I, N)

)
. (103)

2.3 ℓ-variate Krawtchouk polynomials as zonal spher-
ical functions on (o/pℓ)N

We fix a positive integer ℓ ≥ 1, and denote R = o/pℓ. Here we consider an
example that G = GN = (o×)N ⋊SN acts on A = RN by (100). Since A is
finite, we can take the counting measure as the Haar measure on A, and give
A the descrete topology.

The valuation v on F induces the valuation v : R→ [ℓ] ∪ {∞} by

v(a+ pℓ) =

{
v(a) if v(a) ∈ [ℓ]

∞ if v(a) ≥ ℓ
(a ∈ o), (104)

where [ℓ] = {0, 1, · · · , ℓ − 1} (Recall the notation in Section 1.1). This
valuation gives the o×-orbits decomposition R =

⊔
i∈[ℓ]∪{∞}Ri, Ri = {a ∈

R | v(a) = i}. Since Ri = pi/pℓ − pi+1/pℓ, we have

|Ri| = qℓ−i−1(q − 1) (i ∈ [ℓ]). (105)

Lemma 2.2.1 gives the G-orbits decomposition RN =
⊔

x∈X̄(ℓ,N)O(x),

O(x) =
{
(ak)

N
k=1 ∈ RN

∣∣ ∀i ∈ [ℓ], ♯{k | ak ∈ Ri} = xi
}
, (106)

where the parameter set X̄(ℓ,N) is defined in (1). Cardinalities of the orbits
are from (103) and (105),

|O(x)| =
(
N

x

)
(q − 1)|x|q(ℓ−1)|x|−∆(x) (x ∈ X̄(ℓ,N)), (107)
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where and in the following contents, we use a notation

∆(x) =
∑
i

ixi. (108)

On the dual group R̂, we define the ‘dual valuation’ r : R̂→ {−∞}∪ [ℓ],

r(1) = −∞, r(ξ) = max{v(a) | a ∈ R, ξ(a) ̸= 1} (ξ ̸= 1). (109)

Lemma 2.3.1. The orbits decomposition with respect to the contragredient
o×-action on R̂ is given by R̂ =

⊔
j∈{−∞}∪[ℓ] R̂j, R̂j = {ξ ∈ R̂ | r(ξ) = j},

and the cardinalities of orbits are

|R̂j| = qj(q − 1) (j ∈ [ℓ]). (110)

Proof. We note that R̂ℓ−1 is not empty. In fact, using the canonical sur-
jection πℓ,ℓ−1 : R =

(
o/pℓ

)
→
(
o/pℓ−1

)
, we can define an injection π∗ℓ,ℓ−1 :(

o/pℓ−1
)̂
→ R̂, ξ 7→ ξ ◦ πℓ,ℓ−1 and verify that Image(π∗ℓ,ℓ−1) = ∪j≤ℓ−2R̂j. It

induces |R̂ℓ−1| = |R| − |o/pℓ−1| = qℓ−1(q − 1). We fix one of θ ∈ R̂ℓ−1 and
define a group isomorphism Θ : R→ R̂, a 7→ Θa by

Θa(b) = θ(ab) (b ∈ A). (111)

Then we can verify that Θ(Ri) = R̂ℓ−i−1 for i ∈ [ℓ]∪{∞} and Θ preserves o×-
orbits. These observations conclude that R̂ =

⊔
j∈{−∞}∪[ℓ] R̂j is the o

×-orbits

decomposition, and |R̂j| = |Rℓ−j−1| = qj(q − 1) for j ∈ [ℓ] from (105).

The dual group Â =
(
RN
)̂

is identified with (R̂)N by the following corre-
spondence:

ξ(a) =
N∏
k=1

ξk(ak)
(
ξ = (ξk)

N
k=1 ∈ (R̂)N , a = (ak)

N
k=1 ∈ RN

)
. (112)

Lemma 2.2.1 thus gives the G-orbits decomposition
(
RN
)̂

=
⊔

n∈X̄(ℓ,N)P(n),

P(n) =
{
(ξk)

N
k=1 ∈ (R̂)N

∣∣ ∀j ∈ [ℓ], ♯{k | ξk ∈ R̂j} = nj

}
. (113)

From (103), cardinalities of the orbits are given by

|P(n)| =
(
N

n

)
(q − 1)|n|q∆(n) (n ∈ X̄(ℓ,N)). (114)

In general, we introduce the following lemma about the dual measure. We
remark if an Abelian group A is compact, then Â has desctete topology (see
[14] etc.).
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Lemma 2.3.2. For the Haar measure µ on a compact Abelian group A, the
dual measure of µ on Â is given by

1

µ(A)
× (counting measure). (115)

Proof. We know there exists r > 0 such that µ̂ = r×(counting measure). We
denote by 11 the characteristic function of 1 on Â. Then since

F̄11(a) =
∑
ξ∈Â

11(ξ)ξ(a)µ̂({ξ}) = µ̂({1}) = r (a ∈ A),

we have

1 = F(F̄11)(1) =
∫
a∈A
F̄11(a)1(a)dµ(a) = r · µ(A),

which proves the lemma.

Under these notations, we denote by ωn the zonal spherical function as-
sociated with the orbit P(n), and by ωn(x) its value on the orbit O(x),
where x, n ∈ X̄(ℓ,N). In this example there exists a group isomorphism
Θ : RN →

(
RN
)̂
, a 7→ Θa which satisfies the conditions in Proposition

2.1.8. We fix θ ∈ R̂ℓ−1, and use the symmetric non-degenerate bilinear
form ⟨ a | b ⟩ =

∑N
k=1 akbk on RN . For a ∈ RN , we define Θa ∈

(
RN
)̂

by
Θa(b) = θ (⟨ a | b ⟩) , b ∈ RN . Then for any x ∈ X̄(ℓ,N),

Θ (O(x)) = P(←−x ) (116)

holds, where ←−x = (xℓ−i−1)i∈[ℓ] is in reverse order as defined in (77). In fact,

we can regard Θa = (Θak)
N
k=1 ∈ (R̂)N , where Θak ’s are defined in (111). As

remarked in the proof of Lemma 2.3.1, we have r (Θak) = ℓ − v(ak) − 1,
which induces (116). We know from (116) that Θ satisfies the condition (i)
in Proposition 2.1.8, which thus gives the following duality relation of the
zonal spherical functions:

ω←−n (x) = ω←−x (n) (x, n ∈ X̄(ℓ,N)). (117)

The main objective of this section is to express ωn(x) in terms of the
ℓ-variate Krawtchouk polynomials:

Theorem 2.3.3. For x, n ∈ X̄(ℓ,N), we have

ωn(x) = K⟨ℓ⟩n (x;
q − 1

q
,N), (118)

where the right hand side is the ℓ-procuct Krawtchouk polynomial in Defini-
tion 1.4.1 with a ‘constant parameter’ q−1

q
= ( q−1

q
)i∈[ℓ].
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We prove this theorem by use of a recurrence formula in the form of (13). The
following lemma is a fundamental framework which induces these recurrence
formulae (see [8]).

Lemma 2.3.4. Let A and B be finite Abelian groups and π : A → B be a
group homomorphism. We denote by FA : C(A)→ C(Â) and FB : C(B)→
C(B̂) be the Fourier transformations. We remark since A is finite, C(A) =
L1(A) is the space of all complex-valued functions on A. We fix an arbitrary
character ζ ∈ Â, and define a transformation π∗ : C(A)→ C(B) by

π∗φ(b) =
∑

a∈π−1(b)

ζ(a)φ(a) (φ ∈ C(A), b ∈ B). (119)

On the other hand, we define π̂ : B̂ → Â by

π̂ξ = (ξ ◦ π) · ζ (ξ ∈ B̂), (120)

and let π̂∗ : C(Â) → C(B̂), π̂∗ψ = ψ ◦ π̂. Then π̂∗ ◦ FA = FB ◦ π∗ holds,
that is, the following diagram is commutative:

C(A)
FA−−−→ C(Â)

π∗

y ⟳
yπ̂∗

C(B) −−−→
FB

C(B̂)

(121)

Proof. For arbitrary φ ∈ C(A) and ξ ∈ B̂, we have

π̂∗(FAφ)(ξ) = FAφ(π̂ξ) =
∑
a∈A

ξ(π(a))ζ(a)φ(a)

=
∑
b∈B

∑
a∈π−1(b)

ξ(b)ζ(a)φ(a) =
∑
b∈B

ξ(b)π∗φ(b) = FB(π∗φ)(ξ).

From here on in this section, in order to specify the size N , we denote the
G = GN -orbits by O(x) = O(x;N) and P(n) = P(n;N), the zonal spherical
functions by ωn(x) = ωn(x;N), the Fourier transformation on RN by F = FN

and so on. We apply Lemma 2.3.4 as A = RN and B = RN−1 in this
example. We let π : RN → RN−1, (ak)

N
k=1 7→ (ak)

N−1
k=1 , a projection map. We

fix θ ∈ R̂ℓ−1, and define ζ = (1, · · · , 1, θ) ∈ R̂N , that is, ζ
(
(ak)

N
k=1

)
= θ(aN).

For these settings, we define π∗ and π̂∗ in Lemma 2.3.4, then we have the
following commutative diagram:

C(RN)
FN−−−→ C

(
R̂N
)

π∗

y ⟳
yπ̂∗

C(RN−1) −−−→
FN−1

C
(
R̂N−1

) (122)
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Lemma 2.3.5. For any GN -invariant function φ on RN , the transformation
π∗φ is a GN−1-invariant function on RN−1, and we have

π∗φ(y) = φ (y)− φ (y + eℓ−1)
(
y ∈ X̄(ℓ,N − 1)

)
, (123)

where φ(x) denotes the value of φ on the orbit O(x;N) for any x ∈ X̄(ℓ,N).

Proof. For any b = (bk)
N−1
k=1 ∈ RN−1, we have

π∗φ(b) =
∑
a∈R

θ(a)φ(b, a) = φ(b, 0) +
∑
i∈[ℓ]

∑
a∈Ri

θ(a)φ(b, a), (124)

where we denote (b, a) = (b1, b2, · · · , bN−1, a). With a remark that∑
a∈Ri

θ(a) =

{
0 (0 ≤ i ≤ ℓ− 2),

−1 (i = ℓ− 1),

we have from (124) that π∗φ(b) = φ(b, 0) − φ(b, a), a ∈ Rℓ−1, which proves
the lemma.

Lemma 2.3.6. For any GN -invariant function ψ on R̂N , the transformation
π̂∗ψ is a GN−1-invariant function on R̂N−1, and we have

π̂∗ψ(m) = ψ(m+ eℓ−1)
(
m ∈ X̄(ℓ,N − 1)

)
. (125)

Proof. For any ξ = (ξk)
N−1
k=1 ∈ P(m;N − 1), we have

π̂(ξ) = (ξ ◦ π) · ζ = (ξ1, · · · , ξN−1, θ) ∈ P(m+ eℓ−1;N),

which induces the lemma.

Lemma 2.3.7. For x ∈ X̄(ℓ,N − 1) and n ∈ X̄(ℓ,N), we have a reccurence
formula

ωn(x+ eℓ−1;N)− ωn(x;N) = − q

q − 1

nℓ−1

N
ωn−eℓ−1

(x;N − 1). (126)

Proof. From the diagram (122), we have

π∗F̄N1n(x) = F̄N−1π̂
∗1n(x), (127)

where 1n ∈ C(R̂N) is the characteristic function of the orbit P(n;N), and
(x) denotes the value on the orbit O(x;N − 1). By (96) and Lemma 2.3.2,

we have F̄N1n = |P(n;N)|
|RN | ωn( · ;N), then by Lemma 2.3.5, the left hand side of

(127) is equal to |P(n;N)|
|RN |

(
ωn(x;N)−ωn(x+ eℓ−1;N)

)
. On the other hand, by

Lemma 2.3.6 we have π̂∗1n = 1n( · + eℓ−1) = 1n−eℓ−1
, and by (96), the right

hand side of (127) is equal to |P(n−eℓ−1;N−1)|
|RN−1| ωn−eℓ−1

(x;N − 1). Substituting

|RN | = qℓN and (114), we have the reccurence formula (126).
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We fix x′, n′ ∈ X̄(ℓ− 1, N). For 0 ≤ s ≤ N − |x′| and 0 ≤ r ≤ N − |n′|,
we set

Φr(s;N) = ωn′⊔(r)(x
′ ⊔ (s);N), (128)

where (yi)i∈[ℓ−1] ⊔ (yℓ−1) = (yi)i∈[ℓ] denotes joint of entries. Then from (126),
Φr(s;N) is the solution of the reccurence formula (13) with the parameter
p = q−1

q
:

Φr(s;N)− Φr(s− 1;N) = − q

q − 1

r

N
Φr−1(s− 1;N − 1). (129)

We need the initial values Φr(0, N) = ωn′⊔(r) (x
′ ⊔ (0);N).

Lemma 2.3.8. For x ∈ X̄(ℓ,N) such that xℓ−1 = 0 and m ∈ X̄(ℓ,N − 1),
we have

ωm+eℓ−1
(x;N) =

N − |x|
N

ωm(x;N − 1). (130)

Proof. By the diagram (122), we have

π̂∗FN1x(m) = FN−1π∗1x(m). (131)

From (95), we have FN1x(n) = |O(x;N)|ωn(x;N), and from Lemma 2.3.6,
the left hand side of (131) is equal to |O(x;N)|ωm+eℓ−1

(x;N). On the other
hand, by Lemma 2.3.5 and the assumption that xℓ−1 = 0, we have π∗1x = 1x,
and by (95), the right hand side of (131) is equal to |O(m;N − 1)|ωm(x;N − 1).
Substituting (107), we have (130).

By Lemma 2.3.8 we have

ωn′⊔(r) (x
′ ⊔ (0);N) =

−N + |x′|
−N

ωn′⊔(r−1) (x
′ ⊔ (0);N − 1)

=
(−N + |x′|)2

(−N)2
ωn′⊔(r−2) (x

′ ⊔ (0);N − 2)

= · · ·

=
(−N + |x′|)r

(−N)r
ωn′⊔(0) (x

′ ⊔ (0);N − r) . (132)

Lemma 2.3.9. Let A, B be locally compact Abelian groups. We assume a
compact group G acts on both A and B as topological group automorphisms,
and there exists a topological group homomorphism f : A → B commutative
with G-actions. Then for ξ ∈ B̂, clearly we have ξ ◦ f ∈ Â. We denote
by ω

(A)
ξ◦f and ω

(B)
ξ the corresponding zonal spherical functions on A and B

respectively. Under these settings, we have

ω
(A)
ξ◦f = ω

(B)
ξ ◦ f (on A). (133)
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Proof. For any a ∈ A, we have from by the formula (90),

ω
(B)
ξ (f(a)) =

∫
G

ξ(g(f(a)))dg =

∫
G

ξ(f(g(a)))dg = ω
(A)
ξ◦f (a).

We apply Lemma 2.3.9 for A =
(
o/pℓ

)N
, B =

(
o/pℓ−1

)N
, G = GN and

f :
(
o/pℓ

)N → (
o/pℓ−1

)N
,
(
ak + pℓ

)N
k=1
7→
(
ak + pℓ−1

)N
k=1

. We note that if
ξ ∈ P(n′) then ξ ◦ f ∈ P(n′ ⊔ (0)), and if a ∈ O(x′ ⊔ (s)) then f(a) ∈ O(x′)
for any s ≥ 0. The lemma thus gives the equation

ωn′⊔(0)(x
′ ⊔ (s)) = ωn′(x′). (134)

From (132) and (134), we have

Φr(0;N) =
(−N + |x′|)r

(−N)r
ωn′ (x′;N − r) . (135)

By the use of Proposition 1.1.1 for the reccurence formula (129) and the
initial values (135), we have

ωn′⊔(r)(x
′ ⊔ (s);N) =

(−N + |x′|)r
(−N)r

ωn′ (x′;N − r) ·Kr(s;
q − 1

q
,N − |x′|).

(136)
We can prove Theorem 2.3.3 by (136) and induction on ℓ.

At the end of this section, we confirm correspondences between properties
of Krawtchouk polynomials and zonal spherical functions. Obviously the
duality relation (117) of zonal spherical functions is a special case of the
duality (80) of Krawtchouk polynomials. As for the orthogonality relation,
by (97) we have∑

x∈X̄(ℓ,N)

ωn(x)ωm(x)|O(x)| = δnm
|RN |
|P(n)|

(n,m ∈ X̄(ℓ,N)). (137)

Substituting (107), (114) and Theorem 2.3.3, it turns into∑
x∈X̄(ℓ,N)

K⟨ℓ⟩n (x;
q − 1

q
,N)K⟨ℓ⟩m (x;

q − 1

q
,N)

(
N

x

)
(q − 1)|x|q(ℓ−1)|x|−∆(x)

= δnm

(
N

n

)−1
(q − 1)−|n|qℓN−∆(n) (n,m ∈ X̄(ℓ,N)),

which is the orthogonality relation (65) of Krawtchouk polynomials for the
constant parameter a = ( q−1

q
)i∈[ℓ].
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2.4 Half infinite-variate extensions of Krawtchouk poly-
nomials as zonal spherical functions on oN

In this section, we deal with the example that G = (o×)N ⋊ SN acts on
A = oN by (100). The zonal spherical functions of this example are given

in terms of the half infinite-variate extensions K
(+)
n (x;U,N) of Krawtchouk

polynomials. Again we can observe that the orthogonality and completeness
of the zonal spherical functions correspond to the properties of the extensions
K

(+)
n (x;U,N). However since there are no topological group isomorphisms

Θ : A → Â, we cannot have the duality (99). It may correspond to the fact

that extensions K
(+)
n (x;U,N) do not have dualities.

The o×-orbits in o are determined by the valuation v : o → N0 ∪ {∞},
that is, o =

⊔
i∈N0∪{∞} oi, oi = {a ∈ o | v(a) = i}. By Lemma 2.2.1, the

G-orbits decomposition is given by oN =
⊔

x∈X̄+(N)O(x),

O(x) =
{
(ak)

N
k=1 ∈ oN

∣∣ ∀i ∈ N0, ♯{k | ak ∈ oi} = xi
}
, (138)

where the parameter set X̄+(N) is defined in (32). We use the Haar measure
µ on o normalized as µ(o) = 1. Then we know the following measures (see
[16] etc.)

µ(oi) =
q − 1

qi+1
(i ∈ N0), µ(o∞) = 0. (139)

The Haar measure on oN is given by the product measure µ×N = µ×· · ·×µ.
Then we have the following measures of G-orbits on oN by Lemma 2.2.1:

µ×N(O(x)) =


(
N

x

)
(q − 1)N

q∆(x)+N
(|x| = N),

0 (|x| < N),

(140)

where ∆(x) is the notation defined in (108). If and only if |x| < N , namely
some entries ak of a ∈ O(x) are 0, then the measure of the orbit O(x) is 0,
thus not open. So all open G-orbits are parametrized by X+(N) defined by
(31).

We define the dual valuation r : ô→ N0 ∪ {−∞} by

r(ξ) = max{v(a) | a ∈ o, ξ(a) ̸= 1}, and r(1) = −∞. (141)

Lemma 2.4.1. The o×-orbits in ô are given by ô =
⊔

j∈N0∪{−∞} ôj, ôj =

{ξ ∈ o | r(ξ) = j}. Each orbit ôj is a finite set of the cardinality

|ôj| = qj(q − 1) (j ∈ N0), |ô−∞| = 1. (142)
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Proof. For any ℓ ≥ 1, using the canonical surjection πℓ : o → o/pℓ = R,
we can define an injection π∗ℓ : R̂ → ô, ξ 7→ ξ ◦ πℓ. We can verify that
π∗ℓ (R̂j) = ôj for any j ∈ [ℓ], where R̂j ⊂ R̂ is an o×-orbit defined in Lemma
2.3.1. Moreover since π∗ℓ is commutative to o×-actions, we have any ôj are

o×-orbits in ô. Since |ôj| = |R̂j|, we have (142) from (110).

By the identification (oN )̂ = (ô)N , Lemma 2.2.1 gives G-orbit decomposition(
oN
)̂

=
⊔

n∈X̄+(N) P(n),

P(n) =
{
(ξk)

N
k=1 ∈ (ô)N

∣∣ ∀j ∈ N, ♯{k | ξk ∈ ôj} = nj

}
, (143)

and the cardinalities

|P(n)| =
(
N

n

)
(q − 1)|n|q∆(n) (144)

from (103) and (142). We remark that since µ×N(oN) = 1 and by Lemma
2.3.2, the dual measure

(
µ×N

)̂
is the counting measure, so those of orbits

P(n) are given by (144).
For x ∈ X+(N), n ∈ X̄+(N), we denote by ωn(x) the value on the orbit

O(x) of the zonal spherical function associated with the orbit P(n). Since
the topology of

(
oN
)̂

is descrete, P(n)’s are open orbits for all n ∈ X̄+(N).
This observation tells us that this example satisfies the condition (98), thus
Proposition 2.1.7 assures that the system of zonal spherical functions {ωn |
n ∈ X̄+(N)} forms a complete orthogonal system of L2(oN)G. We write down
the orthogonality relation of zonal spherical functions (97) using measures
(140) and (144): for n,m ∈ X̄+(N),

∑
x∈X+(N)

ωn(x)ωm(x)

(
N

x

)
q−∆(x) = δnm

(
N

n

)−1
qN−∆(n)

(q − 1)N+|n| . (145)

The zonal spherical functions are given as follows:

Theorem 2.4.2. For x ∈ X+(N) and n ∈ X̄+(N), we have

ωn(x) = K⟨+⟩n (x;
q − 1

q
,N), (146)

where the right hand side is the procuct form defined in (66) with a ‘constant
parameter’ q−1

q
= ( q−1

q
)i∈N0.
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Proof. We take sufficiently large ℓ such that xi = 0 and nj = 0 for all i, j ≥ ℓ,
and denote by x

∣∣
ℓ
= (xi)i∈[ℓ] , n

∣∣
ℓ
= (nj)j∈[ℓ] ∈ X̄(ℓ,N). We apply Lemma

2.3.9 for the canonical surjection f = πN
ℓ : oN →

(
o/pℓ

)N
. Then we have

ωn(x) = ωn|ℓ(x
∣∣
ℓ
) = K

⟨ℓ⟩
n|ℓ(x

∣∣
ℓ
;
q − 1

q
,N)

from Theorem 2.3.3. By the equality (35), we have the conclusion (146).

We can verify the orthogonality relation (73) of the half infinite-variate
extensions of Krawtchouk polynomials with the constant parameter a =
( q−1

q
)i∈N0 coincides with (145). The completeness of zonal spheridal functions

mentioned above corresponds to that of the half infinite-variate extensions
of Krawtchouk polynomials (Proposition 1.3.3).

2.5 Full infinite-variate extensions of Krawtchouk poly-
nomials as zonal spherical functions on FN

Here we take the Abelian group A = FN with the action (100) ofG = (o×)N⋊
SN . The o×-orbits in F are determined by the valuation v : F → Z ∪ {∞}
as F =

⊔
i∈Z∪{∞} Fi, Fi = {a ∈ F | v(a) = i}. We take the Haar measure µ

on F normarized as µ(o) = 1. We know

µ(Fi) =
q − 1

qi+1
(i ∈ Z), µ(F∞) = 0. (147)

The Haar measure µ×N on FN is given as the product measure of the
Haar measures µ. Lemma 2.2.1 gives the G-orbits decomposition FN =⊔

x∈X̄(N)O(x),

O(x) =
{
(ak)

N
k=1 ∈ FN

∣∣ ♯{k | ak ∈ Fi} = xi for all i ∈ Z
}
, (148)

using a parameter set

X̄(N) = {x = (xi)i∈Z | xi ∈ N0, |x| ≤ N}, (149)

with the following measures of the orbits:

µ×N(O(x)) =


(
N

x

)
(q − 1)N

q∆(x)+N
(|x| = N),

0 (|x| < N),

(150)
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where ∆(x) is the notation defined by (108). Among these orbits, if and only
if |x| = N , O(x) is open. So all open G-orbits are parametrized by X(N)
defined by (17).

The dual group F̂ has the dual valuation r : F̂ → {−∞} ∪ Z defined by

r(ξ) = max{v(a) | a ∈ F, ξ(a) ̸= 1}, and r(1) = −∞. (151)

The o×-orbits decomposition in F̂ is given by this valuation such as F̂ =⊔
j∈Z∪{−∞} F̂j, F̂j = {ξ ∈ F | r(ξ) = j}. In fact, using a fixed θ ∈ F̂0, we

define Θ : F → F̂ , a 7→ Θa by Θa(b) = θ(ab), b ∈ F . Then we can easily
see that Θ(Fi) = F̂−i, and it preserves G-orbits. We can identify

(
FN
)̂

with (F̂ )N . Lemma 2.2.1 thus gives the G-orbits decomposition
(
FN
)̂

=⊔
n∈X̄(N) P(n),

P(n) =
{
(ξk)

N
k=1 ∈ (F̂ )N

∣∣ ∀j ∈ Z, ♯{k | ξk ∈ F̂j} = nj

}
. (152)

We can define a topological group isomorphism Θ : FN →
(
FN
)̂
, a 7→ Θa

which satisfies the conditions in Proposition 2.1.8 as follows. Using a fixed
θ ∈ F̂0 and the symmetric non-degenerate bilinear form ⟨ a | b ⟩ =

∑N
k=1 akbk

on FN , we define
Θa(b) = θ (⟨ a | b ⟩) (b ∈ FN). (153)

Then for any x ∈ X̄(N),

Θ (O(x)) = P(←−x ) (154)

holds, where ←−x = (x−i)i∈Z is in reverse order. In fact, we can regard Θa =
(Θak))

N
k=1 ∈ (F̂ )N , and r (Θak) = −v(ak), so we have (154). It follows that

among G-orbits P(n) in (152), open orbits are ones parametrized by n ∈
X(N).

For x, n ∈ X(N), we denote by ωn(x) the value of the zonal spherical
function associated with the orbit P(n) on the orbit O(x). Proposition 2.1.8
together with (154) gives the following duality relation of the zonal spherical
functions:

ω←−n (x) = ω←−x (n) (x, n ∈ X(N)). (155)

To determine the dual measure
(
µ×N

)̂
on
(
FN
)̂
, we prepare the following

lemma in a general setting:

Lemma 2.5.1. Let A be a locally compact Abelian group, µ be the Haar
measure on A and C ⊂ A be a compact subgroup such that µ(C) = 1. We
assume there exists a topological group isomorphism Θ : A 7→ Â, a 7→ Θa.
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Then B = {b ∈ A | ∀c ∈ C, Θc(b) = 1} is an open compact subgroup of
A, and the dual measure on Â is given by

µ̂(E) =
1

µ(B)
µ
(
Θ−1(E)

) (
E ⊂ Â

)
. (156)

Proof. Since µ ◦Θ−1 is the Haar measure on Â, there exists r > 0 such that
µ̂ = r · (µ ◦Θ−1). Then we have F̄1Θ(C) = r · 1B. In fact, we have for a ∈ A,

F̄1Θ(C)(a) =

∫
Θ(C)

ξ(a)dµ̂(ξ) = r

∫
C

Θc(a)dµ(c) =

{
r (a ∈ B),

0 (otherwise),

where the last equality is due to the orthogonality of characters on C, between
the trivial character 1 and the one such that c 7→ Θc(a), which is trivial if
and only if a ∈ B. The property of (inverse) Fourier transformation thus
induces that 1B is a continuous function on A vanishing at infinity, which
means that B is open and compact. Using any fixed c ∈ C, We concludes

1 = F
(
F̄1Θ(C)

)
(Θc) = rF1B(Θc) = r

∫
B

Θc(b)dµ(b) = rµ(B),

therefore r = 1
µ(B)

.

We apply this lemma as C = oN ⊂ FN and the isomorphism Θ in (153).
Then we can easily verify that B = {b ∈ FN | ∀c ∈ oN , Θb(c) = 1} = pN .
Then from (150) and a remark that µ×N(pN) = 1

qN
, we have for n ∈ X̄(N),

(
µ×N

)̂
(P(n)) = 1

µ×N(pN)
µ×N (O(←−n )) =


(
N

n

)
q∆(n)(q − 1)N (|n| = N),

0 (|n| < N).

(157)
We write down the orthogonality relation of zonal spherical functions (97)

using measures (150) and (157):∑
x∈X(N)

ωn(x)ωm(x)

(
N

x

)
q−∆(x) = δnm

(
N

n

)−1
qN−∆(n)

(q − 1)2N
(n,m ∈ X(N)).

(158)
This example also satisfies the condition (98). In fact, by (157) and since
clearly the cardinality of G-orbits in

(
FN
)̂

is countable, we have(
µ×N

)̂ (⊔
|n|<N P(n)

)
= 0. Proposition 2.1.7 thus assures that the system

{ωn | n ∈ X(N)} of zonal spherical functions associated with open orbits
forms a copmplete orthogonal system of L2(FN)G.

The zonal spherical functions are given as follows:

43



Theorem 2.5.2. For x, n ∈ X(N), we have

ωn(x) = K⟨∞⟩n (x;
q − 1

q
,N), (159)

where the right hand side is the procuct form defined in (67) with a ‘constant
parameter’ q−1

q
= ( q−1

q
)i∈Z.

To prove the theorem, we note a property of zonal spherical functions, the
invariance under parallel translations as follows:

Lemma 2.5.3. For any x, n ∈ X(N) and k ∈ Z, we denote xk = (xk+i)i∈Z, n
k =

(nk+i)i∈Z ∈ X(N). Then we have

ωn(x) = ωnk(xk). (160)

Proof. We denote by ϖ a generater of the ideal p, and apply Lemma 2.3.9
for f : FN → FN , a 7→ ϖka. Then since f(O(x)) = O(xk) and ξ ◦ f ∈ P(n)
for ξ ∈ P(nk), we have the assertion.

We prove Theorem 2.5.2 firstly for a special case that xi = 0 for all i ≤ −1.
Then we can regard x ∈ X+(N) ⊂ X(N) by the embedding (41). We use the
notation n(0) = (nj)j∈N0 ∈ X̄+(N) in (36). We apply Lemma 2.3.9 for the
embedding map f : oN ↪→ FN . Then since f(O(x)) = O(x) and ξ◦f ∈ P(n(0))
for ξ ∈ P(n), we have

ωn(x) = ωn(0)(x) = K
⟨+⟩
n(0)(x;

q − 1

q
,N) = K⟨∞⟩n (x;

q − 1

q
,N)

by Theorem 2.4.2 and Lemma 1.3.2. Secondly we prove the theorem for a
general x ∈ X(N). We take k < 0 small enough to satisfy xi = 0 for all i < k.
Then from the first case for xk = (xk+i)i∈Z ∈ X+(N) ⊂ X(N) and nk =

(nk+j)j∈Z ∈ X(N), we have ωnk(xk) = K
⟨∞⟩
nk (xk; q−1

q
, N). Moreover we have

ωn(x) = ωnk(xk) by Lemma 2.5.3, and K
⟨∞⟩
n (x; q−1

q
, N) = K

⟨∞⟩
nk (xk; q−1

q
, N)

by Definition 1.4.4, which proves Theorem 2.5.2.

We can see correspondence between the duality relations (155) of zonal
spherical functions and (83) of full infinite-variate extensions of Krawtchouk
polynomials. We can also verify the orthogonality relation (74) of Krawtchouk
polynomials with the constant parameter a = ( q−1

q
)i∈Z coincides with (158).

The completeness of zonal spheridal functions mentioned above corresponds
to that of the full infinite-variate extensions of Krawtchouk polynomials (The-
orem 1.2.5).
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