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CONVOLUTION OF CERTAIN STARLIKE FUNCTIONS

WITH NEGATIVE COEFFICIENTS
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ABSTRACT. The object of the present paper is to
determine several interesting "resu1£s . for the modified
Hadamard‘product (convolution) of functions belonging to the
class T;,n{A,B) consisting of  regular functions with

negative coefficients.
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i. Introduction

Let T denote the class of functions of the form

0) (1.1)

Hh
N
]
N
|
=
ur\/18
o7}
=
N
-
o
=
v

(z:|z]| < 1}. If f(z)

which are regular in the unit disc U

defined by (1.1) and g(z) defined by

g(z) =z - 0). (1.2)
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The modified Hadamard product (convolution) of f(z) and g(z)

is defined by the power series
o
f * g(z) = z - a, b z¥ (1.3)
k k.7 " o ’
= .

The n-th order Ruscheweyh derivative of £f(z), denoted by

D"f(z), is defined by

o z(z" e (zy) ()
D f(z) = . (1.4)
n!
= N U {0}, N = {1.2,...}. Ruscheweyh [3]

where n € [NO

determined that

zZ

D f(z) = —
(1_Z)n+1

* f(z) (nelNo). (1.5)



38

It is easy to see that

s o
D"f(z) = z - E: S(n.k) ay zk, ‘ (1.6)
k=2
where
n+k—1
5(n,k) = [ ]. (1.7)
n

A function f(z) € T 1is said to Dbe 1in the class

T; _(A,B) if it satisfies the following condition

p" e (2)

D" f (z)
) < l< z € U, (1.8)

. f(z)
A (A-B) - B(E—H————— - 1)
DIf (2)

where 0 ¢ A £ 1, -1 £ B< A =1, and -1 £ B £ 0. The class

*
T\ n(A,B) was studied by Kumar and Chaudhary (1].

In order to prove our results for functions belonging
* . .
to the class T\ n(A,B), we shall require the following lemma

given by Kumar and Chaudhary [1].

LemMMa 1. Let the function f(z) defined by (1.1). Then

f(z) eT, _(A.B) if and only if

0 .
E: Ck,k é(n,Kk) 3y =< A(A-B) (n+1), (1.9)
k=2



where

C = (1-B) (k-1) + A(A=B)(n+l1). (1.10)

. The result is sharp-

2. Modified Hadamard Product

TuEorEM 1. Let the function f(z) defined by (1.1) and
g(z) defined by (1.2) be in the class T, _(A,B). Then f *

*
g(z) € Ty’n(A.B). where
2
A“(A-B) (1-B)

Moo=
2 2 2
2.1 AT (A-B)

(n+1)‘
The result is sharp.

Proor. Employing the technique used earlier by Schild

and Silverman [(2]. We need to find the largest p such that

Ef Ck,u &(n,k) | :
‘ a, b, = 1. (2.2)
L, wa-B)(n+1) KK
Since
© Ck,A &(n,k) |
2: ay =1 _ (2.3)
A (A-B) (n+1)

k=2

and

(2.1)

39
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Ck,A &(n,K)

b, < 1. | (2.4)

. A(A-B) (n+1)

™1

by the Cauchy-Schwarz inequality we have

C S(n.k)

kA
Y a, b, = 1. (2.95)

X (A-B) (n+1) X K

gl

2

Thus it is sufficient to show that

SEEICR'S C, \ S(n.K)
a. b < Ya b (k= 2). (2.6)
p(A-B) (n+1) ¥ X A(A-B) (n+1) k 7k

that is, that

G |

Va, b = ———. | (2.7)
x C
kK. u

Note that

A (A-B) (n+1)
Y a, b, = (K ). (2.8)

kK 7k -~ ¢
Lk,K &(n,k)

3%
[39]

Consequently. we need only to prove that

A (A-B) (n+1)

IA

C &(n, k) A C

k.X

or, equivalently that,



7\2 (A-B) (1-B) (n+1) (k-1)
u < (2.10)

2
c2  sn.x) - 2\2(a-B) ¥ (n+1)?

o

LA

Since

2% (A=B) (1-B) (n+1) (k—1)
D(k) = (2.11)

c2  &(n.kK) — A2(A-B)2(n+1)°2

Pyl S

RN

is an increasing function of k(k = 2). letting k = 2 1in

(2.11) we obtain

A% (A-B) (1-B)
L€ D(2) = . (2.12)

2 2
C - AT (A-B) " (n+l)

which completes the proof of Theorem 1.

Finally, by taking the functions

A (A-B)

h
t
i
le]
td
I
N
|
8
D

2.13)

o

we can see that the result in Theorem 1 is sharp.

CoroLLArYy 1.  For f(z) and g(z) as in Theorem 1. we have

[83)
h(z) = 2z - Ez ¥ ay bk zk (2.14)
k=2

41
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. *
belongs to the class Tx n(A,B).

The result follows from the inequality (2.5). It is

sharp for the same functions as in Theorem 1.

- Tueorem 2. Let the function f(2z) defined by (1.1) be in

N .
the class TX n(A,B) and the function g(z) defined by (1.2)

b 4

be in the class T; n(A,B),*then f *¥ g(z) TC n(A,B), where

A3 (A-B) (1-B)
c = > . (2.15)
€, xCp.p = MIA-B)*(n+1)

The result is sharp.
ProoF. Proceeding as in the proof of Theorem 1, we get

A (A-B) (1-B) (n+1) (k-1)
{ £ E(k)

(2.16)

C &(n,k) — A3(A-B)?(n+1)2%

k. 2%k.p

Since‘the function E(k) is an increasing function of k(k =

2), letting k = 2 in (2.16) we obtain

A3 (A-B) (1-B)
{ = E(2) = 3 , (2.17)
C2,A¢2,ﬁ —‘Kﬂ(A—B) (n+1)

which evidently proves Theorem 2.

Further, taking



f(z) =2 - —— — 2 (2.18)
G '
and
g(z) =2 - ——— 2z (2.19)
, ) Cz,ﬁ

we can show that the result of Theorem 2 is sharp.

" CoroLLARY 2. Let the functions f(z), g(z). h(z) be in

n *
the class Tk,n(A'B)’ then f * g * h(z) € Tn,n(A'B)‘ where

23 (a-B)2(1-B)

n = . (2.20)

3 - 3 3
CZ,A - X (A—B)‘(n+1)

The result is best possible for the functions

. X (A-B)
f(z) = g(z) = h(z) = 2 - — — Z". (2.21)

CZ,A

*
Proor. From Theorem 1, we have f * g(z) € TL n(A.B),
where u is given by (2.1). We use now Theorem 2, we get £ ¥

. » . :
g * h(z) e Tn,n(A’B)' where

Az (A-B) (1-B) 23 (a-B)%(1-B)

- au(A-B) 2 (n+1) 2 - 23@a-B)3(n+1)

2,A 2.

2;"“



This completes the proof of Corollary 2.

TusorEM 3. Let the functions f(z), g(z) defined by
N .
(1.1) and (1.2), respectively, be in the class T& n(A,B).

Then the function h(z) defined by

[v o] .

_ _ : 2 2 k ‘ '

h(z) = z E: [ak + bk] z (2.22) .
k=2

. - w
belongs to the class TP n(A,B), where

’

| 222 (A-B) (1-B) |
P == (2.23)

2 2 ’
CZ,K — 227 (A-B) " (n+1)

The result is shafp for the functions f(z).= g(z) defined by
(2.13).

Proor. By virtue of Lemma 1, we obtain

o] Ck,K S(n,k) {2 , o Ck,K &(n, k) 2
E: | . } a2 < { E: ak},£ 1 (2.24)
£z, A (A-B) (n+1) £~, X(A-B) (n+1)
and
C, v &(n,k) .2 Ci x S(n.K) 2

1A

TTs

{

« x,x 2t )
E: { } by, 'bk} < 1.(2.25)
X (A—B) (n+1) , M(A-B) (n+1)
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It follows from (2.24) and (2.25) that

Ck,x &(n,k) |2

o -
y (2 + »2) = 1. (2.26)
£ | A (A-B) (n+1) -

2

Therefore, we need to find the largest ¢ sush that

Ck{p é(n,k) [ Ck,k &(n,k) |2

<

é } (k = 2)
o (A=B) (n+1) | A(a=B) (n+1)

that is, that

2 (k=1)A2 (A=B) (1-B) (n+1)
P = : . (2.27)

¢z, snx) - 22%a-B)%(n+1)?

Since

2(k—1)k2(A—B)(l—B)(n+l)
G(k) = 3 5 5 (2.28)
C. y o(n,k) — 2A"(A-B) " (n+1)

1s an increasing function of k(k = 2), we readily have

272 (A-B) (1-B)
o < G(2) = (2.29)

2 2 :
CZ,K - 2AT(A-B) " (n+l)

which completes the proof of Theorem 3.
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. 0
TuEoreM 4. Let the function f(z) =z - % ay zk be in

k=2
* -z -y b 2 with |b| 1. k
the class T, _(A.B) and g(z) =z —kEZ Kk 2 Wi |b | = 1.
*
= 2,3,..., then f * g(z) € T)\ n(A'B)'
ProoF. Since
a : s ¢
E: Cp x S(n.X)|ay by| = E: Ch x S(n.X) ay|by|
k=2 k=2
& o]
< -
=< Z Ck,)\ &(n,k) ak < X (A-B) (n+1)
k=2

: 4
by Lemma 1 it follows that f * g(z) € TK n(A,B).-

. b e}
ComoLLAry 3. If f(z) € T, (A.B) and g(z) = z - & b, 2"
nt Wy Pk
. *
with 0 £ b <1, k = 2,3,..., then £ * g(z) e T,  (A.B).
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