Quandle coloring conditions and zeros of the
Alexander polynomials of Montesinos links

Katsumi Ishikawa

Abstract

We give a simple condition for the existence of a nontrivial quandle
coloring on a Montesinos link, which describes the distribution of the zeros
of the Alexander polynomial. By this condition, we prove that the real
parts of the zeros of the Alexander polynomial of any link that admits an
alternating pretzel diagram are greater than —1: Hoste’s conjecture holds
for such a link. Furthermore, we show the existence of infinitely many
counterexamples for Hoste’s conjecture.

1 Introduction

The Alexander polynomial is one of the most famous classical invariants for
knots and links, which can be defined in a purely topological way. By contrast,
the property “alternating” is rather diagrammatic one; although a topological
characterization of alternating knots and links was given independently by [4]
and [6], their characterization uses spanning surfaces, which is not necessarily
orientable, and then it seems irrelevant to problems of Alexander polynomials
or their roots.

Nevertheless, based on his computer experiments, Hoste conjectured in 2002
that the real parts of the roots of the Alexander polynomial Ag of any alter-
nating knot K will be greater than —1, which is called Hoste’s conjecture. We
should remark that a real root of Ak is positive by the alternating property
([2], [14]) of Ak. In the case of 2-bridge knots, the positive result is known: if
K is a 2-bridge knot and ¢ is a root of A, we have —3 < Ret < 6 by [13] and
—3/2 < Ret < 3 + 2v/2 independently by [10] and [15], and finally the conclu-
sive inequality Ret > —1 was obtained by the author [8]. Hoste’s conjecture
has interested many researchers in the distribution of the roots of Alexander
polynomials, rather than themselves or their coefficients, but it is in many cases
difficult to detect or estimate where Alexander polynomials have roots.

In this paper, we give a criterion for determining whether a complex number ¢
is a root of the Alexander polynomial Ay of a Montesinos link L. More precisely,
a rational function ¢, is defined for each oriented rational tangle 7, and then we
can judge whether the Montesinos link L composed of rational tangles 7y, -« , 7%
admits a nontrivial C;-coloring from the sum or product (depending on the way
of the orientation of L) of ¢, (t); see Theorems 3.5 and 3.10 for details. Here,



C; is a quandle and it is known that there exists a nontrivial C;-coloring if and
only if Ar(t) =0.

We can apply this criterion to the problem of Hoste’s conjecture to obtain
two results. As the first one, Hoste’s conjecture holds for the links that have
alternating pretzel diagrams (Theorems 4.1 and 4.3). We remark that this holds
for such links with any orientation. However, when we consider all alternating
Montesinos links, the conjecture does not hold; this is the second result. In fact,
we show the existence of infinitely many counterexamples for Hoste’s conjecture
(Theorem 5.4). Although real parts of counterexamples are only slightly less
than —1, we also see that the set of roots in counterexamples is dense on an
open subset in C.

Our proof of the first result is based on the “one-sided” property of ¢, (¢);
for example in the case where the criterion uses the sum of ¢, (t), supposing
Ret < —1, we can find an open half plane P (Z 0) such that ¢, (¢t) € P for
every pretzel tangle 7 with positive fraction and appropriate orientation. Then,
the sum of such ¢, (¢) is also a member of P and especially is not equal to 0.
Theorem 3.10 concludes that Af(t) # 0 for the corresponding link L.

A family of rational tangles with positive fraction often has the one-sided
property, but this is not always true; this is a key to finding counterexamples, i.e.
the second result. Suppose that for some ¢ (Ret < —1) and a family of rational
tangles, the one-sided property does not hold. Then, we use many copies of
them to construct a Montesinos link so that it almost admits a nontrivial Cs-
coloring. By a perturbation of ¢, we show that the link actually has a nontrivial
Cy-coloring.

Although the original conjecture turned out to be false, we still have many
interesting problems. For example, is there a lower bound for the real parts? If
there is, what is the greatest lower bound? The author has no idea how to work
on these problems, but in this paper we show the existence of a lower bound for
the alternating Montesinos links (Theorem 6.1). Here we give a lower bound
—2, though this is not the greatest one and we do not pursue it further.

This paper is organized as follows. In Section 2, we recall a relationship
between quandle colorings and roots of Alexander polynomials. In Section 3,
we give the coloring conditions, which are the core of this paper. Then, we
prove Hoste’s conjecture for pretzel links in Section 4 and show the existence
of counterexamples in Section 5. Section 6 is devoted to find a lower bound for
the real parts of roots.

Remark. Although Theorem 5.4 shows the existence of infinitely many coun-
terexamples, it does not give any concrete one. In fact, the author proved this
theorem and gave a talk on it at the workshop “Branched Coverings, Degen-
erations, and Related Topics 2018” at Hiroshima University in March, 2018,
but he did not have an explicit counterexample at that time. However, soon
after the workshop, following the strategy of the talk, Mikami Hirasawa and
Masaaki Suzuki found counterexamples from numerical computations, and by
using another family of candidate knots, they and the author finally gave con-
crete counterexamples with a rigorous proof; for this final result, see [5].
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2 Preliminaries
For t € C\{0}, we define a binary operation * on C as
xxy=tx+ (1 —1t)y for z,y € C.

We find (C,x*) to be a quandle (see e.g. [3] for a definition) and denote it
by C;. A Ci-coloring on a diagram D of an oriented link L is a map C :
{the over arcs of D} — C; such that

Yy
C(z) *C(y) =C(z) at every crossing point L l Z

In particular, a constant map is said to be trivial. It is known (e.g. [7]) that D
admits a nontrivial Cs-coloring if and only if Ay (¢) = 0. Here Ay denotes the
Alexander polynomial of L, though we do not recall its definition (see e.g. [11]).

In the same way, we define a binary operation * on the Laurent polynomial
ring C[T*] (replace ¢ with T') and we obtain a quandle Cr. A Cp-coloring is
also defined similarly.

3 Parametrization and a coloring condition

We recall that a Montesinos link is a link composed of rational tangles as in
Figure 1. In this paper, we do not call the tangle [co] a rational tangle. Given
an oriented Montesinos link, we can deform it if necessary to assume that it is
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Figure 1: Montesinos links
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Figure 2: Two colors determine the whole coloring

oriented in one of the two ways described in Figure 1; we call it a Montesinos
link of type I/II if it is oriented as in the left/right figure. Similarly, a rational
tangle appearing in a Montesinos link of type I/II is said to be of type I/II: in
the case of type I, the two left strings direct inward; in the case of type II, one
of them goes inward and the other outward.

A remarkable property on quandle coloring of rational tangles is that a
coloring is uniquely determined by the color of two arcs: For example, when
we associate arbitrary elements of a quandle to the two marked arcs in Figure
2, they extend uniquely to be a whole coloring of the tangle. In the case of
Ci-colorings (t € C\{0,1}), this means that there exists only one nontrivial
coloring up to affine transformations. A similar fact holds also for Cp, where
we have to consider divisions by common factors. In the following, we regard
such a division as an affine transformation.

This observation (see also Lemma 3.2 below) implies that, in the case of
Cy-colorings, the colors of the right strings are often determined by those of
the left. Then, the leftmost colors of a Montesinos link are transformed by the
rational tangles to be rightmost colors, and if they accord, a whole coloring
is completed. Thus, we obtain a condition for the existence of a nontrivial
coloring by examining how the rational tangles change colors. This is an outline
of Sections 3.1 and 3.2 below.

Before studying each type, we prepare lemmas, which hold for rational tan-
gles of both types.

Lemma 3.1. For any rational tangle (# [00]), there exists a Cr-coloring C such
that Clr—¢ is a nontrivial Cy-coloring for any t € C\{0}.

Proof. Let Cy be any nontrivial Cp-coloring. By an affine transformation, we
may assume the color of some arc to be 0 € Cp. Let f € C[T*!] be the greatest
common divisor of the image of Cy and put C = Cy/f. We easily find C to be a
desired coloring. O

In the following, we say a Cp-coloring of Lemma 3.1 to be prime.

Lemma 3.2. Take a nontrivial Cr-coloring of a rational tangle as in Figure 3,
where z,y, 2",y € Cp = C[T*!]. Then, we have x # y and ¥’ # y'.



Proof. By affine transformations, we may assume the coloring to be prime
(Lemma 3.1). Then, by substituting —1 for T, we obtain a nontrivial C_;-
coloring. As we find from a definition of the fraction of a rational tangle (see
e.g. [9]), z(—1) —y(—1) # 0, which implies that x # y. We find that 2’ # ¢/
similarly. O

Lemma 3.3. Let 7 be a rational tangle. If there exists a nontrivial Cy-coloring
(t € C\{0,1}) which assigns different colors to the left (resp. right) strings,
then for any x,y € C; there exists a unique Ci-coloring of T which colors the
left (resp. right) strings with x and y.

Proof. The set Colg, (7) of the C;-colorings on 7 is a C-vector space of dimension
2. The restriction to the left (resp. right) strings defines a homomorphism
7 : Colg, (1) — C2. Since the existences of the nontrivial coloring and a trivial
one show that dimImr > 2, r is an isomorphism. O

3.1 For Montesinos links of type I

Let 7 be a rational tangle of type I. We take a nontrivial Cp-coloring of 7 and
let the four colors be z,y,2’,% as in Figure 3 (z,y,2’,y’ € C[T*']). By Lemma
3.2, we have x # y and then we define a rational function cl as

Lemma 3.2 also implies that cL # 0. We can easily check that cl is invariant
under an affine transformation, and hence cL is independent of the choice of the
nontrivial coloring.

Remark 3.4. Suppose that t € C\{0, 1} is not a pole (resp. zero) of cL. In the
definition above, we can take a prime Cp-coloring and then find that x(t) # y(t)
(resp. 2'(t) # ¢/(¢)). In this case, arbitrary left (resp. right) colors uniquely
determine the right colors by Lemma 3.3.

Theorem 3.5. Let L be a Montesinos link of type I composed of k rational
tangles 11, ,7x. Let P (resp. Z) be the set of the poles (resp. zeros) of
ck ... cL . Then, fort € C\{0,+£1}, we have the following.
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(i) Ift € PU Z, then there exists a nontrivial C¢-coloring on L if and only if
@) (t)=1.
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Figure 3: Coloring on a rational tangle
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Figure 4: Isotopic tangles

(i) Ift ¢ P andt e Z, orift € P andt ¢ Z, then there does not exist a
nontrivial Ci-coloring on L.

(i) Ift € PN Z, then there exists a nontrivial C¢-coloring on L.

In Theorem 3.5, let us express cl

+, as the irreducible fraction f;/g; of Laurent
polynomials. Then Theorem 3.5 is simply stated as follows: For ¢ € C\{0, +1},

there exists a nontrivial C;-coloring on L if and only if f1(t) - - - fi(t) = g1(t) - - - gx (¢).

Lemma 3.6. Let T be a (not necessarily rational) tangle oriented and Cy-colored
(t € C\{0,1}) as in Figure 3. Then we have x + ty = 2’ + ty'.

Proof. We consider the oriented C;-colored tangles of Figure 4, where a, b, b’ €
C;. An isotopy takes one of them to the other and then we have b = ’. Since
b= (axy)*zand ' = (a*y’) *2’, we have

tita+ (1 —t)y)+ (1 =ty =t(ta+ (1 —t)y') + (1 — )/,
(1 —t)(x+ty) =1 —t)(2' +ty).

Since t # 1, we have x + ty = x’ + t3//, as required. We remark that this proof
essentially used an idea of shadow coloring (see e.g. [3]). O

Proof of Theorem 3.5. Let T be the tangle composed of 71, -+ , 7% and consider
a Ci-coloring as in Figure 5. By the definition of L, it defines a C;-coloring of L
if and only if 1 = xg41 and y1 = yr41. Since t # —1, an affine transformation
allows us to assume that x; + ty; = 0 for some ¢ (and hence all by Lemma 3.6).

T1 T2 T Ti41 Tk Tr+1
“.“-...‘/— .“ll..‘/— W“Il..r
PTG T P Tk
J"ll“’L...J..ll“’LOOOJ..II“’k
n Y2 Yi Yit+1 Yk Yk+1

Figure 5: Coloring on a Montesinos link



(i) By Lemma 3.3 (also see Remark 3.4), the top-left color z; (remark that
y1 = —t~tx; by the assumption) determines the whole coloring of 7. Suppose
that xy # 0. For i = 1,--- | k, assuming that x; # 0, we have

1+t71 Tit1 Tit1 — Yitr1
((1+t)1); Ti = 1;._yz.+ zi = ch, (1) i,
1 1 1

Ti+1 =

where the second equality follows from the assumption and the third from the
definition of CIT Since t € Z, x;41 is then not equal to 0. Thus, we have

T = G, (8) - L () -

and find that #1 = 2441 (and hence y1 = yp41) if and only if ¢ (¢)---cL (t) = 1.
(ii) Suppose that t ¢ P and t € Z. By cyclic permutations of the tangles, we
may assume that cL (£) = 0. Then, as in the proof of (i), z1 determines the
whole coloring uniquely and in particular x5 = cIT1 (t)-x1 = 0; by the assumption,
yo is also 0. For any z; # 0, we now have the coloring which colors 7 in this
nontrivial way and which is trivial on the other tangles, and this is the uniquely
determined coloring. Thus, we have ;41 = 0 and hence this coloring does not
extend to a coloring of L. The other case, where ¢t € P and t ¢ Z, is shown in
the same way.

(iii) Using cyclic permutations, we assume that for some i and j (i < j), t is a

I I . I I
pole of ¢z, is a zero of ¢, and is not a pole or a zeroof ¢, --+ ¢z . We take
a nontrivial x;41 and then we have a unique nontrivial coloring on 7;,--- ,7j,

where z; = x;41 = 0. By giving the trivial coloring “0” to the other tangles,
we obtain a nontrivial coloring of 7 such that 1 = 41 = 0, as required. [

Remark 3.7. In Theorem 3.5, we assume ¢ not to be —1. In the case where
t = —1, we can examine the colorability as in the case of type II. Since ci}(—1)
(c!l' is defined in the next section) is equal to the fraction of 7, the result is only
a classical one: there exists a nontrivial coloring, i.e. Ap(—1) = 0, if and only
if the sum of the fractions of the rational tangles is equal to 0.

3.2 For Montesinos links of type 11

Let 7 be a rational tangle of type II. We take a nontrivial Cr-coloring of 7
and let the four colors be z,y,2’,y" as in Figure 3. Then we define a rational

function cl as

0 (T = () - (' + y/)/f_—y(ﬂf +y)/2 c C(T),

where e, is defined to be 0 (resp. 1) if the upper-left string directs inward
(resp. outward). Since cl is invariant under an affine transformation, this is
independent of the choice of the nontrivial coloring. We remark that c!*(—1) is
the fraction of the rational tangle 7; in this sense, ¢l is a generalization of the

-
fraction.



Figure 6: The numerator N(7) and the denominator D(r)

Remark 3.8. As in Remark 3.4, if ¢ is not a pole of ¢!, then the right colors
are uniquely determined by any left colors. Furthermore, Lemma 3.11 below
implies the other direction: the left colors are uniquely determined by any right
colors.

Remark 3.9. For a rational tangle 7 of type II, we have two ways of closing it
to obtain links: the numerator N(7) and the denominator D(7), as illustrated
in Figure 6. Taking a prime Cp-coloring in the definition above, we find that ¢
is a zero (resp. pole) of ¢! if and only if Ay (t) =0 (resp. Ap((t) =0).

Theorem 3.10. Let L be a Montesinos link of type II composed of k rational
tangles T, -+ ,Tx. Let P; denote the set of the poles of CITIZ_, and let P be the

union Ule Pi. Then, fort € C\{0, 1}, we have the following.

(i) Ift € P, then there exists a nontrivial Ci-coloring on L if and only if
A0+l (1) =0,

il € P; for exactly one i, then there does not exist a nontrivial Ci-coloring
i) Ift € P, tl i, then there d t exist trivial C lori
on L.

(iii) If t € P; for more than one i, then there exists a nontrivial C-coloring
on L.

Lemma 3.11. Let 7 be an oriented (not necessarily rational) tangle with a Cy-
coloring (t € C\{0,1}). We assume that one of the left strings has the inward
orientation and the other has the outward orientation. If the upper (resp. under)
left goes inward, we put e, = 0 (resp. 1). Similarly, we define €. according to
the orientations of the right strings. Let x,y, 'y’ be the four colors as in Figure
3. Then we have (—t)~ ¢ (x —y) = (—t) " (z/ — y/').

Proof. In the same way as Lemma 3.6. O

Proof of Theorem 8.10. Let T be the tangle composed of 7, - - - , 7, and consider
a Cg-coloring as in Figure 5. We define ¢,, as in the definition of c!!, and denote
it by €; for simplicity. Then we find from Lemma 3.11 that (—t) % (z; — y;) =



(=t)"*(xy —yy) for i =1,--- |k, and that z11 — yrr1 = 21 — Y1

(i) We put 2; = (x; +y;)/2 for i = 1,--- k. As explained in Remark 3.8, 21
and z; — y; determine the whole coloring of 7. Since putting z; —y; = 0
gives a trivial coloring, we assume that 1 —y; = (—t)~* by using an affine
transformation. Then we have z; — y; = (—¢)¢ and hence

C Zigel — %

Zi41 = (*t)& Lol T +2z; = C-Ir{(t) + z;.
Ti — Yi

Then we have

Zep1 = (8) + -+ (8) + 21

Therefore this coloring extends to a coloring on L if and only if cITI1 B +--+
A (t) =0.

(ii) Taking a prime Crp-coloring and substituting ¢ for T, we have a nontrivial
Cy-coloring on 7, where x; = y; and x;41 = y;41, and any C;-coloring on 7; is
obtained from it by an affine transformation. Then, by applying Lemma 3.3 to
7; rotated by /4 and to the other k& — 1 tangles, we find that any z; and ;41
determine the whole coloring of 7 uniquely, where the tangles 7y, -+, 7;_1 (resp.
Tit1, " ,7g) are trivially colored with x; (resp. x;11). The coloring extends to
a coloring on L if and only if x; = 7 = xp = x;11, but then it is a trivial
coloring.

(iii) Suppose that t € P, NP; (i < j). As with (ii), there exist nontrivial C-
colorings on 7; and 7; such that ; = ¥, = ;11 = yj+1 and i1 = Yip1 =

Tj=1Yj- We trivially color Tl 5 Ti—1,Tj4+1, " 5 Tk with ZT; and Ti+1, " 3 Tj—1
with x;41 to obtain a nontrivial coloring on 7, which extends to be a nontrivial
coloring on L. O

11

-

Before proceeding to the following sections, we show a useful lemma on ¢

Lemma 3.12. Let 7 be a rational tangle of type II. Then we have ¢! = !,

where —T denotes the rational tangle T with reversed orientation.

Proof. Let €, and €, be as in Lemma 3.11. It is sufficient to show the lemma
when e, = 1. We recall the fact (see e.g. [9]) that a flip (m-rotation) of an
unoriented rational tangle is isotopic to the original one. Then the horizontal
flip of 7 is isotopic to —7 and we have a nontrivial Cp-coloring of —7 as shown
in Figure 7, where by definition

AT (@' +y)/2—(x+y)/2
T I*y °




T T

T

Tz +(1—T)y y Y TV (1— T2y
Figure 7: The horizontal flip of a tangle

Then we have

Y AT 2+ (1 -T2 )y y+Ta+(1-Ty

11 2 2
CiT:—T.
y— (Tx+ (1 -T)y)
¥4y x4y 12T =Y r—y
- G e e RTI  y
r—y
_ Tr—y _o¢! e T—Y
=) (-DIF - - Tt Y
A

T

where the third equality follows from the definition of Lemma 3.11 and cl
recalled above, and the last is obtained from an elementary calculation; recall
that €. is either 0 or 1. O

4 Hoste’s conjecture for pretzel links

In this section, we show that Hoste’s conjecture holds for the links which ad-
mit alternating pretzel diagram. Indeed, it also holds for the pretzel links of
type I which are alternating, where we do not assume diagrams of them to be
alternating and pretzel simultaneously.

4.1 For pretzel links of type 1
Here we show Hoste’s conjecture for pretzel links of type I:

Theorem 4.1. Let L be a pretzel link of type I and suppose that L admits an al-
ternating diagram. Then, the real parts of the roots of the Alexander polynomial
of L is greater than —1.

To apply Theorem 3.5 to our problem, we prepare a lemma:

Lemma 4.2. Let o1(m) and oo(m) be the rational tangles of type I shown in
Figure 8. Then we have

I m(1-T)-T I m(l-T)+1
C = C =
am) T (1 -T) +1° o2(m) (1 - T-1) +1

10



TRTOIRYT D

.
.
.

< _)_y

o1(m) oa(m)

—_—

Figure 8: Rational tangles of type I

Proof. We first consider oq(m). We put colors z,z’ € Cr (z # ') to the upper
strings, and then the colors are determined in order. After two half-twists, the
colors are changed to be x + (1 — T~ (x — 2’) and 2/ + (1 — T~ 1) (z — 2') as
shown in Figure 9 (left). Repeating m times, we obtain the colors z + m(1 —
T 1) (z—2') and 2’ + m(l — T~ Y (x —2') and finally we find the bottom colors

tobe Tl + (1 -T Vax+m(l —-T Y (x—2') and o +m(l — T 1) (z — 2');
see Figure 9 (right). Thus,

A _ v —x—m(l-T"1Y)(z—2)
am) = e Ty — (1 =T Nz —m(1 —T-Y(z — ')
_ @—a)(-l-m(1-TY)
(o =) (T —m(1—T1))
- m(-T)-T
T om(-T)41’

as required. We can compute ¢, (m) similarly; otherwise,

I 1
Coram) = Cora(=m-1) " Cor(0)
SmA )= -T
—(m+1)1-T)+
o om(1-T)+1
S om(1 =T +1
since the formula shown above also holds for negative m. O
——)— x
z'+ x+m(1— Nz —z)

(A=T7@-4) %w +m(l—-T71)(z—z')

T+
QA-T)(z~ T2’ + (1 -T )z
\—+m(1 T-Y)(z — 2')

Figure 9: A coloring on oy (m)

11



Proof of Theorem 4.1. According to the classification of Montesinos links (e.g.
[1]) and minimal diagrams of them ([12]), we may assume L to be composed
of rational tangles o1(m) and o2(m), by taking the mirror image if necessary.
Let t be a complex number with real part < —1, and we show that Ay (¢) # 0.
By the alternating property ([2],[14]), we may assume ¢ not to be real and then
suppose that Im¢ < 0. For convenience, we put s = —t; then Ims > 0. Using
Lemma 4.2, we have

| m@+s)+s m(1+s)+ Res
|C<I71(m)(t)‘ - m(l + S) 41 > ’ m(l + S) +1
m(1 +s)

=1

)

>0 ‘7
“Im(l+s)+1
where the inequalities follows since Rem(1 + s) > 0 and Imm(1 + s) > 0.
Similarly,
m+1+ms!
m+1+ms™!

I m-+1+ms

Ug(TYL)(t)| = m+ 1+ ms—1 =1

e

In the notation of Theorem 3.5, we now have |cL (¢)| > 1 for every 4; in particular,
¢t (t)---ck (t) # 1. Then Theorem 3.5 shows the nonexistence of Cy-coloring

on L, which means that Ap(t) # 0, as required. O

4.2 For pretzel links of type 11

The aim of this section is to prove Hoste’s conjecture for pretzel links of type
1I:

Theorem 4.3. Let L be a Montesinos link of type II and suppose that L admits
an alternating pretzel diagram. Then, the real parts of the roots of the Alexandr
polynomial of L is greater than —1.

To show this theorem, let us calculate c!! for some rational tangles:

Lemma 4.4. Let o3(m) and o4(m) be the rational tangles of type II shown in
Figure 10. Then we have

I _ 1 A _ 1+T.1+(—T)m
a3(m) m(1 _T—l)’ oa(m) 9 1— (_T)m'

C

Figure 10: Rational tangles of type 11

12
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Figure 11: A coloring on o4(m)

Proof. We have already computed a Cr-coloring on osz(m) in the proof of
Lemma 4.2; remark that o3(m) is a part of o1(m). Then we have

4+ 2 +m(l-T Y (x—2) B r+xz+m(l—-T")(z—2a)

Al _ 2 2
o3(m) r—x—m(l-T"1)(x—2a)

B —x

C om(l =TV (z' — )

_ 1

 om(1-T-1)’

where we assume x # a’. A calculation on o4(m) is similar; we have a coloring
on o4(m) as shown in Figure 11 (by an induction) and then

(12 CE ) L gl

I 2 1+ 71 2 1+7T-1
00'4(m) = 1 (_Tfl)m
1
B 14+ 71
1+ (=T-Hm™
. 711 (_T—l)m+1
1+7-1
14T 14+ (=T
T2 11— (=T)™
as required. O

Proof of Theorem 4.3. By the assumption, we may assume L to be composed
of o3(m), —o3(m),o4(m), and —o4(m); we take the mirror image, if necessary.
As in the proof of Theorem 4.1, we put s = —t for fixed ¢ € C and suppose that
Res > 1 and Ims > 0. By Lemma 4.4,

1 s—1 14s5™
11 _ 11 _
cag(m)(is) - m(l + 8_1)5 CU4(m)(7S) ~ 9 : 1_g-m"

We define a half plane P as
P={zeC|Rex/(s—1) >0}

13



We easily find that P includes the first quadrant and that ¢y, (m)(—s) lies in

the first quadrant; hence C}rls (my(—5) € P. Furthermore, we find

ar

14+sm c ( ™ 77)
Bl 2'2
for any m € Z~q since [s7!| < 1, and then cg4(m)(—5) € P. Lemma 3.12 shows

that cggg(m) (t) and cHgdm)(t) are also contained in P. Thus, in the notation of
Theorem 3.10, c!! () € P for every i and therefore ¢ () +--- + cil (£) € P. In

T1
particular, the sum is not equal to 0. Now Theorem 3.10 prove that there does

not exist a nontrivial Cs-coloring on L and hence Ay (t) # 0, as required. O

5 Counterexamples for Hoste’s conjecture

In this section, we show the existence of infinitely many counterexamples for
Hoste’s conjecture.

5.1 Counterexamples of type I

Let 7(n) be the rational tangle of type I of Figure 12 and L(n,a,b) the Mon-
tesinos link composed of a copies of 7(n) and b copies of the half twist oq(1);
see Figure 13. We remark that the crossing number of L(n,a,b) is (n +2)a+b
and that the number of the components of L(m,a,b) is

1 if (n—1)a+bis odd,
2 if (n—1)a+bis even.

As is shown below, some of the links L(n,a,b) are counterexamples.

(_T)7z+1 + (_T)n -2
2(-T)" —1+T-!

Lemma 5.1. We have cIT(n) =

1 1— (=T)~ (1)

/ 1+7-1

2= (T)" = (=)= pal= (T

T 1+7T-1 1+7T-1

Figure 12: A rational tangle 7(n) and a coloring
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o o o
“-.../— \‘.-...
.

frn) } frm: X
"--"’L . . —/..ll". ) l.) )

a

Figure 13: L(n,a,b)

Proof. We put colors 0 and 1 to two of the arcs and find this to be uniquely
extended to a Cp-coloring on 7(n) as shown in Figure 12; remark that o4(n) is
a part of 7(n) and we can use the calculation in the proof of Lemma 4.4. By
definition, we have

L= (=) 1= ()
Jd o 147! 171 (D)4 (1) -2
T(n) 7T71 9 _ (7T)7n o (7T)7(n+1) 2(_T)n — 14+ T-1 ’
1+ 71
as required. O

We should remark that the real part of any zero or pole of CIT(n) is greater than

—1; if t € C\{—1} has the real part < —1, we have |1 —¢| > 2 and then

(O ()" =" L=t > 2, 2(=0)" > L=t |t =1 -7,

sl gn —2
For convenience, we put ¢,(s) = cIT(n)(fs) = If, as in the

Co2sm—1—s L
proof of Theorem 4.1, |c,(s)| > 1 held for s with real part > 1, the same proof

would proceed. However,
Lemma 5.2. There ezist s € C andn € Zxq such that Res > 1 and |c,(s)| < 1.

Proof. Since the condition |c,(s)| < 1 is open, it is sufficient to find such s with
real part equal to 1. Here, we have
— (5" — s 1
(=D -5
2(sm —s71) — (1—s71) 2 1
s—1 sl —1

en(s) =1+

and then, assuming Re s = 1, we find that |c,,(s)| < 1 if and only if [s"T!—2| < 1;
transform the (open) unit disc by (—(e —1)~! + (an imaginary number))=! +1.
By taking sufficiently large n and putting, say, s = 14+itan27/(n+ 1), we have
|s" T — 2| = (cos27m/(n + 1))~ (D — 2 < 1 and then |¢,(s)] < 1. O

Remark 5.3. In this proof, |c,(1 +itan27/(n + 1))| < 1 holds for n > 18. In
fact, (n,s) = (17,140.35¢) satisfies the condition, according to Masaaki Suzuki.
A numerical calculation also shows that there does not exist such s for n < 16
(a hard calculation could show this, but here we do not pursue it).
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Theorem 5.4. The closure of the set

Ret < —1,
t € C| there exist n,a € Z~¢ and b € Z>¢ such that
(n—1)a+b ¢ 27Z and A q) () =0

includes the nonempty open set

J{teCIRet < -1, |en(—1)| < 1}.

n>0
The condition (n—1)a+b ¢ 2Z makes L(n, a,b) a (one-component) knot. Then,

Corollary 5.5. There exist infinitely many alternating Montesinos knots K
such that the real part of a zero of Ak is less than —1.

Proof of Theorem 5.4. We take any tg € C and n € Z~q such that Retg < —1
and |c,(—tg)| < 1. We put sg = —tg for convenience. By Theorem 3.5, t € C
with Ret < —1is a zero of A, ) if and only if (cn(5))*s? = 1, where s = —t.
Thus, it is sufficient to find such s in any neighborhood of sg.

We take a logarithm of ¢, (sp) and decompose it as

log ¢ (s0) = a - log sg + B - 2mi (o, B € R);

remark that C = log soR @ 27iR since |sg| > 1. By Lemma 5.7 below, we can
perturb s to s in any neighborhood of sq so that log ¢, (s) € log sQ® 27iQ. We
express the decomposition as

log ¢, (s) = —p1/q1 -log s + p2/qo - 2mi (P1,P2:q1,q2 € Z,q1,q2 > 0),

where (p1,¢1) = (p2,92) = 1. By comparing the real parts of both sides, we find
that p1/¢1 and hence p; are positive. Furthermore, an appropriate choice of s
makes p; and ¢2 odd, and ¢; even. We put a = ¢q1q2 and b = p1qa. Then we
have a -logc,(s) + b-logs € 2miZ, i.e. (cn(s))%s® =1, and (n — 1)a + b is odd,
as required. O

Remark 5.6. This proof does not give an explicit counterexample. However,
According to Mikami Hirasawa and Masaaki Suzuki, numerical computations
find many counterexamples in a form of L(n,a,b); L(17,36,0) is the one with
the minimum crossing number 684 among them, and if we restrict the candidate
to the knots, L(18,37,0) is the simplest one, which has the crossing number 740.

Lemma 5.7. Let f and g be holomorphic function defined on a connected open
subset U C C, and suppose that Reg(z) # 0 at every z € U. We define R-
valued functions a and b so that f(z) = a(z)g(z) + b(2)i. If not both a and b are
constant, the map ¢ := (a,b) : U — R? is open.

Proof. We put f = f1 + foi and g = g1 + g24; fi1, f2,91,92 are R-valued. By
definition f; = ag; and fo = ags + b, and then we have

azfl :glama+aa£gla aer = gana+a8192 +a'tb7
Oy f1 = g10ya + adyg, Oy f2 = g20ya + adyga + Oyb,
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where z = x + iy, 0, = 0/0x, and 0, = 0/Jy. Then the Jacobian of ¢ is
calculated as follows:
| Oza Oya
Tl =1ab ap
Oza Oya
Opf2 — 04092 — g20za Oy f2 — alyga — g20ya
(&vfl - aaa:gl)/gl (ayfl - aaygl)/gl
6wf2 — aazg2 8yf2 — aaygz

i Orf1 — a0z 01 ayfl - aaygl
g1 | —0yfi +a0yg1 0y f1 —al.gn
1

T (e f1 — adpg1)? + (By f1 — adyg1)?)

= g*lg, ((glamfl — f10:91)° + (910yf1 — f15y91)2) ;

1

where the fourth equality follows from Cauchy-Riemann equations. Thus, the
map ¢ is not locally diffeomorphic at z € U if and only if

(Re f(2))g'(2) = f'(2)(Reg(2)). (1)
We here assert that the set
S :={z € U | the condition (1) holds}

does not have an accumulation point in itself (or equivalently in U) if not both
a and b are constant. To show this, we fix a point 2y € S. By replacing f with
f—a(z0)g—0b(20)i, we may assume f(z9) = 0. Then, it is sufficient to show that
zp is not an accumulation point of S if f is not constantly 0. Let the Taylor
series of f at z = zg be f(2) = Y peyax(z — 20)*. Then the condition (1) is
rewritten as

(Re S an(z - >) J(z) = (Z k(= - >> (Reg(z))  (2)
k=0 k=1

around z = zg. Suppose that a9 = --- = a,,—1 = 0 and a,,, # 0; here m # 0
since ag = a(z9) = 0. Then, in a neighborhood of zy, we have

(Re > an(z - zo)’“> g(2)| <lz=z20l™| Y ar(z—20)"""|lg'(2)]
k=0 k=m
<Clz — z0|™ 3)

17



for some constant C. Furthermore, since a,, # 0 and Re g(zo) # 0, we have

‘ <Z kap(z — zo)k_1> (Re g(z))‘
k=1

oo
ma,, + E kag(z — zo)k_m
k=m+1

> ez — 2|7 (4)

= |z — z|™*

[Reg(2)]

for some constant c. By (3) and (4), the condition (2) does not hold for z # zy if
z is sufficiently close to zg. This means that there exists a neighborhood V' C U
of zg such that V NS = {20}, which concludes the assumption.

We assume «a or b is not constant. Since ¢ is locally diffeomorphic on U\S, it
is sufficient to show ¢ to be open at any zp € S. Let V' C U be any neighborhood
of zg. We take a closed disc D in R? such that ¢(z) € int D and the connected
component D of ©~1(D) having zg as a member is compact and included in
V. By shrinking D if necessary, we may assume that D NS = {z0}. Since ¢
is continuous, we find that <p(8D) C 0D. Now we can consider the mapping
degree of ¢| : (D,0D) — (D,dD), and it is not zero since the sign of J(¢p) is
constant on D\{z}. In particular, (D) = D and hence int D C (V). O

5.2 Counterexamples of type I1

Here, we see that infinitely many counterexamples for Hoste’s conjecture are also
found among the Montesinos knots of type II. However, since we have achieved
the goal of this section, we do not give a detailed proof of results.

Let us consider Montesinos links composed of the rational tangles shown in
Figure 14, in addition to o3(m) and o4(m) introduced in Section 4. Such a link
is pretzel and has an alternating diagram. As in Lemma 4.4, we can calculate
cI of them (in fact, we can use Lemma 4.4 to compute them more easily):

Lemma 5.8. We have

n _1-T 1 11 -T—-(=1)"
m1(n) 2 a(l-T-1)

e
</

71(n)

C

Figure 14: Other rational tangles of type II
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In the proof of Theorem 4.3, we found a half plane that contains ¢t . (t)

o3(m)
and 03714(771) (t). However, the addition of m2(n) eliminates such a half plane:

Lemma 5.9. There exist m,n € Z~y and t € C such that Ret < —1, and the
triangle spanned by 0214(1)(0 cll (t),cITIZ(n)(t) contains 0 € C as an interior

o ’ “o4(m)
point.

For example, we take sufficiently large m,n so that m/n ~ 3/4, and put t ~
—(1+itan2m/n) to show the lemma. We have an analogous lemma for 7 (n)
and we can construct counterexamples as follows, though we omit it here.

We fix (m,n,t) obtained in Lemma 5.9. Then we have «, 8,7 € Rs( such
that aci(l)(t) + 6654(171) ) + ’ycITIQ(n) (t) = 0. By a perturbation of ¢, we can
make «, 3,7 rational, and then we find nonnegative integers p,q,r such that
pci(l)(t) + qcIUI4(m)(t) + Tcii(n)(t) = 0, where we assume that not all of p,q,r
are 0 and that p+ q is even. Then, the Montesinos link composed of p copies of
04(1), g copies of o4(m), and r copies of 72(n) is a counterexample of Hoste’s
conjecture by Theorem 3.10.

In fact, we can construct counterexample in a more concrete way: In the
construction above, we take ¢ from a quadratic field Q(v/—d) (d € Z~g). Then,
we can find rational «, 8, and then p, ¢, r without a perturbation of ¢ since c[I

is a rational function. Thus, we have
Theorem 5.10. The set

Ret < —1,
t € C | there exists an alternating Montesinos link L
of type II such that Az () =0

includes ( U Qv —d)> NU, where U is the nonempty open set
d€Zsg

U oo Bt |
- (m,n,t) satisfies the conditions of Lemma 5.9
Remark 5.11. In [5], we found many explicit counterexamples in this manner,
where we further assumed p = 0 and r = 1; if further m is odd and n is even,
then the candidate link is a knot. The one with minimal crossing number is
obtained when (m,n,q) = (51,64, 14) and the crossing number is 778.

We can also find counterexamples which are knots. We find m,n,t,p,q,r
as above and we further assume that m and n are odd. We remark that this
gives a 2-component link. Here, we take sufficiently large N and further add
o1(N) when composing the Montesinos link. In this case, we can find ¢’ near ¢
such that pcg4(1)(t’) + qcffi(m) (') + Tclle(n) )+ CLIS(N)(t’) = 0. Since what we
obtained is a knot, we have
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Theorem 5.12. The closure of the set

Ret < —1,
t € C | there exists an alternating Montesinos knot K
of type IT such that A (t) =0

includes the nonempty open set

U teC Ret < —1,
(m, n,t) satisfies the conditions of Lemma 5.9 [~
m,n€lxo
However, the author does not know whether we can assume L to be a knot in
Theorem 5.10.

6 A bound of roots

As we saw in the previous section, the original version of Hoste’s conjecture does
not hold. Then, it seems natural to ask how less the real part of a zero of the
Alexander polynomial of an alternating knot can be, or, more simply, whether
there exists a lower bound for them. In this section, we consider this problem
for Montesinos links and show the existence of a lower bound:

Theorem 6.1. Let L be an alternating Montesinos link. Then, the real part of
any root of the Alexander polynomial is greater than —2.

6.1 Calculation of ¢l and c!!

We first recall the treatment of rational tangles and colorings on them in [8].

We say a rational tangle oriented as in Figure 15 to be of type o. Such
a rational tangle 7 is expressed by an oriented 3-braid /3, and a coloring of 7
is determined by the two left colors of 5. When the fraction of 7 is positive,
we can decompose 3 into elements 8, (n = £1,42,---) shown in Figure 16,
and then the transformation of colors given by § is the product of elementary
transformations.

Here, we color the two arcs with 0,1 and examine the ratio z/x of the
output colors. Remark that y = x 4+ z. The transformation of the ratio by 3, is
described as a Mobius transformation, and hence z/x = gy 0 - - -0 g (0) for some
Moébius transformations g;.

0 z
-)'\“-'../)— > >

T =1(5'\y\

Cenas®
T

A
o
L

Figure 15: A rational tangle 7 of type o
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n—l ’ /
x-)\/...\/—)-x T /)-:1;
y [ Y R AP A

_/-\:-Z, i /\.../g_z,

z

Bn Bn

Figure 16: Elementary tangles

In [8], we examine C;-colorings in this manner, but we can consider Cp-
colorings in the same way. We define M6bius transformations f,, (n = +£1,£2,--+)

on C(T) U {oc} = @ as

fn(f) = m, Where ap =

(~=T)" +T

—

for £ € C(T'). We should note that f_1(§) = £ — T + 1. Then, for a nontrivial
Cr-coloring on S, as shown in Figure 16, we have —z'/2’ = f,(—z/x). We
should remark that ¢! = —z/z in Figure 15. Thus, we obtained the following
lemma:

Lemma 6.2 ([8]). We put
PO — {CII

P = J{fa o0 fi(0) | ia, -+ ik € Z\{0}}.

k>0

T is a rational tangle of type o
with nonnegative fraction ’

Then, we have

Furthermore, we put

P! = {c! | 7 is a rational tangle of type I with nonnegative fraction},

P = (| 7 is a rational tangle of type IT with nonnegative fraction}.

A _ T i
s T — )
->/ --‘.\>—

Figure 17: Type I from type o
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Figure 18: Type II from type o

We easily find that any rational tangle 7/ of type I with fraction in [0,1) is
obtained from a rational tangle 7 of type o with nonnegative fraction by a
half twist on the lower strings as shown in Figure 17. Using a nontrivial Cp-
I E+1

S =Tt where ¢ = clI. We recall the formula

coloring on 7, we have ¢

Clal(o) = —T to obtain

Lemma 6.3. We have

Pl = {(_T)k—Tg—Tle EeP° ke Z>0}.

Similarly, any rational tangle 7’ oriented as in Figure 18 with positive fraction
is obtained from a rational tangle 7 as shown in the figure, where & > 0, and
then we color 7 to have

1= (D) 1= (D)7
i T—-¢+1-T T(1+§)—1+T W(l-‘rf)
" 2(_1+T11_(_T)k(1_|_£)>
1+7-!
14T T-¢-(=1)""1+¢
2 —1-T- 4+ T-Y1—(-T)"k)(1+¢)
T+l A+ (D) M+ (T +(=1)7")
2 (- ME-T+ (1))
where ¢ = —z/z = c. We define Mébius transformations g as

TH1 A+ (D) T+ (=17
2 (L= (=T)"F)§ = (T +(=T)7F)

gk (§) =

—

for £ € C(T'). By Lemma 3.12 and the formula 0(1714(1) =1-T7)/2,
Lemma 6.4. We have

P =P°U{gk(€) | € € P°, k € Zxo}.
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6.2 Proof of Theorem 6.1

In this section, we give a proof of Theorem 6.1. The theorem follows from the
following propositions:

Proposition 6.5. Suppose that t € C has the real part less than or equal to
—2. Then, for any § € P°\{0}, we have

‘ Et)+1

() + 1‘ -

Proposition 6.6. Suppose that t € C has the real part less than or equal to
—2, and put
P={z€C|Re —t'2>0}.

Then, we have P°\{0} C P, and for any £ € P° and k € Z>q, gi(&)|r=1 € P.

Proof of Theorem 6.1. By [12], we may assume L to be composed of rational
tangles 7y, - - - , 7, with fractions of the same sign. Since taking the mirror image
does not affect its Alexander polynomial, we assume that they have the positive
fraction. Let ¢ € C have the real part < —2.

In the case of type I, by Lemma 6.3, there exist & € P° and I; € Z>( such
that ¢l (¢) = ()" (& +1)/(—t*& + 1), and hence it follows from Proposition
6.5 that |cL (¢)| > 1 for i = 1,--- k. Thus, we have |cL (¢)---cL (¢)] > 1 and
especially ch1 (t)---ck () # 1; Theorem 3.5 completes the theorem in this case.

In the other case, by Lemma 6.4 and Proposition 6.6, we find that CH (t) € P.
Then the sum ¢! (¢) +--- + ¢k (¢) is also in P and hence is not 0. The theorem

T1

follows from Theorem 3.10. O

In the following, we show Propositions 6.5 and 6.6. As in these propositions,
we take t € C such that Ret < —2.

For convenience, we put s = —t (then Res > 2) and suppose that Im s > 0.
We also set 7 = |s], § = args € (0,7/2), and s = s +1is” (s/,s” € R). In
the following, we do not explicitly denote the substitution of ¢ to T'; a,, means
an(t) and f,, is a Mébius transformation on C U {co} = C. We sometimes use
notations like a'/2 for a € C\R<p; it means the square root of & with positive
real part. Furthermore, for such «, we denote the argument in (—m, 7) by arg a.

Let f be an affine transformation on C defined as

z+0b

f(g):z/c—i—l for z € C,

where b, ¢ € C and we assume that Reb, Re ¢ > 0. Elementary calculations show
that the fixed points of f are +(bc)'/? and that (bc)'/? is the sink point. The
line

(b) R U {oo} = {z € C | |2 = (be) /2| = |2 + (be) /2 [} U {00}
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is mapped by f to the circle

B N R (I W
{ <Ol o = |<b/c>1/2+1|}'

Let us consider f,, for n # 0,+1. For m > 2, we have

—1 —1
Rea,, = Re 1—8 >1—S =0,
sm—1 s—1
sm—1 s—1 ,
Ream+1:ReW:Re<s+W> > s —1>0,

where the first and second inequalities follow from Lemma 6.7 below; we can
apply the argument about f to our problem. Here, we define open sets P, and
D,, (n #0,%1) of C as follows:
P,:={z€C||z = (anani1)? < |2+ (anani1)?}
={z € C|Rez/(anans1)"? > 0},

|z — (anan+1)1/2| < |(a'n/an+1)1/2 - 1| } -

Dy = fu(Py) = {ZE(C

|2 + (anant1)'/?| [(an/an+1)t/% + 1|
smtl 1
Lemma 6.7. For any positive integer m, we have r’™ < 1' < pmtl
s —
In particular, |s™ — 1| > [s — 1| if m > 2.
Proof. We have
m+1 _ 1 m—+1 _ 1
s -1 :|sm_|_..._|_1| grm+...+1:r7 < pmtl
s—1 r—1

as required, where the last inequality follows from the assumption r > 2. If
m = 1, the other claim r < |s + 1] holds since Res > 2 > 0. If m > 2, it is
equivalent to the condition |1+s71+---+s7™| < 1, which is checked as follows:

T s ™ s[> 1+ +s72 = |s 34+ +5™

>1+COSQ+COS29 g 1—p2m
3.
- r2 1—7r-1
2 2.4/r2—1
Zl-i-fz—l-/;z—?“_?“?
r r
=1+r21 -2 48
> 1.
To see the second inequality, we should note that Res™' = 7 !cosf and

Re s™2 = r~2 cos 20. Here, the third follows from the assumption rcos > 2. [

To show Proposition 6.5, we prepare three lemmas, which are shown in
Section 6.3:
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Lemma 6.8. For any m,n € Z\{0, %1}, D,, is included in P,.

Lemma 6.9. We put

z+1
Uy = C||——— 1.
o= {ree||Z] 1)

Then, for any m € Z\{0, %1}, D,, is included in Up.

Lemma 6.10. We put

Ur=(\PunNPy), Up=UNU.

n=2
Then, we have f_1(Uy) C Uz and f1(U2\{0}) C Us.
Assuming these lemmas, we prove the first proposition:
Proof of Proposition 6.5. By Lemmas 6.8 and 6.9, D,, C U, for any m €
Z\{0,£1}. Then, it follows from Lemma 6.10 that
fm(U2) C U if m # 0,1, fi(U2) C Us. (5)

For ¢ € P°\{0}, by Lemma 6.2 there exist k € Z~¢ and iy,--- ,i; € Z\{0}
such that £(t) = fi, o---o f;, (0), where we regard f;, as an affine transformation

on C. Since 0 € Uy, we find from (5) that £(t) lies on Uy C Uy as required, or

i1 = --- =i = 1; remark that f1(0) = 0. In the latter case, the corresponding
rational tangle of type I is [0] and £ = 0 € C(T); we do not need to consider
this case. O

By definition, U; is the intersection of open half planes, whose boundaries
contain 0 € C, and then there exist angles 8y and 6; such that

Uy ={z€C|argz € [6y,0:]} U{0}. (6)
Since limnﬂoo(ananﬂ)l/2 =1 and limnﬁ,oo(ananﬂ)l/2 = s, we find that
args —m/2 <6y <0 and 6<6; <m/2. (7)

Here, we used Lemma 6.8 to show that 6y < 0 and 0 < 6.
To prove the second proposition, we prepare another lemma, which is also
shown in Section 6.3.

Lemma 6.11. We have |(§ +1)/(§ + s)| < 1 for any £ € P°\{0}.

Proof of Proposition 6.6. As we saw in the proof of Proposition 6.5, we have
¢ € Uy for any ¢ € P°\{0}. Furthermore, it follows from (7) that Uy C P. Thus
we have the first part P°\{0} € P.
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Let us show the second part. Since go(§) = £ + (s + 1)/2, the case where
k = 0 follows from the first part. Suppose that & < 1. We should notice that

1+s*k5+1

_s—l-(l—i—s_k){“—f—(s—i—s_k)_s—l- E+s
(&) == (L—sME+(s—sF) 2 | &+
§+s

We put & = (£ +1)/(£ + s). By Lemma 6.11, |¢/| < 1 and then |s7%¢/| < 1/2.
Therefore we find that

14 s7k¢
1—s—kg

3

tan | arg < tan | arg 1—i/2 =
—1

1+i/2‘ 4

Furthermore, since |s~1 — 1/4| < 1/4, we have sin(arg(l — s~!)) < 1/3, which

means that tan(arg(l —s~1)) < 1/(2v/2). Because 4/3 - 1/(2v/2) < 1, we have

9k (8) -1
s

1 —k ¢t
§arg8—+ + 577
S

1—s—kg

s

arg arg 5

from which it follows that gx (&) € P. O

6.3 Proof of lemmas

Here we show Lemmas 6.8, 6.9, 6.10, and 6.11.

Proof of Lemma 6.8. We first estimate (a,a,1)"/?, especially its argument.
If n > 3, we have

1—s2 s2—1 1
|anan+1_1|: g+l — ] < 84_1‘—7-2_]_’ (8)
where the first inequality follows from Lemma 6.7. In particular, we have
. 1
|sin(arg anant1)| < ORI 9)
Similarly, we have
st 1 s2—1
Rl = N P EL
and hence 1 1
|sin(arga_na_n+1 — 29)| < ’)"72 < ﬁ (11)

By a direct calculation, we have asaz = s2/(s>+s+1) and a_sa_; = s> +s+1.
Then, we easily find that

arg(azas)'/? > 0, arg(a_sa_1)"? < 6. (12)
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— (antni1)"? 0 C (anan)?

|(an/an+1)1/2 — 1]
[(an/ans1)t/? + 1|

Figure 19: sinf = 2sina < b/a =

Next, we consider (a,/a,;1)"/?. We remark that

" /a - (Sn—1_1>(8n+1_1) L sn—l(s_l)Q
i (" —17 " =17

If n > 2, we have

s" s —1)2
I

Sn—l

s —1

s—11 1
s2—1] |s+1]

where the inequalities follows from Lemma 6.7. Since a,/ap+1 = a—n/a—_pi1,
this also holds for n < —2. Then, for any n € Z\{0,£1},

9
< .
~ 25|s + 1]

|(an/an+1)1/2 — 1] _ ’ /g1 — 1 (13)

(an/ani0) 2 +1] | (an/ani1) /2 +1)2

Here, we have the inequality as follows:

1/2
n 1
“’) | S P P
Ant1 [s + 1] 3

. zZ+ (anan+1)1/2 9
<
sin (arg (anan+1)1/2 ~ 25|s + 1]

since Re(s+1) > 3. By (13), we have

for z € D,,, and then it follows that

z 18 —
' < f D,.: 14
sin (arg (anan+1)1/2) ’ S st ] or z € (14)

see Figure 19.
By inequalities (9), (11), (12), and (14), we have

z 1 18
cos (argwnanﬂ)m> > cosf — a1 2505 + 1|
2 1 18
r r+1 250

>0

for any m,n € Z\{0,£1} and z € D,,. By the definition of P,, this means that
D,, C P,. O
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Proof of Lemma 6.9. Since
C\Up={z€C||z+1 <r Yz +sl},

this is included in the closed disc of center —1 and radius |s — 1|/(r — 1). Here,
we have

ls =1\ |1 +ivrZ—4? 2r — 4
< =1+
r—1 (r—1)2 (r—1)2
2 2 3
=1 <1 =2
* R T

(r—=2)4+2+(r—2)

Thus, the real part of any point of C\Uj is less than or equal to v/6/2 — 1.
Suppose m > 3. By (13) and (8) we have

9
Rez > Re (o) /2 = 2lamanl? - gy
1 272 9

>1-— - ’
= r2—1 7r2—1 25|s+1]

2 92.92 9 . 26
=37 92_1'95.3 75

V6
>— -1

2 )

for z € D,,, which implies that D,,, C Uy. When m = 2, we have

| 1
GIDt(srD)1-1|°3-1

1
|1—a2a3| = =§ (15)

s24+s+1

s+1 ’_

Here, (s +1) + (s + 1)~} > 3 is shown as follows:

s+ 1)+ (s+ 1) 2= 412 4+2c0820 =r* +7"72 + 4cos? 0 — 2
> 472 4136072 — 2> 237 — 2 > 3%,

where we put ' = s+ 1|, #/ = arg(s + 1); then by the assumption 7’ cos§’ > 3.
Further, since for 8 € R

|(14€'%/3)% — 1] = [2™/3 + *?/9| > 2/3 -1/9 > 1/2,

we find that |1 — (aga3)/?| < 1/3. Thus, for z € Do, we have

9
Re z > Re (agas)'/? — 2|agas|'/? - CHEE]
2 4 2
>77273:i6>@71
3 3 25 75 2

Therefore Dy C U.

28



For m > 3, we find that |(a_ma_mi1)*/? — 5| < r~3 from (10), as we found
|1 — (aga3)/?| < 1/3 from (15) above. Then, by (14), we have

. z
sin (arg (amam+1)1/2> ’

> 9 1 + 1 18 > 9 1 +1 18
R (PSS ) =2
- r3 r3 ) 25|s+ 1| — 8 8 ) 25r

Rez > 5" — |(a—mtmi1)? = s| — |a—ma—mr |2 -

for z € D_,, and hence D_,, C Uy. Moreover, we have Re (a,ga,l)l/2 > s
since |[a_sa_1|'/? > r by Lemma 6.7 and 0 < arg(a_sa_;)*/? < args. Then, for
ze€D_o,

Rez > s — |a_2a_1|1/2 .

. z
sin | arg —————
' < & (amam+1)1/2) ‘

1 1
22—\/r2+r+1~—8>2——8 ﬂ

25r —° 25 2
V6
> Y2,
2
from which it follows that D_o C Uj. O

Proof of Lemma 6.10. We first show that f_1(U;) C U,. Here, the transfor-
mation f_; is by definition the shift by s + 1, and arg(s + 1) € (0,args) and
(7) show that s + 1 € intU;. Then, it follows from the description (6) that

f-1(Uy) C U;. Furthermore, the assumption s’ > 2 shows that f_1(U;) is
contained in {z € C | Res > 3}. Since

Uy={z€C||z+1]>r"Yz+ s},

-1
|z 4+ 1| for z € 9V is less than or equal to |5 1‘. We remark that
ls—1] r+1 2
<—=1 <3
r—1 —r-1 T

from which it follows that C\Uy C {z € C | Rez < 2}. Thus, we have f_,(U1) C
Uy and then f_1(U1) C Us.
To show that f1(U1\{0}) C Ua, we put g(z) = 27! for z € C. We easily have

_ s+ 1
gofiogt(z)=z+ o

gUo) ={z€C||z+s<|z+1]},
g(intUy) ={z € C|argz € (—01,—b6p)}.
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Figure 20: g(int Us) is the intersection of half planes

We should note that d(g(Up)) is the line —(1 + s71)/2 4+ i(1 — s71)R. Then
g(int Us) is one of the regions into which the three lines divide C as shown in
Figure 20. Here, we have arg(s 4+ 1)/s > argi(s~! — 1) because

ImM:Im(l+L>i>O.

Since arg(s + 1)/s € (=01. — ) by (7), we have go f; 0 g1 o g(int Uz), where
the closure is taken in C, and this means that f1(U2\{0}) C Us. O

Proof of Lemma 6.11. We define half planes as

P ={zeCllz+1] < |z +s|}
P"={ze€C|Rez/(s—1)>0}.

The lemma claims that £ € P’. Since P’ = P’ + (s + 1)/2, we estimate the
distances d as
|s — 1] 2 |s — 1]

1,0P") = 2cos -1 > >2
d(1,0P") cos(arg(s — 1)) + 5 _|S_1|+ 5 =2

3|s — 1] 2 3|s — 1]
> > 2v/3.
s 2ot oa 228

d(s,0P") = 2cos(arg(s — 1)) +

Let n > 2 be an integer. By (8) and an estimation in the proof of Lemma
6.9, we find |1 — (anans1)'/?| < 1/3. Then, by (13), we have

1 4 2 1
PRI S P V[C CR )

i 23
=373 7 1-9/(25)s + 1))

=—=<2

< =
- 22 33

1 n 8
3 3
for z € D,,. Thus, D, is included in P’. Next, by (10), we have |(a_na_,41)"/?—
s| < 1 when n > 3. Also when n = 2, this holds as follows:

1/2 o — |(o2 D2 g = s+1 <r+1<1
|(a—ga_1) s|=1(s"+s+1) 8| (S2+S+1)1/2—|—S = o )
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P"N g( P")

Figure 21: (s+1)/s € P" ng(P")

where the first inequality follows from Lemma 6.7. Using (13) again, we have

9/(25]s + 1) 9/25
—sl<1 1)-2- 1+2(r+1) —"—
|z —s| <14 (r+1) 179/(25|8+1|)< +2(r+1) "= 9/%5
9/25 95
<146 ——— =""<2
<1+6 5 0/25 ~ 41 V3

for 2 € D_,, (n > 2), which concludes that D,, C P’ for any n € Z\{0,+1}.

Next, we put PT = {z € C | Rez > 0}. We assert that fi(P'NPT)C P'n
P*. The case of f_; is easy to see, since f_1(2) = z+s+1and s+1 € P'NPT.
To show the other case, we put g(z) = z~! as in the proof of Lemma 6.10. Then
we have

gP)={z€C|lz+1 <rlz+s[},
g(P"y={2€C|Rez(s—1) >0},

and g(PT) = PT. Since Re (s—1)(s+1)/s = Re (s—s~!) > 0, (s+1)/s € g(P").
Furthermore, we have (s +1)/s € P" since

s+ 1 1 1

s(s—1) s—2s/(s+1) s—2+2(s+1)"1

Thus, the assertion f1(P' N PT) C P'N P* follows; see Figure 21.

By Lemma 6.2, there exist integers k and 41,--- 4, such that f;, o---o
fir (0) = & Suppose that ij41 = --- =14, = land i; # 1. Then& = f;, 0---0f;(0)
and f;(0) € P'"NP*. Since f;,,---, fi,_, preserve P'NPT, we find £ € P'NPT.
In particular, we have |€ + 1| < | + s| as required. O

References

[1] Burde, G., Zieschang, H., Knots. De Gruyter Studies in Mathematics, 5.
Walter de Gruyter & Co., Berlin, 1985.

[2] Crowell, R., Genus of alternating link types. Ann. of Math. 69 (1959), 258
275.

31



3]

Elhamdadi, M., Nelson, S., Quandles—an introduction to the algebra of
knots. Student Mathematical Library, 74. American Mathematical Society,
Providence, 2015.

Greene, J. E., Alternating links and definite surfaces. With an appendix by
A. Juhdsz and M. Lackenby. Duke Math. J. 166 (2017), 2133-2151.

Hirasawa, M., Ishikawa, K., Suzuki, M., Alternating knots with Alexander
polynomials having unexpected zeros, preprint.

Howie, J. A., A characterisation of alternating knot exteriors. Geom. Topol.
21 (2017), 2353-2371.

Inoue, A., Quandle homomorphisms of knot quandles to Alexander quan-
dles. J. Knot Theory Ramifications 10 (2001), 813—-821.

Ishikawa, K., Hoste’s conjecture for the 2-bridge knots, to appear in Proc.
Amer. Math. Soc.

Kauffman, L. H., Lambropoulou, S. Classifying and applying rational knots
and rational tangles. Physical knots: knotting, linking, and folding geomet-
ric objects in R3 (Las Vegas, NV, 2001), 223-259, Contemp. Math., 304,
Amer. Math. Soc., Providence, RI, 2002.

Koseleff, P.-V., Pecker, D., On Alexander-Conway polynomials of two-
bridge links. J. Symbolic Comput. 68 (2015), 215-229.

Lickorish, W. B. R., An introduction to knot theory. Graduate Texts in
Mathematics, 175. Springer-Verlag, New York, 1997.

Lickorish, W. B. R., Thistlethwaite, M. B., Some links with nontrivial
polynomials and their crossing-numbers. Comment. Math. Helv. 63 (1988),
527-539.

Lyubich, L., Murasugi, K., On zeros of the Alexander polynomial of an
alternating knot. Topology Appl. 159 (2012), 290-303.

Murasugi, K., On the genus of the alternating knot. II. J. Math. Soc. Japan
10 (1958) 235-248.

Stoimenow, A., Hoste’s conjecture and roots of link polynomials, to appear
in Ann. Combinatorics. Stoimenow, A., Hoste’s conjecture and roots of link
polynomials. Ann. Comb. 22 (2018) 393-431.

Research Institute for Mathematical Sciences, Kyoto University

Sakyo-ku, Kyoto, 606-8502, Japan
E-mail: katsumi@kurims.kyoto-u.ac.jp

32



