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The inventory positions of two risk-averse market makers are introduced into a Kyle
(1985) type batch trading model and the effects analyzed. An equilibrium is defined
including participation constraints and incentive compatibility and is characterized as
a γ-coalitional equilibrium. At equilibrium, the two market makers share the risk
of clearing orders so that the aggregate pricing schedule becomes linear. The pric-
ing schedule coincides with the regret-free pricing of a fictitious risk-averse market
maker. The inventories shift the pricing schedule vertically, and the coalition param-
eter changes the slope. Orders by the informed trader are then found to depend on
inventories.
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1. Introduction

It is intuitive that a risk-averse market maker with a long position in a risky
asset in order to reduce their position will quotegood ask prices andbad bid prices
to traders. A good price means an aggressive price relative to the reference price
that would be quoted under different conditions, e.g., a low ask price and a high
bid price. Any impact of a market maker’s inventory position on the quoted price
of a security is called the inventory effect. In the inventory effect literature, Stoll
(1978) shows that in the absence of asymmetric information, the inventory position
of the risk-averse market maker changes the bid and ask price in a similar fashion,
but does not affect the bid-ask spread.

When considering the behavior of a risk-averse market maker, the degree of
risk aversion1) and the inventory position are important factors for a utility-based
pricing rule. The regret-free pricing of a market maker is a pricing rule whereby
for each quantity of order, the market maker is indifferent as to whether or not to

1) The definition of risk aversion used in this paper is the Arrow-Pratt measure of absolute risk aversion.
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execute the order using the pricing schedule. The inventory effect may be evident
since a risk-averse market maker will take the inventory position into account when
determining the regret-free pricing, whereas a risk-neutral market maker will not.
However, it is unresolved whether theassumption of regret-free pricing, which
many models employ, is economically reasonable. Furthermore, regret-free pricing
is not a unique feasible pricing rule by a market maker without further constraints.

The aim of this paper is to present several inventory effects for which a coalition
of two risk-averse market makers is essential, given the presence of asymmetric in-
formation. Our analysis basically follows the one-period models of Kyle (1985)
and Subrahmanyam (1991). We focus on a linear equilibrium led by an implicit
coalition of two risk-averse market makers, rather than Bertrand competition be-
tween them, andderive the equilibrium pricing schedules, each of which coincides
with the regret-free pricing schedule of a risk-averse market maker who may be
fictitious. Our results include an “indirect” inventory effect due to the coalition,
and different behavior for the informed trader, as well as some further implica-
tions of the pricing and the inventory positions obtained in other models such as
those of Stoll (1978) and Subrahmanyam (1991). Our research is a primary, but
necessary, step when building multi-period trading models with risk-averse market
makers, because an inventory position is a state variable to describe the behavior of
participants. As part of this application, Subrahmanyam’s (1991) assumptions and
discussion are justified.

Three basic frameworks are used to study issues of market microstructure: in-
ventory models (Stoll, 1978), sequential trading models (Glosten and Milgrom,
1985), and batch trading models (Kyle, 1985). One of the main distinctive fea-
tures among these is the existence of information asymmetry between the market
maker and traders. However, only inventory models consider the effects of a mar-
ket maker’s inventory position on pricing. To start with, Stoll (1978) analyzes the
pricing strategy of a risk-averse market maker who quotes bid and ask prices for a
trader in the absence of asymmetric information. The pricing strategy is assumed
to follow regret-free pricing. He shows that the bid-ask spread depends on the
trading size, the degree of risk aversion, and the variance of the security price.
The bid-ask spread due to the risk aversion of the market maker is compensation
paid to the market maker by the trader. The inventory position affects both bid
and ask prices in the same manner, so that the bid-ask spread is independent of
the inventory position. As an alternative, Glosten and Milgrom (1985) consider
a risk-neutral market maker facing asymmetric information with informed traders
in a sequential (multi-period) trading model. Those authors show that the bid-ask
spread reflects the asymmetric information between the market maker and the in-
formed trader. Lastly, Kyle (1985) assumes competitive risk-neutral market makers
who set trading prices with zero expected profits as a result of the competition and
risk neutrality. However, inventory positions have not been studied in successive
models because of the setting of risk-neutral market makers who do not take the
inventory positions into account when pricing. That said, Subrahmanyam (1991)
studies a risk-averse market maker who applies regret-free pricing in a one-period



Inventory Effects of Two Risk-Averse Market Makers 121

setting, but does not consider the inventory position.
When two market makers have different risk characteristics, they will not quote

the same pricing schedule. We define the aggregate pricing schedule as a function
of the better price of quotes by two market makers for each quantity of order. In
our model, the assumption of regret-free pricing found in the literature is replaced
by two conditions: participation constraint and incentive compatibility. The risk-
averse market makers’ motivation to quote for traders is to improve their utility
from the reservation utility with no trades by reducing their inventory position. The
participation constraint defines the regret-free pricing of each market maker for a
given linear trading strategy of the informed trader. Incentive compatibility is also
imposed so as to rule out prices which both market makers can quote. It means that
for each order quantity, the potential winning market maker should offer a better
price than the regret-free price of the losing market maker. We focus on equilibria
under which the aggregate pricing schedule is linear and laid in the area surrounded
by the regret-free pricing schedules of the two market makers by these constraints.
Although there exist multiple equilibria, each equilibrium is characterized by a pa-
rameterγ, and we call the equilibrium aγ-coalitional equilibrium. The number of
γ shows how to divide a rent, as measured by the difference between the regret-free
prices of two market makers. Under Bertrand competition, and without coalition,
the aggregate pricing schedule would not be linear due to the inventory positions.
Therefore the coalition is formed so that an aggregate pricing schedule becomes
strictly linear, and it is useful to handle some nonlinear issues associated with risk
aversion. Aγ-coalitional equilibrium is actually a broader concept than Bayesian
equilibrium due to this incentive compatibility. To the best of our knowledge, the
notion ofγ-coalitional equilibrium is new to the literature.

Inventory positions, the degree of risk aversion, and a coalition parameterγ
are thereby important factors for the determination of equilibrium. Our results
on inventory effects are then summarized as follows. (i) An inventory position
averaged by some weight shifts the equilibrium pricing schedule vertically. (ii)
An averaged degree of risk aversion of market makers changes the slope of the
pricing schedule. (iii) Two market makers coexist and share the risk of clearing
orders: a relatively long market maker takes purchase orders and a relatively short
market maker takes sale orders so as to reduce each inventory position towards
zero. (iv) The equilibrium trading strategy of the informed trader is different from
that of one without inventory. In some cases the sign of the order is opposite. The
weight parameters for average numbers in (i) and (ii) above depend on the coalition
parameter, the degree of risk aversion of the market makers, and their inventory
positions. Importantly, results (i) and (ii) are consistent with Stoll (1978). Although
Stoll (1978) shows that the bid-ask spread is independent of the inventory position
as discussed earlier, our conclusion (ii) implies that Kyle’sλ also may be affected
by inventory positions via the endogenous derivation of the coalition parameter.
The coexistence and risk sharing of market makers in (iii) is new to the literature,
although it appears that it occurs in practice. (iv) is another new insight.

The remainder of this paper is organized as follows. Section 2 describes the
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model and derives the equilibrium. Section 3 develops the endogenous derivation of
a coalition parameterγ (and allocation of inventory positions). Section 4 provides
some concluding remarks, and the mathematical proofs are given in the Appendix.

2. Model

2.1. Setup

We model a stock market in a one-period setting by following Kyle (1985) in
several respects. In a given trading place, a stock is assumed to be traded by three
types of traders: an informed trader, liquidity traders, and two market makers. The
informed trader is risk-neutral and has private information about the liquidation
value of the stock at the end of the period. For liquidity traders, aggregate demand
is exogenously determined. The two market makersA and B are risk-averse and
each of them possesses an inventory position in the stock. A pricing schedule is a
function onR that maps an order quantity to the clearing price. The role of market
makers includes determining their own pricing schedule, clearing orders submitted
by both the informed trader and the liquidity traders, and taking the net position of
the transactions as the result of order clearing.

We denote by ˜v the ex-post liquidation value of the stock, and by ˜u the quan-
tity demanded by the liquidity traders. The liquidation value ˜v and the demand ˜u
are exogenously given and follow independent normal distributions with mean and
variance of (p0,Σ0) and (0, σ2

u), respectively.
Trading activity consists of several steps. First, before trading, each market

makeri (i = A, B) is endowed with stock ofzi shares and money of−p0zi. Each
market maker determines his or her own pricing schedulePi (i = A, B) and shows
it to the other market maker. Then the aggregate pricing schedulePM, defined by2)

PM(y) =

{
min(PA(y), PB(y)) for y > 0,
max(PA(y), PB(y)) for y < 0,

(1)

is announced to both the informed trader and the liquidity traders. By definition,
the aggregate pricing schedulePM gives the best price of the two market makers
to the traders. After the random variables ˜v andũ are realized and observed by the
informed trader and the liquidity traders, respectively, each of the traders submits
an order to the market makers. The quantity ˜x of order by the informed trader
is calculated on the basis of the observation of ˜v and denoted by ˜x = X(ṽ). The
liquidity traders submit ˜u itself as the aggregate order. Then the market makers

2) We apply this formula because traders will know the better price at equilibrium. One could define the
aggregate pricing schedule by a different formula such as the favor price for market makers rather than
traders

PM(y) =

{
max(PA(y), PB(y)) for y > 0,
min(PA(y), PB(y)) for y < 0.

However, this definition would yield no existence of a linear equilibrium.
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observe the total demand ˜x + ũ. The trading price is determined as ˜p = PM(x̃ + ũ)
from the announced aggregate pricing schedule, and either of the market makers
clears the submitted orders at the trading price. Finally, at the end of the period all
shares of the stock are liquidated at ˜v.

Strategies to be considered areX, PA, andPB. The demand ˜u by the liquidity
traders is a risk for the informed trader to determine strategyX. Similarly, the
liquidation value ˜v is a risk for the two market makers when determining strategies
PA andPB.

We make several standing assumptions in this paper.

Assumption 1. (i) The utility function of market makeri (i = A, B) is a constant
absolute risk aversion (CARA) on wealthW with the degree of risk aversionRi > 0

ui(W) = −exp(−RiW), i = A, B. (2)

(ii) The aggregate pricing schedulePM is required to be linear for the traders’ order
submission.
(iii) Trades are not split between the market makers, so that either of the market
makers face traders in transaction. Market makerB wins the tradey if PA(y) =
PB(y).
(iv) All participants know the inventory positions held by each market maker.

Assumption 1 (i) makes our analysis easy, so that the comparison of the ex-
pected utility is equivalent to the comparison of the mean-variance utilityE(W) −
RiVar(W)/2 whenW follows a normal distribution. Assumption (ii) is the most
important to encourage market makers to form an implicit coalition since there will
be no utility gain whenPM is not linear. It may be justified if our model is extended
to a multi-period setting because a linear pricing schedule is necessary to rule out
manipulation (Huberman and Stanzl, 2004). The assumptions of (ii) and the risk-
neutral informed trader imply that the informed trader takes a linear trading strategy
X(v) = α+βv, which is a usual assumption of Kyle (1985) and the successive batch
trading models. That is why we can concentrate on the linear trading strategies of
the informed trader. Later, these linear conditions give us the benefit of tractability
in equilibrium. Assumption (iv) can be justified by observing the trading history of
the stock since it is issued3).

A pricing schedule is neither necessarily continuous nor linear on the whole
line, although it may be locally linear.

Definition 1. (i) A piecewise linear pricing schedule is a functionP : R → R
such that there exists a sequence{yj} j∈Z in R such that

· · · < y− j < y−( j−1) < · · · < y−1 < y0 = 0 < y1 < · · · < y j−1 < y j < · · · ,

3) Treating the inventory as a private information to the market maker is an interesting issue but it is
beyond the scope of our research. I thank to an anonymous referee who points out this issue.
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P is a linear functionP(y) = aj + b jy on each interval (yj, y j+1), and for eachj it
holds that eitherP(y j) = a j + b jy j or P(y j) = a j−1 + b j−1y j.
(ii) A piecewise linear pricing schedule is called a linear pricing schedule if it is a
linear function onR.

2.2. Definition of equilibrium

When two market makers have different risk characteristics, they will not gen-
erally quote the same pricing schedule. The regret-free pricing of a market maker is
a pricing rule under which for each quantity of order, the market maker is indiffer-
ent as to whether or not to execute the order at the pricing schedule4). The degree
of risk aversion and the inventory position are parameters of the regret-free pricing.

In our model, the assumption of regret-free pricing in the literature is replaced
by two conditions: participation constraint and incentive compatibility. The risk-
averse market makers’ motivation to quote for traders is to improve their utility
from the reservation utility with no trades by reducing their inventory position. The
participation constraint defines the regret-free pricing of each market maker for a
given linear trading strategy of the informed trader. Incentive compatibility is also
imposed so as to rule out prices which both market makers can quote. It means that
for each order quantity, the potential winning market maker should offer a better
price than the regret-free price of the losing market maker.

First we consider the participation constraint. If a market makeri actually clears
the orders fory at Pi(y), then the expected utilityUi(y) from the wealth after the
liquidation is given by

Ui(y) = E
[
ui((ṽ − p0)zi − (ṽ − Pi(y))y)|x̃ + ũ = y

]
. (3)

The reservation utilityUr
i is the expected utility of no trades given by

Ur
i (y) = E

[
ui((ṽ − p0)zi)|x̃ + ũ = y

]
. (4)

In order for each market maker to have the motivation to carry out market making
for traders, the pricing schedule should satisfy the participation constraintUi(y) ≥
Ur

i (y) for all ordery ∈ R. The following lemma shows that the participation con-
straint yields the regret-free pricing schedulePi∗ that is a linear function of the
quantity of order.

Lemma 1. Fix i (i = A or B) and suppose that the informed trader takes a
linear trading strategy X(v) = α + βv. Then, a pricing schedule Pi satisfies the
participation constraint Ui(y) ≥ Ur

i (y) for all y ∈ R if and only if it satisfies

Pi(y) ≥ Pi∗(y; X) for y > 0, Pi(y) ≤ Pi∗(y; X) for y < 0, (5)

where

Pi∗(y; X) = µ0(α, β) + λ0(β)y + (λi(β) − λ0(β))(y − 2zi), (6)

4) It is equivalent to the zero expected profit pricing if the market maker is risk neutral.
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and

µ0(α, β) = p0 − βΣ0

β2Σ0 + σ2
u
(α + βp0),

λ0(β) =
βΣ0

β2Σ0 + σ2
u
, (7)

λi(β) = λ0(β) +
Σ0σ

2
u

β2Σ0 + σ2
u

Ri

2
.

Proof. See Appendix 1. �

Note that Equation (5) is defined for ally but y = 0. Lemma 1 argues about the
participation constraint of a market maker and thus any price does not matter for
him/her fory = 0.

We call Pi∗(·; X) the regret-free pricing schedule ofi for the informed trader’s
linear trading strategyX(v) = α + βv. We may omit the dependence on the trading
strategyX of the informed trader in this paper asPi∗(·) = Pi∗(·; X) when there
is no confusion. The degree of risk aversionRi affects the slopeλi of Pi∗ and
the inventory position shifts the level ofPi∗ vertically, e.g.,P-interceptµ0(α, β) −
2(λi(β) − λ0(β))zi.

Due to differences in these characteristics, each market maker has a comparative
advantage for some orders. As a result, for a given linear trading strategy of the
informed trader, there will be three areas in the order-price plane by the number
(zero, one, two) of market makers whose utility is improved by the transaction. The
signs of the utility gains for two market makers are shown in Figure 1. For example
(−,+) means that in the area, by clearing the order for the quantity at the clearing
price, market maker A cannot improve expected utility from the reservation utility
with no trades, while market maker B can improve expected utility. Therefore,
as a condition for equilibrium we impose incentive compatibility so as to rule out
prices that both market makers can quote, i.e., the area of (+,+) in Figure 15). It
means that for each order quantity, the potential winning market maker should offer
a better price than the regret-free price of the losing market maker.

Since we shall focus on a linear trading strategy and a linear aggregate pricing
schedule as mentioned before, we come up with the following definition of a linear
equilibrium.

Definition 2. A linear equilibrium is a triple (X, PA, PB) of linear trading strat-
egy X and piecewise linear pricing schedulesPA andPB satisfying the following
four conditions:
(i) (Linear aggregate pricing schedule)
The aggregate pricing schedulePM defined by equation (1) of the pair of piecewise
linear pricing schedules (PA, PB) is a linear pricing schedule.

5) Participation constraints rule out the area of (−,−).
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Figure 1 The regret-free pricing schedules of A and B (zA < zB) and the utility gains (UA −Ur
A,UB −

Ur
B) of the market makers.

(ii) (Profit maximization of the informed trader)
Given linear aggregate pricing schedulePM and for allv ∈ R, X is a linear trading
strategy and satisfies

E
[
π̃I(X, P

M)|ṽ = v
] ≥ E

[
π̃I(X

′, PM)|ṽ = v
]

(8)

for any linear trading strategyX′ whereπ̃I(X, PM) is the trading profit of the in-
formed trader ˜πI(X, PM) =

(
ṽ − PM(X(ṽ) + ũ)

)
X(ṽ).

(iii) (Participation constraint of market makers)
Given linear trading strategyX, piecewise linear pricing schedulesPA andPB sat-
isfy the participation constraint:

(
Pi(y) − Pi∗(y; X)

)
y ≥ 0, ∀y ∈ R, i = A, B. (9)

(iv) (Incentive compatibility of winning market maker)
Given linear trading strategyX, for eachy ∈ R, piecewise linear pricing schedules
PA andPB satisfy the incentive compatibility condition:

For∀y ∈ R andi, j ∈ {A, B}, if PM(y) = Pi(y) for somei, then

Pj(y) = P j∗(y; X) and
(
Pi(y) − P j(y; X)

)
y ≤ 0 for j � i. (10)
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Figure 2 Bertrand competition without inventory (left) and with inventory (right).

In the above definition, the participation constraint condition (iii) requires that
each pricePi(y) of market makeri at ordery should be more conservative (or worse)
than the regret-free pricePi(y; X) for i = A, B. The incentive compatibility condi-
tion (iv) tells us that the winning pricePi(y) of the winning market makeri at
ordery should be more aggressive (or better) than the pricePj(y; X) of the loserj
who quotes the regret-free pricePj∗(y; X). If the characteristics of the two market
makers are exactly the same, then conditions (iii) and (iv) imply that an equilib-
rium pricing schedule coincides with the regret-free pricing of the market maker as
assumed in Subrahmanyam (1991). One might think that the condition (i) is the
same as Assumption 1 (ii). The difference is that Assumption 1 (ii) describes a
condition under which neither of the market makers improves their expected utility
from the reservation utility, while Definition 2 (i) states thatPM is actually linear.

If the two market makers are assumed to be in Bertrand competition at each
order quantity when a trading strategyX is given, the resulting pricing schedule is
not linear (See Figure 2). Local competition does not lead to a good global form in
the presence of risk aversion and inventory in general.

As long as the regret-free pricing schedules between market makers are distinct,
multiple linear equilibria may exist, dependent on the “bargaining power” between
the two market makers. For each ordery, the difference of the regret-free pricing
schedules|PA∗(y; X)−PB∗(y; X)| can be regarded as the rent to be shared by the two
market makers and the informed trader. Such bargaining power between the two
market makers is represented byγ as follows.

Two conditions (iii) and (iv) of Definition 2 imply that the aggregate pricing
schedulePM must be laid in the area surrounded by the regret-free pricing sched-
ulesPA∗ andPB∗
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Figure 3 γ-coalitional pricing schedule (zA < zB).

min{PA∗(y; X), PB∗(y; X)} ≤ PM(y) ≤ max{PA∗(y; X), PB∗(y; X)}, ∀y ∈ R. (11)

By inequality (11) and the fact that all graphs ofPM, PA∗, andPB∗ are linear lines
on a plane6), any equilibrium aggregate pricing schedulePM is characterized by
some constantγ ∈ [0,1] satisfying

PM(y) = (1− γ)PA∗(y; X) + γPB∗(y; X), ∀y ∈ R. (12)

Formally such an equilibrium is defined as aγ-coalitional equilibrium as below.
This definition is well-defined since we can find the correspondingγ for any linear
equilibrium.

Definition 3. For a given constantγ ∈ [0,1], a linear equilibrium (X, PA, PB) is
said to be aγ-coalitional equilibrium if it satisfies for ally ∈ R

i f PA(y) = PM(y), then|PA(y) − PA∗(y; X)| = γ|PA∗(y; X) − PB∗(y; X)|,
i f PB(y) = PM(y), then|PB(y) − PB∗(y; X)| = (1− γ)|PA∗(y; X) − PB∗(y; X)|.
In other words, at an equilibrium the two market makers agree thatA reservesγ

of the surplus|PA∗(y; X)−PB∗(y; X)| if A wins, andB reserves 1−γ of the surplus if
B wins as indicated in Figure 3. The closerγ is to 1, the higher the expected utility
of A from the transaction, and vice versa.

6) The regret-free pricing schedulePi∗ is not to be confused with a pricing schedulePi that is actually
quoted. Note thatPi∗ is linear by Lemma 1 whilePi is piecewise linear by conditions of Definition 2 at
equilibrium.
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2.3. Analysis of equilibrium

We derive aγ-coalitional equilibrium for a givenγ in this subsection. Some
endogenous derivations ofγ are shown in the next section. Once the trading strat-
egy X of the informed trader and a coalition parameterγ are specified, it is easy
to calculate the aggregate pricing schedulePM thanks to equation (12). Then the
pricing schedules of the winning market maker and the loser can be obtained by in-
centive compatibility. We show the unique existence of aγ-coalitional equilibrium
where the forms of parameters are similar to the results of Kyle (1985) with modi-
fications due to risk aversion and the inventory position. These results are obtained
in a straightforward manner from the equilibrium definition. Since the slope of the
regret-free pricing schedule depends on the degree of risk aversion, it is convenient
to study equilibrium by considering whether the regret-free pricing schedules are
in parallel with each other.

2.3.1. Case of same risk aversion
We start the investigation by looking at an easier case where the regret-free

pricing schedules of the two market makers are in parallel with each other, or
equivalently, a case of market makers having the same degree of risk aversion.

Theorem 1. Suppose that RA = RB = R. Then there exists a γ-coalitional
equilibrium uniquely as follows:

X(v) = β(v − µ), PM(y) = µ + λy, (13)

and if zA ≥ zB, then

PA(y) =

{
µ + λy for y ≥ 0
PA∗(y) for y < 0,

PB(y) =

{
PB∗(y) for y ≥ 0
µ + λy for y < 0.

(14)

If zA < zB, then

PA(y) =

{
PA∗(y) for y ≥ 0
µ + λy for y < 0,

PB(y) =

{
µ + λy for y ≥ 0
PB∗(y) for y < 0,

(15)

where

µ = p0 − Σ0R
(
(1− γ)zA + γzB

)
,

λ =
Σ0

4

(
R +
√

4(Σ0σ2
u)−1 + R2

)
, β =

σ2
u

2

(√
4(Σ0σ2

u)−1 + R2 − R
)
, (16)

and

PA∗(y) = µ + λy +
Σ0R

2− βΣ0R
γ(zB − zA), (17)

PB∗(y) = µ + λy − Σ0R
2− βΣ0R

(1− γ)(zB − zA). (18)
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Figure 4 γ-coalitional equilibrium pricing schedule (zA < zB).

Proof. See Appendix 2. �

Figure 4 illustrates the equilibrium pricing schedule for the case ofzA < zB.
Market maker A quotes the piecewise linear pricing schedulePA which is shown
as lines with circles (◦), and B quotesPB with bullets (•). Although each market
maker gives a piecewise linear pricing schedule, the aggregate pricing schedule is
linear and the market makers share the risk of transaction with traders depending
on their inventory positions and degree of risk aversion. These properties are later
discussed in more detail.

2.3.2. Case of different risk aversion
Next we proceed to the case ofRA � RB. Since the aggregate pricing schedule

PM is laid in the area surrounded by the regret-free pricing schedulesPA∗ andPB∗,
PM must go through the intersection of two lines ofPA∗ and PB∗ if any. This is
indeed the case whenRA � RB. The generality is not lost by assumingRA < RB.

Given a linear trading strategyX(v) = α+βv of the informed trader, let (y∗, p∗(α,
β)) be the intersection of two lines ofPA∗ andPB∗ on the (y, p) plane, given by

y∗ =
2(RBzB − RAzA)

RB − RA
, (19)

p∗(α, β) = µ0(α, β) + λ0(β)y∗ +
Σ0σ

2
u

β2Σ0 + σ2
u

RARB(zB − zA)
RB − RA

. (20)

Note thaty∗ is determined by characteristics of market makers and does not depend
on the informed trader’s trading strategy. Theny∗ is another turning point in the
quantity of order that each market maker takes into consideration for the pricing
schedule.
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Theorem 2. Suppose that RA < RB. Then there exists a γ-coalitional equilib-
rium uniquely as follows:

X(v) = β(v − µ), PM(y) = µ + λy, (21)

and if y∗ = 2(RBzB−RAzA)
RB−RA

≥ 0, then

PA(y) =


µ + λy for y ≥ y∗ or y ≤ 0

PA∗(y) for 0 < y < y∗,
PB(y) =


PB∗(y) for y ≥ y∗ or y ≤ 0

µ + λy for 0 < y < y∗.
(22)

If y∗ < 0,

PA(y) =


µ + λy for y ≤ y∗ or y ≥ 0

PA∗(y) for y∗ < y < 0,
PB(y) =


PB∗(y) for y ≤ y∗ or y ≥ 0

µ + λy for y∗ < y < 0,
(23)

where

µ = p0 − Σ0

[
(1− γ)RAzA + γRBzB

]
, Rγ = (1− γ)RA + γRB,

λ =
Σ0

4

(
Rγ +

√
4(Σ0σ2

u)−1 + Rγ2
)
, β =

σ2
u

2

(√
4(Σ0σ2

u)−1 + Rγ2 − Rγ
)
,

(24)

and

PA∗(y) = µ + λy − Σ0

2− βΣ0Rγ

γ(RB − RA)
2

(y − y∗), (25)

PB∗(y) = µ + λy +
Σ0

2− βΣ0Rγ

(1− γ)(RB − RA)
2

(y − y∗). (26)

Proof. See Appendix 3. �

Figure 5 illustrates the equilibrium pricing schedules where the less risk-averse
market makerA wins sufficiently large order quantities at equilibrium. The more
risk-averse market makerB wins only small transactions of either [0, y∗] or [y∗,0],
and all other orders are executed byA sinceA is less risk averse thanB so that
λA is smaller thanλB. By letting RB → RA, we seey∗ → ±∞ and the above
results converge to the results of the same risk parameter as shown in the previous
subsection. In that sense, Theorem 1 is a corollary of Theorem 2.

2.3.3. Discussion
We discuss some properties of the equilibrium. As shown in Theorems 1 and 2

(also Figure 4 and 5), the two market makers coexist and share the risk of trading;
whenzA < zB, A shows better bid prices thanB and wins sale transactions from
traders, whileB shows better ask prices thanA and wins purchase transactions.
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Figure 5 γ-coalitional equilibrium pricing schedule (y∗ > 0).

The reason is the comparative advantage in the inventory position due to risk aver-
sion, which motivates each market maker to reduce their position. This aggregate
behavior is represented by the aggregate pricing schedulePM. It is easy to see that
the aggregate pricing schedule is the same as the regret-free pricing schedule of a
fictitious market maker with degree of risk aversionRγ = (1− γ)RA + γRB and the
inventory position of

(1− γ)RAzA + γRBzB

(1− γ)RA + γRB
. (27)

As a direct inventory effect,µ is different fromp0 by the inventory position of
the fictitious market maker. Namelyµ = PM(0) is a biased estimator of ˜v due to the
inventory7)

µ = p0 − Σ0
[
(1− γ)RAzA + γRBzB

]
. (28)

On the other handλ andβ depend on the degree of risk aversionRγ of the fictitious
market maker8)

λ =
Σ0

4

(
Rγ +

√
4(Σ0σ2

u)−1 + Rγ2
)
. (29)

The more risk averse is the market maker, the more sensitive the aggregate pricing
schedule is to the quantity of order. Our formula ofλ is consistent with the result
of Subrahmanyam (1991) (formula (16) in Proposition 4).

7) However, such behavior may be ruled out if we extend to the multi-period setting and consider the
conditions necessary to rule out manipulation, such asµ = p0 for each period. That topic is beyond the
scope of this paper.
8) In the case of the same degree of risk aversion of the two market makers,γ does not matter forλ.
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Figure 6 Behavior of informed trader.

So far the inventory positions of market makers affectµ only on the aggregate
pricing schedule at equilibrium. It appears thatλ is independent of the invento-
ries of the market makers. The weighted inventory position changes the aggregate
pricing schedule vertically, and the weighted degree of risk aversion determines the
slope. In a nutshell, similar inventory effects to those given by Stoll (1978) are
seen so long asγ is treated as exogenously given. If a coalition parameterγ is de-
termined endogenously depending on the inventory position of the market makers,
there is an inventory effect on the equilibrium price via the average degree of risk
aversionRγ. Such a phenomenon can be denoted as an indirect effect of inventory
through the coalition and is new to the literature. In the next section we examine
several cases of endogenous derivation.

Another new inventory effect is seen in the trading strategy of the informed
trader due to the fact thatµ differs fromp0. If the informed trader observesv, he
or she knows that their expected profit will be positive at equilibrium when their
order quantity is between 0 and 2X(v) and the profit attains the maximum atX(v),
since the profit function is quadratic in the informed trader’s order. The sign of their
orderX(v) depends onµ, not p0; they wish to buy ifv > µ while they wish to sell if
v < µ. Thus, ifµ < v < p0 (or p0 < v < µ), the sign of the order is opposite to the
case of no inventory. With the inventories he or she will buy (or sell ifp0 < v < µ)
while he or she will sell (or buy ifp0 < v < µ) without inventory. In Figure 6,
PM andX denotes strategies with the inventories andPM′ andX′ denotes those for
the case ofµ = p0 or no inventory. These decisions make sense because with the
inventory the expected trading (purchase) priceE[PM(X(v) + ũ)|ṽ = v] = PM(X(v))
is cheaper than the liquidation valuev. Without the inventory, the expected trading
price is more expensive than the liquidation value and hence the informed trader
will sell.
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Figure 7 (left) In case ofRAzA � RBzB, there exists a linear Bayesian equilibrium that is not aγ-
coalitional equilibrium. (right) In the case ofRAzA = RBzB, a linear Bayesian equilibrium is always a
γ-coalitional equilibrium.

The reciprocal of the conditional variance of ˜v, given a trading price ˜p, measures
the price efficiency because the price partially reveals private information. The
price efficiency at theγ-coalitional equilibrium is calculated as

(
Var[ṽ|p̃]

)−1
=
(
Vary[ṽ]

)−1
=

2
Σ0
− βRγ. (30)

That implies that the price under theγ-coalition of risk-averse market makers is
less efficient than the case of risk-neutral market makers due to risk aversion. The
difference is measured by the average degree of risk aversionRγ, not the inventory
position.

Finally, let us revisit the definition of a linear equilibrium. One may think that
the definition of a linear equilibrium is a weak notion. However, it is actually
stronger than a linear Bayesian equilibrium under Assumption 1 in the following
sense. A linear Bayesian equilibrium is defined by a triple (X, PA, PB) of a linear
strategy and piecewise linear pricing schedules satisfying, for eachv, y ∈ R,

E
[
π̃I(X, P

A, PB)|ṽ = v
] ≥ E

[
π̃I(X

′, PA, PB)|ṽ = v
]

(31)

E
[
uA(WA(PA, PB, y))|X(ṽ) + ũ = y

] ≥ E
[
uA(WA(PA′, PB, y))|X(ṽ) + ũ = y

]
(32)

E
[
uB(WB(PA, PB, y))|X(ṽ) + ũ = y

] ≥ E
[
uB(WB(PA, PB′, y))|X(ṽ) + ũ = y

]
(33)

for all X′: linear trading strategy, andPA′, PB′: piecewise linear pricing sched-
ules, where we denote byWi(PA, PB, y) the wealth of market makeri at the end of
the trading period when the ordery is submitted and market makers obey pricing
schedulesPA andPB. If a triple (X, PA, PB) is a linear equilibrium, then it consti-
tutes a linear Bayesian equilibrium. The reverse does not hold in general due to the
incentive compatibility condition (iv) (see Figure 7).
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3. Endogenous derivation of a coalition parameter

By changingγ we obtain a family ofγ-coalitional equilibria. In this section,
we present several ways to choose an equilibrium, i.e., endogenously deriveγ by
an appropriate optimality condition. The first method is where two market makers
are employees of a monopolistic market-making firm that orders the employeeγ to
maximize total expected profit. The second one is where market makers cooperate
so as to minimize the maximized expected profit of the informed trader. The third
one is to use a Nash bargaining solution between two market makers.

We denote by ˜πM, π̃I, andπ̃U the total profit of the market makers, the informed
trader, and the uninformed trader, respectively. The unconditional expected profits
of the participants at aγ-coalitional equilibrium are given by

E[π̃M] = E[(ṽ − PM(ỹ))(−ỹ) + (ṽ − p0)z] = −1
2
β
(
Σ0 + (µ − p0)2) + λσ2

u,

(34)

E[π̃I] = E[(ṽ − PM(ỹ))β(ṽ − µ)] = 1
2
β
(
Σ0 + (µ − p0)2), (35)

E[π̃U ] = E[(ṽ − PM(ỹ))ũ] = −λσ2
u. (36)

If γ and inventory positions are control variables, then maximizingE[π̃M] is equiv-
alent to minimizingE[π̃I]. If only γ is controlled, then “optimal”γ may depend on
inventory positions and the relationship between market makers.

3.1. Order by a risk-neutral market-making firm

In this subsection, we assume that two individual risk-averse market makers
are employed by a firm that is a risk-neutral monopolist in the market holding their
own inventory positionz. The firm can allocate inventory positions to these market
makers and order them to form a coalition with specificγ so that the expected firm’s
profit from their activities is maximized. Our aim here is to derive the optimalγ
and allocations of the inventory positionszA andzB with z = zA + zB.

It is sufficient for the firm’s optimality thatλ is maximized andµ = p0 since
β = 1/(2λ) is minimized whenλ is maximized ifγ and each inventory position are
controlled.

Theorem 3. If RA < RB, then the optimal selection of γ and inventory alloca-
tions by the firm among γ-coalitional equilibrium are given by

γ = 1, zA = z, zB = 0. (37)

If RA = RB, then the optimal selections are given by

∀γ ∈ [0,1] (γ �
1
2

), zA =
−γ

1− 2γ
z, zB =

1− γ
1− 2γ

z. (38)

In both cases the aggregate pricing schedule yields µ = p0 for the zero order y = 0
and the maximized expected firm’s profit is positive E[π̃M] = 1

2Σ0σ
2
uRγ > 0.
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Whenγ = 1 is optimal in Theorem 3, the aggregate pricing schedule coincides
with the regret-free pricing schedule of the more risk-averse market makerB with
no inventory position

PM(y) = PB∗(y) = p0 + λy, where λ =
Σ0

4

(
RB +

√
4(Σ0σ2

u)−1 + RB
2
)
.

(39)

This result is exactly the same situation assumed by Subrahmanyam (1991), i.e.,
that the risk-averse market maker sets prices as the regret-free price.

The risk-neutral firm can obtain a positive expected profit because it is a monopoly.
The firm behaves as if it were risk-averse market makerB, that is, the most conser-
vative behavior obtainable as an individual market maker, while the expected utility
is calculated as that of a risk-neutral market maker, that is, the most aggressive.

3.2. Minimizing the maximized expected profit of the informed trader

The market makers9) may be able to choose parameters such asγ and inventory
positions so as to minimize the maximized expected profit of the informed trader.

If they can chooseγ and reallocate inventory positions between them, the op-
timal choices are the same as in Theorem 3 since minimizing the expected profit
of the informed trader is one of the sufficient conditions for maximizing the total
expected profit of market makers.

What about if they can controlγ only without changing their inventories? If
the degree of risk aversion is the sameRA = RB, λ does not depend onγ as shown
in Theorem 1 and the expected profit of liquidity traders is fixed irrespective ofγ
and inventory positions. Therefore, minimizing the expected profit of the informed
trader is equivalent to maximizing the total expected profit of market makers, and
arguments in Theorem 3 can be applied to this case.

If RA = RB andzA = zB, anyγ ∈ [0,1] is optimal. IfRA = RB andzA < zB, then
we obtain the optimalγ as

γ = min
(
max
( zA

zA − zB
,0
)
,1
)
=


1 if zA < zB < 0,
zA

zA − zB
if zA < 0 < zB,

0 if 0 < zA < zB.

(40)

If RA < RB andRAzA < RBzB ≤ 0, then it is easy to see that the optimalγ is one.
For other cases, the optimalγ is not obtained analytically in a closed form.

3.3. Nash bargaining solution

It is a natural extension to understand the choice ofγ as a Nash bargaining
problem between market makers by taking inventory positions as given. Higherγ
improves the expected utility ofA and lowers one ofB. If they do not agree with

9) In this subsection and the next, the market makers are general decision makers, unlike the setting of
the previous subsection.
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γ, both of them fail to improve their utility from the reservation level. Bargaining
power is reflected in winning orders that are determined by their risk aversion and
inventory position, independent of the choice ofγ.

For the case ofRA = RB, it can be shown thatγ = 1
2 is the Nash bargaining

solution between two market makers (see Appendix 4 for the derivation). The
two market makers possess the same bargaining power since the wining area is
symmetrical given the same degree of risk aversion. For the case ofRA < RB, it is
not clear whether there exists a Nash bargaining solution. Our conjecture, however,
is that a solutionγ, if any, will be very close to one because the bargaining power
of market makerB is weak due to the restricted winning order area ofB, compared
with that ofA.

4. Concluding remarks

We present a model of two risk-averse market makers to derive regret-free pric-
ing, rather than assume such pricing. In a coalition, the two market makers make
use of their comparative advantage in inventory and share the risk of transactions
with traders. The informed trader employs a different trading strategy from one
without the market makers’ inventory positions.

We see that there are two inventory effects on the equilibrium pricing schedule.
The first is a direct effect where the inventory positions of the market makers verti-
cally shift the equilibrium pricing schedule. The second is an indirect effect where
the inventory position of the market makers may change the slopeλ of the pricing
schedule through the coalition parameterγ, depending on the relationship between
the market makers. The slopeλ = λ0 + (λ − λ0) of the risk-averse market maker
can be interpreted as representing two parts of the bid-ask spread. Theλ0, that
is, the Kyle’sλ of a risk-neutral market maker, represents that part of the bid-ask
spread due to asymmetric information existing between the market maker and the
informed trader on liquidation value. The difference betweenλ andλ0 represents
the bid-ask spread as the compensation for the risk-averse market maker to bear
the risk of the order. A coalition that may depend on the inventories of the market
makers changes the compensation required by the market maker due to the aver-
aged inventory position. This insight into an indirect inventory effect is new to the
literature.

There are several possible extensions of this paper. One extension to multi-
period and continuous time settings would be possible following Kyle (1985) and
Back (1992). The decision of the informed trader is then made backwards, as
is that of the market makers, although inventory positions as state variables are
determined forwards. The equilibrium price is then part of the forward-backward
equation. A second extension is the study ofn market makers (n ≥ 3). The essence
of a γ-coalition is a coalition between the best market maker and the second-best
market maker for each order quantity. Therefore, there may not exist a coalitional
equilibrium forn ≥ 3 in general, and a modification of the incentive compatibility
condition will be required for largen as in linear Bayesian equilibria.
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Appendix

A.1. Proof of Lemma 1

Fix y and a market makeri. In this proof we denote the conditional expectation
E[·|α + βṽ + ũ = y] by Ey[·] and the conditional variance byVary[·] similarly.
Suppose the market maker wins the order and buys−y from traders atPi(y). Then
the wealth ofi after the stock position is cleared at ˜v will be (ṽ− p0)zi−(ṽ−PM(y))y,
and the expected utility is given by

Ui(y) = Ey[ui(−p0zi + Pi(y)y + ṽ(zi − y))]

= ui(E
y[−p0zi + Pi(y)y + ṽ(zi − y)] − Ri

2
Vary[−p0zi + Pi(y)y + ṽ(zi − y)])

sinceui(W) = −exp(−RiW). On the other hand, the reservation utility is

Ur
i (y) = ui(−p0zi + Ey[ṽ]zi −

Riz2
i

2
Vary[ṽ]).

Then the participation constraintUi(y) ≥ Ur
i (y) is equivalent to

Ey[Pi(y)y + ṽ(zi − y)] − Ri

2
Vary[ṽ(zi − y)] ≥ Ey[ṽ]zi − Ri

2
Vary[ṽzi].

Sinceα + βṽ + ũ is normally distributed, by the theorem on normal correlation we
have

Ey[ṽ] = p0 +
βΣ0

β2Σ0 + σ2
u
(y − α − βp0), Vary[ṽ] = Σ0σ

2
u

β2Σ0 + σ2
u
.

The participation constraint is further reduced to an inequality

(
Pi(y) − [p0 +

βΣ0

β2Σ0 + σ2
u
(y − α − βp0)) +

Σ0σ
2
u

β2Σ0 + σ2
u

Ri

2
(y − 2zi)

])
y ≥ 0.

A.2. Proof of Theorem 1

We only consider the case ofzA ≥ zB in this proof. The opposite case can be
verified in the same manner.

Suppose thatX(v) = α + βv and PM(y) = µ + λy. First, let us consider the
informed trader’s expected profit maximization problem. GivenPM, the expected
profit of the informed trader is given by

E
[
π̃(X, PM)|ṽ = v

]
= E
[
(ṽ − PM(X + ũ))X|ṽ = v

]
= (v − µ)X − λX2

which is maximized atX = (v − µ)/(2λ) so that

α =
−µ
2λ
, β =

1
2λ
. (41)
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Next we consider conditions for market makers’ pricing schedules. By Lemma
1, market makers can afford to show

PA∗(y; X) = µ0(α, β) + λ0(β)y + (λA(β) − λ0(β))(y − 2zA),

PB∗(y; X) = µ0(α, β) + λ0(β)y + (λB(β) − λ0(β))(y − 2zB),

or worse price schedules. With equation (12) we have equations

λ = λA(β) = λB(β), (42)

µ = µ0(α, β) − (1− γ)(λA(β) − λ0(β))2zA − γ(λB(β) − λ0(β))2zB. (43)

By solving equations (41)− (43), we have

λ =
Σ0

4

(
R +
√

4(Σ0σ2
u)−1 + R2

)
, β =

σ2
u

2

(√
4(Σ0σ2

u)−1 + R2 − R
)
,

µ = p0 − Σ0R((1− γ)zA + γzB), α = −βµ.

Note thatβ satisfies a quadratic equation

β2Σ0 + βΣ0σ
2
uR − σ2

u = 0. (44)

By using this equation, it is easy to show that

λ0(β) =
βΣ0/σ

2
u

2− βΣ0R
,

2(λA(β) − λ0(β)) =
Σ0R

2− βΣ0R
,

µ0(α, β) = p0 − βΣ0/σ
2
u

2− βΣ0R
βΣ0R((1− γ)zA + γzB),

and

PA∗(y) = µ − Σ0R
2− βΣ0R

γ(zA − zB) + λy,

PB∗(y) = µ +
Σ0R

2− βΣ0R
(1− γ)(zA − zB) + λy.

A.3. Proof of Theorem 2

The procedure is in a fashion parallel to the proof of Theorem 1. Suppose that
X(v) = α + βv andPM(y) = µ + λy. The FOC of the maximization problem of the
informed trader gives

α =
−µ
2λ
, β =

1
2λ
.
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By the definition of theγ-coalitional equilibrium,PM is a line passing through
(y∗, p∗(α, β)) satisfying equation (7), which implies

PM(y) = p∗ + λ(y − y∗),
λ = (1− γ)λA(β) + γλB(β),

µ = p∗ − λy∗.
Then by solving these equations we have

Rγ = (1− γ)RA + γRB,

λ =
Σ0

4

(
Rγ +

√
4(Σ0σ2

u)−1 + Rγ2
)
,

β =
σ2

u

2

(√
4(Σ0σ2

u)−1 + Rγ2 − Rγ
)
,

whereRγ replacesR in Theorem 1. In this case,β satisfies

β2Σ0 + βΣ0σ
2
uRγ − σ2

u = 0. (45)

Furthermore, one can obtain

µ = p0 − Σ0

[
(1− γ)RAzA + γRBzB

]
,

p∗ = p0 +
Σ0/σ

2
u

RB − RA

(
β(RBzB − RAzA) + RARB(zB − zA)σ2

u

)
,

PA∗(y) = µ + λy + (λA(β) − λ)(y − y∗),
PB∗(y) = µ + λy − (λB(β) − λ)(y − y∗),

by noticing

λA(β) − λ = − Σ0

2− βΣ0Rγ

γ(RB − RA)
2

,

λB(β) − λ =
Σ0

2− βΣ0Rγ

(1− γ)(RB − RA)
2

.

A.4. Nash bargaining solution when RA = RB

We denote byPA,γ andPB,γ the pricing schedule of market makersA andB at
theγ-coalitional equilibrium. Since the wealth of market makers after the liquida-
tion is given by

WA(PA,γ, PB,γ, y) = −p0zA + (µ + λy)y + ṽ(zA − y),

WB(PA,γ, PB,γ, y) = −p0zB + (µ + λy)y + ṽ(zB − y),

the certainty equivalence of the wealthwA(γ, y) andwB(γ, y) defined by

Ey[uA(WA(PA,γ, PB,γ, y))] = uA(wA(γ, y)),

Ey[uB(WB(PA,γ, PB,γ, y))] = uB(wB(γ, y)),
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are given as follows,

wA(γ, y) =
y

β2Σ0 + σ2
u

(
σ2

uΣ0Rγ(zA − zB) + zAΣ0β
)

+
zAΣ0R
β2Σ0 + σ2

u

(
−β2Σ0

(
(1− γ)zA + γzB

) − 1
2
σ2

uzA

)
,

wB(γ, y) =
y

β2Σ0 + σ2
u

(
−σ2

uΣ0R(1− γ)(zA − zB) + zBΣ0β
)

+
zBΣ0R
β2Σ0 + σ2

u

(
−β2Σ0

(
(1− γ)zA + γzB

) − 1
2
σ2

uzB

)
.

After a tedious calculation, the unconditional expected utility gains are calcu-
lated as

UA(γ) = E
[
Ey[uA(wA(γ, y))] − Ey[uA(wA(γ, y) − Σ0R

2− βΣ0R
γ(zA − zB))]|y > 0

]

=
[
1− exp

( Σ0R2

2− βΣ0R
γ(zA − zB)

)]
IA(γ),

UB(γ) =
[
1− exp

( Σ0R2

2− βΣ0R
(1− γ)(zA − zB)

)]
IB(γ),

where

g(γ, y) =
1√

2π(β2Σ0 + σ2
u)

exp
(
− (y − β(p0 − µ))2

2(β2Σ0 + σ2
u)

)
,

IA(γ) =

∫ ∞
0

uA(wA(γ, y))g(γ, y)dy

= exp
[R3Σ2

0σ
2
u
(
β + 1

2σ
2
uR
)

β2Σ0 + σ2
u

γ2(zA − zB)2

+
1
2

R2Σ0z2
A

]
N
(−RΣ0(β + σ2

uR)√
β2Σ0 + σ2

u

γ(zA − zB)
)
,

IB(γ) =

∫ 0

−∞
uB(wB(γ, y))g(γ, y)dy

= exp
[R3Σ2

0σ
2
u
(
β + 1

2σ
2
uR
)

β2Σ0 + σ2
u

(1− γ)2(zA − zB)2 +
1
2

R2Σ0z2
B

]

×N
(−RΣ0(β + σ2

uR)√
β2Σ0 + σ2

u

(1− γ)(zA − zB)
)
.

It is straightforward to see that the Nash productUA(γ)UB(γ) is maximized
whenγ = 1

2.
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