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1 Introduction 

In this article, we study the Fourier coefficients of Siegel Eisenstein series of 
level p. Although it is one of the most fundamental topics in the theory of 
Siegel modular forms, we have not yet solve this problem completely. The 
author tried to write down an explicit formula of the Fourier coefficients 
for a long time, to get a big progress recently. The precise arguments are 
written in the preprint ([9]), thus we explain mainly the basic ideas in the 
present article. 

2 Fourier expansion of Siegel Eisenstein series 

First we would like to recall the basic facts and previous results about the 
Fourier coefficients of Siegel Eisenstein series. 

2 .1 Full modular case 

We start to explain the full modular case. Let Sp(n, 'll) be the simplex 
modular group of rank n, matrix-size 2n. For I E Sp(n, 'll), we write 1 = 

(~~ ~~)- Let Pn('ll) = {, E Sp(n,'ll) I C,y = O}. For Z E IHin of Siegel 

upper half space, the Siegel Eisenstein series of weight k E 2'7l is defined by 

,yEPn(Z)\Sp(n,Z) 

that converges when k > n + l. Let Symn(z)* be the set of half integral 
symmetric matrices of size n, consisting of symmetric matrices whose diag­
onal entries belong to '7l and off-diagonal entries belong to ½Z. We write the 
Fourier expansion of Bf: ( Z) as 

Ek(Z) = A(N, k)e(NZ), 
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here we write e(NZ) = exp(27rHTr(NZ)). 
Let us investigate the Fourier coefficient A(N, k). First we remark that it 

suffices to consider the case for positive definite N; if rank N = r < n, then 
A(N, k) comes from the Fourier coefficient of the Siegel Eisenstein series 
E'£(Z) of degree r. Now we assume that det N =/= 0. Then A(N, k) has an 
Euler product expression 

A(N, k) = B(N, k) IT Sn,q(N, s) 
q:prime 

(cf. [15, p. 306]). The infinite part B(N, k) is calculated by Siegel ([22, 
(111)]) (see also [20, (4.34K),(4.35K)]). One has 

~ 2-n(n-1)/2(-27rJ=Irk(det N)k-(n+l)/2 
t:.(N, k) = r n(k) ' 

with f n(s) = 7rn(n-l)/4 rr~==-l r(s - i/2). The term Sn,q(N, s) is called the 
Siegel series, defined as follows. Let 

Mn( ) = {(c D) E Mn 2n(Z) I (C,D) is symmetric and co-prime, } 
q ' ' q det C = qr for some r ?: 0 ' 

here we say ( C, D) is symmetric if Ctn E Sym n ( Qp) and we say ( C, D) is 
co-prime if CX +DY= ln for some X, Y E Mn(Zq), Any RE Symn(Qq) 
is written by R = c-1 D with ( C, D) E Mn ( q), unique up to the left action 
by SLn(Zq), For R = c-1 D E Symn(Qq) we set Oq(R) = det C. Then for 
s E C we define 

RESymn(Qq/Zq) 

that converges if Re( s) » 0. It is known that the Siegel series is a polynomial 
in q-s, thus we may also write it as Sn,q ( N, q-s). Let 

N -s = {(1- q-s)(l - XN(q)qn/2-s)-l I1~~i(l - q2i-2s) n is even, 
rn,q( , q ) (l _ -s) IT(n-1)/2(l _ 2i-2s) · dd q i=l q n ISO • 

Here we denote by XN the quadratic character associated with the quadratic 
extension Q( J(-l)n/2(det 2N))/Q. Then we have 

Sn,q(N, q-s) = rn,q(N, q-8 )Fn,q(N, q-s) 

with a certain polynomial Fn,q(N, T), such that Fn,q = 1 for almost all q. 
This fact is proved independently by Kitaoka ([14]), Feit ([3]) and Shimura 
([20]). Thus our aim is to find an explicit formula of Fn,q(N, q-8). 

For the case of n = 2, it is given by Kaufhold ([11]). After a long time 
(more than 30 years), an explicit formula for n = 3 was found by Katsurada 
([12]), and a few years later he also gave an explicit formula of Fn,q(N, q-s) 
for any degree n ([13]). Thus our problem was settled for full modular case. 
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2.2 The case with level and characters 

Next we consider the case of Siegel Eisenstein series with level and charac­
ters. For l E Z>o, we put 

I'0(l) = { 1 E Sp(n, Z) I Cr = O mod l}. 

Let 'lj; be a Dirichlet character modulo l. Then the space of holomorphic 
Siegel modular forms Mk(I'0(l), 'lj;) of weight k with character 'lj;, is defined 
as follows. For a holomorphic function f: IHin --+ C and I E Sp(n, Z) we put 

Jln(Z) = det(C,Z + D,)-k J((A,Z + B,)(C,Z + D,)-1). 

Then we define 

If n = 1, we also require the holomorphic condition at each cusp. If 'lj; is the 
trivial character modulo l, we simply denote it by Mk(I'0(l)). 

Let k be a positive integer such that 'lj;( -1) = ( -1 l. We define the 
Siegel Eisenstein series of weight k, level l with character 'lj; by 

EJ:,z,1/!(Z) = L ~(det D,) det(C,Z + D,)-k, 
1 EPn (Z)\I'0 (l) 

that converges when k > n + 1, then it is contained in Mk(I'0(l), 'lj;). How­
ever when the level l > 1, the space of Siegel Eisenstein series £k(I'0 (l), 'lj;) 
in Mk(I'0(l), 'lj;) has dimension greater than 1. In detail, we can define 
the Siegel Eisenstein series corresponding to each 0-dimensional cusp of 
I'0(l)\IHin. Take a representative set I'0(l)\Sp(n, Z)/ Pn(Z) = {MA}. If 
k > n + 1 is even and 'lj; is the trivial character for example, then we can 
construct the Siegel Eisenstein series EJ:,z(MA; Z) attached to cusp MA such 
that 

Co (EJ: z(MA; Z)lkMv) = { 1 v = >-. . 
' 0 otherwise, 

here C0 (J) denote the constant term of the Fourier expansion of f. In 
particular we know that dim£n(I'0(l)) = tt{Mv}- In the case that 'lj; is a 
non-trivial Dirichlet character, Siegel Eisenstein series attached to cusp MA 
may vanish, thus we can only say dim£n(I'0(l),'lj;) :S tt{MA}. 

For simplicity, we explain the case of odd prime level. Let p be a fixed odd 
prime number. Then we can take a set ofrepresentative I'0(p)\Sp(n, Z)/ Pn(Z) 
by {w;1} (0 :S v '.Sn) with 

Wn,v = Wv = 
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We assume that the Dirichlet character 'I/; is xo or Xp, here xo stands for the 
trivial character modulo p and Xp stands for the quadratic character modulo 
p. Then for k > n + l such that 'I/;( -1) = ( -1 )k, the Siegel Eisenstein series 
attached to Wv is defined by 

Ek,1'(wv; Z) = L '1/Jw,,,(,) det(c,,z + D,,)-k, 
,'EPn(Z) \Pn(Z)w,,,I'?;'(P) 

here the function '1/Jw,,, on Pn(Z)wvI'[f(p) is given by 

that is well-defined since '1/;2 = 1. We note that if 'I/; is neither trivial nor 
quadratic, then Ek,1' ( Wv; Z) is defined only for v = 0 or n. 

The Fourier coefficient A;'-'(N, k) of Ek,1'(wv; Z) at 0 <NE Symn(Z)* 
is given by 

A;'-'(N,k) = B(N,k)S'!//'-'('1/J,N,k) IT Sn,q(N,'1/J(q)q-k). 
q=/p 

We call the Euler p-factor S'!;;,'-'('1/;, N, s) as ramified Siegel series. It is defined 
as follows. For O S v S n we put 

M~(p) = {(C, D) E Mn(P) I rank(C modp) = v}, 

Symn(Qp)(v) = {R = c-1 DE Symn(Qp) I (C, D) E M~(p)}. 

Take R = c-1 DE Symn(Qp)(v), then there exists,= ( c }y) E Pn(Zp)wvKp, 
with Kp = {~ E Sp(n,Zp) I C1,, = 0 modp}. We set ;J;w,_,(R) = '1/Jw,,,(,). The 
ramified Siegel series is defined by 

RESymn(IQ)p)(v) 
mod Symn(zp) 

Thus our final goal is to give an explicit formula of S'!;;,'-' ( 'I/;, N, s) for all v. 

Remark By definition we easily see that S'!;;,n('lj;, N, s) = 1 for all N. 

Remark One can easily extend the result of odd prime level case to the 
case of any odd square-free level l, since we have computed every local p­

factor with p I l. 

2.3 Known results 

The first concrete result about the Fourier coefficients of Siegel Eisenstein 
series with level, was due to Mizuno ([17]) in the case of n = 2; he found the 
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explicit formula of the Fourier coefficients of El,z,'1/;(Z) for odd square-free 
level l with primitive character'¢. For the proof, he showed that the Maass 
lift of the Eisenstein series of Jacobi form coincides with our E£,z,w(Z), then 
he got the results by utilizing the Fourier coefficients of the Eisenstein series 
of Jacobi form. 

After that the author calculate S'!J:0 ('¢,N,s) directly ([4]) for an odd 
prime number p and primitive character '¢. By rewriting T E Sym2 (Qp)(o) 

as T = c-1 D with ( C, D) E Mg (p), the calculation of ramified Siegel series 
reduces to the computation of exponential sums. By using the same method, 
Takemori computed the Fourier coefficients of E£,Z,'l/;(Z) for any level land 
primitive character '¢ ([23]). We note that his results contains the non 
square-free level and also even level. 

About the Siegel Eisenstein series attached to other cusps, Dickson suc­
ceeded to give the Fourier coefficients of E£ z(M>..; Z) (the case of trivial 
character and n = 2) for square free level l ~ith every cusp M>.. ([2]). He 
studied the action of the Hecke operator to the space of Siegel Eisenstein 
series, especially the action to the Fourier coefficients, and using the formula 
for E£(Z) (full modular Siegel Eisenstein series), to get the results. The au­
thor also calculated S'!J:1 (xv, N, s) and S'!J:1 (xo, N, s) by a direct computation 
([6]). 

Next we explain the results for higher degree case due to Takemori ([24]). 
Let l be square-free and'¢ a primitive Dirichlet character modulo l. For the 
decomposition '¢ = ILiv 'l/Jp, assume that '¢~ ¢. 1 for any p I l. Under this 
condition, Takemori gave an explicit formula of the Fourier coefficients of 
E'f:,z,1/J(Z) for any degree n. For the proof, first he constructed the Siegel 
Eisenstein series such that the ramified Siegel series becomes quite simple 
by using the functional equation of Siegel series, next he showed that this 
Eisenstein series coincides our E'f:,z,w(Z), if'¢ satisfies the above condition. 

As the remaining case that '¢ is the quadratic character Xv, the author 
calculated S;f0 (xv, N, s) directly by the same methods as degree 2 case ([7]). 
For the exponential sum, we use the explicit formula due to Saito ([18]) of 
the generalized Gauss sum 

L '¢(<let T)e(TN). 
TESymn(z/p) 

By using it, in principle, we can compute ramified Siegel series directly for 
any degree n, however it seems actually to be impossible to compute if n 2': 4. 

Another point of view, the author ([5]) and Watanabe ([25]) indepen­
dently gave an explicit formula of ramified Siegel series for general degree. 
Both results deeply depend on the paper by Sato and Hironaka ([19]), that 
treated local densities. We call it here the Sato-Hironaka type formula. Al­
though ramified Siegel series is expressed by finite sum, this formula is too 
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complicated to handle at least by hands. In fact, to get the same result for 
degree 3 case as [7], using the Sato-Hironaka type formula seems as tedious 
as the direct computation method. 

3 Katsurada's recursion formula 

As we already mentioned, Katsurada and Ikeda-Katsurada ([10]) gave a re­
cursion formula for ordinary Siegel series to get an explicit formula. We 
recall there argument. There are two key ingredients; one is inductive re­
lation and the other is functional equation of Siegel series. The inductive 
relation is as follows. For simplicity we assume that q is an odd prime. Then 
we may assume that N is diagonal for the computation of Sn,q(N, s). Let 
N = diag(a1qu 1 , ... ,anqUn) with CYi E z;, u1 :S ... :S Un, We put N' = 
diag(aoqu1 ,,,,, CYn-lqUn-l, CYnqun+2 ), and No= diag(a1pu1 ,.,, CYn-lPUn-l) E 

Symn-1(Zq), Then the following relation holds. 

Proposition 3.1 ([13, Theorem 2.6], [10, Theorem 5.2] ) We have the 
following formula. 

Sn,q(N', s)-qn+I-2s Sn,q(N, s) = (1-q-8 )(1 +q1-s)Sn-1,q(No, s-1). (3.1) 

In order to explain the functional equations of Siegel series, we pre­
pare some notations. For N E Symn(Z)* with det N i- 0, we set DN = 
( -4) [n/2] det N and dq ( N) = ordq D N. For the Hasse invariant hq ( N) of N, 
we define 

{
1 

(q(N) = n-1 n2-1 

hq(N) (detN, (-1)-2 detN)q (-1, -l)q 8 

n is even 

n is odd, 

here ( , )q stands for the Hilbert symbol. We set 

( ) _ {dq(N) - 1 n is even and dq(N) is odd, 
eq N -

dq(N) otherwise. 

Proposition 3.2 ([13, Theorem 3.2] ) Under the above notations, the 
functional equation of Siegel series is formulated as follows. 

Fn,q(N, n + 1 - s) = (q(N)p(s-~)eq(N) Fn,q(N, s). 

Now change the variables f----+ n + 1 - sin (3.1) and apply the functional 
equation. Since eq(N') = eq(N) + 2 we have the formula of the form 

Sn,q(N', s) - Sn,q(N, s) = Hn(N, s)Sn-1,q(No, s). (3.2) 

Together with (3.1), we can get the desired recursion formula of the form 

Sn,q(N, s) = C(N, s)Sn-1,q(N, s - 1) + D(N, s)Sn-1,q(N, s). 

Please see [13, Theorem 4.1] or [10, Theorem 1.1] for details. 
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4 Recursion formulas of the ramified Siegel series 

The main result of this article is to give a recursion formula of the ramified 
Siegel series. We use the same arguments as the full modular case, thus 
we use inductive relations and functional equations. For simplicity we only 
explain the case of the quadratic character. Please see [9] in detail including 
the case of the trivial character. 

4.1 U(p)-operators in the space of Siegel Eisenstein series 

In order to find the functional equation of ramified Siegel series, we recall 
the theory of the functional equations of Siegel Eisenstein series of level p, 
that is investigated by the author. Since the space of Siegel Eisenstein series 
is ( n + l )-dimensional, we have to take suitable basis so that the functional 
equations becomes simple. For that we consider the U(p)-operator and take 
the eigenfunctions as the basis. 

We set the Siegel Eisenstein series with parameter s E C. From now on 
we only treat the case 1/J = Xp • Take k E Z2:o such that Xp ( -1) = ( -1) k. 

We define 

Ei:x (wv;Z,s) , p 

= det(Y)(s-k)/2 L Xp,w,_,(,) det(C,Z + D,)-kl det(C,Z + D,)1-2s+k, 
'Y 

Ek,s(I'o(P), Xp) = (Ei:,Xp (wv; z, s) IO '.S v '.S n)c 

be the space of Siegel Eisenstein series. The U(p)-operator acts on it as 
follows. If the Fourier expansion of E(Z, s) E Ek,s(I'[f(p), Xp) is given by 

E(Z, s) = b(T, Y, s)e(TX), 

then 
U(p)E(Z, s) = 

The U (p )-action is studied in [8] explicitly. Let 

Xp(-l)(j-i)/2 psi-j(j+l)/2+(j-i)2 /4 

0 

ft=i+l (pr - l) 

X rr~~--;_i)/2(p2r - 1) 
if i :S j and j - i is even, 

otherwise. 
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Then 

n 

U(p)E'f:,xP(wi; Z, s) = pn(k-s)/2 L mxP(s)ij E'f:,xP(wj; Z, s). 
j=i 

j=i mod 2 

In particular the eigenvalues of U (p) are easily seen. For O :S v '.S n, we 
put l(s, v) = n(s - k)/2 + sv - v(v + 1)/2 

Lemma 4.1 The eigenvalues of U(p) on £k,s(I'0(p), 'lj;) are given by pl(v,s) 
with O '.S v '.S n. 

We note that this lemma also holds for 'lj; = XO· 
Since the representative matrix of the U (p )-operator is triangular, we can 

construct the eigenvectors easily as follows from a theory of linear algebra. 
Let 

if i > j 

if i = j 
bxp(s)ij = 0 

bxP(s)ii = 1 

if i < j 

Then 

n 

I: 
r=v+2 

T=V mod 2 

bx (s)vrE'f:x (wr;Z,s) p , p 

is the eigenfunction of U (p) with eigenvalue pl(s,v). We also need the inverse 

relation. Let cxp(s)ij (0 :S i,j :Sn) be the (i,j)-component of (bxp(s)ijr1, 
then 

n 

E'f:,xP(wv; Z, s) = E;;l;\z, s) + L 
r=v+2 

T=V mod 2 

The first result of this article is to give explicit forms of bxP ( s) and exp ( s). 

Proposition 4.2 Let i :S j and i = j mod 2. We have the following explicit 
formulas. 

b .. - (-xp(-1))(j-i)/2p(j-i)(½-s) TI{=i+l(pk -1) 

XP(s)iJ - n~==-1i)/2(1 _ p2i+l+2k-2s)(p2k _ 1) ' 

Xp(-l)(j-i)/2p(j-i) 2 /4-(j-i)s I]{=i+l (pk_ 1) 

CXP(s)ij = n~==-1i)/2 (1- pi+j-1+2k-2s) (p2k _ 1) 
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For the proof, first we compute bxP(s)ij and cxP(s)ij for small i,j by 
using calculation software (Maple), to guess the general term. Then we 
check that it satisfies our induction formula in fact. Then our calculation 
reduces to the following formula. 

Lemma 4.3 Let X and Y be indeterminates. 

r t (xk-ly _ l)(xr+l-k _ 1) 
(2) LIT (xr-k _ Y)(Xk _ 1) = -1. 

t=l k=l 

One can prove (2) easily, however (1) is not so straightforward. It is 
pointed out by Watanabe, (1) follows from q-analogue of Chu-Vandermonde 
formula, that is famous in the area of q-series. 

Now we define 

n 

st)(Xp,N,s) = L bxp(s)vrs:r(Xp,N,s), (4.1) 
T=ll 

T=ll mod 2 

that is the Euler p-factor of the Fourier coefficients of E;'x(v)(z, s). Then 
, p 

n 

s:v(Xp,N,s) = L Cxp(s)vrst)(Xp,N,s) (4.2) 
T=ll 

T=ll mod 2 

holds. Hence our goal is to get the formula of st\xp, N, s) for each v. 

4.2 Functional equations of ramified Siegel series 

We shall give functional equations of ramified Siegel series in this subsection. 
For that first we write down the functional equations of Siegel Eisenstein 
series explicitly. Let e(s) = 1r-s/2r(s/2)((s) be the completed Riemann zeta 
function, that satisfies e (1 - s) = e ( s). We set 8p = 0 or 1 according as p = 1 
or p = 3 mod 4 respectively. Then the completed Dirichlet L-function for Xp 
is defined by e(xp, s) = (p/1r)(s+op)/2r((s + 8p)/2)L(Xp, s), that also satisfies 
e(xp, 1 - s) = e(xp, s). 

For O :S: v :S: n, we set 

[v/2] 1 2i-2s 
( ) _ ( -1/2)ll IT - p 

O:v Xp, 8 - Epp 1 _ 2v+l-2i-2s' 
i=l p 
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here Ep = l or A according asp= l or p = 3 mod 4. Now we define 

Theorem 4.4 ( [8, Theorem 4.8] ) The functional equation 

]En,(v) (Z ) = ]En,(n-v) (Z + 1 - ) 
k,Xp ' s k,Xp ' n s 

holds. 

Our functional equation of ramified Siegel series follows directly from 
that. We use the same calculation as [1], but our argument is simpler than 
that. One of the most important idea of [1] is how to deduce a local func­
tional equation from the global one, i.e. when we only know the functional 
equation of the infinite product of factors, how to pick up the information 
of single factor from that. However in our case, we have already known 
the functional equation of ordinary Siegel series (Proposition 3.2), thus the 
information of ramified Siegel series follows automatically. 

We need some notations adding to the notation in Section 3. For N E 

Symn(z)* with det N =I 0, we define D~ so that DN = pdp(N) D~. We put 

We define 

n is even, 

n is odd. 

aN = {O n is even and dp(N) is even 
1 otherwise. 

The functional equation of ordinary Siegel series is formulated to its poly­
nomial part Fn(N, s). Similarly, in order to write down the functional equa­
tion, we have to remove suitable Euler factors of zeta functions from ramified 

Siegel series. Roughly speaking, we should define the zeta part /3>:') (Xp, N, s) 

so that o:v(Xp, s)/3>:'\7/J, N, s) = rn,p(N,p- 8 ) holds, here rn,p(N,p- 8 ) is de­
fined in Subsection 2.1. We need a little modification from that, since the 
Dirichlet character XN'Xp appears but it would be non-primitive. We denote 
XN the primitive Dirichlet character arising from XN • Xp· Then we define 

rr [v/2] (l _ 2v+l-2j-2s) rr[n/2] (1 _ 2j-2s) 
(v)( ) _ j=l P j=[v/2]+1 P 

/3n Xp, N, 8 - (cpp-1/2)v(l _ XN(p)pn/2-s) ' 

here we understand XN(p) = 0 when n is odd. 

We write S>:'\xp, N, s) = /3}:') (Xp, s )FJv\Xp, N, s) and call FJv\Xp, N, s) 
the principal part of ramified Siegel series. 
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Theorem 4.5 The principal part of ramified Siegel series satisfies the fol­
lowing functional equation. 

pJn-v) (xp, N, n + 1 - s) = T/p(N)p(s- ntl)(dp(N)+aN) pJv\xp, N, s ). 

We know S'!/(n (Xp, N, s) = 1, as we have remarked at the end of Subsec­
tion 2.2. Using the functional equation one can get an explicit formula of 
S'!/(0 (Xp, N, s) as follows. 

Lemma 4.6 We have 

s~O) (Xp, N, s) = T/p(N) E; pcntl -s)(dp(N)+aN )-~ 

(1- XN(p)ps-~-1) rr11~}(1- p2j-2s) 
x--------~------

(l - XN(p)p~-s) rr11~';)(1 - p2s-1-2j)' 

here we understand XN (p) = 0 if n is odd. 

4.3 Inductive relations 

In this subsection, we study inductive relation, that is another key ingre­
dient. Let O :S: u1 :S: • • • :S: Un be the sequence of integers. Take ai E z; 
(1 :S: i :S: n) and put No= diag(a1pu1, ... ,an-1Pun-1) E Symn-l(Z)*. We 
set N = No .l_ (anpun), N' = No .l_ (anpun+ 2 ). The following inductive 
relation is due to Watanabe. 

Theorem 4.7 ( [26, Theorem 6.1] ) For any O :S v :Sn we have 

S'!::,1/(Xp,N',s)-S'!::,v(Xp,N,s) = Hn(Xp,N,s)S':;_::_ 1(xp,No,s), 

here Hn(Xp, N, s) does not depend on v. We understand s:;~1 (Xp, N, s) = 0. 

Remark In [26] Watanabe gave an explicit form of Hn (Xp, N, s) by divid­
ing 4 cases, n is even or odd and dp(N) is even or odd. We shall give another 
description of Hn(Xp, N, s) in the proposition below. 

For the proof of this theorem, Watanabe used his Sato-Hironaka type 
formula of the explicit expression of ramified Siegel series, introduced in 
Subsection 2.3. Though Sato-Hironaka type formula is too complicated, it 
is quite useful for our argument. 

The important point of the above theorem is that Hn(Xp, N, s) is inde­
pendent of v. Therefore linear combinations of S'!/(v (Xp, N, s) also satisfies 
the same relation and we have the following formula. 

st\xp, N', s) - st\xp, N, s) = Hn(Xp, N, s)St~1(Xp, N, s). (4.3) 

Since we know the explicit formula of S~o) (Xp, N, s) in Lemma 4.6, by 
substituting it one can get the following description of Hn(Xp, N, s). 
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Lemma 4.8 (1) If n is even then 

Hn(Xp, N, s) = Ep1]p(No)p½dp(No)+(nfl-s)(un+aN+l) 

(1 _ pn-2s)(l _ XN(p)ps-%-1) 
X ------~-'-="-----

1 - XN(p)p%-s 

(2) If n is odd then 

Hn(Xp, N, s) = -Ep1Jp(N)p½dp(N)+G-s)(un+aN0 +1) 

(1- pn+l-2s)(l - XNa(p)ps-n21) 
X n+l 

1 - XNa (p )p_2_ -s 

4.4 Main result 

Using inductive relations and functional equations, we can get the recursion 
formula as follows. Change s f-t n + l - s and v f-t n - v in (4.3) then we 
have 

S~n-v\Xp, N', n + l - s) - S~n-v)(Xp, N, n + l - s) 

= Hn(Xp, N, n + l - s)S~~-°t\xp, N, n + l - s). 

Apply the functional equation in Theorem 4.5, we have 

1Jp(N)p(s- ntl )(dp(N)+aN+2) ( st) (Xp, N'' s) - pn+l-2s st) (Xp, N, s)) 

/3t)(N,s)/3~~~v)(No,n+l-s) ( ) 
(n-v) (v-l) Hn Xp, N, n + l - S 

/3n (N, n + l - s) /3n-l (No, s - l) 

X 1Jp(No)P(s-1-%)(dp(No)+aN)st_~l)(Xp, No, s - l). 

By a direct computation using Lemma 4.8, we can simplify the above as 

s(v)(x N' s)-pn+l-2s5(v)(x N s) n p, , n p, , 

= (l _ pv+l-2s)S(v-l)(X N, 8 _ l) 
n-1 p, O, • 

(4.4) 

Gathering (4.3) and (4.4) we have the following main theorem. 

Theorem 4.9 (Recursion formula of ramified Siegel series) Let ai E 

z; and O :s; U1 :s; ... :s; Un E z. For N = diag( a1pu1' ... 'CXnPUn)' we set 
No = diag( a1pu1, ... , CXn-lPun-1). Then we have 
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Remark For the ordinary Siegel series, as we explained in Section 3, Kat­
surada first found the inductive relation (3.1), that is the relation between 
Sn(N', s) - pn+l-2s sn(N, s) and Bn-1(No, s - 1). Then applying the func­
tional equation, he got the relation (3.2) between Sn(N', s) - Sn(N, s) and 
Sn(No, s). However for the ramified Siegel series, Watanabe's first relation 
is an analogue of (3.2). We apply the functional equation to the relation of 
U (p )-characteristic series, we get the relation analogue to ( 3.1). This type 
of relation is only for U (p )-characteristic series, i.e. it seems that there are 
no simple inductive relation between 8'!/(,"(Xp,N',s)- pn+l-28 8'!/(,"(Xp,N,s) 
and 5w,_,, (Xp, No, s - 1). 

By usign Theorem 4.9, (4.2) and Proposition 4.2, we can write down 
the Fourier coefficients of E'f:x (wv; Z) explicitly. In particular almost all 

' p 

previous results in Subsection 2.3 will be covered with our argument (see 
the Remark at the end of Subsction 2.2). 

For example, let us consider the degree 2 case. Put N = diag(pma,pm+t/3) 
with a, f3 E z;. By ( 4.2) we have 

wo( ) - (0)( ) Xp(-l)pl-2s(p- 1) 
S2 Xp, N, s - S2 Xp, N, s + 1 - p3-2s ' 

and S~o) (Xp, N, s) can be computed by Lemma 4.6. We have 

(O) _ Xp(-l)p2-2sp(3/2-s)(2m+t+aN)(l _ p2-2s)(l _ XN(p)ps-2) 
S2 (Xp, N, s) - - (1 _ p3-2s)(l _ XN(p)pl-s) ' 

that coincides with the result of [4] or [23]. 

Also for the Sf1 (Xp, N, s) = 8~1) (Xp, N, s ), Theorem 4.9 says 

(1) _ 1 - p2- 2s (o) H2(Xp, N, s) 
S2 (Xp, N, s) - 1 3-2s81 (Xp, No, s - 1) - 1 3-2s . -p -p 

together with Si0)(Xp, No, s - 1) = Xp(a)cpp(2-s)m+3/2-s and 

H (x N s) = C X (a)p(2-s)m+(3/2-s)(t+aN+l) (1 - p2-2s)(l - XN(p)ps-2) 
2 p, , P P 1 * ( ) 1-s ' -XN pp 

thus we get the same result as [ 6]. 
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