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LIMITING ABSORPTION METHOD AND ABSOLUTE CONTINUITY
FOR THE SCHRODINGER OPERATOR

by Teruo Tkebe and Yoshimi Saitd

§0. Introduction
The present paper is concerned with a spectral property

of the Schrodinger operator

. n . 9 . 2
(O.l) L = - 2:(3§.+ lbj) + V

=1 7]
in mn, where bj and V denote the éperators of‘
multiplication by real-valued functions bj(x) and V(x).
bj(x) is the j-th component of the magnetic vector potential,
while V(x) represents the electric scalar potential. V(x)
is usually assumed to diminish at infinity, which corresponds
to the situation in a two-particle problem that the‘interaction
between the particles dies off as their mutual distance
becomes large. , : .

The sgpectral structure of %he operator ‘1 has been
investigated by manyvauthors with various degrees of the
smallness assumption on V(x) at infinity. For the sake
of convenience of explanation we consider, for the moment;
the case n = 3 and bj; 0 in (0.1), so that L =-4+1V,

A being the n-dimensional Laplacian. A most intereSting
problem in the spectral theory for L is that of absolute

continuity. Namely, let H ©be the unique self-adjoint



i

restriction in L2CR3) of I (the existence of H is guaran-
teed, e.g., by Ikebe-Kato [&])9 and E +the associated spectral
measure: H =jm;.dE(l). Then the problem is: Is (E(R)f,f) l),
T e L2(EB), 35;Zlutely continuous (with respect to the ordinary‘
Lebesgue measure) on (0,00)? Or, equivalently, is H restrict-
ed to. E((O,GO))LZ(R3) an absolutely continuous operator?

(Here it should be noted that if the problem is affirmatively
answered, then the absence of the singular spectrum on (0,00)
follows. ) Let us now assume that V(x) = O(!xl-a), o >0,

The above problem has been solved, to cite a few, by Povzner fl4].
for ¢ >3.5, by Ikebe [7] for K> 2, by Jéger [10] for &> 1.5 2),
by Rejto [15] for o >4/3, by Kato [11] for o >5/4, and by

Agmon [2] and Saito [16] for K >1. TFor the repulsive pdtential
case (3V/2]x!< 0) we note work of Lavine [12] and Arai [3],
Attention should also be paid to the result of Dollard [4] for
Coulomb type potentials (KL = 1).

Recently, R.Lavine obtained the following result (lecture
given at éﬁ%z%%erwolfach symposium on Mathematical Theorygof
Scattering): If V = V, + V, with Vl(x) = o(1), 2V/31x|
= O(]x]aB), A>1 and Vz(x) = O(}xi—z),b’>]4 then H is abso-
lutely continuous on (0,00)03) His method of proof is similar
to the one employed in [12].

In this paper we shall establish the same result as Lavine's?
by a different method, where the condition Vl(x) = o(l) will
ve replaced by Vy(x) = 0(|x|™%), §>0, nowever.

The spectral measure E is, roughly speaking, determined




by the boundary values of the resolvent (H - z)—l on the reals,
the resolvent being well-defined for z nonw-réalo - This leads
us to the study of the asymptotic behavior of (H - A + 1g)™*

as £ tends to O through positive values. Wé cahnot, however,
expect that the limit of (H - A + if)™5f for €4 0 exists in
the 1, sense for féSL2@R3), and, therefore, we have to choose
appropriate classes of functions so that the limiting procedure
in question may be justified. This forms the contents of the

4), - Once

so-called limiting absorption method or principle
the limitiné absorption method proves applicable, the absoluﬁe
continuity of H on (0,¢0) readily follows.

The greater part of the present paper wiil be devoted teo
the justification of the limiting absorption method for the
more general Schrodinger operator (0.l1l) in which bj £ 0, but
we shall impose on bj ' some asymptotic condition at infihity.

Section 1 states and proves all the theorems related with
the limiting absorption method, while several lemmas needed fox
proving the theorems are stated without proof. These lemmas

are proved in Section 2. Finally in Section 3 the absolute

continuity of the Schrodinger operator is verified.



§l. Limiting absorption method

o .
Consider the inhomogeneous Schgodinger equation

. .
(1.1) Tu - Kzu = —ZDiju - V(x)u - = f
Jo '
in mp, where
o ) , .9
(1.2) Ddu —-(gj + 1bj(x))u (Qj 3% ).

bj(x) and V(x) are real-valued functions whose more precise
properties will be specified soon. The complex parameter

K 1is assumed to vary in the closed upper haif—plane. The
inhomogeneous term f is assumed to lie in a suitable

Hilbert space contained in Lz(Bn).

Equation (1.1) may be solved rather easily if K is
non-real and K2 is not an eigenvalue of L. Denoting the
solution by wu(x, f), the following question arises : Does
there exist a limit in some sense or other of wu(x, f) when
kK tends to a real limit (% 0) % If such a limit exists,
then it may be easily imagined that the limit function
satisfies (1.1) also (with it replaced by the real limit).
We want to solve the above pfoblem by first establishing some
a priori estimates for solutions of (1l.1) with norn-real i, ’
and then carrying out the limiting procedure preserving the
obtained a priori estimates. This way of constructing solutions

(1.1) for K real is what is called the limiting absorption

method.

Before giving the assumption on V(x) and bj(x) we



shall list the notation which will be employed in the sequel
without further reference.
R : real numbers.

€ : complex numbers.

- !,_‘. - 3 :-?— i =
Dj - 33 + 1 bj(x) - 33 + le(X) (Qj gxa ? 3 1!

2,-.., n).

M

b j j = xj/‘x], Xee).

. (K) - E—_l;v - sl
oO._o(ﬁj eD.-}-Z'x‘x:i iRy | (
Du = (DIu, D,u, . Dnu) .

fu = (Hu, LHu, - ﬁnu).

Du = ‘?‘ID:}u-x:p (r = |x().
O = J;oqi,wx (r‘= ix| ).

b=t
]

F= 0%/ xiyr}l  (r>0).

[s¢)
]

» = 1x/ Esr}l  (r>0).
B, = & x/ rgxi¢s} (0<r<s).

L, ig(G) (BecR) denotes the class of all functions ' f
¥

on G such that (1 + |x; )pf is square integrable
over G. The norm and inner product of L, 4(G)
18

are denoted by | “B,G and ( , ;)(5,(}, respectively.

We set LQ,@(FRn) = L2N v u&,&n = ”(5 _and

{, )ﬁ,ﬁn ={, )B° When /3 = 0, we shall omit
the subscript 0 as in L,(G), I HG etc.



H, is all I, functions with distribution derivatives
up to the second order, inclusive.

¢® is the class of m-times continuously differentiable
functions.

C; is the class of infinitely continuously
differentiable functions with compact support -
in R".

2
M (x) = ij-ylél ARDLZ oy (w>0).
Q« denotes the class of locally L, functions p(x)

such that Mp(x) is uniformly bounded in R".

Nloc is the class of all loeally N functions.

Now let us make the following assumption on the

coefficients V(x) and bj(x).

(V)

(vy)

(v,)

Assumption 1l.1.

V(x) can be decomposed as V(x) = Vl(x)
+ Vz(x) such that V,, V, are real-valued
Qd,loc functions for some o)»0, and there

exist positive constants C, §, R, such that

2V
the radial derivative 5§% exists for ImmR,,
AL D = _
}Vl(x)\ <Cixl , méc {x| for (xi),Ro,

and }Vz(x)\é C\x?s for || Ry-



(B) bj(x) is a real-valued ¢! function
satisfying sxa:m(:‘z)l_<..cix;"‘8 for IxIyRy, i,k =
1, 2,:°¢, n with the same ¢, §, Ry as in (v),

(ue) The unique continuation property holds for

the differential operator 1 in Rn.

The main results of this section are summarized in

the foliowing four theorems.

Theorem 1.2. Let. K. be an open set in the_upperi

half-plane of ¢ of the form
(1.3) K = {i= Kyviee / & € (s, b), kK,e(0,0)},

where 0<a<b<® and O0<d<o, Choose an £>0 sufficiently
small (so that eg%/z and 8(1). - Then under Assumption 1.T
there exists a constsnt C = C(X,& ) 5) (which is independent
of x, however small it may be) such that the following

a priori inqualities hold for amy uedz_ and any X€K :

(1.4) Nufge ¢ C 0T - k2)ulue ,

(1.5) ICufue o £ C{ (L - Kz)““m’
2™l o Z

(1.6) 1wl < cotITL - KPufy,  (p21).
%, - 2

A}
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Theorem 1.3. Let Assumption 1.1 be fulfilled and
let X and € be as in Theorem 1.2. Then for any pair
(¢, £)€KXL, ;¢ there exists a unique solution

' 2
u = u(lf, f) éLQ,"—}gnHZ,loc of
(1.7) (L - K®)u = £.

Moreover, the solution wu satisfies

(1.8) hail ke < CNfljs=t ,
(1.9) wu!l;gf’Elg ChiflzE,
(1.10) "u‘if%_g_ E,ﬁ cjglefil?i_e, (pz1)

with the same constant C = C(K, €) as given in Theorem 1.2.

For x€K, where K is the closure of K in C, we
can construct a solutdon u = u(k, f) as the limit of a
sequence of solutions ium = u( Ko f)} ()cm&K, Yo, K )

obtained in the vpreceding theorem,

Theorem 1.4 (limiting absorption principle). Let
Assumption 1.1 be fulfilled and let K and € be as in
Theorem 1.2. Let we&eX and let f(-_L2 148 Let sk }

) m

CK be a sequence tending to X. Let u = u(b:m, ).

Then iu} converges in Lz’_l;_g to a uél’z,-%f-nﬂz,loc

which solves

(1.11) (L -~ )u = f.



Thevlimit u = u(k, f) thus obtained is independent of
the choice of the sequence jk,} end is determined as a
unique solution of the equation (1 - K?)u = f with the
boundary condition at infinity nJHIE%F,Ei<ua (The last
condition replaces the usual outgoing radiation condition
cf. Saitcl16].) Moreover, u(k, f) isv Lz'_%_g—s‘trongiy

continuous in xekK.

As is easily checked, the above theorem is an

immediate consequence of the following more general

assertion.

Theorem 1.5. Let Assumption 1.1 be fulfilled and
let K and € Dbe as in Theorem 1.2, | Then fior any pair
(x, f)éf(xL2 14€ there exists a unique solution u =

? 2 : )

u(x, f)éLz_;gfﬁi of
’ 2

2,1oc
2 ' P
(1.12) (L - K)u = £, ncL‘j’uu%,E’El<oo.

In this case the estimates (1.8), (1.9) and (l.lO)

hold good. The mapping

(1.13) EXL, 14¢ 30K, £) +—> u(k, £) €L, _se
_ _ ’ ’ 2

2

is continuous on KXL2 T4E o
LG

Remark 1.6. In Theorems 1.2, 1.3, 1.4 and 1.5

-9 -

-
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one may replace X by any of the following :

(1.14) fx= K, +iKk€€ /Xy €(-b, -a), wE(0, 0()},
(1.15) §K= Kl -ikzec / KIe(a, b), KZE(Opd)}y
(1.16)  }K=ky -ikgC / ky€(-b, -a), k,e(0, ®)}.

In the latter two cases where one considers in the lower
half-plane, one has t0o make an obvious change in the

definition of fSu, i.e., one should put

_ Nn=1e Y
(1.17) £5u = Dju + o Rgu T ikX U

We shall list a series of lemmas which will be used
+to show these theorems and will be proved in the following

section.

Lemma 1.7. There exists a constant C = C(K, €)>0

such that
(1.18) 18Ul e S oliul 1zt + 1(D - <)ullag |

is valid for any uedg and any x€K.

Lemma 1.8. There exists a constant C = C(K, €)>0

such that

- 10 -



[y
Femth

. 7 ~€ 2 2 2 ' _
(1.19) nunf%e,Epg CP{ﬂuﬂ-uic.— L =% )ull%ﬁ} (p21)

holds for any uedg and any KkeéK.

The next lemma shows the uniqueness of the solution
of (L - ﬁ?)u = f with xe&k satisfyihg some boundary

condition at infinity.

Lemmsa 1.9. (1) Let nueH be a solution of
2,1oc N
(L-1%)u =0 with KeK such that uel, _1z. Then
: , s~ g
u is identically zero.
. . o

(ii) Let ueHZ,loc be a solution of (L - K )uv— 0

-with x€X such that uéLz’_%? and M?u"jig’El<“’o

Then u is identically gzero.

The following two lemmas are related to the existence
of the solution wu(x, f) of (L - w?)u = £ and the

continuity of u(Kk, f) in ® and f.

Lemma 1.10. Let KkekK. Then the set {(L - mz)u /
(7] . .
uﬁco} is dense in L2,]§f .
Lemma 1.11. Let 3%u} ©be a sequence in L, _1+f .
m : 2, f\
H2,loc -and let ikm‘ be a convergent sequence in K :
kmﬂK‘E‘K_ (m—e)., Assume that

2y, o
(1.20) S (L - km)umc L, 1:t

' 2

- 11 -



(1.21) fp=f in I e (w0,

and there exists a constant CO such that

aumﬂ_%e. é CO’

(1.22) g‘ln@(‘m)um“ e ’El § CO’
=z
2 2 ¢
Ilumﬂ_%g_’EpécotD (1021)

for all m = 1, 2,+ce, Then {um} has a strong limit

in _L2,~%§-’ u satisfies

(1.23)  ue Ly -1t NHy 3000

(1.24) (L - %x2)u = £,

(1.25) “ I[,,Ouﬂ__‘%i ,E1<°°’

(1.26) ds(xﬁ)um-—égsu. in LZ(EI)loc (m— o),

Using these lemmas we can now prove Theorems 1.2,

1.3, 1.4 and 1.5.
Proof of Theorem 1.2. Since (1.5) and (1.6)

follow from (1l.4) and Lemmas 1.7 and 1.8, it is.

sufficient to show (1.4) =zlone. Let us assume that

- 12 -

u



(1.4) is false. Then for each positive integer m we

can find (meK, umec"s such that

{ oyl ze = 1,

(1.27)
B(L = kK u il 1rg. <1/m.

Since {km} is a bounded set in €, we may assume,
with no loss of generality, that Kk —K with k€K
as m tends to oo, It follows from (1.27) and Lemmas

1.7 and 1.8 that we have for all m =1, 2, <=

< C-f’.e(l + 1/m°) s 20(9_2 (p21),
(1.28)

b
{ "um” _ia_g_,Ep
1 )l

N

ek By c(1 + 1/m) £2C.

. ' _ 2
Therfore, we can apply Lemma 1,11 with fm = (L km)um
and- £ = lim f_ = 0, which follows from (1.27), to see
T omepoeo I

that there exists a limit u = lim u, in I.2 1+¢ which
' 2

M—p00 s~

is a solution of (L - K.2)u = 0 satisfying Jguf,,, <%
-z
contradiction, because we have, on the other hand, u = 0

Since Hu . dee = 1, fdui_1#e= 1. But this is a
2
by Lemma 1.9, (ii). Thus we have shown (1.4) . Q. E. D.

Proof of Theorem 1.3. Let fEL2 1xE_ . Since
’ . 9 2
i(L - K2)u / ueC°8§ is dense in L, _1;& by Lemma 1.10,
; :

there exists a sequence {u“}CCéOo such that

(1.29) (L - K2)um =f,—f in I, 1

- 13 -
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as m-, Applying Theorem 1.2, we obtain

ﬁumu_kg_gmifmﬂﬁ
a2 2

(1.30) “mm“:-l_gﬁ,Elé CITR e
: 2

~E 2 :
My g $CPIE HEE (P21
2 ' ¢ 2

for all m =1, 2, «+- , Since it follows from (1.29)
that {ﬂfmp¥} is a bounded sequence, we can see that
(1.22) is satisfied with Co = (c +J—5)-s;n1p i fm“‘i—g and
Y, =K. Hence we can apply Lemma 1.11 to obtain a

. oy
solution uGLQ,__:%g_[\Hz,loc of (L - x)u —,f by
taking u to be the strong limit in L, _pe of fu.}.

, L) :

By Lemma 1.9, (i) the u is a unique solution of

2. . .
(L - xu = £, uéI’z,——*ff—nH2,1cc’ By letting m—w in
the first and third inequalities of (1.30), (1.8) and
(1.10) of the theorem follow directly. To show (1.9)
let G be a bounded measurable set in El" Then we

have from the second inequality of (1.30)

(1.31) hou, SiL ,GECHT, N ue

Letting m to « in (1.31), we obtain
(1.32) fou |l -1t¢ < Cifjue,
9 ,G 2
by (1.26) of Lemma

since ca(xm)um-aﬁu in I,(E )y,

- 14 -
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1.11. Since GC E1 is arbitrary, and the right side of
(1.32) 4is independent of G, we obtain (1.9). Q. E. D.

Remark 1.12. Under the assumption of Theorem 1.3
the unique existence of the solution in L2,_%g_ nHz,loc
of (L - \cz)u = f, feLz Ie follows rather easily if one
notes that I determines a unique self-adjoint restrlctlon

w 2
Mee, e.g., Ikebe-Kato [8] ), and that 12

is not

real. In fact, for any fel, s (C L2) u=(H - Kg)-lf
s 2

€ L2 is seen to be a unique solution of equation (1.1)

satisfying uEVLz’J_;&(\H&lOC. But in the above proof

we have had no recourse to the self-adjointness that does

not seem powerful enough to derive the uniform estimates

(1.8)~(1.10) for keK,

Proof of Theorem 1.5. TLet xéX and f¢ L, 1e -

i , 'y 32
Take {Nm}c K such that k —k as m-w. By Theorem
1.3 there exists a unique solution U & L2 1t£ /\H2 loc of

the equation (L - }cm)um = f which satlsfles
Mgl gre SCIE 2L
~z 3
(%) -
(1.33) Gt P umﬂj_fi 5, % Cifllze

oyl ze g £ cpfieile  (pz1)

for a1l m =1, 2, ++° , Then one can see from Lemma 1.11

- 15 -
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with f, = f that {u} has a strong limit u in L, .1,
‘IEIQ;_%?J\Hg,loc, which is a solution of equation (1:1)?
Arguments similar to those used in the proof of Theorem 1.3
to derive the estimates (1.8)~(1.10) from (1.30) show
that the same estimates follow from (1.33) in the present
case. Since “"0“";1;3,}31“" sy it follows by Lemma 1.9, (ii)
that the wu obtained above is a unique solution of equation
(1.1), ﬂoﬁullﬂ%g,El<no .

Finally let us prove the asserted continuity of the
mapping (1.13). Now that the unique existence has been
established, one can apply Lemma 1.11 again to the solutions
w, = uli, fm),' where i} and {fm} are assumed to be
convergent sequences in K and Lz,iig , Trespectively,

The required continuity follows from the fact that 'iumf

is a Cauchy sequence in L2 _1+¢, which is a conclusion
» 2

of Lemma 1.11. A Q. E. D.

- 26 -



§2. ‘Proof of the lemmas

This section is‘devoted to giving the proof of Lemmas
1.7~1.11.

First we shall prepare a lemma which is a well-known
elliptic estimate for the case that 1L has smooth
coefficients. ..In our case where the coefficients -are
allowed to have certain singularities, an additional
consideration will be required.

Lemms 2.1. Assume that VéQ“ with some o >0

1

s loc

and b, are real-valued C functions on "\ Let X Dbe

d
a bounded set in C. Then for each R>»0 there exists

a constant C = C(K, R) such that the estimate

17

(2.1) g 7 layu(x) | Pax<c g Gl + I - scz)u(xn?}dx

A ‘
Bp Bpa1

holds for any uéH2,loc and any KeK.

Proof. Let \pécg such that O0¢¥<£1 and

| 1 (I1xI$R),
(2.2) $(x) =
0 ( xIZR+1/2).

Since ueHQ,loc satisfies
n )
(2.3) (T - ) () =¥ - ) - iu-w + 2 Z’} Dijj“P} ’
J:

we obtain

- 17 -
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(2.4) (L - ) (%), gu) = (P(L - D)y, yu) - (@)u, yu)
n .
- 2J§ ((2;9)D,u, u),

whence follows by integration by parts

(2.5) IDGIt = (K2 - Vv, du) = (BT - kD), Pu)
- (ad)u, w) - 22 ((39)D5u, yu)

= (€ = Vvy, du) + (L - )y, Ju)

- (ab)u, o) - 2§<nj<¢u>, (9;00)

+ 2!!(:>j¢)u1ﬁ

H
Bence we obtain the estimate
-1 2 2 12
(2.6) I Dyl = ¢4 S imx)t Ju(x)] € + (L = x)un]
Bre1/2

+ (2]} ax

with a constant Cy = Cl(K, R). Since Dj'= Qj + ibj(x)
and bj are locally bounded on R, it follows from (2.6)
that

WA

2 g Ve 1? + 1 - ©u|?

(2.7 Zha4w)?
o | Bre1/2

+ ‘u(x)‘z} dx

- 18 -
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with C, = C,(K, R). Si?ce Véfqm’loc, we can make use
of Lemma 2 of Ikebe-~kato [8] to show

(2.8) K W) ux) 2 dax
‘BR+1/2

= 7& E’\]gju(x)[ 4% + 03 g ,;u(x)}zdx,
. j=1
R+f Bps1

where 7 is an arbitrary positive number and 0302, R) is
a positive constant. (2.1) theﬁ follows from (g.?)

and (2.8). : Q. E. D.

For later purpose let us rewrite equation (l.l)

(2.9) (L - K2)u = —%ED.D u+ Vu - kzu = f ' /
i 37

in the form

(2.10) -:é%Dj£3u + %%;leu - ikﬁ;u + V(x)u = £,
where
(2.11) T(x) = V(x) + —25(n-1)(n-3).
. 4r2
g

Let us proceed to the proof Lemma 1.7. To this end we

need two lemmas.

- 19 -



Lemma 2.2. Let u€C} and let f = (L - “©)u  with
Ke€. Further, let $(r) be a C' function on [RO, o)

such that CP(RO) = 0, and let us put
(2,12) Volx) = Vy(x) + Z%(n-l)(n-ﬁ).
r .

Then we have

(2.13) g{( k9 + 3 3E0ew? + (E - 3 (ewi® - wrut"‘)} ax

E
Ry

v CALY )
A

E
R

Re [g ¢V B ax]

where k, = Imk, r =|x| and Bjk(x) = i)jbk(x) - kaj(x).

Proof. First note that (2.10) holds with our u
and f. Multiply both sides of (2.10) by P LU

integrate over E}2 , and take the real part. Then we have
0

- 20 -



('2.14) Re {5 Pfou dx]= - Re { g %?Djﬁﬁu-@ ax ]
E E |

&

+ Re | S Q5= ik) 4o u) Pax |

®
R

+ Re [g ¢V u-8u ax |

E
Ry

+ Re [ g ?,Vguf@~dx ] |
E

Let us compute I, (s = 1,2,3) by (repeated, if necessary)

application of integration by parts as follows : Noting that
_ n"l . ~ —~ _ A
(2.15) Djasku - Dk,('}ju = (f:z—r- - 1K)(xk£93u - xj"%{u) + lBjku'

we have

n : e
(2.16) I, = Re {g ﬁ@ju’Dj%u’?xk dx ]
B J,k’l

Ry
n —_
+ Re [ch.uO(g.Q).ﬁu dx ]
G5
Ep
(0]

n
oy j)kﬂ.‘ '
RO .

- 21 -
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i

-1 2
= SE (gg - %ﬁ? = %F) leul
R

2
* g,; (€ - 322 » P uoul® ax

+Im [ S Z:q?B i (BWET ax].
E J’k’l
R
0

(2.17) I, = iﬁ 1-1-_-}- + Ky) e H%,u‘z ax.

0

(2.18)

I3 Re {g cgvl %Z_,(x (3 u) - 1x3b ) + I-l—l;lu + 1[u}dx]

E Js‘

R

= - Re | Lg (P ug;)-u dx ]
B, 7t
Ry |
+ (@Vl(%+')€2){u(2

E
Ry

89y 4 L
==-1I3- f (55V, +9 9r:rcyvlr)u; dx

E
Ro
+ 2 g Qv (B + %) ul 2
E
Ry -
5V,
TR
Ro

Thus (2.13) follows from (2.14), (2.16), (2.17) eand
(2.18). Q. E. D.

- 22 -
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" Lemma 2.3. Let X be as in Theorem 1.2 and let £20.

Then there exists a constant C = C(K, €) such that

(2.19) \czuuu%ggc%uuu_%y wu“_;_;g_g JEy + (L - mz)u%l%é}

w0

holds for any uéco and any X = Kl + 1[263.

Proof. First let us show (2.19) for ue¢ Cg" with

support in El‘ Integration ower vEl after multj,plying
both sides of equation (2.9) by F(x)u = (1+ iX})l_fﬁ

yields, on taking the imaginary part,

(2.20) - Im SE CP(Diju)-ﬁ»dx - 2KJ_K'2 YE(’“MZ dx
1 ‘ 1l

N El

where we put f = (L - K';)u. The first term on the

Beft ,
right-hand side of (2.20) being integrated by parts, we

obtain

.2 T n ~ _Q_E..
(2.21) Ky gﬁmul dx -é—i-c—glmg ZDju'xjaru dx

1 J=1
By By
- Im g pfu dx}
Ey
D S Qe 29 _n-1 o)
= 27;% Im S ar(&ru SEu + iku)u dx
Ey
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Vs

where we should note kl ¥ 0. Since
L . 9-2 _ ‘ . - E _ l-i
(2.22) = (1—8)(14—!‘) = T—;-I-"CP’

r

it follows from (2.21) and Schwarz’® inequality that

1
(2.23) g gECPluIQ ax € - [y %l uf %ax |
1

Hence, noting that u is supported by the set E,, we have

< 1 _
(2.24) ic2nuu;_§_e_= -Q-IT(I‘ i(l—ﬁ)ﬂ»&uﬂ _1;-9 By + (1-8) hel lluﬂ_%g
+ uf‘ny&} .
2
Thus (2.19) follows with
1
(2.25) C = 5% & (1-8)(1+T) + 1}

(t = inflicyl, T = supikyl)
- KeK re K

for ue Cgc with support in El.

- 24 -



Next let us proceed to the general case, where no
restriction is made on the support of uec"g except it is
compact. Let o(x) be a ¢® function such that O0sd<1

and

1Y

1 (1x1 = 3),

(2.28) K(x) = §o (1= S 2)

Then we can decompose u as u

(1-Qu + Ku. For (l-¢)u
the estimate o
| . 1
(2.27) (1~ O()ull;iﬁ.§ [ g (1+lx])1-elu]2 clx]2
A _
3

Clu “.Lti
2

is valid with a positive constant C = C(&). Let us
oo

estimate the term gu. Jgu 1is a Co

function with support

in El’ .and we have

"

n
(2.28) (1 - ®¥)(ew) = AL - ¥)u - (@)u - 2 F(9,%)(Du)

j=1 ?
= &f + g.
Therefore, by what we have proved for Cg’ functions with
support in E;, it follows that
< :
(2.29) kzllo(ulu:zﬁ_= Cy Wl e + B &)l 746 JE; + nfﬂ%g_-t- I &l see },
2 . z ' 2 \
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A
where € is as defined by (2.25). Notice that

(2.30) «ﬁj(o(u) =°U§ju + (Qjo()u

and the support of g is contained in 32 3° Then, using
4

Lemma 2.1, we obtain

<
I wll -1+ = llLul - + Collul 14e
: ook 1) LE 5 it 5 + 01 L,
(2.31) <

¢ = C e+ WEH e

ugu;_ag_ 2{ nuu_%—g-& B hze } ,
where Cj = Qj(K, £) (j =1,2). (2.29) tiogether with
(2.31) yields

N

(2.32) kzudu“l;_—i-: 3§ Iiull_gf_+lmu:_1;__2,EI + ﬂfﬂ%‘i}

with (33 = 03(1{, €). Now (2.19) follows from (2.27)

“and  (2.32). | | | Q. E. D.

| €
Proof of Lemma 1.7. TLet us put P(x) = o (Ix})(2+1x1),

where o(r) is a €1 function on [R,, %) such that

0$d<Y, o/(r)y0 and

(2.33) A (r) =} ‘
1 (rZRry+ 1),
RO being the constant specified in (V) of Assumption 1.1.

- 26 -



Then we have

(2.38) 2 -2 - L) THE L g(ler)H*E

2 (1-8)(1+7) " T*E > 0 (r 2 R+1),
and
(2.35) 33 - g-wr)(ln)“l*e + 3(e) (1er)

= fx(r)(Ler) T 2 0 (r ZR).

wWith the @ defined above we can apply Lemma 2.2. Taking

note of (2.34), (2.35) and Assumption 1.1, for uec'g

and f = (L - r&)u (KeK) we obtain from (2.13)

(2.36) %-g o((l+r)—l+eim12dx§ Cls‘ S 10ul? dx
E B

Ro RorRotd

. S (1er) 8w 2ax + g S (147)” % ju) 2ax
E . E
R, Ry

+ g o l+r)-l-£laoullu| dx

E
R

+ So((h-r) Hftioul dx
E

Ry
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e

with a constant C; = Cl(E), whence follows by Schwarz’

inquality
< . . '
(2.37) lioOuNz_“E E = 02{ wuug + llu“flﬁ
T3 "TRgo+l RO,RO+1 2

2
+ guun%gnuu-%&’r "f“.l_;é}

with a constant C, = 02(2). The third term on the

. get
right-hand side of (2.37) 1is estimated by Lemma 2.3 to ===
< ,
(2.38) wunz_m » = Cﬁtmng + nuu?;:.&
"2 ' Ryl Ryr R+l 2

| 2
+ fjufl_ zeg MO 44 + Nf05-e
1oz L1, By }

-
with a constant C, = C3(K, &), #hus one can derive from

(2.38)

S < | v
(2.39) 1@1;]2_“;_ - = C4 %lk‘}’ulig o+ |)u1]2 fre * h:t‘lliE g
2 ’“RO+1 I,RO+1 ) =

with a constant 04: C4(K, g). Now Lemma 2.1 can be
applied to estimate the first term on the right-side of

(2.39) as follows :

(2.40)  fipul = o (g sl )
1B+l Ro+2 Ro+2
= 06( Uullgl_«f_e_+ ilf!lili_ )y
2 )
where Cj = Cj(K, &) (j =5,6), which together with (2.39)

completes the proof. : Q. E. D.
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Proof of Lemmas 1.8. ILet uéCUS and keéK. The

definition of "Gr enables one to write

(2.41)  1Bu(x)1? = Ipu(x) + Bghu(x) - i(xy +iky)u(x)|?

,",

I D u(x) + %fl-u’(:c) -gu(X)igf‘KQiiu(x)lz 3
- 2K Im [Dru(X)-ﬁ—(—;)]-

which, integrated over the sphere S gives

r’
(2.42) k.f g u(x)12 as = gl&%u(x)sz ds
S S

™ r

+ 2gIn g D_u(x)-u(x) ds.
Sr

Multiplying equation (2.8) by wu(x), integrating over

the ball Br’ and taking the imaginary part yield

(2.43) - Im S Druoﬁ' das - 2%61&2 g }u)z dx = Im g fu dx.

S B Br

T r ,
term '
Employing (2.43) in the lamj (2.42), one obtains

(2.44) 2 giu]Z as Kwrulz as - 4w§r2 g ul? ax

S
r Sr Br

. 2Ig Im S fu dx

BI‘



Now one can multiply

‘|

S

(2.44)

u&rutz ds + 2l Hfﬂz_z_auuy_i_g__ .

r

by (l+1:')"1"8 and integrate

from P (21) to oo with respect to r to obtain

<
(2.45) Killuﬂ_zllg E = S (1
2'7¢ o
f
b
from which follows (1.19)

Schwarz’® inequality.

-2, .2 ~€ _
P Mgy g + 7 B0, e 0l 5o s
= 1 2

-1- 2lq) _¢
+T) 1-¢ }.(f}u|2 dx + -—;‘L- p o NEl vl L
2 2

ﬂtil

————

2

by the use of Lemma 1.7 and
Q. E. D.

The following lemma will be used to prove Lemmas 1.9

and 1.10,

Lemma 2.4. (1) TLet

satisfy (L - )@)v =
(ii) Let x =
Ve H2,1oc satisfy

Then we have V€L2
b}

0. Th

xeC, pcR. Det vel, JNHp ..

en we have DveL2

'’

K+ ik, kK, ¥ 0 and AER.  Let

(L - )

p+l/2°

v=0 and v, DVEL2,P.

Proof. Let us first show (i). Multiply

(L -Kk2)v =0 by 97 = (1+]

x})zfs‘\'r and integrate over B

with R.< R<¢e, Then we have by integration by parts

0]

-3
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(2.46) ()clevl2 dx + g %‘g(Drv)V dx
B B
RR RoR
~[§ - g g g(v- &) i 2ax
S S
R R B
0 ROR
= O,
where
(2.47) [S -S]fds: Sfds—gfds.
Sr St Sr St

Here we should note that the surface integrals in (2.46) make sense

and are continuous in R and Ry This is because, on account of
v being a locally H, function, v and D v can be regarded as
L2(Sn-l)—valued continuous functions of r = lxl,.where Sn_l denotes
the (n-1)-sphere: st L = {xe RrR" / [x} = 1}. By
taking the real part of (2.46) we have
(2.48) gcylnvz 2 ax + Re g2@¢(1+r)‘1(arv)?} dx
B B
ROR ROR
- 2 Fo 2
- Re [S - g )Q(Drv)v ds + SQ(V—ﬁ+é)‘V| dx
S S
R RO BROR
= 0,
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ta

whence follows the inequality

(2.49) % gmv, 2 ax S Re [g - S }?(Drv)?r as

B S S
ROR TR RO
2 2 2
+ &?[‘%‘ -V + Kl - Kz] \vi© dx,
B
ROR

where W73>0 has been chosen so small that 1-ja7>1/2.

Since, as can be easily verified by partial integration,

(2.50) Re S@(Drv)F dx = % [g - g 1@\42 as

ROR SR SR

it fellows through differentiation in R that

(2.51) Re S@(Drv)‘xf ds = % a@ﬁ[gﬂ?m’g dS]

Sp Sr

-3 ((@9—?—* + 24)1v12 as

Sr
for R)RO, Since <y1v12 is integrable over Rn, we have
(2.52) R;L_j;r__n S (c,»%‘—l- + 2£4) Ivi¢ as = o.
~» 0 -

SR
-32 -
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Further, we have

(2.53) Rlsi%g‘ﬁ[gqlvsz ds]i‘o,

because it follows from

(2.54) a—% [ Scp}v;?? ds} Z2ayo (R)R;)

Sp

with some d4>0 and some R,2R, that

(2.55) cgiva2 ds Z a(r - Rl) + gtﬂvlz as (Rle),

S S

R R,

which contradicts the fact that 9{1{!2 is integrable over

R®. Thus from (2.51), {2.52) and (2.53) we obtain

(2.56) lim Re gq?(Drv)Tr as £ o,
R
Sr

Therefore, it follows from (2.49) +that

(2.57) gq’mvlz dx <02 ,

B
Ry

which implies that DvEL, p
' -
Next we shall show (ii). Put ¢ = (1+lxl)26+1 in

(2.46), which is true in the present case, too, and take
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the imaginary part. Then we have

Bp R

(2.58)  Im g H(p v)V dx - In [g - S 19 (p,v)V as
0 °r SR

0

- 25K, g Pwi2 ax = 0.
B

RoR
Since v, D V€L, 5 and '%’ = 0(1xt2?) (1x}+»), we have

that %%(Drv)§ is absolutely integrable over R° and

(2.59) lim (D_v)V ds = 0.
Rae S RARE
Sk

In view of k1K2 ¥ 0 it follows from (2.58)

(2.60) g @ivi2 ax < oo,
E R
1)
i,e., V€L2,p+1/’2. Q. E. D.

Proof of Lemma 1.9. Let §%§%%;ve (i). Since K&K,
(1 - Bu = 0, and 1161?;_l%g, we can apply Lemma 2.4, (i)
and (ii) (repeatedly, if necessary) to see that wu, Du |
€ L,. Hence, multiplying (L - Kg)u= 0 by u and

integrating over Rn, we have

(2.61) F(D.u, Do) + ((V - XD)u, u) = o.
S
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By tzking the imaginary part it follows that -2’5’%“\1}!2 = 0,
i.e., u = 0.

Next let us show (ii). Since (i) has been shown,
we have only to consider the case of im X = 0. We note

that we have the inequality

(2.62) g {ipui? & k2jul?] as 2 gﬁwutz + 4271012 gs.
4r

Sy Sr

In fact, recalling the definition of Du and Lu,” we

obtain

2
(2.63) (ul® = |pul? + ¥P|u)? + @_z%_m?
: r

+ 221 ge (D u) 3] - wIm (D) T,

L4y 2
2 %h)u\ 2 4 %2 - g_____)__n-lz ]ujz
. 4r

- KIm [(Dru) .ﬁ] ’

where we have made use of

2
(2.64) i% ReI_(Dru) .-ﬁ]‘ é S.Il:];z-_.lu]Q + %}Drulz

Putting £ = 0 and k, = 0 in (2.43), which is true in

the present case, we have

- 35 -
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Iy

Integrating (2.63) over 5., with (2.65) in regard, we
obtain (2.62). On the other hand, it follows from

toull _14¢ ’El<°° and lluil‘__%g_ <eo that

2
2
(2.66) lim rig{wmz + 5n—‘12L-(u1‘2} s = o.
roe g 4r :

Thus (2.62) and (2.66) are combined to give

(2.67) lim reg §3m12 + }Q2]ﬁ\2}ds = 0.
Yoo S..

Now we can apply lLemma 2.5 to be stated below to see that
(2.67) implies that the solution wu vanishes identically
in ER with some Rl)»o. Hence by the unique

1
continuation property (UC) u = 0 on ®°. Q. E. D.

Lemma 2.5. If ué€H is a solution of the
2,1oc
equation (L - K?)u = 0 with ¥k real non~-zero, and if
u does not vanish identically in a neighborhood of the

point at infinity, then for any €50

(2.68) 1lim re-gﬁlbu]2v+ K?{ugz } dS = ™.
r

Remark on the proof. If we assume that V(x)

- 36 =



= o({XI-l), which case occurs, for instance, when Vy = 0,
then the lemma reduces to Theorem 1.1 of Tkebe-Uchiyama [9].
Efen in the present case, however, we can carry oﬁt the
proof without essentially modifying the argument-given in
c9l. A remedy comes from techniques used by Odeh [13],
simon [17) or Agmon [1] utilizing the differentiability of

‘vl(x). Namely, when one encounters an integral of the

form
n o e
(2.69) Z:S v, (x) Ix] u(X)xj(Dju) dx,
e} !
J Bsr
s : . o= 2
this is estimated by the integrals B ix| luf”™ dx

Y

?

&-n 2 X ST . -
tx} fDu] © dx if one assumes only that V,(x) = o ixI
“sr
but not the differentiability of Vl(x). However, if it

is assumed that 'Vl(x) = O(ixtlgq) and %%% = O([xl_q),
by carrying out integration by parts one mafﬁ%onvinced that
the real part of (2.69) can be still estimated by
jg !xsd—qiuiz dx and additional surface integrais. (Here
ongrshould note that whét is actually needed is not the:
estimation of the integral (2.69) itself but the one of
its real part.) Roughly in this manner one can follow the
line laid in [9] without drastic alteration.

'We also remark that recently K. Masuda obtained a
result (not yet published) of which our lemma is a

consequence.,
Proof of lemma 1.10. Let K= kl + i)tze'K and let
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(o &)

Vo€ L2’-1¥' satisfy

(2.70) (v, (L= K)P) =0

for all ?ecg. It suffices to show v = O.

Let X'= L, st , and note that the adjoint spaces
(%*)* can be identified with X' by taking as the pairing
between them the usual L2 inner product. Define an

operator A from X to X' vy
(2.71) D(a) =g, Ag= (L -1)F  for ¢ eD(a).

A is densely defined in ¥ , and its adjoint A* is
an operator from X =(:{')* to ’_){+=(X')* . By

definition v &D(A*) if and only if
(2.72) (v, A®) = (w, @)

for all P &D(A) and for some w€ x*. Thus looking at
(2.70) one can see that v E D(A*).

Now it is possible to imitate the argument in
Ikebe-Kato [8], which has been used for proving Lemma 3
of (8], to show that V€ Hz,loc‘ Then it follows from -
(2.70) that v, satisfiei the equation (L - ycz)vo = 0.
Therefore, with the aid of lLemma 2.4 one can show
vV, € H2,locn L2. Hence, proceeding as in the proof of

Lemma 1.9, (i), we have v, = 0. Q. E. D.
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""Finally we shall prove Lemma 1.11.

Proof of Lemma 1.11,. Apply Lemma 2.1 with u = w .

Then we have

Il/\

(2.73) fﬁ ERW ()12 ax
R+1

which, together with the condition (1 21), @and the first
relation of (1.22), implies that jiua il By + fuy "B }
is a bounded sequence for each R > 0. Therefore, . {um’; is
relatively compact iﬁ L2,loc’ and hence there is a

subsequence fum} of {uﬁ}‘ such that

§ Yy in Iy y0c,

(2.74)

kh,"*'w in X

as pow with U€L, 1.. It follows from (2.74) and
?
(1.21) +that

(2.75) (w, (L -%)9) = (£, §) (ge dg).

Therefore, as we have remarked in the proof of Lemma 1.10,

u is seen to be an Hy 700 function and satisfy (L - Kz)u
?

= f, From the convergence of ium} to u in L2,loc

Y
and the third relation of (1.22) we have

- 39 -
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(2.76) u - u in L, _1s¢ (p —ro).
A3

Thus we have shown that wu satisfies (1.23) and (1.24).
Let us show that {@(K"‘P)um} converges to Hu in

P
L,(E;)qoc- To this end we havée only to verify gjump—; 24u

in I’2,10c‘ Since we have

i

(2.77) g, = (L~ i) (w-uy )

P P

il

2 2 .
(& - }cmp)ump + (f - fmp) — 0 in Lz’_%;

as P—ow, applying lLemma 2.1 with u = u - w, and

1Y
f = 8pr e obtain for R >0

n 2 < y 2 2
(2.78)  Fyaylu = uy M3 = ofiu - w1 v ey

Z:; J my" Br my Bpq ! pEBR+l}
with C = C(K, R), which implies that 9jUy_— gju in

P
I’Z,loc for each j = 1,2,°.¢,n, and hence §@(K”‘P)ump}
converges to Su in I’Z(El)loc‘ Now let us show (1.25) :
Lu€L, -1+£(E;). By the use of the third relation of
' T 9

(1.22) it follows that

HA

(2.79) ﬂz(KmP)um I ate ¢ = Cg
P 2’

for any bounded measurable set G in Eq Letting p—% in

(2.79) we have iUl g4t
=2 16

Finally we shall show that the sequence gum} itself

< ™
= Cyy and hence Bu€l, —1;2 (E{).
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converges in L2 _»e to the wu obtained sbove, which in
52

turn implies that f&s(k"‘)um} converges to du in 'Lz(Ei)loc'

In fact, let us assume that there exists a subsequence

{ mqi of {m} such that
(2.80) hu = uy, txezy  (a=1,2,000)
q

with some ¢ 0. Then, proceeding as above, we can find

a subsequence {m;} of {mq} which satisfies

(2.81) w - —5u’ in L
q

&

u being a solution & H2,locﬁL2,~%§ qf (L - 18)}1 = f,
RN e ’El< o . By Lemma 1.9, (ii), asserting the
uniqueness of the solution for (L = Kz)u =1, Jieullarg o ‘

2 7]
L ooy ueHZ,loc ALQ,_%E_, u and u must coincide.

Hence we have from (2.81)
(2.82) u ., —>u in L 1+t ,
e

which contradicts (2.80). Thus we have shown that {um}

which completes the proof.

A

converges to u in L2__1+2
9 a2

Q. E. D.
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§3. Absolute coﬁtinuity
FPirst let us define a symmetric operator Ho acting

in the Hilbert space L2 by

(3.1) D(HO) =c% Hu=1Ilu for ue DSHO)..

(034 o

According to Theorem 1 of Ikebe-Kato [85 ’ H0 admits a
unique self-édjoint extension H. Let E(B) be the
spectral measure associated with H, where B varies over
all Borel sets of the reals. In the present section we
shall study a typical spectral property of H, +that is,
we shall show that E((0,=))H is an absolutely continuous
operator.

A characterization of D(H), the domain of H, follows
directly from Lemma 4 of [8) . Summarizing, we have the

next

Lemma 3.1. Ho is essentially self-adjoint, and
thus possesses a unique self-adjoint extension H. We

have
(3.2) D(H) = {ue:,L2 / u€Hy 1,, and LueLz} .

Let R(z) = (H - z.r)"1 denotes the resolvent of H,
and recall that for i =K; +ii, with. iK; # 0 and \(‘2>O,
and for f €L, ¢ , there can be determined by Theorem 1.5

' 72

and Remark 1.6 a unique solution u(x, f)é:L2 rn{\HQ 1
'y "5 s LOC
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43
of the equation (L - Kz)u = T,

lemma 3.2. Let f¢ L2 1+¢ » @and let z &¢ - R.
L)

Then

- 7
(3.3) R(2)f(x) = u(yz, £)(x) a.e.,

Proof. Since f necessarily belongs to I’Z’ R(z)f

mgkes sense as an element of L,, and u = R(z)f satisfies
(3.4) (L - z)u = f.

Moreover, the fact that R(z)f €D(H) implies by Lemma 3.1
that R(Z)fEI’2nH2,1oc’ and hence R(Z)fe:['z,-i_%i'/\ﬁz,loc‘
On the other hand, since yZ lies in some K, where K
is an open set of € of the type cosidered in Theorem 1.2
or Remark 1.6, it follows by Theorem 1.3 that equation
(3.4) with fEL, 11e has a unigue solution u(yz, f)
v~ 2 —

€L, _ueNH, 9 .. By the unigqueness, therefore, R(z)f

" 2 y LOC
mwust coincide with wu(¢z, f) as an element of LZ’_}%S_,
which implies that they are equal to each other almost

everywhere. Q. E. D.

Now let AYO. It follows from Theorem 1.4 (cf. also
Theorem 1.5) that for any f€& L2 1+¢ a unique solution
s 2

|l u(JA, f) of the equation
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(3.5) (L= Mu-=f

can be constructed as the limit

(3.6) ulyx , £) = lim uln+iu, f) in 1L a+g,
SN0 / 2,~ 73

Similarly, if Remark 1.6 is taken into consideration,
another unique solution u(—1/,_\, f) of the same equation

cen be obtained :
(3.7) u(=m, T) =)14:'in; u(\(l-—i)t, ) in Lz’_%g.

(It may be also noted that u(xyx, f) can be determined
as unique solutions of (L - A)u = £ satisfying

Wl

Ull-1tg 5 <00 o)
2 1
Let 4= (ny, Ap)s where 0X A< A,<ee,

Employing the well-known relation 8)

)-2"2

(3.8) (E(a)f, f) = o 540 ‘211"1‘& (RO+ip)-RO-1)}E, £) an
44

’l\l“"z

we can represent E(4)f in terms of wu(ffy, f) (114—-7121\2)

as follows.

Lemma 3,3, Let A = (),1, ,\_2) be as above. Then

for any fEL2 1+€
¥ 2

(3.9)  (E(a)f, £) = z37 g (u(x, £)-u(~fX, ), ) a.
4
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Proof. Since by Lemma 3.2

(3.10) RAA+iu)f(x) = ulfAzix , £)(x)  a.e.

for ¥ 0, pY0, (3.8) can be rewritten in the form

7 AT T
(3.11) (E(A)f, ) = lim lim 5o (u(,{a+;u' S =ulh=ig,£), £,

Tye Ao
tlﬁ’l

By the use of the continuity of wu(k, f), which has been
stated in Theorem 1.4 or 1.5, it follows that
(u(m, f)-u W, f), £) is uniformly bounded for

0 €18, Xl [0, 1] ana
(3.12) 1im (W+R¥EH, f) - ub/A-iy, ), f)
| » : |
= (uln, ) - ueyn, ), f)

for 'A‘e[?»l, 7{2] . With the aid of the Lebesgue dominated
convergence theorem, therefore, (3.9) can be obtained
from (3.11) and (3.12). Q. E. D.

5 1+€ is dense in L2 and
2,55

(u(yA, ) - u(-4A, ), £) 1is a continuous function of

Noting that L

r€(0, @), we obtain from Lemma 3.3 the following

Theorem 3.4, Let Assumption 1.1 be fulfilled.

Then E((0, 90))H is an absolutely continuous operator.

Department of Mathematics, Kyoto University
and

Department of Mathematics, Osaka City University
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1)

3)

4)

5)

6)

)

8)

Footnotes

( , ) denotes the usual I, inner product.

He has not directly treated the Schrodinger operator
in Rn, however.

Agmon remarked in [2] that this would be the case.
For a general survey of the limiting absorption method
see, e.g., Eidus [6).

Here and in the sequel we agree to mean by

¢ = Cc(A, B, *»+ ) that C is a positive constant
depending on A, B, °-°. But very often symbols
indicating obvious dependence will be left out. For
instance, ¢ =C(X, &), here, obviously depends on
the differential operator L, but we do not insert

I in the parentheses.

Lemma 3 of 18] assertsthat D(TJ)CH, 1500 WheTe T

is the Schrodinger operator restricted to Cg, but

is regarded as acting in L2.
B

f7Z 1is meant the branch of

the square roct of 2z with 1Im Ji'z 0.

See, for example, punford-Schwartz [5}, p. 1602.
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