6

10

11

12

13

Received: Added at production

Revised: Added at production

Accepted: Added at production

DOI: xxx/xxxx

RESEARCH ARTICLE

Coupled finite element analysis of the dynamics of poroelastic
media considering the relative fluid acceleration

Jiawei Xu*! | Ryosuke Uzuoka® | Kyohei Ueda?

1School of Highway, Chang'an University,
Xi'an, Shaanxi 710064, China

2Disaster Prevention Research Institute,
Kyoto University, Gokasho, Uji, Kyoto
611-0011, Japan

Correspondence
*Jiawei Xu, School of Highway, Chang'an

Abstract

This paper mainly discusses the dynamics of poroelastic media using the finite el-
ement analysis based on the u—v—p full formulation, where u, v, and p denote the
solid displacement, relative fluid velocity with respect to solid velocity, and pore

fluid pressure. It incorporates the effect of relative fluid acceleration with respect to
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solid on soil dynamic response. The u—v—p formulation is first verified through the
Email: xu_jw1023@163.com

comparison with the analytical solution. After that, the response of one-dimensional
Present Address
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Xi'an, Shaanxi 710064, China

saturated soil column and two-dimensional partially saturated soil layer subjected
to vertical loading with different combinations of soil permeability and loading fre-
quency are investigated using the analyses with the u—v—p and u—p formulations,
based on which the effect of relative pore fluid motion is discussed and the differ-
ences in the soil response between two kinds of analysis approaches are examined.
Results reveal that the rapid fluid flow has a pronounced effect on soil dynamics and
the soil with a greater degree of saturation is more sensitive to the increase of loading
frequency and soil permeability. The soil dynamic response can basically be divided
into two main categories that represent insignificant and significant flow motion de-
pending on loading frequency and soil permeability. Furthermore, despite vertical
loading, horizontal soil response can also be affected by the large relative pore fluid
flow when loading frequency and soil permeability are large. In addition, the simpli-
fied formulation can still be applicable to predict dynamics of poroelastic media in

cases with high loading frequency and low soil permeability.

KEYWORDS:
Coupled analysis; poroelastic media; dynamics; full formulation; relative fluid acceleration

1 | INTRODUCTION

Modeling the dynamics of porous media is of great importance in geotechnical engineering problems. Since porous media
generally consists of solid, water, and/or air, it falls into the category of multiphase material, the dynamic behavior of which can
be described using macroscopic continuum mechanics and porous media theory'!. The governing equations in the porous media
theory describe the mass and linear momentum balance equations of porous media, thus becoming a robust tool to determine
the motion of solid and fluid as well as their interaction. With the adoption of the appropriate analysis approach, the coupled
deformation and flow problem can be solved, the result of which is then applicable to predict the hydromechanical response of
soil in geotechnical engineering. In the study of porous media dynamics, Biot first proposed equations for saturated porous media
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2| XU ET AL

under quasi-static load? and extended it to dynamics®>. Later on, different formulations were developed for the dynamics and
statics of porous media and were named after the primary variables needed to be solved in the analysis, and they can generally be
classified into full and simplified formulations. The full formulation represents the whole set of Biot equations (full Biot), while
the simplified formulation is derived based on some assumptions. The primary variables are usually solid displacement u, fluid
displacement U, average fluid velocity w or relative fluid velocity v, average relative fluid displacement & (w = nv = n(U—-it) and
i = n(U-u), where n is the porosity), and fluid pressure p. The commonly applied three-variable full formulations are u—w—p
SHBSIGTSOIONIT 4 _17_p formulation 1415
be compressible, the pore pressure variable p can be determined explicitly; as for incompressible fluids, it can also be determined
using the penalty parameter. Two-variable formulations can also be found written as u—U formulation'13142324252627 4, _,,
formulation”?, u—it formulation #1018, and w2122 Nevertheless, when the relative fluid velocity is rather small compared
with the solid velocity, the relative fluid acceleration can be neglected, then the generally non-zero relative fluid velocity and the
relative fluid displacement can be eliminated from the governing equations, making the solid displacement u# and fluid pressure
p primary variables and thus leading to the simplified u—p formulation©141L06I3113213313413536137138139140i4 1 424 3144

Zienkiewicz et al.® investigated the applicability of the full Biot theory, u—p formulation, and quasi-static consolidation
formulation based on the one-dimensional analytical study of linearly elastic saturated soil under periodic surface loading.
Three zones of applicability of various assumptions were also proposed to estimate which formulation was appropriate when
the ranges of loading frequency and soil permeability were available. Gajo et al.1# evaluate the accuracy and performance of the
u—-U-p formulation in studying the propagation of harmonic waves in fluid-saturated linear isotropic porous media, which was
also compared with those of u—U and u—u formulations. It was found that the u—U—p formulation was capable of resolving the
problem with incompressible pore fluid and solid grain and it became better that other two formulations as the compressibility of
pore fluid and solid grain increased. Jeremic et al.l2 employed the u—U—p formulation to describe the dynamics of fully saturated
porous materials, where the viscous damping is appropriately modeled and simulated by taking into account the interaction
between solid and fluid. With the use of the formulation, liquefaction of saturated level and sloping grounds were investigated,
involving both loose and dense sand conditions. Ulker and Rahman“® examined the fully dynamic, partly dynamic, and quasi-
static formulations using the analytical approaches with the u—i—p formulation and concluded that the regions of validity for
three different formulations mainly dependent on three dimensionless parameters relating to soil permeability, loading frequency,
and spatial variation of loading. The range of applicability of these formulations were also suggested in the study. Navas et al.18
investigated the applicability of the proposed meshfree numerical scheme with the u—& formulation to the dynamic behavior
of one-dimensional soil in three zones® featuring different soil permeability and loading frequencies, finding that the larger
permeability and frequency led to more unstable and higher peaks of pore water pressure. Toyoda and Nodall' performed the one-
dimensional consolidation analysis of a linearly elastic saturated soil model with a wide range of soil permeability coefficients
to evaluate the performance of the u—w—p formulation, based on which characteristics such as the S-shaped settlement—time
relation, non-harmonic oscillation in the settlement/pressure—time relation in highly permeable soil, and inconsistency in the
vertical load and immediate pressure were identified in the study.

For soil dynamics problems with a common frequency range encountered in the geotechnical earthquake engineering, the
analysis based on the u—p formulation is generally thought capable of guaranteeing sufficient accuracy®3" and it is usually
adopted for the merits of fairly reasonable assumptions in usual cases; however, since the applicability of different formulations
is dependent on both the loading frequency and soil permeability, it still remains unclear for two-dimensional problem whether
the simplified formulation is applicable when both high-permeability soil and large-frequency loading are involved. In fact, the
full formulation is preferable to the simplified version when dealing with high-frequency and high-permeability problem since
it describe the fluid flow in more detail. The high-frequency problem can be found in blast loading that has a typically shorter
excitation period, e.g. 0.005 s—2 s, Since loading frequency can affect the strength and moduli of soil, which will in turn have
an impact on the behavior of soil under different loading conditions, it is necessary to investigate the soil response considering
the effect of high frequency. On the other hand, the high-permeability problem can be encountered when dealing with sandy
soil, which is usually classified to be highly permeable and drained, so the effect of permeability should be examined in the
dynamic analysis. Another case where high-permeability may arise is the dynamic centrifuge modeling of soil response. The
permeability of saturated soil sample is usually reduced by a factor N (N is the ratio of the centrifugal acceleration to the Earth’s
gravity) to satisfy the scaling law for the permeability coefficient. This is usually achieved by mixing a fluid N times more
viscous than water into soil so that dynamic time will match the diffusion time. However, when water is used as the pore fluid in
the soil sample*’#8, the scaling law is thus not perfectly satisfied and the flow is regarded to be N times faster. In this situation,
the fast flow may not be neglected especially for a large N value such as 50 or even greater, hence the impact of fast fluid flow

formulation , and u—ii—p formulation®2?, Furthermore, when fluids are assumed to
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on soil dynamics should be properly evaluated when the numerical analysis is carried out to reproduce or validate against the
physical modeling outcome.

The literature review also indicates that the main work on soil dynamics considering the effects of soil permeability or loading
frequency is usually based on the one-dimensional or simple two-dimensional soil model. Whether the simplified soil model
is applicable to complex problem in geotechnical engineering still needs to be investigated into. In addition, the dynamics of
unsaturated soil that is commonly encountered in the geotechnical problems has not been widely studied yet, so the analysis
approach for the dynamics of unsaturated porous media is still an important subject requires further attention.

Table 1 Comparison of typical formulations for porous media dynamics

Formulation| Comment Definition of primary variable
It represents the whole set of Biot equations®, it can treat pore fluid
u-U-p as incompressible'”; it is applicable to any range of frequency®; itis | u: solid displacement;
difficult to track the large deformation of fluid. U': pore fluid displacement;
It is the reduced format of u—w—p formulation when pore fluid or | w: average relative velocity of
w U solid is compressible'4; it may induce volumetric locking when large | pore fluid with respect to solid
difference in volumetric compressibility between pore fluid and solid | velocity, i.e., Darcy velocity;
exists'?; it is difficult to track the large deformation of fluid. v: relative velocity of pore fluid
It represents the whole set of Biot equations''Y; it enables continuous | with respect to solid velocity, i.e.,
u-w-p w even on the discontinuous porosity surface!; it has discontinuous | seepage velocity;
v at nodes. w = nv;
It is the reduced format of u—w—p formulation when pore fluid or | n: porosity;
u-w solid is compressible'4; it enables the continuous w even on the dis- | p: pore fluid pressure.
continuous porosity surface; it has discontinuous v at nodes.
It is simple since v can be treated directly in the balance
u=v-p equations*?*l; p can be continuous at nodes*04L,
It simplifies porous media dynamics without considering the relative
u-p acceleration between pore fluid and solid ®!43%4L; it requires special
numerical treatment to prevent volumetric locking 220381153

Among the abovementioned formulations, the commonly used ones listed in Table [I] are worth extra attention. The u—p
formulation captures the movement of soil skeleton and the change in pore pressure and it has a simpler expression compared
to other types of formulations. This formulation neglects the relative acceleration of pore fluid with respect to solid®143841 T
the case of incompressible pore fluid and very low permeability, the formulation requires special treatment of the approximation
function for pore fluid to prevent volumetric locking72938%143 The majority of the currently available implementations are
based on this formulation as it can produce reasonably reliable results in most coupled problems where the permeability and
loading frequency are insignificant. The u—U—-p formulation represents the whole set of Biot equations® and uses an additional
unknown variable of pore fluid pressure to stabilize the solution of the coupled system''. The pore fluid pressure is dependent
on pore fluid displacement as it can be calculated once the volumetric compressibility of pore fluid is known. This formulation
can treat pore fluid as incompressible and simplifies the description of the physical model for fluid permeation'’?; it is applicable
to any range of frequency as it does not make additional assumptions on pore fluid motion imposed by the u—p formulation®.
The u-U formulation, which is reduced from the u—U-p formulation, can be obtained after eliminating p from the continuity
equation when the pore fluid or solid is compressible''*. The u—U formulation tracks the movement of both soil skeleton and pore
fluid and it is complete in the sense of basic variable; however, it may experience volumetric locking in situations featuring large
difference in volumetric compressibility between pore fluid and solid skeleton> and the direct treatment of fluid displacement U
can cause numerical difficulty since it is difficult to track the large deformation of fluid. The u—w—p formulation also represents
the whole set of Biot equationsY, which enables the achievement of continuous Darcy velocity w even on the discontinuous
porosity surface'?. Its reduced format—the u—w formulation—can also be derived by eliminating p from the continuity equation
when pore fluid or solid is compressible'®. Similar to the u—w—p formulation, the u—p formulation has continuous w even on
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4 | XU ET AL

the discontinuous porosity surface but the seepage velocity v at nodes is discontinuous. The main difference between u—w—p
formulation and u—v—p formulation is that the former enables the continuous w even on the discontinuous porosity surface'?.
However, since porosity n is defined at integration points, w can be calculated at integration points to ensure the continuous
v at nodes***, Furthermore, the u—v—p formulation is simple since v can be treated directly in the balance equations**#, In
comparison with other formulations, the u—v—p formulation is still less applied to the analysis of porous media dynamics at
present. As an effective tool in predicting the overall behavior of porous media, the analysis based on u—v—p formulation needs
thorough examination and its applicability merits detailed investigation.

In this study, the u—v—p formulation, which does not neglect the relative acceleration of fluid with respect to solid, is proposed
to express the governing equations for soil dynamics. The effects of the relative fluid acceleration are discussed where the
poroelastic dynamics is the focus. The objective is to examine the effects of soil permeability and loading frequency on soil
dynamics especially two-dimensional elastic soil dynamics and investigate the applicability of the u—v—p and u—p formulations
to the corresponding analysis.

2 | THEORETICAL FRAMEWORK

2.1 | Governing equations

Porous media is modeled by the three-phase mixture consisting solid, water, and air. The governing equations for the porous
media can be written in five major formulations, namely, the conservation of momentum for the whole porous media, the
conservation of momentum for the water phase, the conservation of momentum for the air phase, the conservation of mass for
the water phase, and the conservation of mass for the air phase. The detailed description of related equations and the derivation
of the governing equations are supplemented in Appendix [A]

2.1.1 | u-v-p formulation
In the u—v—p formulation, it is assumed that the soil particle is incompressible, temperature is constant, and no mass exchange
exists between the solid particle and fluid.

The momentum balance equation of the mixture is written as:

DS UWS stas
Dt Dt
where p, p¥, and p?® are the density of the mixture, pore water, and pore air; a® is the solid acceleration; v%, v¥$, and v are the
solid velocity and relative velocities of pore water and pore air with respect to solid; o is the total stress tensor; b is the body

force.

pa® + p" [ + {grad (0" + ™)) vWS] + [ + {grad (0 + v™)) v“] — div o + pb )

The momentum balance equation of the pore water is written as:
DSUWS
Dt

"R [as + + {grad (v° + v™)} v“’s] = —grad p¥ + p"Rb — ns¥p*Rg (k™)' ™ )

where p*R is the intrinsic density of pore water, which has the relationship with the density of pore water p* defined in Equation
in Appendix |Af p¥ is the pore water pressure; n is the porosity; s¥ is the degree of water saturation; k" is the permeability
coefficient of pore water; g is the gravitational acceleration.

The momentum balance equation of the pore air is written as:
Dév
Dt

as
R [as + + {grad (@® + V™) vas}] = —grad p* + p*Rb — ns*p*Rg k¥~ 3)

where pR is the intrinsic density of pore air, which has the relationship with the density of pore water p% defined in Equation
in Appendix @; p* is the pore air pressure; s* is the degree of air saturation; &* is the permeability coefficient of pore air.

The mass balance equation of the pore water is written as:

nsv wR S W DSp? . .
<K—i’ - canR> Dpt + canRTP; + sV p"Rdiv v° + div (nstWvas) =0 (€]
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where K% is the bulk modulus of pore water; ¢ is the specific moisture capacity of the soil-water characteristics curve (SWCC),
i.e., the derivative of the water saturation with respect to the suction, which may be obtained with the aid of SWCC.

The mass balance equation of the pore air is written as:
ns? aR R Dspa R Dspa
—cn + enp™® —— + spRdiv v* + div (ns?p™R0v®) = 0 5
( K= 7o) o TP Tpe TP (ns™0™) )

where K? is the bulk modulus of pore air.
Equations[TH3] constitute the governing equations of the u—v—p formulation with primary variables of u®, v"*, v, p%, and p*.

2.1.2 | u—p formulation

In the u—p formulation, it is further assumed that the relative accelerations of pore fluid (pore water and pore air) with respect
to solid and the convection terms are neglected, in addition to the assumptions made in the u—v—p formulation.

When the time derivatives of the relative velocity of pore fluid with respect to solid, as well as the convection terms, in
Equations and |3| are neglected, the momentum balance equations for the mixture, pore water, and pore air in the u—p
formulation are written as:

pa® =div o + pb (6)

Substitution of the momentum balance equations of the pore water and air in Equations 2 and 3 with the omission of the
time derivatives of the relative velocity of pore fluid with respect to solid as well as the convection terms into the mass balance
equations of pore fluids results in

w ,WR DSp% DSn? W
s —cnp™R L + canR—p + sV p"Rdiv v° + div k—(—grad Y+ p"Rb—p*Ra®) | =0 @)
KV Dt Dt g
a ,aR D3 p? D3 p? a
PSP g ) 2 R 2 iRy 5 4 div (K (—grad pt 4+ b — pRat) ) = 0 (8)
Ka Dt Dt g

Equations constitute the governing equations of the u—p formulation with primary variables of u®, p%, and p*.

2.2 | Soil-water characteristic curve

Soil-water characteristic curve (SWCC) describes the relationship between the effective degree of water saturation s? and suction

p¢ and can be mathematically written using the VG model*°:
sV — sV —m
sy = i {1+ (@p)"} ©)
S T

where s;” and s¥ are the maximum and minimum degrees of water saturation. «, n, and m are the material parameters; suction
p° is equal to p* — p% and there is
DSSW DSpC aSW DSpC
Dr  “"Di ~ op Dr
where c is the specific moisture capacity of SWCC and varies with the suction or degree of saturation, and it can be obtained by
differentiating Equation 9] with respect to p©.

(10)

2.3 | Permeability coefficient function

Permeability coefficient function (PCF) describes the relationship of the permeability coefficient k" and the effective degree
water saturation 5y which takes the following form in the VG model:

T\ m 2
k= (s [1_{1_(53)5} ] (a1
| 2m
ka=kg(1—s3)”{1—(sj)2} (12)



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33
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where k" and & are the saturated water and air permeability coefficients; ¢ and # are the constant material parameters.

2.4 | Effective stress

The Cauchy effective stress of solid skeleton is assumed as an additive decomposition of the form"®
' ’
o =0y, + Olis (13)

where o-i’nV and 0'; ; are the inviscid and viscous parts of o’ respectively. The inviscid part of the Cauchy effective stress can be
obtained by the hyperelastic constitutive equation (neo-Hookean model®?) as

ro_ Mo A s
c,.. = F(b -+ F(an )i 14)
where A and u are the Lamé’s constants of neo-Hookean model. The Jacobian J*® is defined as det(F®) with the deformation
gradient F*® of solid skeleton. The left Cauchy-Green tensor b® of solid skeleton is defined as F$(F*)T. The viscous part of the
Cauchy effective stress for the solid skeleton can be obtained by Kelvin constitutive equation®!' as

o, =a,c:d (15)

where a,;, is the material parameter reflecting the viscous damping characteristics of the solid skeleton and d* is the deformation
rate tensor of solid skeleton. The fourth-order spatial elasticity tensor ¢ in the current configuration can be obtained as

A 2
=—IQI+—=—(u—ilnJSHI 16
c== ® +JS(,u nJ®%) (16)

where T is the fourth-order identity tensor.
The elastic model is used in all the analyses in this study.

3 | FINITE ELEMENT FORMULATION

The numerical stability issues relating to the u—v—p formulation can be attributed to improper use of time integration scheme and
spatial discretization method. Also, in problems where the fluid or solid is nearly incompressible, the system of partial differential
equations can become ill-conditioned, leading to numerical locking. Moreover, many porous media problems involve nonlinear
material behavior, which can introduce additional stability challenges. In addition, spatial oscillation may be a problem when
using the u—v—p formulation, where the insufficient spatial discretization such as large mesh size can cause the boundary with
discontinuous porosity to show oscillation in results.

The finite element formulation of time-dependent problems involves two steps, i.e., spatial discretization and temporal dis-
cretization. The spatial discretization is first conducted, including the establishment of the weak forms and approximation of
primary variables. The standard Galerkin method is used to obtain the weak forms of the governing equations by multiplying
them with weight functions and integrating over the domain. The primary variables are approximated using the isoparamet-
ric mixed finite element, with 8 nodes for displacement and 4 nodes for pressure. In this way, the inf-sup or LBB condition is
satisfied.

For the temporal discretization, the Newmark method is used to advance transient problems in time. To handle the nonlin-
earities of the governing equations, linearization of the weak form is performed with construction of directional derivative and
iteration using the Newton-Raphson iterative method at each time step. The linearization process is conducted first in the refer-
ence configuration due to the constant initial elemental volume during linearization, then the linearized weak forms of governing
equations is transformed by a push forward operation to the current configuration.

By linearizing the governing equations at each iteration using the Newton-Raphson method, the nonlinear problem is trans-
formed into a sequence of linearized equations where the solution is updated until convergence is achieved. Within each time
step, a sequence of linear problems is solved to find the configuration satisfying the residual equation.
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3.1 | Initial and boundary conditions
The momentum and mass balance equations are solved in a boundary value problem. The boundary condition for the The initial

conditions for the five primary variables are described using the following conditions

S _ S . WS _ WS, ~as __ -as, W _ W, .a __ a
W=Uy, V=V V=V, P =Dy P =Py (17)

where the subscript s0 indicates the reference configuration of solid phase.
The boundary conditions for the five primary variables u®, v™°, v*, p¥, and p* are given by

w'=a on 0B (13)

on= (o' —p'I+s"pI)n=1 on 0B 19)
v =7" on dB] (20)

6"'n=—p"In=1t" on 0B;, 2D

v =" on 0B, (22)

c'n=—-p"In=1" on 0B, (23)

p¥ =p" on dB;p (24)

nsYp*R"o™ .n=¢q"-n=g" on dB‘qu (25)
p*=p" on dBZp (26)

ns'p™v* -n=g'-n=g" on 0B (27)

where @°, o™°, and ¥ are the prescribed vectors of solid displacement, relative pore water velocity, and relative pore air velocity
at the boundaries 0B, dB; , and dB; ; p* and p* are the prescribed vectors of pore water pressure and pore air pressure at the
boundaries 0va and 0B§p; t, t%, and #* are the prescribed vectors of traction acting on the mixture, water phase, and air phase
at the boundaries dBf, 6Bfw, and ana; " and g* are the prescribed mass flux on a unit area along the unit normal vector n at
the boundaries ()B;“Vq and dB;q. All boundary segments have relationships as follows:

0B* = 0B, UJB; = 0B} U0B,, = 0B} UJB;, = 0B} UOB, =0B, UJB
0B, N 0B = 0B}, N0B;, = 0B, N0B = 0B} NoB, =0B, NoB, =0 (28)

3.2 | Weak forms

3.2.1 | u-v-p formulation
The strong forms (differential equations) of the governing equations[TH3|in the u—v—p formulation are transformed to the weak
forms (integral equations) using the weighted residuals.

The weak form of the momentum balance equation of the mixture is derived by multiplying Equations [T] and [T9] by a test
function w* that is zero on the prescribed displacement boundary 0 B} and adding them together after integrating over the total

domain:
fs=/pws-asa'u+/gradwS : o"du—/pfdivwsdv—/pws-bdv

Bs Bs
/w tda+/p w’ [DD + {grad (»* +vW“)}vW“]
03*
a S stas S as as
+/pw.[Dt + {grad (v +v)}v]dv=0 (29)
BS

The weak form of the momentum balance equation of the pore water is derived by multiplying Equations [2]and [21] by a test
function w** that is zero on the prescribed displacement boundary d B} and adding them together after integrating over the
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1 total domain:

S yyWS

D’v
ws WwR_ws s

= w" - |a’ +
! /” [ Dt

+ {grad @ + v™)) vWS] dv

BS
_ / w™ . {/)WRb _ nswprg (kW)—] vws} dv
Bb

- / w” - t¥da - /pwdiv w¥dv =0 30)
0B, B
2 The weak form of the momentum balance equation of the pore air mixture is derived by multiplying Equations [3|and 23]by a

s test function w* that is zero on the prescribed displacement boundary d B}, and adding them together after integrating over the
4 total domain:

A =/paRwaS : [as + D‘D';‘ + {grad (@° + v™)} vas] dv

BS
_/was . {paRb_ nsapaRg(ka)—l vas} dv
BS

- / w* -t_ada—/padiv w”dv=0 31
0B, B
5 The weak form of the mass balance equation of the pore water is derived by multiplying Equations @]and 25]by a test function

s w" thatis zero on the prescribed pressure boundary 0vap and adding them together after integrating over the total domain:

w ,WR DspY D3p?
v =/ w" [(nstv - canR> DI; + canRTI; + ¥ p"Rdiv v*| dv
BS

+ / w g da — / grad w" - (nstWRvWS) dv=20 (32)
0By, B

7 The weak form of the mass balance equation of the pore air is derived by multiplying Equations [5] and 27 by a test function
s w?" that is zero on the prescribed pressure boundary 6B;p and adding them together after integrating over the total domain:

) ns? aR D3 p? DspY . ) )
2 :/wa [( P —cnpaR> -F +cnpaRTI; + s2p®Rdiv v*| dv

Ka
BS
+ / wq*da — / grad w® - (ns*p™Rv*) dv =0 (33)

9By, B

o 3.2.2 | u—p formulation

10 The strong forms (differential equations) of the governing equations [6H8]in the #—p formulation are transformed to the weak
1 forms (integral equations) using the weighted residuals.

12 The weak form of the momentum balance equation of the mixture is derived by multiplying Equations [6] and [I9] by a test
13 function w* that is zero on the prescribed displacement boundary d B; and adding them together after integrating over the total

1« domain:
s° =/pwS . asdv+/grad w':o6'dv-— /ﬁdiv w'dv — / pw’ - bdv — / w'-tda=0 (34)
B B B B OB
15 The weak form of the mass and momentum balance equation of the pore water is derived by multiplying Equations[7]and 25]

16 by atest function w" that is zero on the prescribed displacement boundary dBf'NP and adding them together after integrating over
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ns% wR Dsp¥ DSp? )
sW:/wW< Kl‘)" —canR> Tl;dv+/wwcanRTl;dU+/wwstWRvsdu
Bs Bh

Bs

the total domain:

w
- / grad w" - { k—(—grad PV + p"Rb — pWRaS)} dv+ / w¥q"da=0 (35
g

B By,

The weak form of the mass and momentum balance equation of the pore air is derived by multiplying Equations §|and [27) by
a test function w? that is zero on the prescribed displacement boundary 6B2p and adding them together after integrating over the

total domain:
. [ ns?p®R DS p? . . DY . AR s
st= | w* — cnp™® dv+ | wenpR=—=—dv+ [ w*( - sV)pRvdv
/ < Xe P Dr " ( )P
Bs B

Bs

- / gard w* - {k—(—gard P+ pRb - paRas)} dv+ / wq*da =0 (36)
g

Bs dBy,

3.3 | Spatial discretization

In numerical models based on coupled formulations for porous media, the inf-sup or LBB condition appears in the form of
an incompressibility constraint on the spatial discretization of the fluid mass balance. If the inf-sup condition is violated, non-
negligible spurious oscillations will occur in the numerical fluid pressure results. In the context of the finite element method,
different models based on various strategies have developed to satisfy the inf-sup condition, ranging from the least squares
Galerkin technique to the stabilization approaches to the use of element generating unequal order interpolation functions.

In this study, the Q8P4 mixed element in Figure[T]is adopted to satisfy the inf-sup condition. The Q8P4 mixed element uses an
8-node quadrilateral isoparametric element with 4 corner nodes and 4 midside nodes for displacement, velocity, and acceleration
(Q8) and a 4-node quadrilateral isoparametric element with 4 midside nodes for pressure (P4). The key to satisfying the inf-
sup condition with this element pair lies in the choice of shape functions and the way they are integrated over the elements.
The pressure gradient in any element is appropriately bounded by the displacement gradient, where the interpolation used for
pressure is at one order lower than that used for the displacement field, i.e. unequal order interpolation.

Y
7
4 3
6
8 X
5 2. .
1 Soil skeleton displacement and
relative water and air velocity
*1, Y1)

O Pore water and air pressure

Figure 1 Q8P4 element

The Q8 element provides a higher order of interpolation for displacement, which is beneficial for capturing the displacement
field accurately. The P4 element, being linear, ensures that the pressure field is continuous and well-behaved across element
interfaces. The combination of the Q8 element for displacement and the P4 element for pressure ensures that the pressure gradient
is appropriately represented and bounded by the displacement gradient, thereby satisfying the inf-sup condition.
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The displacement, velocity, and acceleration of solid, as well as relative velocities of pore water and air over the element
domain are interpolated in the following manners:

8 8 8 8
u = Z N, v'= Z N, a' = Z N, o™= Z N, o™= Z N 37
n=1 n=1 n=1 n=1 n=1
where N s is the 8-node shape function for displacement and its derivatives; ufl, vj,, and a; are the nodal displacement, velocity,
and acceleration of solid; v}}* and v?’® are the nodal relative velocities of pore water and air with respect to solid.
The pressures of pore water and air over the element domain are interpolated in the following manners:
4 4

PV =Y NPpY, pt=) NIp (38)

n=1 n=1

where NP is the 4-node shape function for pressure; py and p? are the nodal pressures of pore water and air.

3.4 | Temporal discretization

Given the time-dependent nature of the governing equations, the Newmark method is introduction for temporal discretization.

The displacement and velocity of solid at time #+ At are linked with those known at time ¢ according to the following expressions:
u=ul + Arvd + %Atz(l -2p)a + pAr @ (39)
v =v} + (1 —y)Ata) + yAra’® 40

The relative velocities of pore water and air at time 7+Af¢ are linked with those known at time ¢ according to the following
expressions:

v =0 + (1 = p)At o) + y At o™ (41)
v* =v¥ + (1 = p) At + y At o™ 42)
where y and f are parameters that determine the stability and accuracy characteristics of the method; the subscript ¢ indicates
the previous time step and At is the time increment, and variables with the subscript ¢ are used to calculate the variables in the

next time step 7+ A¢; ¥™* and ©* are the material time derivatives of relative velocities of pore water and air with respect to solid.
The pressures of pore water and air at time 7+ At are linked with those known at time ¢ according to the following expressions:

PV =p) + AtpY + %Atz(l =2 B + BAF p¥ 43)
p" =p,) + (1 —y)At p}" + yAt p* (44)
P =pl+ Arp + %Atz(l —2P) B + BAL B (45)
P =p} + (1 —p)At j} + y At p* (46)

where p% and p? are the material time derivatives of pressures of pore water and air with respect to solid; % and j* are the
second material time derivatives of pressures of pore water and air with respect to solid.

3.5 | Linearization

The directional derivatives of the left-hand side terms of the weak forms in Section[3.2]are constructed and the Newton-Raphson
method is used for linearization. Herein, the linearization of the three-field u—v-p formulation is carried out. As for the two-field
u—p formulation, the operation is similar.
The weak form of governing equations in the u—v—p formulation to be linearized can be written as
(@, o™, 0%, B, i) =0
@57, 5, 5 ) = 0
5@, 0, 6%, 5, ) = 0
U@, 0", 0%, Y, ) =0
[ @, o™, ot B, ) =0 (47)
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The linearized formulations, after taking directional derivatives of Equation[d7] take the following forms:
D7 [aa] + D7 [67] + D7 [86%] + DF* [85*] + D [AF] = -1;
was [Aas] + was [Avws] + was [Avas] + was [pr] + was [Apd] — I:vs
Dfas [Aas] + Dfas [Avws] + Dfas [Avas] + Dfas [pr] + Dfas [Aﬁa] — _ ]?S
D7 [aa] + DY [A6°] + DY (6] + D7 [5"] + D 87| = =17
Df*[Aa’] + Df* [Av™| + Df* [Av™] + Df* [ApY] + Df* [Ap*] = = f2 (48)
where Aa®, Av™s, Av®, Av™s, Ap¥, and Ap?* are the variations at the current iterative step k+1; f ]f ]2” s, ]';‘S, f ]2” ,and f ; at the
right-hand side are the residuals at the previous iterative step k.
The total solution is obtained from the incremental relationships with expressions of

aiﬂ =a, +Ad’

vy, =00+ A0™

0| = 0% + AP

Pry =0 + AP

Py = Py + AP 49)

In this manner, a sequence of linear problems (with index k) is solved within each time step to find the configuration satisfying
the residual equations.

4 | VERIFICATION

4.1 | Consolidation of soil column under constant load

The consolidation of a saturated soil column 1 m in width and 10 m in height under a constant surface load of 10 kPa, as
illustrated in Figure[2] is used for verification. The soil column is divided into 100 elements and each element has a height of 0.1
m and a width of 1 m. There are 503 nodes in total. The solid displacement and relative water velocity on the side boundaries are
fixed in the horizontal direction but remain free in the vertical direction. Two end points at the bottom are fixed both horizontally
and vertically and the middle point is fixed only vertically. The top surface of the soil column is the drainage boundary while
the bottom surface is impermeable boundary. The u—v—p analysis approach and the analytical method are used to calculate the
settlement during consolidation. The main material properties of soil are listed in Table[2] The coefficient in Newmark integration
method is ¥ = 1.0. The convergence tolerance of the governing equations is taken as 1.0 X 1073, The initial excess pore water
pressure does not change with depth, so the analytical solution to the degree of consolidation under the one-side drainage based
on Terzaghi’s one-dimensional consolidation theory=# is summarized as follows:

X 2
U=1-)Y —GSinMZ —-M?T,
; ; M(sm yexp ( v)
TRi+1) z T ¢t 50
=T Pt B 0

where U, is the degree of consolidation at small strain, M is the intermediate parameter related to the positive integer i that
varies from 0 to oo, Z is the normalized soil depth, z is the soil depth, H is the height of the soil column that equals 10 m, 7, is
the small-strain dimensionless time factor, and c, is the coefficient of consolidation, which is taken as 0.04 m? /s.

The finite-strain solution to the normalized void ratio proposed by Morris>3 is

4(1-E0O,T) & 1 inZ — j2mT
E(Z,T):E(O,T)+¥ D —sin<”—> exp(L)

s 2 4
g't k do’
Ezm=%20 -2 8 g - 7 1)
¢(0,0) H H? 7w (1 +e) de

where E(Z,T) is the normalized void ratio, E(0, T') is the normalized void ratio at the soil surface, e(Z,T) is the void ratio,
(0, 0) is the initial void ratio, T is the finite-strain dimensionless time factor, j is the positive odd integer with values from 1 to
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0.0 1.0
L | (m
10.0 kPa
(m) ) l
Drainage boundary
00 | |
> 1 |
01 |
>t 2 |
02 | |
>t 3 <l
0.3 \ \ Table 2 Parameters for consolidation analysis
o T -
04-1 E | B Parameter Value
=3 =
o Q
o > <l o Void ratio, e 1.0
A g ZX—??E Permeability coefficient, k" 1.0x 1072 m/s
E o4 L £ Bulk modulus of pore water, K* 1.0 x 10'° kPa
o =¥
9.6 g | | g Lamé’s constant, A 10.0 kPa
i 97 L Lamé’s constant, u 10.0 kPa
9.7 1 | |
>t 98 <
-9.8 \ \
>t 99 <l
9.9 1 | |
4 100 L « Soil skeleton displacement
-10.0 O Fluid pressure

A

Impermeable boundary

Figure 2 Soil column under static load

o0, g’ is the finite-strain coefficient of consolidation and is assumed to be constant in the analytical solution, ¢’ is the effective
stress, k is the saturated permeability coefficient, and y,, is the unit weight of water.

The analysis results are presented in Figure with the predicted surface settlement using the analytical solution®? and u—v—p
analysis based on small- and finite-strain theories. In small deformation theory, it is assumed that the first derivatives of dis-
placements are so small that the squares and products of these derivatives are negligible compared to the linear terms and are
thus omitted. The Cauchy stress and Lagrangian strain at finite deformation are adopted. The results show that the two ap-
proaches adopted in the quasi-static consolidation analysis produce the surface settlement of soil that match well with each
other. The small-strain analysis produces a slightly larger soil settlement than the finite-strain analysis due to the lack of updated
configuration.

4.2 | Consolidation of soil column under dynamic load

The consolidation analysis of soil column under dynamic loading in Figure[]is presented here. The soil column has a height of
100 m and a width of 1 m, and it is divided into 5000 elements 0.02 m in height and 1 m in width. There are 25003 nodes in
total. The boundary conditions are similar to those of the soil column in Figure[2] Step and sine loading both have a magnitude
of 1 kPa and last for 0.2 s, and the sine loading has a period of 0.1 s.

Simon et al.”* derived the analytical solution to the response of one-dimensional saturated elastic porous columns using Biot’s
two-phase mixture theory® based on the assumption of an infinite elastic column. When the soil column is subjected to loading
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0
EO.S r
= 1 r
5
g L5 f|— u-v-p (small)
2L 2 }/— analytical (small) -
P, L[~ - u-v-p (finite)
P25 analytical (finite)
3 1 L L "
10° 102 10" 10° 100 102 10° 10*

Figure 3 Surface settlement during consolidation using different methods

on its surface, the solid displacement u and the relative displacement of pore water with respect to solid w are determined as

_ d [ o biay | BV —ag? - -
w, 1) = a1 —dﬁ)\/z/f(r T)e I, l a 1 (T 5\/5) dt
0

u(rf,f)=—/f(T—f)l(f—é)df—ﬂW(&T) (52)
0

where & is the spatial coordinate, 7 is non-dimensional time, f(7) is a load function, 1(7) is a unit step function, I is the modified
zero-order Bessel function, and d is the material parameter by Biot™.
Parameters 7, 8, a, and b are defined as

f fR 2
S S N i el S S
rk P K — p? K — f?
B (0] 1 n d—n

n’ K_/1+2/4+d2Q’ E_F-‘_? (53)
where ¢ is time, y' is the unit weight of pore fluid, k is the permeability coefficient, p® is the real density of fluid, p is the density
of total mixture, # is the porosity, 4 and u are the Lamé constants, K f is the bulk modulus of fluid and K* is the bulk modulus
of soil particle.

The material parameters used in the analysis are provided in Table [3] The u—v—p analysis based on the small strain theory is
used to calculate the solid displacement and relative pore fluid displacement. The coefficients in Newmark integration method
are y = 0.6 and = 0.3025. The convergence tolerance of the governing equations is 1.0x 1073, Results from the Finite element
analysis and the analytical solution proposed by Simon et al.”* are reported in Figure [5| The predictions are very similar in two
cases, so the u—v—p analysis proves to have a good performance in predicting the consolidation-induced displacement during
dynamic loading.

S | DYNAMIC RESPONSE OF ONE-DIMENSIONAL SATURATED SOIL COLUMN

To test the applicability of the analyses based on u—v—p and u—p formulations in predicting the dynamic response of one-
dimensional soil column in various scenarios, i.e., different ranges of soil permeability and loading frequencies, simulations
with the small stain measure are carried outu. The soil column model 10 m in height and 0.5 m in width is subject to dynamic
load on the top surface, as plotted in Figure [6] The soil column is divided into 200 elements, and each element has the same
thickness of 0.05 m. The material properties of the soil column are listed in Table[5] The soil is fully saturated and the top surface
is the only permeability boundary. The solid displacement and relative velocity of pore water with respect of solid velocity are
fixed horizontally on both sides of the model, whereas on the bottom of the model they are fixed horizontally and vertically.
The vertical dynamic load is in sinusoidal waveform and has a magnitude of 100 kPa/m. According to Zienkiewicz et al.?, two
dimensionless parameters I1; and I, used to divide the zones of applicability of different formulations are written as

m, = 2Ly (54)

fo

2k 1o
zpg [’

1
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w0 (m)
. BN
Drainage boundary
0.00 | |
> 1 1<
-0.02 | | o
2 2 ol Table 3 Parameters®* for dynamic consolidation analy-
-0.04 i
‘ ‘ 0 Time
= 3 al Load case : Step
-0.06 | | Parameter Value
§ s 4 I g Initial porosity, n 0.333
0087 £ | BV Ve N Density of mixture, p 306 kg/m’
% > & % Density of pore fluid, p™® 297.7 kg/m?
= g e CE . Unit weight of pore fluid, y* 2.917kN/m?
é 2 ol % Permeability coefficient, k 0.01425 m/s
99.92-4 = | | = ‘ Lamé’s constant, A 833.3 kPa
I 4997 | Load case : Sine Lamé’s constant, y 1250.0 kPa
99.94 | Bulk modulus of soil skeleton, K* oo
>4 4998 | Bulk modulus of pore fluid, K* 39999.0 kPa
99.96 \ \
|4 4999 +<|
99.98 7 ‘ ‘ . Soil skeleton displacement
[ 5000 | and relative water velocity
100.0 — X O Fluid pressure

Figure 4 Soil column under dynamic load
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—
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o o

| (b) Sine loading
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o
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Displacement (mm)
S
AR~

Displacement (mm)
%

(a) Step loading

0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Figure 5 Displacement during consolidation under step and sine loading

where k is the permeability of the soil; f is the frequency of the loading wave; f, is the national frequency of the soil column;
B is the ratio of fluid density to bulk density that is taken as 0.333; g is the gravitational acceleration, i.e., 9.81 m/s?. Detailed
explanation of main variables can be found in Zienkiewicz et al.©

A total of 25 cases with different combinations of I1T; and IT, calculated using Equation [54] as listed in Table[d] are arranged
with the purpose of investigating the difference between u—v—p and u—p analyses in simulating the dynamic response of soil to
longitudial loading. IT; and IT, in these cases are within the range 0.01 and 100.

The finite deformation measure is adopted in the analysis. The coefficients in Newmark integration method are y = 0.6 and
B = 0.3025. The convergence tolerance of the governing equations is 1.0 x 1071°. The total number of steps in the dynamic
analysis is 400 in all cases. The time increment in the dynamic analysis in the case of dynamic loading with the frequency of
1 Hz is 0.016 s and the time increment in the analysis in the case of dynamic loading with the higher frequency is reduced
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according to the ratio between the frequency and 1 Hz, for example, for dynamic loading 50 Hz in frequency, the time increment
in the analysis is 0.00032 s. The magnitude and number of cycles of dynamic loading are the same in all cases.

Table 4 Different pairs of soil permeability and load period

Case I1, I1, Frequency f (Hz) Permeability k (m/s)
Casel 100 100 160 3.27 x 10!
Case2 10 100 160 3.27
Case3 1 100 160 3.27x 107!
Case4 0.1 100 160 3.27 x 1072
Case5 0.01 100 160 3.27x 1073
Case6 100 10 50 1.03 x 10!
Case7 10 10 50 1.03
Case8 1 10 50 1.03 x 107!
Case9 0.1 10 50 1.03 x 102
Casel0 0.01 10 50 1.03x 1073
Casell 100 1 16 3.27
Casel2 10 1 16 3.27 x 107!
Casel3 1 1 16 3.27 x 1072
Casel4 0.1 1 16 3.27 x 1073
Casel5 0.01 1 16 3.27x 1074
Casel6 100 0.1 5 1.03
Casel7 10 0.1 5 1.03x 107!
Casel8 1 0.1 5 1.03x 1072
Casel9 0.1 0.1 5 1.03x 1073
Case20 0.01 0.1 5 1.03x 10~*
Case2l 100 0.01 1.6 3.27x 107!
Case22 10 0.01 1.6 3.27 x 1072
Case23 1 0.01 1.6 3.27x 1073
Case24 0.1 0.01 1.6 3.27x 1074
Case25 0.01 0.01 1.6 3.27x 1073

Displacement and pore water pressure of the central node on the ground surface and the central node in the middle (5 m
in height) of the soil column model in Case 1 (II;, = 100 and II, = 100), Case 14 (I, = 0.1 and II, = 1), and Case 25
(I1; = 0.01 and IT, = 0.01) are plotted in Figure[7} Case 25 in Zone I and Case 14 in Zone Il characterize the soil behavior with
slow and moderate speeds respectively, where the relative acceleration of pore water with respect to solid is negligible, thus
the two different analyses do not differ in the predicted displacement and pore water pressure. However, when the soil behavior
demonstrates fast phenomena, which is represented by Zone 1Ill, the two different analyses generate clear distinction in their
prediction. Regarding the solid displacement, when the soil behavior shifts from undrained (i.e., Cases 14 and 25 in Figure|7p
and c) to drained (i.e., Cases 1 in Figure [7h), the solid displacement predicted by u—v—p and u—p analyses become different,
which is mainly shown by the magnitude of the time history curve. The similar phenomenon is also revealed by the pore water
pressure response in Figure [7d, e and f. Apart from that, the pore water pressure in the u—v—p analysis lags behind that in the
u—p analysis when it comes to the drained soil behavior in Figure [7d.

The distinction of simulation outcomes between two different kinds of analyses are further assessed using the EARTH (Error
Assessment of Response Time Histories) metric proposed by Sarin et al.>?, in which the differences in magnitude, slope, and
phase (which are called magnitude error, slope error, and phase error) between two time histories can be quantitatively evaluated.
The basics are briefly introduced. Firstly, the time history of a simple harmonic signal is described by

y (1) = Ycos (ot; + ) (55)



16 XU ET AL

0.0 0.5 Load
" (m)
rliwlm l 100KPa |-~~~
(m) T
Permeable boundary 0
0.0 — | . | \—/Time
= 1 <] -100kPa|- -~~~
0.05 — | | 10°
> 2 | 10 =
1 Case 1
0.10 \ 10'F ]
Case 14 (1)
‘D‘ 3 ’<1‘ N 100 ] » Il % . .
= 107! (I Table 5 Parameters® for dynamic analysis of
0.15- ‘ | 24 one-dimensional saturated soil column
L0
g‘ ‘D' 4 '<]‘ %‘ 0_3 7Case25 h
0.20 g ‘ ‘ 'g 10 , Parameter Value
5] I} 107
| <l D 102 10" 10 10" 10> 10 Initial porosity, ny, 0.333
A 8 ?X/ K IT, Density of solid, p*R 4000 kg/m?
/ . .
g 4 g g According to Zienkiewicz et al., Density of fluid, p™® 1000 kg/ m?
& & Zone (1) - Slow phenomena: B=Z=C Bulk modulus of fluid, Kf 1000 MPa
9.807 — ‘ ‘ — ;()ne 83)— l\l/:Iodterz}ilte Speed: BB: Z;: CC Lamé’s COl‘lStant, A 3570 kPa
one - FaSt phenomena: *+ * 2
2 197 | B: Biot solution Lamé’s constant, u 2380 kPa
9.85— Z: u - p formulation
C: Quasi-static solution
<
‘D‘ 198 ‘ II II ks (m/s) f(Hz)
1 2
9.90 | | Case 1: 100 100 327El 160
‘D' 199 ,q‘ Case 145 0.1 1 327E-3 16
Case 25: 0.01 0.01 3.27E-5 1.6
9.957 ‘ ‘ . Soil skeleton displacement
‘D' 200 ><1‘ and relative water velocity
10.0- x O Fluid pressure

Figure 6 One-dimensional soil column under dynamic load with three different
conditions

where Y is the magnitude, e is the frequency, ¢ is the phase, and ¢; is the value of time at time index i. The DTW (Dynamic Time
Warpinig) method was adopted in EARTH so that the errors of magnitude, frequency, and phase can be assessed independently.
The magnitude error is calculated using
||A[ts+wj _ B[ls+w] ||

Errormagnitude = ||B[ts+w] ” (56)

where A and B denote the two time histories to be compared; ts + w is the phase-shifted DTW modified time history with a cost

function of
dAtS dBIS
d','={ FS—bFSZ t~—t-2} —_— - — 57
[l J] (al 1) +(l 1) dt df ( )
t=t, t=t

where the superscript ts demotes the time-shifted time history; afs and bJFS are the data in time histories A and Bj; subscripts i
and j denote the locations of data in two time histories.
The slope error is calculated based on the derivative of the time history using

||A[ts+d+w] _ B[ts+d+w]”
= (58)

EI’rOrslope - ” Blts+d+w] ”
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Figure 7 Vertical solid displacement and pore water pressure of nodes on the top and in the middle of the soil column in Cases
1, 14, and 25
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Figure 8 Phase error, magnitude error, and slope error of solid displacement and pore water pressure of nodes on the top and in
the middle of the soil column

where the superscript ts + d + w denotes that the time history is processed by the sequence of time shifting for the global phase
effect, derivative computation, and then DTW.

The phase error is calculated using
= =) (59)

Error 6

where n, is the number of shifted time steps; c is the critical time shift value below which the phase error can be regarded
negligible and r is the rate of phase error increase above the critical value c.

With the application of the EARTH metric, the magnitude error, slope error, and phase error of the simulated results such
as nodal pore water pressure and displacement during loading obtained from the u—p and u—v—p analyses can be quantitatively
compared. Figure|[§|contains the discrepancies of the time histories of solid displacement and pore water pressure between two
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kinds of analyses in terms of magnitude error, slope error, and phase error when the soil column is subjected to vertical periodic
loading under different combinations of I1; and IT,.

Regarding the situation featuring low permeability but extremely fast dynamic phenomena within a very short time span such
as fracture forerunning in Ni et al.”® and Khoei et al.*” and supershear earthquake ruptures in Pampillon et al.*%, the changes in
volumetric strain will lead to pressure changes without significant fluid-solid relative displacement, suggesting that the porous
flow can be treated as undrained. In these situations, the solid and fluid phases work together as a multiphase medium through
which stress waves propagate. It is characteristics of large I, large but small I1;, so the soil dynamic response may fall into the
upper left-hand corner of the IT; —I1, space, which is close to Zone Il in Figure 6} then the effect of relative fluid flow becomes
insignificant. Therefore, the u—p formulation can still be used with good accuracy to predict the dynamics of porous media.

It is worth noting that in Case 14 with a frequency of 16 Hz, which is a quite high frequency for common geotechnical
problems, two kinds of analyses do not vary from each other in the prediction. If the frequency continues to grow to 160 Hz while
the permeability keeps constant, which causes I, to increase and II; to reduce, the variation between two kinds of analyses still
does not show much difference because the representative (I1;, IT,) point is still likely to approach Zone II in Figure[6] It is only
when both permeability and frequency increase to a certain level that the large discrepancy starts to take place, such as Case 1
where the permeability and frequency are both considerably increased, so II; and Il, become large enough to give rise to the
significant difference between two kinds of analyses.

6 | DYNAMIC RESPONSE OF TWO-DIMENSIONAL PARTIALLY SATURATED SOIL
LAYER

The dynamic response of partial saturated soil layer subjected to vertical sinusoidal loading on its surface is investigated. The
finite model is detailed in Figure [0} This response of soil layer to dynamic loading are also taken as an example for discussion
in previous studies®®*!. Four cases shown in Figure E] with different combination of loading frequency and soil permeability
coefficient are investigated. The soil layer is 10 m in depth and 10 m in width with the ground water table located 5 m under
the surface, and it is divided into 100 square eight-node elements with 341 nodes in total. The material properties are given in
Table[6] Vertical sinusoidal loading is imposed on the top surface of the soil layer on the left hand side covering space 1 m in
width, and it is expressed as w(t) = 3 — 3 cos(2z ft), where f is the frequency of the load.

The right and left boundaries of the soil layer are supported by vertical rollers, the bottom boundary is supported by horizontal
rollers, and the upper boundary is free. As for pore air, the left and right boundaries are impermeable while air drainage is
allowed at the upper boundary. As for pore water, the hydrostatic pressure is utilized, so the linear pressure distribution is used
initially in the selfweight analysis, whereas the upper and bottom boundaries are impermeable in the dynamic analysis. The
horizontal relative velocities of pore water and air on two vertical boundaries are zero, and the vertical relative velocities of pore
water and air on the bottom horizontal boundary are also zero.

The small deformation analysis is adopted in the analysis. The coefficients in Newmark integration method are y = 0.6 and
B = 0.3025. The convergence tolerance of the governing equations is 1.0 x 1071°. The total number of steps in the dynamic
analysis is 400 in all cases. The time increment in the dynamic analysis in the case of dynamic loading with the frequency of
1 Hz is 0.016 s and the time increment in the analysis in the case of dynamic loading with the higher frequency is reduced
according to the ratio between the frequency and 1 Hz, for example, for dynamic loading 50 Hz in frequency, the time increment
in the analysis is 0.00032 s. The magnitude and number of cycles of dynamic loading are the same in all cases.

Table 6 Parameters*!' used for dynamic analysis of soil layer under sinusoidal loading

Parameter Value

Initial porosity, # 0.5

Densities of solid particle, water, and air, p*}, p*R, and p®™® 2.6 x 103, 1.0 x 10°, and 1.2 (unit: kg/m?)
Bulk module of water, K% 2200 MPa

Lamé’s constants, 4 and u 6 MPa and 4 MPa

Minimum and maximum saturation, s}’ and sy 0.10 and 0.99

SWCC parameters of LG model, Qyqs blg, Clgs élg, and Mg 0.6, —6,0.1, 3.0, and 1.5
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Figure 9 Soil layer under vertical sinusoidal loading with four different conditions

Figures[I0]and[TT]report the development of pore water and air pressures of soil layer subjected to vertical sinusoidal loading
by means of analyses based on three-field u—v—p and two-field u—p formulations. The results are from Cases A, B, C, and D with
different combinations of 1, and I1, that represent different soil behavior divided by Zienkiewicz et al®. The initial values of
node N1, N2, and N3 becomes increasingly greater due to the rising degree of water saturation as the depth of soil grows. When
soil permeability is relatively small, such as Case A, the change of pore water pressure during loading is marked since the soil is
not well drained and the excess pore water pressure tends to build quickly and displays considerable peaks. As soil permeability
grows, the buildup of pore water pressure becomes less prominent in Cases B, C, and D. Additionally, the differences in pore
fluid pressures between two analyses become significant when soil behavior transits from Zone I to Zone II and Zone 1. As the
soil becomes more saturated, the two analyese exhibit more deviation in prediction, especially the results of Case D recorded in
Figure[TOW, h, and 1. For the development of pore air pressure, the large difference between two analyses is also found in node
N4 in Case D, which is near the water table.
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Figure 10 Nodal pore water pressures of soil layer during dynamic loading
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Figure 11 Nodal pore air pressures of soil layer during dynamic loading

Figure[T2a-h compares the distributions of pore water pressures of soil layer during dynamic loading in Cases A, B, C and D.
In Case A where both the loading frequency and soil permeability are low, the distinction in the predicted pore fluid pressures
between two analyses is subtle. Under loading with the same frequency, when the soil permeability is greater (Case C), the pore
water pressures dissipate much faster than the that in the lower permeability situation (Case B), and the differences between two
analyses become noticeable but not considerable in the saturated area below the loading application zone especially the area
below the ground water table. Furthermore, the discrepancy in the prediction manifest itself to the greater degree as the soil
becomes more drained, particularly in Case D. Additionally, the development of pore water pressure mostly occurs in the areas
near the left-hand boundary because of the direct influence stemming from dynamic loading, and the greatest difference in pore
water pressure is found in the deeper part of the soil layer, i.e., the saturated zone in the bottom left corner area in Case D.
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Figure 12 Distributions of pore water pressures and pore air pressures of soil layer during dynamic loading in Cases A, B, C,

and D at different time steps
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When it comes to the pore air pressures under various conditions in Figure [[2j—p, the development takes place mostly in the
soil near and above the ground water table where soil is unsaturated during the vertical sinusoidal loading. Different from the
pore water pressure, the pore air pressure exhibits the greatest difference between two analyses in the transition area between
unsaturation and saturation.

The solid displacement during dynamic loading in Cases A, B, C, and D is recorded in Figure [T3] It is found that the solid
displacement of soil above the ground water table does not show much difference in the prediction based on the u—v—p and u—p
analyses in Figure[I3p—h. However, the results of Case D in Figure [I3p exhibit differences, although they are quite subtle.
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Figure 13 Vertical solid displacement of nodes N1, N4, and N5 during vertical dynamic loading in Cases A, B, C, and D
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Figure 14 Errors of phase, magnitude, and slope of vertical solid displacement and pore water pressures of node N1 on soil
surface and node NS5 near soil bottom

For the purpose of further examining the performance of analyses based on the three-field u—v—p formulation and two-field
u—p formulation and the differences in their prediction, more cases featured by different combinations of I1; and I1, in the range
0.01 and 100 are simulated. The quantitative differences in the vertical solid displacement and pore water pressure of nodes near
the surface and bottom of soil layer in Figures[I0]and[I3]between two kinds of analyses are presented in Figure[14} Generally, the
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Figure 16 Volumetric strains of soil elements during dynamic loading

graphs are categorized into two zones and the differences in phase, magnitude, and slope of pore water pressure time histories
of different nodes during dynamic loading are predominantly distributed within the upper right-hand corner above the diagonal
line from point (0.01, 100) to point (100, 0.01), i.e., Zone III, which indicates the more drained condition characteristic of large
soil permeability and loading frequency and stands for the zone where analyses based on the full and simplified formulations
would give rise to noticeable discrepancy. This is also similar to the trends of pore water pressure histories shown in Figure[8|and
consistent with the categorization in the original IT,—II, chart proposed by Zienkiewicz et al% except that the highlighted area in
Figure 8]accounts for much more space. However, the solid displacement of different nodes predicted by two analyses in Figure
[T3]does not exhibit distinct differences between each other. This is may be due to the use of elastic stress-stain relationship for soil
in the simulation, where the deformation is not comprehensively reproduced, leading to unnoticeable differences. Additionally,
for the node N1 near soil surface in the unsaturated area, the large difference is more concentrated in area with larger I1;, in
comparison with the node N5 near soil bottom in the saturated area. This results from the small permeability of unsaturated soil
in comparison with that of saturated soil, in order for the relative accelerations of pore fluids of soil to be not negligible—thus
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Figure 17 Horizontal solid displacement of nodes with different depths

showing major differences in its response predicted by two different analyses—the larger soil permeability or I1; is required. As
a result, the highlighted differences of pore water pressure of N1 in Figure[T4b, d, and f are more shifted to the upper-right side
compared to those of N5 in Figure |E|h, j» and 1. Therefore, the unsaturated soil is less likely to exhibit fast flow phenomena
than the saturated soil.

It is also found that, regarding the partially saturated condition, since soil permeability is not as large as that in the fully satu-
rated condition, fast flow motion is not necessarily generated during dynamic loading. It is confirmed in the solid displacement
and fluid pressure results where the simulated dynamic responses using two kinds of analyses are quite similar. Therefore, for
the partially saturated condition, the analysis based on the u—p formulation is sufficient to predict the dynamics of poroelastic
media. Regarding the fully saturated condition, although soil below the ground water table demonstrates different responses
during high-frequency loading, the discrepancy is somehow minor. It is only when both I1; and I1, are sufficiently large can the
difference between two formulations become significant. Consistent with the finding in the dynamic analysis of one-dimensional
saturated soil column in Section [5] the u—p formulation is sufficiently accurately to predict the response of poroelastic media
under dynamic loading with commonly encountered frequency ranges in geotechnical engineering.

The mean effective stresses of different elements of soil layer subjected to vertical sinusoidal loading in Figure [I5] obtained
using analyses based on three-field and two-field formulations generally do not deviates substantially in four cases except in
Case D (Zone III) where the difference is observed in the soil in saturated area (element ES). Also, the wave propagation is
demonstrated in the upper layer in Cases A, B, and C where the loading frequency is not large, in comparison with the large
frequency situation in Case D. This is consistent with the findings about pore fluid pressure, in which the large difference between
two analyses are caused, thus leading to the result in Figure [T3].

As the wave propagation mainly takes place in the vertical direction due to the longitudinal dynamic loading, the compression
deformation of the elastic soil layer in terms of volumetric strain is induced, which is captured in Figure[I6] Since the compression
is vertical, the two different analyses will make a great difference in the vertical soil response when the relative fluid flow becomes
significant. However, given that the soil layer is two-dimensional, the volumetric compression of soil element can result in the
horizontal deformation, so the difference of soil response in the horizontal direction caused by the use of different analyses is
also found.

Figure|T_7|pr0Vides the development of horizontal solid displacement of nodes from top surface (N1) to middle (N6) and bottom
(N10) of soil layer. Basically, the degree of saturation of these nodes increases with depth. During dynamic loading applied to
soil layer, node N6, which is on the top surface and in close contact with the right edge of loading, develops obvious downward
settlement, causing the horizontal displacement to progress toward the left-hand side. As a result, the horizontal displacement of
N6 in Figure [T7p—d shows negative values. Loading causes the compression of soil below, causing the horizontal displacement
of nodes N9 and N10 to develop toward the right-hand side, as displayed in Figure [[7g—p. As for the differences in horizontal
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solid displacement of nodes N6, N9, and N10 obtained using full and simplified analyses, only Case D manifests inconsistent
horizontal solid displacement predicted by two different kinds of analyses, and as the water saturation of soil grows, i.e., from N6
to N9 and N10 in Figure[I74d, 1, and p, the disparity becomes increasingly wider. Therefore, although dynamic loading is applied
vertically, the induced soil response in the horizontal direction is not negligible for soil with the higher degree of saturation.
Moreover, Figure[I7|clearly demonstrates that it is necessary to include the effect of relative pore fluid accelerations on the soil
response in the direction perpendicular to the loading direction when simulating the two-dimensional soil dynamic problem.
In this case, the full formulation results in more accurate description than the simplified formulation to predict soil dynamic
behavior especially for soil with a larger degree of saturation.

7 | CONCLUSIONS

In this study, the dynamics of poroelastic media is investigated using the coupled finite element analysis. The u—v—p full analysis
approach that considers the relative fluid acceleration with respect to solid is proposed, which incorporates governing equations
written in terms of three fields—solid displacement u, relative velocity of pore fluid with respect to solid v, and pore fluid pressure
p. The consolidation of soil column under constant and dynamic loading is examined by means of the numerical simulation
approach proposed in this study, which is also compared with the analytical solution. After that, the analyses of saturated one-
dimensional soil column and partially saturated two-dimensional soil layer subjected to dynamic loading are carried out to study
the behavior of poroelastic media under various conditions of loading frequency and soil permeability, where the performance
of the proposed u—v—p full analysis approach is compared with that of u—p simplified analysis approach. Main conclusions are
drawn as follows:

1. The proposed method is verified in the consolidation analysis where the full analysis approach based on the u—v—p
formulation has predicted soil response in consistence with the analytical solution.

2. When subjected to vertical dynamic loading, the saturated one-dimensional soil column demonstrates different responses
according to the combination of loading frequency and soil permeability, which can be basically divided into two different
categories representing insignificant and significant fluid flow.

3. The dynamic response of partially saturated two-dimensional soil layer can also be classified into two different categories.
Generally, in comparison with saturated soil, unsaturated soil shows responses that are less sensitive to the increase of loading
frequency and soil permeability. For two-dimensional soil with elasticity, despite vertical loading, the volumetric deformation
induced by loading can also cause the soil response in the horizontal direction predicted by full and simplified analyses to exhibit
differences that are dependent on loading frequency and soil permeability.

4. The u—v—p analysis approach shows good performance in predicting soil dynamics when both soil permeability and loading
frequency are significantly large. The u—p analysis approach, though being simplified, can still predicts soil dynamics well under
conditions with high loading frequency and low soil permeability.
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APPENDIX

A DERIVATION OF GOVERNING FORMULATION

A.1 u—v—-p formulation

The three-phase porous media consist of solid, water, and air. With the assumptions of incompressible soil particle, constant
temperature, and no mass exchange between the solid particle and fluid, the key equations governing the mass and momentum
balance™!' are presented. The superscripts s, w, and a represent soil phase, water phase, and air phase in the following sections.
Note that D[]/ Dt stands for the material time derivative with respect to the phase i (which can be s, w, and a).

The mass balance equation of each phase takes the form of

DSpS
——+ prdive* = 0 (A1)
DWpW
T pVdiveY =0 (A2)
D p?
o+ prdivet =0 (A3)

where v*, vV, and v? are the velocities of solid, pore water, and pore air; p°, p%, and p* are the their corresponding densities, with
expressions of

P =1 =mp® (A4)
p* = ns"p*® (A5)
p* = ns'p™® = n(1 — s%)p*™® (A6)

p=p+p"+p (A7)

where pR, p*R, and p*R are the intrinsic densities of solid, pore water, and pore air; p is the overall density of the mixture; 7 is
the porosity; s* and s* are the degrees of water and air saturation with a relation of s¥+s%=1.
The momentum balance equation of each phase takes the form of

p*a® =div 6* + p°b + p° (A8)
pVa¥ =dive® + pVb+ p¥ (A9)
pta® = div 6® + p*b + p* (A10)

AS AW

where a®, a¥, and a* are the accelerations of solid, pore water, and pore air; p°, p*, and p* are the interaction force for solid
phase, water phase, and air phase, having a relation of p° + p% + p* = 0; b is the body force; 6°, 6%, and o* are the partial
Cauchy stress tensor of three phases, which are described as

o'=0 —(1-n)p'I (A1)
oV =—nsVp“I (A12)
o® = —ns*p*I = —n(1 — s*)p*I (A13)

where ¢ is the effective stress tensor; p', p¥, and p* are the average pore pressure, pore water pressure, and pore air pressure
with a relationship of p' = s¥p'+s°p'; I is the second-order identity tensor.
The total stress o is defined as

c=0"+0"+o" (A14)
The acceleration terms a®, a%, and a® are further defined as
o = D*v*  ov®

Dr = T + (gradv®)v (A15)

where v* is the velocity of solid skeleton.
The acceleration of pore water a¥ can be expressed in terms of the material time derivative D[]/ Dt as

w_ DWUW s DSvWS

=a'+
Dt

+ grad(v® + v™*) } 0™ (A16)
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1 where v" is the relative velocity of pore water to the solid skeleton.

2 The acceleration of pore air a* also can be expressed in terms of the material time derivative D[]/ Dt as
at = DD'I’ —a' D]‘)’;‘ + {grad(@® + v™)} o™ (A17)
3 The interaction forces of a phase with other phases are defined by
P =—pY - p (A18)
pY = p“grad (nsV) — u¥ns*v™* (A19)
p* = pPgrad (ns*) — pns*v® (A20)
s where u% and u?* are the material parameter tensors defined by the following equations:
w ,WR
ns¥p" g
u = — 1 (A21)
‘ ns? paR g
ut = - 1 (A22)
s where g is the gravity; k" and k* are the water and air permeability coefficients.
6 Under the constant temperature, the state equations of pore water and pore air are written as
DS pWO DS pw
- = (A23)
p¥ODt KV Dt
D3 paO D3 pa
= (A24)
pDt  K3Dt

7 where KV and K* are the bulk moduli of pore water and pore air.
s Adding Equations [A4] [A5] [A§] together and introducing Equations [A7] and [AT4] results in the expression of the momentum
o balance equation of the mixture:
s W DS vWS
pa+p [ Di
10 Substituting Equations[A5] [AT6] [AT2] refinteraction-water, and [A21]into Equation[A9]leads to the detailed expression of the
11 momentum balance equation of pore water:

S g4aS8
+ {grad (v* +v™)} vws] +p* [DDl;

+ (grad (0" + ™)) v] — div o + pb (A25)

DSUWS
wR s

a’ +

’ [ Dt
12 Substituting Equations [A6] [AT7] [AT3] [A20] and [AZT]into Equation [AT0]leads to the detailed expression of the momentum

s balance equation of pore air:

+ {grad (v° + ™)} vws] = —grad p¥ + p"Rb — ns¥p"Rg (k™)™ ™ (A26)

"

stas

pR [as + + {grad @® + ™) vas}] = —grad p* + pRb — ns*pRg kLo (A27)

14 Substituting Equation [A4]into Equation[AT]and Equation [A3]into Equation[AZ]results in the detailed expressions of the mass
balance equations of solid and pore water, and combining them gives the continuity equation of pore water with respect to solid:

[
@

nsv wR spw Dspa
< X canR> D + canRF + sV p"Rdiv v° + div (nstWRvWS) =0 (A28)

16 Substituting Equation[Ad]into Equation[AT|and Equation [A6]into Equation[AJ|results in the detailed expressions of the mass
7 balance equations of solid and pore water, and combining them gives the continuity equation of pore air with respect to solid:

I

a ,aR D3 p? DSp?
(nsK/; — cnp“R> Dlt’ + cnp“RTI; + s*p*Rdiv v* + div (nsapaRvas) =0 (A29)
s A.2 u—p formulation

o In the u—p formulation, the relative accelerations of pore fluids (pore water and pore air) with respect to solid and the convection
20 terms in Equations[A23] [A26] and [A27]are neglected, so the momentum balance equation of the mixture becomes

[

pa® =div o + pb (A30)
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The momentum balance equations of pore water and pore air become

nsV oW =

Rg {—grad p* + p"*(b—a")} (A31)
a
NSt = ;Tg {~grad p* + (b — a*)} (A32)

Substituting Equation[A3T]into Equation [AZ8]leads to the mass and momentum balance equation of pore water with respect
to solid:

wR Dsp%¥ D3 p? W )
e cnp™R b + canR—p + ¥ p"Rdiv v* + div k—(—grad Y +p"Rb—p*Ra’) ) =0 (A33)
KV Dt Dt g

Substituting Equation[A37]into Equation [AZ9]leads to the mass and momentum balance equation of pore air with respect to
solid:

a ,aR D3p? D3 p? a
e p —cnp™® P + cnp"‘R—p + s*p™Rdiv v* + div k—(—grad P+ pRb—pRa*) ) =0 (A34)
K? Dt Dt g
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