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Abstract

This paper mainly discusses the dynamics of poroelastic media using the finite el-
ement analysis based on the u–v–p full formulation, where u, v, and p denote the
solid displacement, relative fluid velocity with respect to solid velocity, and pore
fluid pressure. It incorporates the effect of relative fluid acceleration with respect to
solid on soil dynamic response. The u–v–p formulation is first verified through the
comparison with the analytical solution. After that, the response of one-dimensional
saturated soil column and two-dimensional partially saturated soil layer subjected
to vertical loading with different combinations of soil permeability and loading fre-
quency are investigated using the analyses with the u–v–p and u–p formulations,
based on which the effect of relative pore fluid motion is discussed and the differ-
ences in the soil response between two kinds of analysis approaches are examined.
Results reveal that the rapid fluid flow has a pronounced effect on soil dynamics and
the soil with a greater degree of saturation is more sensitive to the increase of loading
frequency and soil permeability. The soil dynamic response can basically be divided
into two main categories that represent insignificant and significant flow motion de-
pending on loading frequency and soil permeability. Furthermore, despite vertical
loading, horizontal soil response can also be affected by the large relative pore fluid
flow when loading frequency and soil permeability are large. In addition, the simpli-
fied formulation can still be applicable to predict dynamics of poroelastic media in
cases with high loading frequency and low soil permeability.
KEYWORDS:
Coupled analysis; poroelastic media; dynamics; full formulation; relative fluid acceleration
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1 INTRODUCTION6

Modeling the dynamics of porous media is of great importance in geotechnical engineering problems. Since porous media7

generally consists of solid, water, and/or air, it falls into the category of multiphase material, the dynamic behavior of which can8

be described using macroscopic continuum mechanics and porous media theory1. The governing equations in the porous media9

theory describe the mass and linear momentum balance equations of porous media, thus becoming a robust tool to determine10

the motion of solid and fluid as well as their interaction. With the adoption of the appropriate analysis approach, the coupled11

deformation and flow problem can be solved, the result of which is then applicable to predict the hydromechanical response of12

soil in geotechnical engineering. In the study of porous media dynamics, Biot first proposed equations for saturated porous media13
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under quasi-static load2 and extended it to dynamics3,4,5. Later on, different formulations were developed for the dynamics and1

statics of porous media and were named after the primary variables needed to be solved in the analysis, and they can generally be2

classified into full and simplified formulations. The full formulation represents the whole set of Biot equations (full Biot), while3

the simplified formulation is derived based on some assumptions. The primary variables are usually solid displacement u, fluid4

displacement U, average fluid velocity w or relative fluid velocity v, average relative fluid displacement ū (w = nv = n(U̇–u̇) and5

ū = n(U–u), where n is the porosity), and fluid pressure p. The commonly applied three-variable full formulations are u–w–p6

formulation3,4,5,6,7,8,9,10,11,12, u–U–p formulation13,14,15, and u–ū–p formulation19,20. Furthermore, when fluids are assumed to7

be compressible, the pore pressure variable p can be determined explicitly; as for incompressible fluids, it can also be determined8

using the penalty parameter. Two-variable formulations can also be found written as u–U formulation13,14,23,24,25,26,27, u–w9

formulation28,29, u–ū formulation14,16,17,18, and u̇–w21,22. Nevertheless, when the relative fluid velocity is rather small compared10

with the solid velocity, the relative fluid acceleration can be neglected, then the generally non-zero relative fluid velocity and the11

relative fluid displacement can be eliminated from the governing equations, making the solid displacement u and fluid pressure12

p primary variables and thus leading to the simplified u–p formulation6,14,19,16,31,32,33,34,35,36,37,38,39,40,41,42,43,44.13

Zienkiewicz et al.6 investigated the applicability of the full Biot theory, u–p formulation, and quasi-static consolidation14

formulation based on the one-dimensional analytical study of linearly elastic saturated soil under periodic surface loading.15

Three zones of applicability of various assumptions were also proposed to estimate which formulation was appropriate when16

the ranges of loading frequency and soil permeability were available. Gajo et al.14 evaluate the accuracy and performance of the17

u–U–p formulation in studying the propagation of harmonic waves in fluid-saturated linear isotropic porous media, which was18

also compared with those of u–U and u–ū formulations. It was found that the u–U–p formulation was capable of resolving the19

problem with incompressible pore fluid and solid grain and it became better that other two formulations as the compressibility of20

pore fluid and solid grain increased. Jeremic et al.15 employed the u–U–p formulation to describe the dynamics of fully saturated21

porous materials, where the viscous damping is appropriately modeled and simulated by taking into account the interaction22

between solid and fluid. With the use of the formulation, liquefaction of saturated level and sloping grounds were investigated,23

involving both loose and dense sand conditions. Ulker and Rahman19 examined the fully dynamic, partly dynamic, and quasi-24

static formulations using the analytical approaches with the u–ū–p formulation and concluded that the regions of validity for25

three different formulations mainly dependent on three dimensionless parameters relating to soil permeability, loading frequency,26

and spatial variation of loading. The range of applicability of these formulations were also suggested in the study. Navas et al.18
27

investigated the applicability of the proposed meshfree numerical scheme with the u–ū formulation to the dynamic behavior28

of one-dimensional soil in three zones6 featuring different soil permeability and loading frequencies, finding that the larger29

permeability and frequency led to more unstable and higher peaks of pore water pressure. Toyoda and Noda11 performed the one-30

dimensional consolidation analysis of a linearly elastic saturated soil model with a wide range of soil permeability coefficients31

to evaluate the performance of the u–w–p formulation, based on which characteristics such as the S-shaped settlement–time32

relation, non-harmonic oscillation in the settlement/pressure–time relation in highly permeable soil, and inconsistency in the33

vertical load and immediate pressure were identified in the study.34

For soil dynamics problems with a common frequency range encountered in the geotechnical earthquake engineering, the35

analysis based on the u–p formulation is generally thought capable of guaranteeing sufficient accuracy6,30 and it is usually36

adopted for the merits of fairly reasonable assumptions in usual cases; however, since the applicability of different formulations37

is dependent on both the loading frequency and soil permeability, it still remains unclear for two-dimensional problem whether38

the simplified formulation is applicable when both high-permeability soil and large-frequency loading are involved. In fact, the39

full formulation is preferable to the simplified version when dealing with high-frequency and high-permeability problem since40

it describe the fluid flow in more detail. The high-frequency problem can be found in blast loading that has a typically shorter41

excitation period, e.g. 0.005 s–2 s46. Since loading frequency can affect the strength and moduli of soil, which will in turn have42

an impact on the behavior of soil under different loading conditions, it is necessary to investigate the soil response considering43

the effect of high frequency. On the other hand, the high-permeability problem can be encountered when dealing with sandy44

soil, which is usually classified to be highly permeable and drained, so the effect of permeability should be examined in the45

dynamic analysis. Another case where high-permeability may arise is the dynamic centrifuge modeling of soil response. The46

permeability of saturated soil sample is usually reduced by a factor N (N is the ratio of the centrifugal acceleration to the Earth’s47

gravity) to satisfy the scaling law for the permeability coefficient. This is usually achieved by mixing a fluid N times more48

viscous than water into soil so that dynamic time will match the diffusion time. However, when water is used as the pore fluid in49

the soil sample47,48, the scaling law is thus not perfectly satisfied and the flow is regarded to be N times faster. In this situation,50

the fast flow may not be neglected especially for a large N value such as 50 or even greater, hence the impact of fast fluid flow51
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on soil dynamics should be properly evaluated when the numerical analysis is carried out to reproduce or validate against the1

physical modeling outcome.2

The literature review also indicates that the main work on soil dynamics considering the effects of soil permeability or loading3

frequency is usually based on the one-dimensional or simple two-dimensional soil model. Whether the simplified soil model4

is applicable to complex problem in geotechnical engineering still needs to be investigated into. In addition, the dynamics of5

unsaturated soil that is commonly encountered in the geotechnical problems has not been widely studied yet, so the analysis6

approach for the dynamics of unsaturated porous media is still an important subject requires further attention.7

Table 1 Comparison of typical formulations for porous media dynamics

Formulation Comment Definition of primary variable

𝒖–𝑼–𝑝
It represents the whole set of Biot equations6; it can treat pore fluid
as incompressible15; it is applicable to any range of frequency6; it is
difficult to track the large deformation of fluid.

𝒖: solid displacement;
𝑼 : pore fluid displacement;
𝒘: average relative velocity of
pore fluid with respect to solid
velocity, i.e., Darcy velocity;
𝒗: relative velocity of pore fluid
with respect to solid velocity, i.e.,
seepage velocity;
𝒘 = 𝑛𝒗;
𝑛: porosity;
𝑝: pore fluid pressure.

𝒖–𝑼
It is the reduced format of 𝒖–𝒘–𝑝 formulation when pore fluid or
solid is compressible14; it may induce volumetric locking when large
difference in volumetric compressibility between pore fluid and solid
exists15; it is difficult to track the large deformation of fluid.

𝒖–𝒘–𝑝
It represents the whole set of Biot equations10; it enables continuous
𝒘 even on the discontinuous porosity surface10; it has discontinuous
𝒗 at nodes10.

𝒖–𝒘
It is the reduced format of 𝒖–𝒘–𝑝 formulation when pore fluid or
solid is compressible14; it enables the continuous 𝒘 even on the dis-
continuous porosity surface; it has discontinuous 𝒗 at nodes.

𝒖–𝒗–𝑝 It is simple since 𝒗 can be treated directly in the balance
equations40,41; 𝒗 can be continuous at nodes40,41.

𝒖–𝑝
It simplifies porous media dynamics without considering the relative
acceleration between pore fluid and solid6,14,38,41; it requires special
numerical treatment to prevent volumetric locking7,20,38,41,45.

Among the abovementioned formulations, the commonly used ones listed in Table 1 are worth extra attention. The u–p8

formulation captures the movement of soil skeleton and the change in pore pressure and it has a simpler expression compared9

to other types of formulations. This formulation neglects the relative acceleration of pore fluid with respect to solid6,14,38,41. In10

the case of incompressible pore fluid and very low permeability, the formulation requires special treatment of the approximation11

function for pore fluid to prevent volumetric locking7,20,38,41,45. The majority of the currently available implementations are12

based on this formulation as it can produce reasonably reliable results in most coupled problems where the permeability and13

loading frequency are insignificant. The u–U–p formulation represents the whole set of Biot equations6 and uses an additional14

unknown variable of pore fluid pressure to stabilize the solution of the coupled system15. The pore fluid pressure is dependent15

on pore fluid displacement as it can be calculated once the volumetric compressibility of pore fluid is known. This formulation16

can treat pore fluid as incompressible and simplifies the description of the physical model for fluid permeation15; it is applicable17

to any range of frequency as it does not make additional assumptions on pore fluid motion imposed by the u–p formulation6.18

The u–U formulation, which is reduced from the u–U–p formulation, can be obtained after eliminating p from the continuity19

equation when the pore fluid or solid is compressible14. The u–U formulation tracks the movement of both soil skeleton and pore20

fluid and it is complete in the sense of basic variable; however, it may experience volumetric locking in situations featuring large21

difference in volumetric compressibility between pore fluid and solid skeleton15 and the direct treatment of fluid displacement U22

can cause numerical difficulty since it is difficult to track the large deformation of fluid. The u–w–p formulation also represents23

the whole set of Biot equations10, which enables the achievement of continuous Darcy velocity w even on the discontinuous24

porosity surface10. Its reduced format—the u–w formulation—can also be derived by eliminating p from the continuity equation25

when pore fluid or solid is compressible14. Similar to the u–w–p formulation, the u–p formulation has continuous w even on26
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the discontinuous porosity surface but the seepage velocity v at nodes is discontinuous. The main difference between u–w–p1

formulation and u–v–p formulation is that the former enables the continuous w even on the discontinuous porosity surface10.2

However, since porosity n is defined at integration points, w can be calculated at integration points to ensure the continuous3

v at nodes40,41. Furthermore, the u–v–p formulation is simple since v can be treated directly in the balance equations40,41. In4

comparison with other formulations, the u–v–p formulation is still less applied to the analysis of porous media dynamics at5

present. As an effective tool in predicting the overall behavior of porous media, the analysis based on u–v–p formulation needs6

thorough examination and its applicability merits detailed investigation.7

In this study, the u–v–p formulation, which does not neglect the relative acceleration of fluid with respect to solid, is proposed8

to express the governing equations for soil dynamics. The effects of the relative fluid acceleration are discussed where the9

poroelastic dynamics is the focus. The objective is to examine the effects of soil permeability and loading frequency on soil10

dynamics especially two-dimensional elastic soil dynamics and investigate the applicability of the u–v–p and u–p formulations11

to the corresponding analysis.12

2 THEORETICAL FRAMEWORK13

2.1 Governing equations14

Porous media is modeled by the three-phase mixture consisting solid, water, and air. The governing equations for the porous15

media can be written in five major formulations, namely, the conservation of momentum for the whole porous media, the16

conservation of momentum for the water phase, the conservation of momentum for the air phase, the conservation of mass for17

the water phase, and the conservation of mass for the air phase. The detailed description of related equations and the derivation18

of the governing equations are supplemented in Appendix A.19

2.1.1 u–v–p formulation20

In the u–v–p formulation, it is assumed that the soil particle is incompressible, temperature is constant, and no mass exchange21

exists between the solid particle and fluid.22

The momentum balance equation of the mixture is written as:23

𝜌𝒂s + 𝜌w
[𝐷s𝒗ws

𝐷𝑡
+ {grad (𝒗s + 𝒗ws)} 𝒗ws

]

+ 𝜌a
[𝐷s𝒗as

𝐷𝑡
+ {grad (𝒗s + 𝒗as)} 𝒗as

]

= div 𝝈 + 𝜌𝒃 (1)
where 𝜌, 𝜌w, and 𝜌a are the density of the mixture, pore water, and pore air; as is the solid acceleration; vs, vws, and vas are the24

solid velocity and relative velocities of pore water and pore air with respect to solid; 𝝈 is the total stress tensor; b is the body25

force.26

27

The momentum balance equation of the pore water is written as:28

𝜌wR
[

𝒂s + 𝐷s𝒗ws
𝐷𝑡

+ {grad (𝒗s + 𝒗ws)} 𝒗ws
]

= −grad 𝑝w + 𝜌wR𝒃 − 𝑛𝑠w𝜌wR𝑔 (𝑘w)−1 𝒗ws (2)
where 𝜌wR is the intrinsic density of pore water, which has the relationship with the density of pore water 𝜌w defined in Equation29

A5 in Appendix A; pw is the pore water pressure; n is the porosity; sw is the degree of water saturation; kw is the permeability30

coefficient of pore water; g is the gravitational acceleration.31

32

The momentum balance equation of the pore air is written as:33

𝜌aR
[

𝒂s + 𝐷s𝒗as
𝐷𝑡

+ {grad (𝒗s + 𝒗as) 𝒗as}
]

= −grad 𝑝a + 𝜌aR𝒃 − 𝑛𝑠a𝜌aR𝑔 (𝑘a)−1 𝒗as (3)
where 𝜌aR is the intrinsic density of pore air, which has the relationship with the density of pore water 𝜌w defined in Equation34

A6 in Appendix A; pa is the pore air pressure; sa is the degree of air saturation; ka is the permeability coefficient of pore air.35

36

The mass balance equation of the pore water is written as:37

(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
+ 𝑐𝑛𝜌wR

𝐷s𝑝a

𝐷𝑡
+ 𝑠w𝜌wRdiv 𝒗s + div

(

𝑛𝑠w𝜌wR𝒗ws
)

= 0 (4)
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where Kw is the bulk modulus of pore water; c is the specific moisture capacity of the soil-water characteristics curve (SWCC),1

i.e., the derivative of the water saturation with respect to the suction, which may be obtained with the aid of SWCC.2

3

The mass balance equation of the pore air is written as:4

(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
+ 𝑐𝑛𝜌aR

𝐷s𝑝a

𝐷𝑡
+ 𝑠a𝜌aRdiv 𝒗s + div

(

𝑛𝑠a𝜌aR𝒗as
)

= 0 (5)
where Ka is the bulk modulus of pore air.5

Equations 1–5 constitute the governing equations of the u–v–p formulation with primary variables of 𝒖s, 𝒗ws, 𝒗as, 𝑝w, and 𝑝a.6

2.1.2 u–p formulation7

In the u–p formulation, it is further assumed that the relative accelerations of pore fluid (pore water and pore air) with respect8

to solid and the convection terms are neglected, in addition to the assumptions made in the u–v–p formulation.9

When the time derivatives of the relative velocity of pore fluid with respect to solid, as well as the convection terms, in10

Equations 1, 2, and 3 are neglected, the momentum balance equations for the mixture, pore water, and pore air in the u–p11

formulation are written as:12

𝜌𝒂s = div 𝝈 + 𝜌𝒃 (6)
Substitution of the momentum balance equations of the pore water and air in Equations 2 and 3 with the omission of the13

time derivatives of the relative velocity of pore fluid with respect to solid as well as the convection terms into the mass balance14

equations of pore fluids results in15

(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
+ 𝑐𝑛𝜌wR

𝐷s𝑝a

𝐷𝑡
+ 𝑠w𝜌wRdiv 𝒗s + div

(

𝑘w

𝑔
(−grad 𝑝w + 𝑝wR𝒃 − 𝜌wR𝒂s)

)

= 0 (7)
16

(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
+ 𝑐𝑛𝜌aR

𝐷s𝑝a

𝐷𝑡
+ 𝑠a𝜌aRdiv 𝒗s + div

(

𝑘a

𝑔
(−grad 𝑝a + 𝑝aR𝒃 − 𝜌aR𝒂s)

)

= 0 (8)
Equations 6–8 constitute the governing equations of the u–p formulation with primary variables of 𝒖s, 𝑝w, and 𝑝a.17

2.2 Soil–water characteristic curve18

Soil–water characteristic curve (SWCC) describes the relationship between the effective degree of water saturation sw
e and suction19

pc and can be mathematically written using the VG model49:20

𝑠we =
𝑠w − 𝑠wr
𝑠ws − 𝑠wr

=
{

1 + (𝛼𝑝c)𝑛
}−𝑚 (9)

where sw
s and sw

r are the maximum and minimum degrees of water saturation. 𝛼, n, and m are the material parameters; suction21

pc is equal to pa – pw and there is22

𝐷s𝑠w

𝐷𝑡
= 𝑐

𝐷s𝑝c

𝐷𝑡
=

𝜕𝑠w

𝜕𝑝c
𝐷s𝑝c

𝐷𝑡
(10)

where c is the specific moisture capacity of SWCC and varies with the suction or degree of saturation, and it can be obtained by23

differentiating Equation 9 with respect to pc.24

2.3 Permeability coefficient function25

Permeability coefficient function (PCF) describes the relationship of the permeability coefficient kw and the effective degree26

water saturation sw
e , which takes the following form in the VG model:27

𝑘w = 𝑘ws
(

𝑠we
)𝜁

[

1 −
{

1 −
(

𝑠we
)

1
𝑚

}𝑚]2

(11)

𝑘a = 𝑘as
(

1 − 𝑠we
)𝜂

{

1 −
(

𝑠we
)

1
𝑚

}2𝑚

(12)
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where kw
s and ka

s are the saturated water and air permeability coefficients; 𝜁 and 𝜂 are the constant material parameters.1

2.4 Effective stress2

The Cauchy effective stress of solid skeleton is assumed as an additive decomposition of the form38
3

𝝈′ = 𝝈′
inv + 𝝈′

vis (13)

where 𝝈′
inv and 𝝈′

vis are the inviscid and viscous parts of 𝝈′ respectively. The inviscid part of the Cauchy effective stress can be4

obtained by the hyperelastic constitutive equation (neo-Hookean model50) as5

𝝈′
inv =

𝜇
𝐽 s (𝒃

s − 𝑰) + 𝜆
𝐽 s (ln 𝐽

s)𝑰 (14)

where 𝜆 and 𝜇 are the Lamé’s constants of neo-Hookean model. The Jacobian 𝐽 s is defined as det(𝑭 s) with the deformation6

gradient 𝑭 s of solid skeleton. The left Cauchy-Green tensor 𝒃s of solid skeleton is defined as 𝑭 s(𝑭 s)T. The viscous part of the7

Cauchy effective stress for the solid skeleton can be obtained by Kelvin constitutive equation51 as8

𝝈′
vis = 𝛼vis 𝒄 ∶ 𝒅s (15)

where 𝛼vis is the material parameter reflecting the viscous damping characteristics of the solid skeleton and 𝒅s is the deformation9

rate tensor of solid skeleton. The fourth-order spatial elasticity tensor 𝒄 in the current configuration can be obtained as10

𝒄 = 𝜆
𝐽 s 𝑰 ⊗ 𝑰 + 2

𝐽 s (𝜇 − 𝜆 ln 𝐽 s) (16)

where  is the fourth-order identity tensor.11

The elastic model is used in all the analyses in this study.12

3 FINITE ELEMENT FORMULATION13

The numerical stability issues relating to the u–v–p formulation can be attributed to improper use of time integration scheme and14

spatial discretization method. Also, in problems where the fluid or solid is nearly incompressible, the system of partial differential15

equations can become ill-conditioned, leading to numerical locking. Moreover, many porous media problems involve nonlinear16

material behavior, which can introduce additional stability challenges. In addition, spatial oscillation may be a problem when17

using the u–v–p formulation, where the insufficient spatial discretization such as large mesh size can cause the boundary with18

discontinuous porosity to show oscillation in results.19

The finite element formulation of time-dependent problems involves two steps, i.e., spatial discretization and temporal dis-20

cretization. The spatial discretization is first conducted, including the establishment of the weak forms and approximation of21

primary variables. The standard Galerkin method is used to obtain the weak forms of the governing equations by multiplying22

them with weight functions and integrating over the domain. The primary variables are approximated using the isoparamet-23

ric mixed finite element, with 8 nodes for displacement and 4 nodes for pressure. In this way, the inf-sup or LBB condition is24

satisfied.25

For the temporal discretization, the Newmark method is used to advance transient problems in time. To handle the nonlin-26

earities of the governing equations, linearization of the weak form is performed with construction of directional derivative and27

iteration using the Newton-Raphson iterative method at each time step. The linearization process is conducted first in the refer-28

ence configuration due to the constant initial elemental volume during linearization, then the linearized weak forms of governing29

equations is transformed by a push forward operation to the current configuration.30

By linearizing the governing equations at each iteration using the Newton-Raphson method, the nonlinear problem is trans-31

formed into a sequence of linearized equations where the solution is updated until convergence is achieved. Within each time32

step, a sequence of linear problems is solved to find the configuration satisfying the residual equation.33
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3.1 Initial and boundary conditions1

The momentum and mass balance equations are solved in a boundary value problem. The boundary condition for the The initial2

conditions for the five primary variables are described using the following conditions3

𝒖s = 𝒖ss0; 𝒗
ws = 𝒗wss0 ; 𝒗

as = 𝒗ass0; 𝑝
w = 𝑝ws0; 𝑝

a = 𝑝as0 (17)

where the subscript s0 indicates the reference configuration of solid phase.4

The boundary conditions for the five primary variables 𝒖s, 𝒗ws, 𝒗as, 𝑝w, and 𝑝a are given by5

𝒖s = 𝒖̄s on 𝜕𝐵s
u (18)

𝝈𝒏 =
(

𝝈′ − 𝑝a𝑰 + 𝑠w𝑝c𝑰
)

𝒏 = 𝒕 on 𝜕𝐵s
t (19)

𝒗ws = 𝒗̄ws on 𝜕𝐵s
uw (20)

𝝈w𝒏 = −𝑝w𝑰𝒏 = 𝒕w on 𝜕𝐵s
tw (21)

𝒗as = 𝒗̄as on 𝜕𝐵s
ua (22)

𝝈a𝒏 = −𝑝a𝑰𝒏 = 𝒕a on 𝜕𝐵s
ta (23)

𝑝w = 𝑝̄w on 𝜕𝐵s
wp (24)

𝑛𝑠w𝜌wR𝒗ws ⋅ 𝒏 = 𝒒w ⋅ 𝒏 = 𝑞w on 𝜕𝐵s
wq (25)

𝑝a = 𝑝̄a on 𝜕𝐵s
ap (26)

𝑛𝑠a𝜌aR𝒗as ⋅ 𝒏 = 𝒒a ⋅ 𝒏 = 𝑞a on 𝜕𝐵s
aq (27)

where 𝒖̄s, 𝒗̄ws, and 𝒗̄as are the prescribed vectors of solid displacement, relative pore water velocity, and relative pore air velocity6

at the boundaries 𝜕𝐵s
u, 𝜕𝐵s

uw, and 𝜕𝐵s
ua; 𝑝̄w and 𝑝̄a are the prescribed vectors of pore water pressure and pore air pressure at the7

boundaries 𝜕𝐵s
wp and 𝜕𝐵s

ap; 𝒕, 𝒕w, and 𝒕a are the prescribed vectors of traction acting on the mixture, water phase, and air phase8

at the boundaries 𝜕𝐵s
t , 𝜕𝐵s

tw, and 𝜕𝐵s
ta; 𝑞w and 𝑞a are the prescribed mass flux on a unit area along the unit normal vector 𝒏 at9

the boundaries 𝜕𝐵s
wq and 𝜕𝐵s

aq. All boundary segments have relationships as follows:10

𝜕𝐵s = 𝜕𝐵s
u ∪ 𝜕𝐵s

t = 𝜕𝐵s
uw ∪ 𝜕𝐵s

tw = 𝜕𝐵s
ua ∪ 𝜕𝐵s

ta = 𝜕𝐵s
wp ∪ 𝜕𝐵s

wq = 𝜕𝐵s
ap ∪ 𝜕𝐵s

aq

𝜕𝐵s
u ∩ 𝜕𝐵s

t = 𝜕𝐵s
uw ∩ 𝜕𝐵s

tw = 𝜕𝐵s
ua ∩ 𝜕𝐵s

ta = 𝜕𝐵s
wp ∩ 𝜕𝐵s

wq = 𝜕𝐵s
ap ∩ 𝜕𝐵s

aq = 0 (28)

3.2 Weak forms11

3.2.1 u–v–p formulation12

The strong forms (differential equations) of the governing equations 1–5 in the u–v–p formulation are transformed to the weak13

forms (integral equations) using the weighted residuals.14

The weak form of the momentum balance equation of the mixture is derived by multiplying Equations 1 and 19 by a test15

function 𝒘s that is zero on the prescribed displacement boundary 𝜕𝐵s
u and adding them together after integrating over the total16

domain:17

𝑓 s =∫
𝐵s

𝜌𝒘s ⋅ 𝒂s𝑑𝑣 + ∫
𝐵s

grad 𝒘s ∶ 𝝈′𝑑𝑣 − ∫
𝐵s

𝑝fdiv 𝒘s𝑑𝑣 − ∫
𝐵s

𝜌𝒘s ⋅ 𝒃𝑑𝑣

− ∫
𝜕𝐵s

𝑡

𝒘s ⋅ 𝒕𝑑𝑎 + ∫
𝐵s

𝜌w𝒘s ⋅
[𝐷s𝒗ws

𝐷𝑡
+ {grad (𝒗s + 𝒗ws)} 𝒗ws

]

𝑑𝑣

+ ∫
𝐵s

𝜌a𝒘s ⋅
[𝐷s𝒗as

𝐷𝑡
+ {grad (𝒗s + 𝒗as)} 𝒗as

]

𝑑𝑣 = 0 (29)

The weak form of the momentum balance equation of the pore water is derived by multiplying Equations 2 and 21 by a test18

function 𝒘ws that is zero on the prescribed displacement boundary 𝜕𝐵s
uw and adding them together after integrating over the19
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total domain:1

𝑓ws =∫
𝐵s

𝜌wR𝒘ws ⋅
[

𝒂s + 𝐷s𝒗ws
𝐷𝑡

+ {grad (𝒗s + 𝒗ws)} 𝒗ws
]

𝑑𝑣

− ∫
𝐵s

𝒘ws ⋅
{

𝜌wR𝒃 − 𝑛𝑠w𝜌wR𝑔 (𝑘w)−1 𝒗ws
}

𝑑𝑣

− ∫
𝜕𝐵s

tw

𝒘ws ⋅ 𝒕w𝑑𝑎 − ∫
𝐵s

𝑝wdiv 𝒘ws𝑑𝑣 = 0 (30)

The weak form of the momentum balance equation of the pore air mixture is derived by multiplying Equations 3 and 23 by a2

test function 𝒘as that is zero on the prescribed displacement boundary 𝜕𝐵s
ua and adding them together after integrating over the3

total domain:4

𝑓 as =∫
𝐵s

𝜌aR𝒘as ⋅
[

𝒂s + 𝐷s𝒗as
𝐷𝑡

+ {grad (𝒗s + 𝒗as)} 𝒗as
]

𝑑𝑣

− ∫
𝐵s

𝒘as ⋅
{

𝜌aR𝒃 − 𝑛𝑠a𝜌aR𝑔 (𝑘a)−1 𝒗as
}

𝑑𝑣

− ∫
𝜕𝐵s

ta

𝒘as ⋅ 𝒕a𝑑𝑎 − ∫
𝐵s

𝑝adiv 𝒘as𝑑𝑣 = 0 (31)

The weak form of the mass balance equation of the pore water is derived by multiplying Equations 4 and 25 by a test function5

𝑤w that is zero on the prescribed pressure boundary 𝜕𝐵s
wp and adding them together after integrating over the total domain:6

𝑓w =∫
𝐵s

𝑤w
[(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
+ 𝑐𝑛𝜌wR

𝐷s𝑝a

𝐷𝑡
+ 𝑠w𝜌wRdiv 𝒗s

]

𝑑𝑣

+ ∫
𝜕𝐵s

wq

𝑤w𝑞w𝑑𝑎 − ∫
𝐵s

grad 𝑤w ⋅
(

𝑛𝑠w𝜌wR𝒗ws
)

𝑑𝑣 = 0 (32)

The weak form of the mass balance equation of the pore air is derived by multiplying Equations 5 and 27 by a test function7

𝑤a that is zero on the prescribed pressure boundary 𝜕𝐵s
ap and adding them together after integrating over the total domain:8

𝑓 a =∫
𝐵s

𝑤a
[(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
+ 𝑐𝑛𝜌aR

𝐷s𝑝w

𝐷𝑡
+ 𝑠a𝜌aRdiv 𝒗s

]

𝑑𝑣

+ ∫
𝜕𝐵s

aq

𝑤a𝑞a𝑑𝑎 − ∫
𝐵s

grad 𝑤a ⋅
(

𝑛𝑠a𝜌aR𝒗as
)

𝑑𝑣 = 0 (33)

3.2.2 u–p formulation9

The strong forms (differential equations) of the governing equations 6–8 in the u–p formulation are transformed to the weak10

forms (integral equations) using the weighted residuals.11

The weak form of the momentum balance equation of the mixture is derived by multiplying Equations 6 and 19 by a test12

function 𝒘s that is zero on the prescribed displacement boundary 𝜕𝐵s
u and adding them together after integrating over the total13

domain:14

𝑠s =∫
𝐵s

𝜌𝒘s ⋅ 𝒂s𝑑𝑣 + ∫
𝐵s

grad 𝒘s ∶ 𝝈′𝑑𝑣 − ∫
𝐵s

𝑝̄div 𝒘s𝑑𝑣 − ∫
𝐵s

𝜌𝒘s ⋅ 𝒃𝑑𝑣 − ∫
𝜕𝐵s

t

𝒘s ⋅ 𝒕𝑑𝑎 = 0 (34)

The weak form of the mass and momentum balance equation of the pore water is derived by multiplying Equations 7 and 2515

by a test function 𝑤w that is zero on the prescribed displacement boundary 𝜕𝐵s
wp and adding them together after integrating over16
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the total domain:1

𝑠w =∫
𝐵s

𝑤w
(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
𝑑𝑣 + ∫

𝐵s

𝑤w𝑐𝑛𝜌wR
𝐷s𝑝a

𝐷𝑡
𝑑𝑣 + ∫

𝐵s

𝑤w𝑠w𝜌wR𝒗s𝑑𝑣

− ∫
𝐵s

grad 𝑤w ⋅
{

𝑘w

𝑔
(−grad 𝑝w + 𝜌wR𝒃 − 𝜌wR𝒂s)

}

𝑑𝑣 + ∫
𝜕𝐵s

wq

𝑤w𝑞w𝑑𝑎 = 0 (35)

The weak form of the mass and momentum balance equation of the pore air is derived by multiplying Equations 8 and 27 by2

a test function 𝑤a that is zero on the prescribed displacement boundary 𝜕𝐵s
ap and adding them together after integrating over the3

total domain:4

𝑠a =∫
𝐵s

𝑤a
(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
𝑑𝑣 + ∫

𝐵s

𝑤a𝑐𝑛𝜌aR
𝐷s𝑝w

𝐷𝑡
𝑑𝑣 + ∫

𝐵s

𝑤a(1 − 𝑠w)𝜌aRvs𝑑𝑣

− ∫
𝐵s

gard 𝑤a ⋅
{

𝑘a

𝑔
(−gard 𝑝a + 𝜌aR𝒃 − 𝜌aR𝒂s)

}

𝑑𝑣 + ∫
𝜕𝐵s

aq

𝑤a𝑞a𝑑𝑎 = 0 (36)

3.3 Spatial discretization5

In numerical models based on coupled formulations for porous media, the inf-sup or LBB condition appears in the form of6

an incompressibility constraint on the spatial discretization of the fluid mass balance. If the inf-sup condition is violated, non-7

negligible spurious oscillations will occur in the numerical fluid pressure results. In the context of the finite element method,8

different models based on various strategies have developed to satisfy the inf-sup condition, ranging from the least squares9

Galerkin technique to the stabilization approaches to the use of element generating unequal order interpolation functions.10

In this study, the Q8P4 mixed element in Figure 1 is adopted to satisfy the inf-sup condition. The Q8P4 mixed element uses an11

8-node quadrilateral isoparametric element with 4 corner nodes and 4 midside nodes for displacement, velocity, and acceleration12

(Q8) and a 4-node quadrilateral isoparametric element with 4 midside nodes for pressure (P4). The key to satisfying the inf-13

sup condition with this element pair lies in the choice of shape functions and the way they are integrated over the elements.14

The pressure gradient in any element is appropriately bounded by the displacement gradient, where the interpolation used for15

pressure is at one order lower than that used for the displacement field, i.e. unequal order interpolation.16

x

y

�x���y��

Soil skeleton displacement and 

relative water and air velocity

Figure 1 Q8P4 element

The Q8 element provides a higher order of interpolation for displacement, which is beneficial for capturing the displacement17

field accurately. The P4 element, being linear, ensures that the pressure field is continuous and well-behaved across element18

interfaces. The combination of the Q8 element for displacement and the P4 element for pressure ensures that the pressure gradient19

is appropriately represented and bounded by the displacement gradient, thereby satisfying the inf-sup condition.20
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The displacement, velocity, and acceleration of solid, as well as relative velocities of pore water and air over the element1

domain are interpolated in the following manners:2

𝒖s =
8
∑

𝑛=1
𝑁d

𝑛𝒖
s
𝑛, 𝒗s =

8
∑

𝑛=1
𝑁d

𝑛𝒗
s
𝑛, 𝒂s =

8
∑

𝑛=1
𝑁d

𝑛𝒂
s
𝑛, 𝒗ws =

8
∑

𝑛=1
𝑁d

𝑛𝒗
ws
𝑛 , 𝒗as =

8
∑

𝑛=1
𝑁d

𝑛𝒗
as
𝑛 (37)

where 𝑁d
𝑛 is the 8-node shape function for displacement and its derivatives; 𝒖s𝑛, 𝒗s𝑛, and 𝒂s

𝑛 are the nodal displacement, velocity,3

and acceleration of solid; 𝒗ws𝑛 and 𝒗as𝑛 are the nodal relative velocities of pore water and air with respect to solid.4

The pressures of pore water and air over the element domain are interpolated in the following manners:5

𝑝w =
4
∑

𝑛=1
𝑁p

𝑛𝑝
w
𝑛 , 𝑝a =

4
∑

𝑛=1
𝑁p

𝑛𝑝
a
𝑛 (38)

where 𝑁p
𝑛 is the 4-node shape function for pressure; 𝑝w𝑛 and 𝑝a𝑛 are the nodal pressures of pore water and air.6

3.4 Temporal discretization7

Given the time-dependent nature of the governing equations, the Newmark method is introduction for temporal discretization.8

The displacement and velocity of solid at time t+Δt are linked with those known at time t according to the following expressions:9

𝒖s =𝒖s𝑡 + Δ𝑡 𝒗s𝑡 +
1
2
Δ𝑡2(1 − 2𝛽)𝒂s

𝑡 + 𝛽Δ𝑡2 𝒂s (39)
𝒗s =𝒗s𝑡 + (1 − 𝛾)Δ𝑡𝒂s

𝑡 + 𝛾Δ𝑡𝒂s (40)
The relative velocities of pore water and air at time t+Δt are linked with those known at time t according to the following10

expressions:11

𝒗ws =𝒗ws𝑡 + (1 − 𝛾)Δ𝑡 𝒗̇ws𝑡 + 𝛾Δ𝑡 𝒗̇ws (41)
𝒗as =𝒗as𝑡 + (1 − 𝛾)Δ𝑡 𝒗̇as𝑡 + 𝛾Δ𝑡 𝒗̇as (42)

where 𝛾 and 𝛽 are parameters that determine the stability and accuracy characteristics of the method; the subscript t indicates12

the previous time step and Δt is the time increment, and variables with the subscript t are used to calculate the variables in the13

next time step t+Δt; 𝒗̇ws and 𝒗̇as are the material time derivatives of relative velocities of pore water and air with respect to solid.14

The pressures of pore water and air at time t+Δt are linked with those known at time t according to the following expressions:15

𝑝w =𝑝w𝑡 + Δ𝑡 𝑝̇w𝑡 + 1
2
Δ𝑡2(1 − 2𝛽) 𝑝̈w𝑡 + 𝛽Δ𝑡2 𝑝̈w (43)

𝑝̇w =𝑝̇w𝑡 + (1 − 𝛾)Δ𝑡 𝑝̈w𝑡 + 𝛾Δ𝑡 𝑝̈w (44)
𝑝a =𝑝a𝑡 + Δ𝑡 𝑝̇a𝑡 +

1
2
Δ𝑡2(1 − 2𝛽) 𝑝̈a𝑡 + 𝛽Δ𝑡2 𝑝̈a (45)

𝑝̇a =𝑝̇a𝑡 + (1 − 𝛾)Δ𝑡 𝑝̈a𝑡 + 𝛾Δ𝑡 𝑝̈a (46)
where 𝑝̇w and 𝑝̇a are the material time derivatives of pressures of pore water and air with respect to solid; 𝑝̈w and 𝑝̈a are the16

second material time derivatives of pressures of pore water and air with respect to solid.17

3.5 Linearization18

The directional derivatives of the left-hand side terms of the weak forms in Section 3.2 are constructed and the Newton-Raphson19

method is used for linearization. Herein, the linearization of the three-field u–v-p formulation is carried out. As for the two-field20

u–p formulation, the operation is similar.21

The weak form of governing equations in the u–v–p formulation to be linearized can be written as22

𝑓 s (𝒂s, 𝒗̇ws, 𝒗̇as, 𝑝̈w, 𝑝̈a) = 0
𝑓ws (𝒂s, 𝒗̇ws, 𝒗̇as, 𝑝̈w, 𝑝̈a) = 0
𝑓 as (𝒂s, 𝒗̇ws, 𝒗̇as, 𝑝̈w, 𝑝̈a) = 0
𝑓w (𝒂s, 𝒗̇ws, 𝒗̇as, 𝑝̈w, 𝑝̈a) = 0
𝑓 a (𝒂s, 𝒗̇ws, 𝒗̇a, 𝑝̈w, 𝑝̈a) = 0 (47)
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The linearized formulations, after taking directional derivatives of Equation 47, take the following forms:1

𝐷𝑓 s [Δ𝒂s] +𝐷𝑓 s [Δ𝒗̇ws
]

+𝐷𝑓 s [Δ𝒗̇as
]

+𝐷𝑓 s [Δ𝑝̈w
]

+𝐷𝑓 s [Δ𝑝̈a
]

= −𝑓 s
𝑘

𝐷𝑓ws [Δ𝒂s] +𝐷𝑓ws [Δ𝒗̇ws
]

+𝐷𝑓ws [Δ𝒗̇as
]

+𝐷𝑓ws [Δ𝑝̈w
]

+𝐷𝑓ws [Δ𝑝̈a
]

= −𝑓ws
𝑘

𝐷𝑓 as [Δ𝒂s] +𝐷𝑓 as [Δ𝒗̇ws
]

+𝐷𝑓 as [Δ𝒗̇as
]

+𝐷𝑓 as [Δ𝑝̈w
]

+𝐷𝑓 as [Δ𝑝̈a
]

= −𝑓 as
𝑘

𝐷𝑓w [

Δ𝒂s] +𝐷𝑓w [

Δ𝒗̇ws
]

+𝐷𝑓w [

Δ𝒗̇as
]

+𝐷𝑓w [

Δ𝑝̈w
]

+𝐷𝑓w [

Δ𝑝̈a
]

= −𝑓w
𝑘

𝐷𝑓 a [Δ𝒂s] +𝐷𝑓 a [Δ𝒗̇ws
]

+𝐷𝑓 a [Δ𝒗̇as
]

+𝐷𝑓 a [Δ𝑝̈w
]

+𝐷𝑓 a [Δ𝑝̈a
]

= −𝑓 a
𝑘 (48)

where Δ𝒂s, Δ𝒗ws, Δ𝒗as, Δ𝒗ws, Δ𝑝̈w, and Δ𝑝̈a are the variations at the current iterative step k+1; 𝑓 s
𝑘, 𝑓ws

𝑘 , 𝑓 as
𝑘 , 𝑓w

𝑘 , and 𝑓 a
𝑘 at the2

right-hand side are the residuals at the previous iterative step k.3

The total solution is obtained from the incremental relationships with expressions of4

𝒂s
𝑘+1 = 𝒂s

𝑘 + Δ𝒂s

𝒗̇ws𝑘+1 = 𝒗̇ws𝑘 + Δ𝒗̇ws

𝒗̇as𝑘+1 = 𝒗̇as𝑘 + Δ𝒗̇as

𝑝̈w𝑘+1 = 𝑝̈w𝑘 + Δ𝑝̈w

𝑝̈a𝑘+1 = 𝑝̈a𝑘 + Δ𝑝̈a (49)
In this manner, a sequence of linear problems (with index k) is solved within each time step to find the configuration satisfying5

the residual equations.6

4 VERIFICATION7

4.1 Consolidation of soil column under constant load8

The consolidation of a saturated soil column 1 m in width and 10 m in height under a constant surface load of 10 kPa, as9

illustrated in Figure 2, is used for verification. The soil column is divided into 100 elements and each element has a height of 0.110

m and a width of 1 m. There are 503 nodes in total. The solid displacement and relative water velocity on the side boundaries are11

fixed in the horizontal direction but remain free in the vertical direction. Two end points at the bottom are fixed both horizontally12

and vertically and the middle point is fixed only vertically. The top surface of the soil column is the drainage boundary while13

the bottom surface is impermeable boundary. The u–v–p analysis approach and the analytical method are used to calculate the14

settlement during consolidation. The main material properties of soil are listed in Table 2. The coefficient in Newmark integration15

method is 𝛾 = 1.0. The convergence tolerance of the governing equations is taken as 1.0 × 10−8. The initial excess pore water16

pressure does not change with depth, so the analytical solution to the degree of consolidation under the one-side drainage based17

on Terzaghi’s one-dimensional consolidation theory52 is summarized as follows:18

𝑈s = 1 −
∞
∑

𝑖=0

2
𝑀

(sin𝑀𝑍) exp
(

−𝑀2𝑇v
)

𝑀 =
π (2𝑖 + 1)

2
, 𝑍 =

𝑧
𝐻
, 𝑇v =

𝑐v𝑡
𝐻2

(50)
where Us is the degree of consolidation at small strain, M is the intermediate parameter related to the positive integer i that19

varies from 0 to ∞, Z is the normalized soil depth, z is the soil depth, H is the height of the soil column that equals 10 m, Tv is20

the small-strain dimensionless time factor, and cv is the coefficient of consolidation, which is taken as 0.04 m2∕s.21

The finite-strain solution to the normalized void ratio proposed by Morris53 is22

𝐸(𝑍, 𝑇 ) = 𝐸(0, 𝑇 ) +
4 (1 − 𝐸(0, 𝑇 ))

π

∞
∑

𝑗=1,3,5

1
𝑛
sin

(

𝑗π𝑍
2

)

exp

(

− 𝑗2π2𝑇
4

)

𝐸(𝑍, 𝑇 ) =
𝑒(𝑧, 𝑡)
𝑒(0, 0)

, 𝑍 = 𝑧
𝐻

, 𝑇 =
𝑔′𝑡
𝐻2

, 𝑔′ = −
𝑘

𝛾w (1 + 𝑒)
𝜕𝜎′

𝜕𝑒
(51)

where 𝐸(𝑍, 𝑇 ) is the normalized void ratio, 𝐸(0, 𝑇 ) is the normalized void ratio at the soil surface, 𝑒(𝑍, 𝑇 ) is the void ratio,23

𝑒(0, 0) is the initial void ratio, T is the finite-strain dimensionless time factor, j is the positive odd integer with values from 1 to24
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Figure 2 Soil column under static load

Table 2 Parameters for consolidation analysis

Parameter Value
Void ratio, 𝑒0 1.0
Permeability coefficient, 𝑘ws 1.0 × 10−2 m∕s
Bulk modulus of pore water, 𝐾w 1.0 × 1010 kPa
Lamé’s constant, 𝜆 10.0 kPa
Lamé’s constant, 𝜇 10.0 kPa

∞, g’ is the finite-strain coefficient of consolidation and is assumed to be constant in the analytical solution, 𝜎′ is the effective1

stress, k is the saturated permeability coefficient, and 𝛾w is the unit weight of water.2

The analysis results are presented in Figure 3 with the predicted surface settlement using the analytical solution53 and u–v–p3

analysis based on small- and finite-strain theories. In small deformation theory, it is assumed that the first derivatives of dis-4

placements are so small that the squares and products of these derivatives are negligible compared to the linear terms and are5

thus omitted. The Cauchy stress and Lagrangian strain at finite deformation are adopted. The results show that the two ap-6

proaches adopted in the quasi-static consolidation analysis produce the surface settlement of soil that match well with each7

other. The small-strain analysis produces a slightly larger soil settlement than the finite-strain analysis due to the lack of updated8

configuration.9

4.2 Consolidation of soil column under dynamic load10

The consolidation analysis of soil column under dynamic loading in Figure 4 is presented here. The soil column has a height of11

100 m and a width of 1 m, and it is divided into 5000 elements 0.02 m in height and 1 m in width. There are 25003 nodes in12

total. The boundary conditions are similar to those of the soil column in Figure 2. Step and sine loading both have a magnitude13

of 1 kPa and last for 0.2 s, and the sine loading has a period of 0.1 s.14

Simon et al.54 derived the analytical solution to the response of one-dimensional saturated elastic porous columns using Biot’s15

two-phase mixture theory4 based on the assumption of an infinite elastic column. When the soil column is subjected to loading16
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Figure 3 Surface settlement during consolidation using different methods

on its surface, the solid displacement u and the relative displacement of pore water with respect to solid w are determined as1

𝑤(𝜉, 𝜏) = 𝑑
(1 − 𝑑𝛽)

√

𝑎

𝜏

∫
0

𝑓 (𝜏 − 𝜏)𝑒−𝑏𝜏∕2𝑎𝐼0

[

𝑏
√

𝜏2 − 𝑎𝜉2

2𝑎

]

1
(

𝜏 − 𝜉
√

𝑎
)

𝑑𝜏

𝑢(𝜉, 𝜏) = −

𝜏

∫
0

𝑓 (𝜏 − 𝜏)1 (𝜏 − 𝜉) 𝑑𝜏 − 𝛽𝑤(𝜉, 𝜏) (52)

where 𝜉 is the spatial coordinate, 𝜏 is non-dimensional time, 𝑓 (𝜏) is a load function, 1(𝜏) is a unit step function, 𝐼0 is the modified2

zero-order Bessel function, and d is the material parameter by Biot4.3

Parameters 𝜏, 𝛽, 𝑎, and 𝑏 are defined as4

𝜏 =
𝑡𝛾 f

𝜌𝑘
, 𝛽 =

𝜌fR

𝜌
, 𝑎 =

𝛾 − 𝛽2

𝜅 − 𝛽2
, 𝑏 = 1

𝜅 − 𝛽2

𝛾 =
𝛽
𝑛
, 𝜅 = 𝑄

𝜆 + 2𝜇 + 𝑑2𝑄
, 1

𝑄
= 𝑛

𝐾 f
+ 𝑑 − 𝑛

𝐾s (53)
where 𝑡 is time, 𝛾 f is the unit weight of pore fluid, 𝑘 is the permeability coefficient, 𝜌fR is the real density of fluid, 𝜌 is the density5

of total mixture, 𝑛 is the porosity, 𝜆 and 𝜇 are the Lamé constants, 𝐾 f is the bulk modulus of fluid and 𝐾s is the bulk modulus6

of soil particle.7

The material parameters used in the analysis are provided in Table 3. The u–v–p analysis based on the small strain theory is8

used to calculate the solid displacement and relative pore fluid displacement. The coefficients in Newmark integration method9

are 𝛾 = 0.6 and 𝛽 = 0.3025. The convergence tolerance of the governing equations is 1.0×10−8. Results from the Finite element10

analysis and the analytical solution proposed by Simon et al.54 are reported in Figure 5. The predictions are very similar in two11

cases, so the u–v–p analysis proves to have a good performance in predicting the consolidation-induced displacement during12

dynamic loading.13

5 DYNAMIC RESPONSE OF ONE-DIMENSIONAL SATURATED SOIL COLUMN14

To test the applicability of the analyses based on u–v–p and u–p formulations in predicting the dynamic response of one-15

dimensional soil column in various scenarios, i.e., different ranges of soil permeability and loading frequencies, simulations16

with the small stain measure are carried outu. The soil column model 10 m in height and 0.5 m in width is subject to dynamic17

load on the top surface, as plotted in Figure 6. The soil column is divided into 200 elements, and each element has the same18

thickness of 0.05 m. The material properties of the soil column are listed in Table 5. The soil is fully saturated and the top surface19

is the only permeability boundary. The solid displacement and relative velocity of pore water with respect of solid velocity are20

fixed horizontally on both sides of the model, whereas on the bottom of the model they are fixed horizontally and vertically.21

The vertical dynamic load is in sinusoidal waveform and has a magnitude of 100 kPa/m. According to Zienkiewicz et al.6, two22

dimensionless parameters Π1 and Π2 used to divide the zones of applicability of different formulations are written as23

Π1 =
2𝑘
𝜋𝛽𝑔

𝑓 2
0

𝑓
, Π2 = 𝜋2(

𝑓
𝑓0

)2 (54)
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Figure 4 Soil column under dynamic load

Table 3 Parameters54 for dynamic consolidation analy-
sis

Parameter Value
Initial porosity, 𝑛 0.333
Density of mixture, 𝜌 306 kg∕m3

Density of pore fluid, 𝜌fR 297.7 kg∕m3

Unit weight of pore fluid, 𝛾 f 2.917 kN∕m3

Permeability coefficient, 𝑘 0.01425 m/s
Lamé’s constant, 𝜆 833.3 kPa
Lamé’s constant, 𝜇 1250.0 kPa
Bulk modulus of soil skeleton, 𝐾s ∞
Bulk modulus of pore fluid, 𝐾 f 39999.0 kPa
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Figure 5 Displacement during consolidation under step and sine loading

where 𝑘 is the permeability of the soil; 𝑓 is the frequency of the loading wave; 𝑓0 is the national frequency of the soil column;1

𝛽 is the ratio of fluid density to bulk density that is taken as 0.333; 𝑔 is the gravitational acceleration, i.e., 9.81 m∕s2. Detailed2

explanation of main variables can be found in Zienkiewicz et al.6
3

A total of 25 cases with different combinations of Π1 and Π2 calculated using Equation 54, as listed in Table 4, are arranged4

with the purpose of investigating the difference between u–v–p and u–p analyses in simulating the dynamic response of soil to5

longitudial loading. Π1 and Π2 in these cases are within the range 0.01 and 100.6

The finite deformation measure is adopted in the analysis. The coefficients in Newmark integration method are 𝛾 = 0.6 and7

𝛽 = 0.3025. The convergence tolerance of the governing equations is 1.0 × 10−10. The total number of steps in the dynamic8

analysis is 400 in all cases. The time increment in the dynamic analysis in the case of dynamic loading with the frequency of9

1 Hz is 0.016 s and the time increment in the analysis in the case of dynamic loading with the higher frequency is reduced10
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according to the ratio between the frequency and 1 Hz, for example, for dynamic loading 50 Hz in frequency, the time increment1

in the analysis is 0.00032 s. The magnitude and number of cycles of dynamic loading are the same in all cases.2

Table 4 Different pairs of soil permeability and load period
Case Π1 Π2 Frequency 𝑓 (Hz) Permeability 𝑘 (m∕s)
Case1 100 100 160 3.27 × 101

Case2 10 100 160 3.27
Case3 1 100 160 3.27 × 10−1

Case4 0.1 100 160 3.27 × 10−2

Case5 0.01 100 160 3.27 × 10−3

Case6 100 10 50 1.03 × 101

Case7 10 10 50 1.03
Case8 1 10 50 1.03 × 10−1

Case9 0.1 10 50 1.03 × 10−2

Case10 0.01 10 50 1.03 × 10−3

Case11 100 1 16 3.27
Case12 10 1 16 3.27 × 10−1

Case13 1 1 16 3.27 × 10−2

Case14 0.1 1 16 3.27 × 10−3

Case15 0.01 1 16 3.27 × 10−4

Case16 100 0.1 5 1.03
Case17 10 0.1 5 1.03 × 10−1

Case18 1 0.1 5 1.03 × 10−2

Case19 0.1 0.1 5 1.03 × 10−3

Case20 0.01 0.1 5 1.03 × 10−4

Case21 100 0.01 1.6 3.27 × 10−1

Case22 10 0.01 1.6 3.27 × 10−2

Case23 1 0.01 1.6 3.27 × 10−3

Case24 0.1 0.01 1.6 3.27 × 10−4

Case25 0.01 0.01 1.6 3.27 × 10−5

Displacement and pore water pressure of the central node on the ground surface and the central node in the middle (5 m3

in height) of the soil column model in Case 1 (Π1 = 100 and Π2 = 100), Case 14 (Π1 = 0.1 and Π2 = 1), and Case 254

(Π1 = 0.01 and Π2 = 0.01) are plotted in Figure 7. Case 25 in Zone I and Case 14 in Zone II characterize the soil behavior with5

slow and moderate speeds respectively, where the relative acceleration of pore water with respect to solid is negligible, thus6

the two different analyses do not differ in the predicted displacement and pore water pressure. However, when the soil behavior7

demonstrates fast phenomena, which is represented by Zone III, the two different analyses generate clear distinction in their8

prediction. Regarding the solid displacement, when the soil behavior shifts from undrained (i.e., Cases 14 and 25 in Figure 7b9

and c) to drained (i.e., Cases 1 in Figure 7a), the solid displacement predicted by u–v–p and u–p analyses become different,10

which is mainly shown by the magnitude of the time history curve. The similar phenomenon is also revealed by the pore water11

pressure response in Figure 7d, e and f. Apart from that, the pore water pressure in the u–v–p analysis lags behind that in the12

u–p analysis when it comes to the drained soil behavior in Figure 7d.13

The distinction of simulation outcomes between two different kinds of analyses are further assessed using the EARTH (Error14

Assessment of Response Time Histories) metric proposed by Sarin et al.55, in which the differences in magnitude, slope, and15

phase (which are called magnitude error, slope error, and phase error) between two time histories can be quantitatively evaluated.16

The basics are briefly introduced. Firstly, the time history of a simple harmonic signal is described by17

𝑦
(

𝑡i
)

= 𝑌 cos
(

𝜔𝑡i + 𝜙
) (55)
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Figure 6 One-dimensional soil column under dynamic load with three different
conditions

Table 5 Parameters6 for dynamic analysis of
one-dimensional saturated soil column

Parameter Value
Initial porosity, 𝑛0s 0.333
Density of solid, 𝜌sR 4000 kg∕m3

Density of fluid, 𝜌fR 1000 kg∕m3

Bulk modulus of fluid, 𝐾 f 1000 MPa
Lamé’s constant, 𝜆 3570 kPa
Lamé’s constant, 𝜇 2380 kPa

where 𝑌 is the magnitude, 𝜔 is the frequency, 𝜙 is the phase, and 𝑡i is the value of time at time index 𝑖. The DTW (Dynamic Time1

Warpinig) method was adopted in EARTH so that the errors of magnitude, frequency, and phase can be assessed independently.2

The magnitude error is calculated using3

Errormagnitude =
‖

‖

𝐴[ts+w] − 𝐵[ts+w]
‖

‖

‖𝐵[ts+w]
‖

(56)
where 𝐴 and 𝐵 denote the two time histories to be compared; ts+w is the phase-shifted DTW modified time history with a cost4

function of5

𝑑 [𝑖, 𝑗] =
{

(

𝑎tsi − 𝑏tsi
)2 +

(

𝑡i − 𝑡i
)2
}

|

|

|

|

|

|

(

𝑑𝐴ts

𝑑𝑡

)

𝑡=𝑡i

−

(

𝑑𝐵ts

𝑑𝑡

)

𝑡=𝑡i

|

|

|

|

|

|

(57)

where the superscript ts demotes the time-shifted time history; 𝑎tsi and 𝑏tsj are the data in time histories 𝐴 and 𝐵; subscripts i6

and j denote the locations of data in two time histories.7

The slope error is calculated based on the derivative of the time history using8

Errorslope =
‖

‖

𝐴[ts+d+w] − 𝐵[ts+d+w]
‖

‖

‖

‖

𝐵[ts+d+w]‖
‖

(58)
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Figure 7 Vertical solid displacement and pore water pressure of nodes on the top and in the middle of the soil column in Cases
1, 14, and 25
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Figure 8 Phase error, magnitude error, and slope error of solid displacement and pore water pressure of nodes on the top and in
the middle of the soil column

where the superscript ts + d +w denotes that the time history is processed by the sequence of time shifting for the global phase1

effect, derivative computation, and then DTW.2

The phase error is calculated using3

Errorphase = 𝑒
(

𝑛∗−𝑐
𝑟

)

(59)
where 𝑛∗ is the number of shifted time steps; 𝑐 is the critical time shift value below which the phase error can be regarded4

negligible and 𝑟 is the rate of phase error increase above the critical value 𝑐.5

With the application of the EARTH metric, the magnitude error, slope error, and phase error of the simulated results such6

as nodal pore water pressure and displacement during loading obtained from the u–p and u–v–p analyses can be quantitatively7

compared. Figure 8 contains the discrepancies of the time histories of solid displacement and pore water pressure between two8



18 XU ET AL

kinds of analyses in terms of magnitude error, slope error, and phase error when the soil column is subjected to vertical periodic1

loading under different combinations of Π1 and Π2.2

Regarding the situation featuring low permeability but extremely fast dynamic phenomena within a very short time span such3

as fracture forerunning in Ni et al.56 and Khoei et al.57 and supershear earthquake ruptures in Pampillon et al.58, the changes in4

volumetric strain will lead to pressure changes without significant fluid-solid relative displacement, suggesting that the porous5

flow can be treated as undrained. In these situations, the solid and fluid phases work together as a multiphase medium through6

which stress waves propagate. It is characteristics of large Π2 large but small Π1, so the soil dynamic response may fall into the7

upper left-hand corner of the Π1 −Π2 space, which is close to Zone II in Figure 6, then the effect of relative fluid flow becomes8

insignificant. Therefore, the u–p formulation can still be used with good accuracy to predict the dynamics of porous media.9

It is worth noting that in Case 14 with a frequency of 16 Hz, which is a quite high frequency for common geotechnical10

problems, two kinds of analyses do not vary from each other in the prediction. If the frequency continues to grow to 160 Hz while11

the permeability keeps constant, which causes Π2 to increase and Π1 to reduce, the variation between two kinds of analyses still12

does not show much difference because the representative (Π1,Π2) point is still likely to approach Zone II in Figure 6. It is only13

when both permeability and frequency increase to a certain level that the large discrepancy starts to take place, such as Case 114

where the permeability and frequency are both considerably increased, so Π1 and Π2 become large enough to give rise to the15

significant difference between two kinds of analyses.16

6 DYNAMIC RESPONSE OF TWO-DIMENSIONAL PARTIALLY SATURATED SOIL17

LAYER18

The dynamic response of partial saturated soil layer subjected to vertical sinusoidal loading on its surface is investigated. The19

finite model is detailed in Figure 9. This response of soil layer to dynamic loading are also taken as an example for discussion20

in previous studies38,41. Four cases shown in Figure 9 with different combination of loading frequency and soil permeability21

coefficient are investigated. The soil layer is 10 m in depth and 10 m in width with the ground water table located 5 m under22

the surface, and it is divided into 100 square eight-node elements with 341 nodes in total. The material properties are given in23

Table 6. Vertical sinusoidal loading is imposed on the top surface of the soil layer on the left hand side covering space 1 m in24

width, and it is expressed as 𝑤(𝑡) = 3 − 3 cos(2𝜋𝑓𝑡), where f is the frequency of the load.25

The right and left boundaries of the soil layer are supported by vertical rollers, the bottom boundary is supported by horizontal26

rollers, and the upper boundary is free. As for pore air, the left and right boundaries are impermeable while air drainage is27

allowed at the upper boundary. As for pore water, the hydrostatic pressure is utilized, so the linear pressure distribution is used28

initially in the selfweight analysis, whereas the upper and bottom boundaries are impermeable in the dynamic analysis. The29

horizontal relative velocities of pore water and air on two vertical boundaries are zero, and the vertical relative velocities of pore30

water and air on the bottom horizontal boundary are also zero.31

The small deformation analysis is adopted in the analysis. The coefficients in Newmark integration method are 𝛾 = 0.6 and32

𝛽 = 0.3025. The convergence tolerance of the governing equations is 1.0 × 10−10. The total number of steps in the dynamic33

analysis is 400 in all cases. The time increment in the dynamic analysis in the case of dynamic loading with the frequency of34

1 Hz is 0.016 s and the time increment in the analysis in the case of dynamic loading with the higher frequency is reduced35

according to the ratio between the frequency and 1 Hz, for example, for dynamic loading 50 Hz in frequency, the time increment36

in the analysis is 0.00032 s. The magnitude and number of cycles of dynamic loading are the same in all cases.37

Table 6 Parameters41 used for dynamic analysis of soil layer under sinusoidal loading

Parameter Value
Initial porosity, 𝑛0s 0.5
Densities of solid particle, water, and air, 𝜌sR, 𝜌wR, and 𝜌aR 2.6 × 103, 1.0 × 103, and 1.2 (unit: kg∕m3)
Bulk module of water, 𝐾w 2200 MPa
Lamé’s constants, 𝜆 and 𝜇 6 MPa and 4 MPa
Minimum and maximum saturation, 𝑠wr and 𝑠ws 0.10 and 0.99
SWCC parameters of LG model, 𝑎lg, 𝑏lg, 𝑐lg, 𝜉lg, and 𝜂lg 0.6, −6, 0.1, 3.0, and 1.5
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Figure 9 Soil layer under vertical sinusoidal loading with four different conditions

Figures 10 and 11 report the development of pore water and air pressures of soil layer subjected to vertical sinusoidal loading1

by means of analyses based on three-field u–v–p and two-field u–p formulations. The results are from Cases A, B, C, and D with2

different combinations of Π1 and Π2 that represent different soil behavior divided by Zienkiewicz et al6. The initial values of3

node N1, N2, and N3 becomes increasingly greater due to the rising degree of water saturation as the depth of soil grows. When4

soil permeability is relatively small, such as Case A, the change of pore water pressure during loading is marked since the soil is5

not well drained and the excess pore water pressure tends to build quickly and displays considerable peaks. As soil permeability6

grows, the buildup of pore water pressure becomes less prominent in Cases B, C, and D. Additionally, the differences in pore7

fluid pressures between two analyses become significant when soil behavior transits from Zone I to Zone II and Zone III. As the8

soil becomes more saturated, the two analyese exhibit more deviation in prediction, especially the results of Case D recorded in9

Figure 10d, h, and l. For the development of pore air pressure, the large difference between two analyses is also found in node10

N4 in Case D, which is near the water table.11
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Figure 10 Nodal pore water pressures of soil layer during dynamic loading
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Figure 11 Nodal pore air pressures of soil layer during dynamic loading

Figure 12a–h compares the distributions of pore water pressures of soil layer during dynamic loading in Cases A, B, C and D.1

In Case A where both the loading frequency and soil permeability are low, the distinction in the predicted pore fluid pressures2

between two analyses is subtle. Under loading with the same frequency, when the soil permeability is greater (Case C), the pore3

water pressures dissipate much faster than the that in the lower permeability situation (Case B), and the differences between two4

analyses become noticeable but not considerable in the saturated area below the loading application zone especially the area5

below the ground water table. Furthermore, the discrepancy in the prediction manifest itself to the greater degree as the soil6

becomes more drained, particularly in Case D. Additionally, the development of pore water pressure mostly occurs in the areas7

near the left-hand boundary because of the direct influence stemming from dynamic loading, and the greatest difference in pore8

water pressure is found in the deeper part of the soil layer, i.e., the saturated zone in the bottom left corner area in Case D.9
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Figure 12 Distributions of pore water pressures and pore air pressures of soil layer during dynamic loading in Cases A, B, C,
and D at different time steps
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When it comes to the pore air pressures under various conditions in Figure 12i–p, the development takes place mostly in the1

soil near and above the ground water table where soil is unsaturated during the vertical sinusoidal loading. Different from the2

pore water pressure, the pore air pressure exhibits the greatest difference between two analyses in the transition area between3

unsaturation and saturation.4

The solid displacement during dynamic loading in Cases A, B, C, and D is recorded in Figure 13. It is found that the solid5

displacement of soil above the ground water table does not show much difference in the prediction based on the u–v–p and u–p6

analyses in Figure 13a–h. However, the results of Case D in Figure 13p exhibit differences, although they are quite subtle.7
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Figure 13 Vertical solid displacement of nodes N1, N4, and N5 during vertical dynamic loading in Cases A, B, C, and D
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Figure 14 Errors of phase, magnitude, and slope of vertical solid displacement and pore water pressures of node N1 on soil
surface and node N5 near soil bottom

For the purpose of further examining the performance of analyses based on the three-field u–v–p formulation and two-field8

u–p formulation and the differences in their prediction, more cases featured by different combinations of Π1 and Π2 in the range9

0.01 and 100 are simulated. The quantitative differences in the vertical solid displacement and pore water pressure of nodes near10

the surface and bottom of soil layer in Figures 10 and 13 between two kinds of analyses are presented in Figure 14. Generally, the11
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Figure 15 Mean effective stresses of soil elements during dynamic loading
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Figure 16 Volumetric strains of soil elements during dynamic loading

graphs are categorized into two zones and the differences in phase, magnitude, and slope of pore water pressure time histories1

of different nodes during dynamic loading are predominantly distributed within the upper right-hand corner above the diagonal2

line from point (0.01, 100) to point (100, 0.01), i.e., Zone III, which indicates the more drained condition characteristic of large3

soil permeability and loading frequency and stands for the zone where analyses based on the full and simplified formulations4

would give rise to noticeable discrepancy. This is also similar to the trends of pore water pressure histories shown in Figure 8 and5

consistent with the categorization in the original Π1–Π2 chart proposed by Zienkiewicz et al.6, except that the highlighted area in6

Figure 8 accounts for much more space. However, the solid displacement of different nodes predicted by two analyses in Figure7

13 does not exhibit distinct differences between each other. This is may be due to the use of elastic stress-stain relationship for soil8

in the simulation, where the deformation is not comprehensively reproduced, leading to unnoticeable differences. Additionally,9

for the node N1 near soil surface in the unsaturated area, the large difference is more concentrated in area with larger Π1, in10

comparison with the node N5 near soil bottom in the saturated area. This results from the small permeability of unsaturated soil11

in comparison with that of saturated soil, in order for the relative accelerations of pore fluids of soil to be not negligible—thus12
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Figure 17 Horizontal solid displacement of nodes with different depths

showing major differences in its response predicted by two different analyses—the larger soil permeability or Π1 is required. As1

a result, the highlighted differences of pore water pressure of N1 in Figure 14b, d, and f are more shifted to the upper-right side2

compared to those of N5 in Figure 14 h, j, and l. Therefore, the unsaturated soil is less likely to exhibit fast flow phenomena3

than the saturated soil.4

It is also found that, regarding the partially saturated condition, since soil permeability is not as large as that in the fully satu-5

rated condition, fast flow motion is not necessarily generated during dynamic loading. It is confirmed in the solid displacement6

and fluid pressure results where the simulated dynamic responses using two kinds of analyses are quite similar. Therefore, for7

the partially saturated condition, the analysis based on the u–p formulation is sufficient to predict the dynamics of poroelastic8

media. Regarding the fully saturated condition, although soil below the ground water table demonstrates different responses9

during high-frequency loading, the discrepancy is somehow minor. It is only when both Π1 and Π2 are sufficiently large can the10

difference between two formulations become significant. Consistent with the finding in the dynamic analysis of one-dimensional11

saturated soil column in Section 5, the u–p formulation is sufficiently accurately to predict the response of poroelastic media12

under dynamic loading with commonly encountered frequency ranges in geotechnical engineering.13

The mean effective stresses of different elements of soil layer subjected to vertical sinusoidal loading in Figure 15 obtained14

using analyses based on three-field and two-field formulations generally do not deviates substantially in four cases except in15

Case D (Zone III) where the difference is observed in the soil in saturated area (element E5). Also, the wave propagation is16

demonstrated in the upper layer in Cases A, B, and C where the loading frequency is not large, in comparison with the large17

frequency situation in Case D. This is consistent with the findings about pore fluid pressure, in which the large difference between18

two analyses are caused, thus leading to the result in Figure 15l.19

As the wave propagation mainly takes place in the vertical direction due to the longitudinal dynamic loading, the compression20

deformation of the elastic soil layer in terms of volumetric strain is induced, which is captured in Figure 16. Since the compression21

is vertical, the two different analyses will make a great difference in the vertical soil response when the relative fluid flow becomes22

significant. However, given that the soil layer is two-dimensional, the volumetric compression of soil element can result in the23

horizontal deformation, so the difference of soil response in the horizontal direction caused by the use of different analyses is24

also found.25

Figure 17 provides the development of horizontal solid displacement of nodes from top surface (N1) to middle (N6) and bottom26

(N10) of soil layer. Basically, the degree of saturation of these nodes increases with depth. During dynamic loading applied to27

soil layer, node N6, which is on the top surface and in close contact with the right edge of loading, develops obvious downward28

settlement, causing the horizontal displacement to progress toward the left-hand side. As a result, the horizontal displacement of29

N6 in Figure 17a–d shows negative values. Loading causes the compression of soil below, causing the horizontal displacement30

of nodes N9 and N10 to develop toward the right-hand side, as displayed in Figure 17e–p. As for the differences in horizontal31
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solid displacement of nodes N6, N9, and N10 obtained using full and simplified analyses, only Case D manifests inconsistent1

horizontal solid displacement predicted by two different kinds of analyses, and as the water saturation of soil grows, i.e., from N62

to N9 and N10 in Figure 17d, l, and p, the disparity becomes increasingly wider. Therefore, although dynamic loading is applied3

vertically, the induced soil response in the horizontal direction is not negligible for soil with the higher degree of saturation.4

Moreover, Figure 17 clearly demonstrates that it is necessary to include the effect of relative pore fluid accelerations on the soil5

response in the direction perpendicular to the loading direction when simulating the two-dimensional soil dynamic problem.6

In this case, the full formulation results in more accurate description than the simplified formulation to predict soil dynamic7

behavior especially for soil with a larger degree of saturation.8

7 CONCLUSIONS9

In this study, the dynamics of poroelastic media is investigated using the coupled finite element analysis. The u–v–p full analysis10

approach that considers the relative fluid acceleration with respect to solid is proposed, which incorporates governing equations11

written in terms of three fields–solid displacement u, relative velocity of pore fluid with respect to solid v, and pore fluid pressure12

p. The consolidation of soil column under constant and dynamic loading is examined by means of the numerical simulation13

approach proposed in this study, which is also compared with the analytical solution. After that, the analyses of saturated one-14

dimensional soil column and partially saturated two-dimensional soil layer subjected to dynamic loading are carried out to study15

the behavior of poroelastic media under various conditions of loading frequency and soil permeability, where the performance16

of the proposed u–v–p full analysis approach is compared with that of u–p simplified analysis approach. Main conclusions are17

drawn as follows:18

1. The proposed method is verified in the consolidation analysis where the full analysis approach based on the u–v–p19

formulation has predicted soil response in consistence with the analytical solution.20

2. When subjected to vertical dynamic loading, the saturated one-dimensional soil column demonstrates different responses21

according to the combination of loading frequency and soil permeability, which can be basically divided into two different22

categories representing insignificant and significant fluid flow.23

3. The dynamic response of partially saturated two-dimensional soil layer can also be classified into two different categories.24

Generally, in comparison with saturated soil, unsaturated soil shows responses that are less sensitive to the increase of loading25

frequency and soil permeability. For two-dimensional soil with elasticity, despite vertical loading, the volumetric deformation26

induced by loading can also cause the soil response in the horizontal direction predicted by full and simplified analyses to exhibit27

differences that are dependent on loading frequency and soil permeability.28

4. The u–v–p analysis approach shows good performance in predicting soil dynamics when both soil permeability and loading29

frequency are significantly large. The u–p analysis approach, though being simplified, can still predicts soil dynamics well under30

conditions with high loading frequency and low soil permeability.31
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APPENDIX1

A DERIVATION OF GOVERNING FORMULATION2

A.1 u–v–p formulation3

The three-phase porous media consist of solid, water, and air. With the assumptions of incompressible soil particle, constant4

temperature, and no mass exchange between the solid particle and fluid, the key equations governing the mass and momentum5

balance41 are presented. The superscripts s, w, and a represent soil phase, water phase, and air phase in the following sections.6

Note that 𝐷i□∕𝐷𝑡 stands for the material time derivative with respect to the phase i (which can be s, w, and a).7

The mass balance equation of each phase takes the form of8

𝐷s𝜌s

𝐷𝑡
+ 𝜌sdiv 𝒗s = 0 (A1)

𝐷w𝜌w

𝐷𝑡
+ 𝜌wdiv 𝒗w = 0 (A2)

𝐷a𝜌a

𝐷𝑡
+ 𝜌adiv 𝒗a = 0 (A3)

where vs, vw, and va are the velocities of solid, pore water, and pore air; ρs, ρw, and ρa are the their corresponding densities, with9

expressions of10

𝜌s = (1 − 𝑛)𝜌sR (A4)
𝜌w = 𝑛𝑠w𝜌wR (A5)
𝜌a = 𝑛𝑠a𝜌aR = 𝑛(1 − 𝑠s)𝜌aR (A6)
𝜌 = 𝜌s + 𝜌w + 𝜌a (A7)

where ρsR, ρwR, and ρaR are the intrinsic densities of solid, pore water, and pore air; ρ is the overall density of the mixture; n is11

the porosity; 𝑠w and 𝑠a are the degrees of water and air saturation with a relation of 𝑠w+𝑠a=1.12

The momentum balance equation of each phase takes the form of13

𝜌s𝒂s = div 𝝈s + 𝜌s𝒃 + 𝒑̂s (A8)
𝜌w𝒂w = div 𝝈w + 𝜌w𝒃 + 𝒑̂w (A9)
𝜌a𝒂a = div 𝝈a + 𝜌a𝒃 + 𝒑̂a (A10)

where as, aw, and aa are the accelerations of solid, pore water, and pore air; p̂s, p̂w, and p̂a are the interaction force for solid14

phase, water phase, and air phase, having a relation of p̂s + p̂w + p̂a = 0; b is the body force; 𝝈s, 𝝈w, and 𝝈a are the partial15

Cauchy stress tensor of three phases, which are described as16

𝝈s = 𝝈′ − (1 − 𝑛)𝑝f𝑰 (A11)
𝝈w = −𝑛𝑠w𝑝w𝑰 (A12)
𝝈a = −𝑛𝑠a𝑝a𝑰 = −𝑛(1 − 𝑠s)𝑝a𝑰 (A13)

where 𝝈′ is the effective stress tensor; pf, pw, and pa are the average pore pressure, pore water pressure, and pore air pressure17

with a relationship of pf = swpf+sspf; I is the second-order identity tensor.18

The total stress 𝝈 is defined as19

𝝈 = 𝝈s + 𝝈w + 𝝈a (A14)
The acceleration terms as, aw, and aa are further defined as20

𝒂s = 𝐷s𝒗s
𝐷𝑡

= 𝜕𝒗s
𝜕𝑡

+ (grad𝒗s)𝒗s (A15)
where vs is the velocity of solid skeleton.21

The acceleration of pore water aw can be expressed in terms of the material time derivative 𝐷s□∕𝐷𝑡 as22

𝒂w = 𝐷w𝒗w
𝐷𝑡

= 𝒂s + 𝐷s𝒗ws
𝐷𝑡

+ grad(𝒗s + 𝒗ws)}𝒗ws (A16)
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where vws is the relative velocity of pore water to the solid skeleton.1

The acceleration of pore air aa also can be expressed in terms of the material time derivative 𝐷s□∕𝐷𝑡 as2

𝒂a = 𝐷a𝒗a
𝐷𝑡

= 𝒂s + 𝐷s𝒗as
𝐷𝑡

+ {grad(𝒗s + 𝒗as)}𝒗as (A17)
The interaction forces of a phase with other phases are defined by3

𝒑̂s = −𝒑̂w − 𝒑̂a (A18)
𝒑̂w = 𝑝wgrad (𝑛𝑠w) − 𝝁w𝑛𝑠w𝒗ws (A19)
𝒑̂a = 𝑝agrad (𝑛𝑠a) − 𝝁a𝑛𝑠a𝒗as (A20)

where 𝝁w and 𝝁a are the material parameter tensors defined by the following equations:4

𝝁w =
𝑛𝑠w𝜌wR𝑔

𝑘w
𝑰 (A21)

𝝁a =
𝑛𝑠a𝜌aR𝑔

𝑘a
𝑰 (A22)

where g is the gravity; kw and ka are the water and air permeability coefficients.5

Under the constant temperature, the state equations of pore water and pore air are written as6

𝐷s𝜌w0

𝜌w0𝐷𝑡
=

𝐷s𝑝w

𝐾w𝐷𝑡
(A23)

𝐷s𝜌a0

𝜌a0𝐷𝑡
=

𝐷s𝑝a

𝐾a𝐷𝑡
(A24)

where Kw and Ka are the bulk moduli of pore water and pore air.7

Adding Equations A4, A5, A6 together and introducing Equations A7 and A14 results in the expression of the momentum8

balance equation of the mixture:9

𝜌𝒂s + 𝜌w
[𝐷s𝒗ws

𝐷𝑡
+ {grad (𝒗s + 𝒗ws)} 𝒗ws

]

+ 𝜌a
[𝐷s𝒗as

𝐷𝑡
+ {grad (𝒗s + 𝒗as)} 𝒗as

]

= div 𝝈 + 𝜌𝒃 (A25)
Substituting Equations A5, A16, A12, refinteraction-water, and A21 into Equation A9 leads to the detailed expression of the10

momentum balance equation of pore water:11

𝜌wR
[

𝒂s + 𝐷s𝒗ws
𝐷𝑡

+ {grad (𝒗s + 𝒗ws)} 𝒗ws
]

= −grad 𝑝w + 𝜌wR𝒃 − 𝑛𝑠w𝜌wR𝑔 (𝑘w)−1 𝒗ws (A26)
Substituting Equations A6, A17, A13, A20, and A21 into Equation A10 leads to the detailed expression of the momentum12

balance equation of pore air:13

𝜌aR
[

𝒂s + 𝐷s𝒗as
𝐷𝑡

+ {grad (𝒗s + 𝒗as) 𝒗as}
]

= −grad 𝑝a + 𝜌aR𝒃 − 𝑛𝑠a𝜌aR𝑔 (𝑘a)−1 𝒗as (A27)
Substituting Equation A4 into Equation A1 and Equation A5 into Equation A2 results in the detailed expressions of the mass14

balance equations of solid and pore water, and combining them gives the continuity equation of pore water with respect to solid:15

(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
+ 𝑐𝑛𝜌wR

𝐷s𝑝a

𝐷𝑡
+ 𝑠w𝜌wRdiv 𝒗s + div

(

𝑛𝑠w𝜌wR𝒗ws
)

= 0 (A28)
Substituting Equation A4 into Equation A1 and Equation A6 into Equation A3 results in the detailed expressions of the mass16

balance equations of solid and pore water, and combining them gives the continuity equation of pore air with respect to solid:17

(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
+ 𝑐𝑛𝜌aR

𝐷s𝑝a

𝐷𝑡
+ 𝑠a𝜌aRdiv 𝒗s + div

(

𝑛𝑠a𝜌aR𝒗as
)

= 0 (A29)

A.2 u–p formulation18

In the u–p formulation, the relative accelerations of pore fluids (pore water and pore air) with respect to solid and the convection19

terms in Equations A25, A26, and A27 are neglected, so the momentum balance equation of the mixture becomes20

𝜌𝒂s = div 𝝈 + 𝜌𝒃 (A30)
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The momentum balance equations of pore water and pore air become1

𝑛𝑠w𝒗ws = 𝑘w

𝜌wR𝑔
{

−grad 𝑝w + 𝜌wR(𝒃 − 𝒂s)
} (A31)

𝑛𝑠a𝒗as = 𝑘a

𝜌aR𝑔
{

−grad 𝑝a + 𝜌aR(𝒃 − 𝒂s)
} (A32)

Substituting Equation A31 into Equation A28 leads to the mass and momentum balance equation of pore water with respect2

to solid:3

(

𝑛𝑠w𝜌wR

𝐾w − 𝑐𝑛𝜌wR
)

𝐷s𝑝w

𝐷𝑡
+ 𝑐𝑛𝜌wR

𝐷s𝑝a

𝐷𝑡
+ 𝑠w𝜌wRdiv 𝒗s + div

(

𝑘w

𝑔
(−grad 𝑝w + 𝑝wR𝒃 − 𝜌wR𝒂s)

)

= 0 (A33)
Substituting Equation A32 into Equation A29 leads to the mass and momentum balance equation of pore air with respect to4

solid:5

(

𝑛𝑠a𝜌aR

𝐾a − 𝑐𝑛𝜌aR
)

𝐷s𝑝a

𝐷𝑡
+ 𝑐𝑛𝜌aR

𝐷s𝑝a

𝐷𝑡
+ 𝑠a𝜌aRdiv 𝒗s + div

(

𝑘a

𝑔
(−grad 𝑝a + 𝑝aR𝒃 − 𝜌aR𝒂a)

)

= 0 (A34)
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