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A dimension formula for the space of the Hilbert

cusp forms of weight 1 of two variables

Toyokazu Hiramatsu(Kobe)

81,

The dimension of the space of the Hilbert cusp forms has
been calculated in most of the cases, but not yet for the case
of weight 1. 1In this report, we .shall talk of some dimension
formula for this remaining case under some restrictions. Funda-
mental references used here are the following:

[1] I. Y. Efrat : The Selberg trace formula for PSLZ(R)n,
Memoirs A. M. S., 1987.

[2] S. Gelbart and H. Jacquet : Forms of .GL(2) from the
analytic poiht of view, Proc. Symposia in Pure Math.,
33(1979).

[3] H. Shimizu : A remark on the Hilbert modular forms of weight
1, Math. Ann., 265(1983).

(Ul P. Zograf : Selberg trace formula for the Hilbert modular

group of a real quadratic alg. n. f., J. Soviet Math.,

19(1982).

§2.
Firstly we shall introduce some notation:
-5= {z : Imz > 0}, T : real torus

92/= {w = (21,. 22) zjeé/(j = 1,2)}
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g, = {3 = (z,vcb) : zef/, ¢ € T}
gf = {w = (21, 22) : Ejé {XJ = 1,2)}

G! SL(2, R), G' = G' xT, G'2 =¢" x @G, 3%2=0 x¢g.

The operation of ¢ = (o1, 02) € ¢'? on {;2 is represented as

follows:
O(ﬁ) = (01%1, 02%2);
0525 = (95> ap)(ags 05)
(S22 25 4+ argC d) - a.)
= P - . arg(c.z ., + L) = O ..
;37 dJ Jd Jd d J J
f ( ) (aj bj ’ :
. = . . . = o y = .
or o; = (g, a;)(g; iy dj) ¢ G, oo e ) with § = 1,2

~

The G'?%-invariant metric on ;} is

2 de. + dy . dx .
ds* = § { —L5 + (do. - =L )2},

and the G'?2?-invariant measure d# associated to ds? is given

by
2 dx.dy.d¢.
dn = Jd “d _d

1 y% ’

J

where zj = xj + V-1 yj (j = 1,2). The ring of 5'2einvariant

differential operators on .;f is generated by

9 ~ 2
——— A . = "
¢j > %5 T Yy

A discrete subgr. T of G'? is said to be irreducible if
' is not commensurable with a direct product T; x I',, where
'n ¢ Gi, T C G, are discrete, Gy and G, are not trivial, and
G'?2 = G, x G,. Let F be a real quadratic field and 0p Dbe the
ring of integers of F. We put

b
s1(2, 0p) = {(§ 3) : ad - be =1, a, ==+, d € 0p}.
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Then the Hilbert modular group associated to F 1is

. a b a' b! ab
1ﬂF = {[(O d): ( ! d')) : (c d) € SL(2, OF)}s
where a’, :--, d' denotes conjugate of a, --+, d respectively.

It is well known that I'p is discrete and an irreducible subgr.,

and that its number of cusps equals the class number k(F) of F.

Now, for vy = (yi, Yv2) = ((Zi Zi), (g; Z;]) € T and we f}z,
we put
Gy, w) = {(erzy + di)(ezzy + do)} 71
We say that a function F(w) defined on 1;2 is a Hilbert cusp
form of weight 1 for T if
1) F(w) is holomorphic on 6,2,
2) F(yw) = jly, w) 'F(w) for all vy e T,
3) At every parabolic point « of T, a constant term in
the Fourier expansion of F(w) at « vanishes.
We denote by (5(1, T') the space of Hilbert cusp forms of
weight 1 for T and put
dy = dim((1, T).
In fhe following we shall calculate the dimension di for some
r.
Here we give a remark:
Remark 1. For the case of n complex variables aﬁd weight
r = (ry, -, rn), the dimension formulas‘have been calculated
in the following papers:

Vp. > 2, even : H. Shimizu(1963),

J
Vrj = 2 " : K.-B. Merz(1971),

ij = 2, n =2 : F. Hirzebruch(1973) by alg. geo. method,
Vr; 22 : H. Ishikawa(1979),
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Vp, = 1, n = 2 : Our case.

3.  Fundamental lemma

We denote by M ((k1, A1), (k2, A;)) the set of all func-
tions f(w) satisfying the following conditions:
(i) £l e L2(I\g*), i.e.,

|fldi < @ and fF(v(@)) = f(B) for all y e T,

1‘\52

(ii) For 4 = 1, 2

(3.1) B £(B) = A5 £@),

3 L N
(3.2) 'Z)—(*Tj:f(w) = V-1 kj f(w),

Then the following lemma holds:
Lemma. If T is arithmetic, then

dy = aimWL((1, - 3, (1, - 3)).

Out line of proof : Let A be the adele ring of therreal
quadratic field F. Let G, be GL(2, F) viewed as an alg. gr.
over F and G, the adelization of Gp. In the following
Hilbert modular forms may be viewed as automorphic forms on Gy -

Firstly we put

G G X @
A Af A

Kf : open compact subgr. of qﬂf

Yooep2, ) x gr2, R

G
r =g (Kp X Go)
= F’\ f 0l .
Then T 1is a discrete subgr. of G;; and we have
h

Gy = jEIGij(Kf x Go)  (disjoint).
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Let f(w) be a function infnnT((kl, A1), (k2, Az)). Put

ki k2

. e-/:T(k;¢1fk2¢z)y17r* 2

fw) Y2 © F(z1, 32).

Then the T'-invariance of f(¥) is equivalent to a transformation

law for F(z1, 22):

+
F(yiz1, Y222) = Elil———él

' 1) 1
(detY1)2 (Cle'th)'2

B - a1 b az b
for all vy = (yi1, Y2) = ( Ci ‘di s (Ci dz)) € T.
Now we put
, _; N
T'. =G x . K.x . X Go) (1 £ 4 £ h);
T EGr s Ekemg J
and denote by Mj the set of functions satisfying the conditions

(i) and (ii) for Fj' Moreover denote by M +the space of all
Y on G, satisfying the following conditions.

(1) blomkokyt) = ,/~T(k181+k202)

where o € Gp, ko € Koy Ky = (x(61), k<ez)) € K,

P(x),

k(9) = ( cosé6 sinﬂ) and t € Z:o - {((‘tl 0), (tz toz)) tt1,t2> 0};

-3in6 cos® 0 t) 0
(2) Kjv = Ajw(j = 1,2) 5 (3) J |w<g)|2dg'< @,
226 P\Gp

For =z € Gy, we put =z = ugjkg(a € Gp, k € Kes g € G;) and
Ylx) = fﬁ(gzo) (z0 = ((V=1, 0), (V-1, O))).
Then (fi1, °--.fh) + Y gives an isomorphism of M; x ... # My,
onto M.
Let Z be the center of G = GL(2) and w character of
28/2p(2p n Kp)iw. Then we put |
L%Cw, G) = {y : Gy > 0|¢(qax) = w(d)w(x) for all a € Gp

J |Y(2) | 2dx < o
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The space @ L?(w, G) contains M. Now we have that L*(w, G)
w

decomposes as a direct sum (Gelbart-Jacquet [21])

L?*(w, G) = L*? (w, G)@Lzsp(w, @ L? (w, G),

cusp cont

where

chusp(w, ¢) = (Ve L*(w, &) :.J Y(ng)dn = 0 for all ¢ e QA}
Np/Vp

’

with ¥ = {(é ?)}, L*__ is the space spanned by x(det g) with

P
a character x on A" /p* such that x? = w.
Lemma 1.1 The space L2cont(w, G) does not contain the
eigenfunctions of Laplacian Kj‘—'% £;. (g = 1,2).
Jd
Lemma 1.2 If f e€ M, then F(z;, 2,) is holomorphic.

§4. Modified trace formula

We put . = (kj’ Aj)(j = 1,2). TFor every invariant inte-
gral operator with a kernel function k(m ;5 D) on)71r(xl,vxz),

we have Selberg's trace formula of compact type:”

k(D5 D)F(BIAD = F(X1, A2)F(@)

for femr.(ll, ;). We put

K(w 3 D) = {-k(ﬁ 3 YD) s
veT

then we have

(B3 BIFBIAD = 5 (A1, A)F(H).

22

BV
Denote by T(y) the centralizer of v in T, and put ﬁF(Y) =

T(Y)\%*. Then it is easy to see that

KB s @ddw = ) j k(% 3 0" 'yow)di
1—-\;/2 {vy} ocel/T(y) P\gz
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_ I ACERCI S
{v} Froy

where the sum {y} is taken over the distinct conjugacy classes
of T.

Since our T 1is non compact type its spectrum has a contin-
uous part, and the continuous spectrum can be described by a
family of Eisenstein’éeries. -Using the Eisenstein series, we
shall construct in after seétion a new kernel H¢ ; then K- H
is'no% a Hiibert—Schmidt kernel. Therefore'ﬁe héve the follbwing
modified trace formﬁla
x1 3 5089, APy - J (KD 5 9) = B3 )}db.

Jj=1 \ T\§2

Now we consider the following invariant integral operator

defined by

=

1
'\ 2 2
S RO S 1 RN (E IR 1P
-Z! - -Z! /=1 :
1 (zj zj)/2/ 1 (%i {7)/2 1

}s

where ¥ = (2{, %%) and & > 1. The integral operator wg
vanishes on77LF(X1, Az2) for all (}1, X2) except ki = kp = 1.

we denote by

o
N

b = (15 A%, (1, A8), ae e
3 (1
b= (1. - 30, @, - 2)),

the discrete part of spectra, and we put

| dCLB :dimmT(”OtB)' |
Then the left-hand side of‘[*] implies

T anald) ald)y %
2 h(xl ) XZ ) - 2 dygh )
j=1 apzy *P
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where AaB denotes the eigenvalue of wg in nnT(uaB). For the
eigenvalue AaB’ we have

1 S+15

r(d)rd)

A = { 2+6ﬂ
oB T8I (1+9)

b G ) T (/T ) T (§ g T (3-/7p),

() _ 5 _ 1 . _
where A = rz(rl -1 - Ty and re =5t V-1 uy with 2-—&,»6.

In general, it is known that the series 2 d A is ‘abso-
, L aB o
a,B=1 7
lutely convergent for § > i, and by the Stirling formula, we see

that the above series is absolutely and uniformly convergent for

all bounded §&§ except § :i(2ra - 1), i(ZrB‘— 1). Note that

§5. Compact contribution

1) Y = 1,.
I d = I dB <« (Fp o= T\E?).
Fryy Fr

2) Yy : totally elliptic.

We put v = (y1, Y2), and let Cj’ 23 be the eigenvalues of
ij. Consider a linear transformation that maps 6} into the
product of the 2 unit circles,kand a fixed point of vy to its
origin. Then

Yi3. = P. L. 3. - p.
JdJd Jd - d Jd d (7 = 1,2),

Yi® TPy %5 35 TP

where p = (p1, P2)¢ -5} is the fixed point of Y. By a simple

calculation, we have the following contribution from this part:

2y2 § 2 ) E'
lim 8§2J(y) = (87°) m—I
§+0 [T(y) : 2(Tr)] {y}:elliptic j=1 1 - C;

b
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where Z(l') denotes the center of T.

3) vy : totally hyperbolic st. no fixed point of y is a
parabolic point of T. |

The contribution from this part is essential in the case of
weight 1 : We put Yy = (y1, Y2). Then there exists some gj in'
G' such that ‘
-1 - [Ao

g: Y:9. 0

.0
J ¥ Azj)’>|A°J| > 1.

Let {vi, Y2} be a system of generators of T(y) aﬁd ASE) =

B, A ) (AP )51, «

1,2)» denotes an eigenvalue of Yg

respectively. Writing z; = pje"lej and log9j==ullogxg})
(2)

uzlogkoj with ug € R, the set of 2z = (z;, z2) such that

+

0 <up <1 (2=1,2),0<8; <7 (] = 1,2)

forms a fundamental domain of T(y) in %}.;

and the contribution from this part is as‘follows:
§+1

_ 5+26 3 F( T ) 2 ' 2 SgnAj . u(Y)
H =z T2, | (ke o1 e a8 AT
€ = , + . A, - .
5 Y16 j=1 |2, T 5 A |

where (S denotes a complete system of totally hyp. conjugacy

classes in T such that none of its fixed pts. is a parabolic
ki (y) = dit (Log (291 j,81.2)
element of T, X = (A1, A2) an eigenvalue of YF‘ Multiply J(Y)

by 62 and tend § to zero, then the limit is expressed by
(8n2)2§§8 72(8), where
' 2 sgni; + uly)

208 = ] ; =16, -1
{y} J=1 I)\j + }\J. I l)\j - Aj l

By the trace formula [%], the function ‘Z(G)a‘extends to a
meromorphic function on the whole §-plane and has a double pdle
at 6 = 0 whose residue will appear in di.

4) vy : mixed
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-The contribution from this part also vanishes.

§6. TEisenstein series attached to =

For the sake of simplicity, we shall assume that FP has
only one cusp, i.e., the cusp is at o« = (o, =),
Let & ¢ €, me Z and T, be the stabilizer of o« in T.’

Then the Eisenstein series attached to <« is defined by

E(®; s, m) = ) {y(Ml(Zl))y(Mz'(zz‘)')}s
M Tew T
M=(My ,M;3)
« e-/:T{¢1+¢2+arg(021+d)(c’z2+d')}
IR n/=Im _n/=1m
x {y (M1(21))}°1OBF (4 (M5(5,))) 210BE s |
where € denotes the fundamental unit (> 1) of F, y(2) = Imz,

_,ab _',a" b! ~
My = (, 50 and My = (_, d')' E(w; s, m) converges absolutely
for Res > 1, and has the following propefties:'

E(yw; &, m) = E(¥; s, m) for <y e T;

2 F=-/TE, K. E=A,E (j=1,2),
whgre
“ T w/=In . 1/=1Im 5
M= (8 o70ge 70 T ologe T V) T W
| _ TY=-1m | _m —1h _Y _ 5
A2 = (s - ﬁ'a—g—e— )(s 7Toge 1) T
We put

E(w; s, m)_=»e'f;(¢1f¢2)E(ﬁ; s, m).
Then the series E(w; s, m) is invariant under the action of
the lattice Ops and therefore has a Fourier expansion of the

form

- 10 -
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E(w; s, m) = z . agly; s, m)22v-1ﬂ<2,x> ,
Qeo
51322)
where <&, x> = fix1 + 2222, -and 0% is the ‘dual lattice of

0 i.e., 0%
Fs 1 > Yp

ao(y; s, m) 1is given by

= {a€e F : tr(al;) C Z}. The constant term

T/=-1m m=im - - o o em/=1m ny/=1m
$*31cge . ° 71oge 1-s-7755c  1-S+575¢
aolyss,m) = y1 “-OB%y, 8% —y(s,myy  “7OBFy, ge |
where
' F(s-rgﬁll_ )F(s..EL:l_»)" L(28-1; -m)

vs,m) = L oge doge ,

Yy =1im 1 _fy-qm 1 _

,/5 I‘($+f210ge * )F(s 210g€f+2 )"L(Qs, m) -

D : disc. of F,

_ n/=1Im . .
E_pe) = g; loge Grdssencharacter of F,
L(s, -m) = Y sgn(ece’ )g_m(e)IN(c)l
. (e):ideal in Op
c#0

Now, by using the analytic continuation of the Eisenstein .
series E(¥; s, m) as a function of s for s = % + /-1r(Efrat

[11), we put

w3V 1 ¥ 7 mm 2 m
H (D3 9) = ————— ) J ol + s g )
8 16“/510ge m=—o s 2loge 2loge
% B(#; 3 + /I, mEGS; 3 - /Ir, -mdr,
where
. s T2 Lyrc 5+1 Yy ,
hG(rl’PZ) = {2 6 _} T( 5 + V=1r;)
F(G)F(l-ff :

- Ie)TC S + FroTC S - AL

X
—
7~
N o

- 11 -
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Then the integral operator X - H& is now completely continuous

on L2?(Ir'\%?) and has all discrete spectra of X.

§7. The trace at the cusp

5) ¥y : totally parabolic.-
We have the following which is obtained in a similar way‘as
in the elliptic modular case:

lim lim 62{J(=) - 2loge-g4(0, 0)log¥}=o.
§+0 Y+0

Therefore the contribution from paraboli0~classes to d; van-
ishes.
6) Y : hyp.-parabolic.

Yy 1is conjugate in T to vy :

m
€ o .
Y Ym,a = (0 g‘M)’ (me Z, m =2 0, o€ OF).

n,
r
The common fixed pts. of every element in TI(y) is

a
oy = 1>
€ - €

and there exists a T € T such that

We denote by FF(Y y @ fundamental domain of T(y ). Take

m
myo &

Y >0 and we put

F = {w = (z1, z2) € F tyi1y2 £ Y, yi'y2' s Y}
P(ym’a) r(Ym,a) ‘ ?
where 1tw = w' = (31", z2'); moreover we put
J*(y) = un? ¥ I ws(w 3 Yw)dw.
{v} * e
FF(y)

- 12 -



65

Then the contribution from this part is

L™ 96(2mloge,2mloge')

1im 1lim 82{J*(y) - #loge o'logY} =0
60 Y+ m=1 | (™™™ (e' M-’ ™™ | 7
where
@ o
gglui,uz) = 3%7 ‘I J za(rl,rg)e—/:T(r1u1+r2u2)drldrz.

By using the Maass-Selberg relation (Efrat [1]), the fol-
lowing contribution may be obtained in a way similar to the

proof of elliptic modular case:

1 3 1
Therefore
o p2 1. 3 1 - 2,2 1

We note that y( %, 0) = *1.
Summing up the above results we have the following final

form of di = dn :

: ) z
dy = % ) 1 I —
{vy} [T(y):2(T)] j=1 1-CJ-

Here we give a final remark:

Remark 2. For the general casé.of several cusps, the con-
tribution of the parabolic elements is simply computed separately -
at each cusp. But that of the hyp.-parabolic elements is more

complicated, since a typical element fixes two different cusps.

- 13 =



