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We extend the work of Fuchs, Painlexed Manin on a Calogero-like expression of
the sixth Painlevequation(the “Painleve-Calogero correspondencketd the other

five Painleveequations. The Calogero side of the sixth Painlegieation is known

to be a nonautonomous version of tfrank one elliptic model of Inozemtsev’s
extended Calogero systems. The fifth and fourth Painéepeations correspond to

the hyperbolic and rational models in Inozemtsev’s classification. Those corre-
sponding to the third, second and first are not included therein. We further extend
the correspondence to the higher rank models, and obtain a “multi-component”
version of the Painlevequations. ©2001 American Institute of Physics.
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[. INTRODUCTION

The so called Painlévequations are the following six equations discovered by Paihkve
Gambier?
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The third equation | is slightly modified; the original equation can be reproduced by the simple
change of variablest(\)— (t?,t\). It is well known that these equations are characterized by the
absence of “movable singularities” other than poles.

Fuchs proposed two more approaches to the sixth equatipn®ne approach is the concept
of isomonodromic deformations. In this approack, B interpreted as a differential equation
describing isomonodromic deformations of a linear ordinary differential equation on the Riemann
sphere. This is the origin of many subsequent researches. Another approach rglatesaiP
incomplete elliptic integral. Painléf¢ook the second approach, and derived a new expression of
P, in term of the Weierstrags-function. This work of Painleveés briefly reviewed in Okamoto’s
work on affine Weyl group symmetries of,

Manir® revived the almost forgotten work of Fuchs and Painlafter nearly ninety years.
Manin’'s remarkable idea is to use the elliptic modutusather thart, as an independent variable.
The outcome is a Hamiltonian system with a Hamiltonian of the normal farmp?/2+V(q),
where the potential is a linear combination of the Weierstgaction and its shift by three half
periods. This is a nonautonomous system, because the Hamiltonian depends on the #time”
through ther-dependence of thg-function.

Levin and OlshanetsKypointed out that Manin’s equation resembles the so called Calogero—
Moser systems, i.e., the various extensfoofsthe integrable many-body systems first discovered
by Calogerd More precisely, the Hamiltoniaft is identical to a special casghe rank-one
elliptic mode) of Inozemtsev’s extensiots!! of the Calogero—Moser systems. Levin and Olsha-
netsky called this relation the “Painlev€alogero correspondence.”

One will naturally ask if this correspondence can be extended to the other Paéqleatons.
Manin himself raised this problem in his paper. Olshanéfskynjectured that a degenerate
version of Inozemtsev's elliptic model will emerge therein.

In this paper we aim to answer this question affirmatively. A guiding principle is the degen-
eration relation of the six Painléwequations? This relation can be schematically expressed as
follows:

PVl — PV — PlV

! !
Pp — Pi — PR

This diagram means, for instance, that €an be derived from \p by a degeneration process,
which amounts to confluence of singular points of the aforementioned linear ordinary differential
equation in the isomonodromic approach. We shall trace this process carefully on the “Calogero
side,” and find a R-version of Manin’s equation. In principle, one can thus find an analog of
Manin’s equation for all the six Painlévequations(though, actually, one can resort to a more
direct approach that bypasses the complicated degeneration process

Remarkably(or rather naturally? all the six equations on the Calogero side turn out to
become a(nonautonomoysHamiltonian system with a Hamiltonian of the normal fork
=p?/2+V(q). Furthermore, the Hamiltonians on the Calogero side\offd R, coincide with
the Hamiltonians of thérank ong hyperbolic and rational models in Inozemtsev’s classification
(which were discovered by Levi and Wojciechow$Kkiefore Inozemtsev's wojk Those corre-
sponding to the other three Painlesguations are not included therein, but may be thought of as
a further degeneration of the hyperbolic and rational models.

One can further proceed to the higher rank models, and ask if there is still a Painleve
Calogero correspondence. We shall show that this is also the case. The Paidieva the
correspondence is a kind of multi-dimensional extension of the Pairdguations. They are
obviously different from another multi-dimensional extension called the “Garnier systéms.”
For this reason, we call our multi-dimensional extensiamwdti-componentersion of the Pain-
leve equations.

This paper is organized as follows. Section Il is a brief review of the work of Fuchs, Painleve
and Manin. In Sec. lll we deal with\R Py and R,. The degeneration process is discussed in
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detail for the case of\R The direct approach is illustrated for the case gféhd R,. In Sec. IV

we show a reformulation of the foregoing calculations in the Hamiltonian formalism. The status of
P, and R is also clarified therein. Section V is devoted to the higher rank Inozemtsev Hamilto-
nians and the multi-component Painleaguations. Section VI is for concluding remarks. Part of
the technical details are gathered in the Appendices.

IIl. PAINLEVE —~CALOGERO CORRESPONDENCE FOR P

We here briefly review the work of Fuchs, Painlemed Manin.
Fuchs rewrites | into the following form:

t(1-t)L JAL
e JzZ(z=1)(z—1)

Bt y(t—1) 1\ t(t—1)
=N\ — _ LRI A S b
NA=D(A—t)| a+ )\2+ ()\_1)2+ 2 =12 (1)
Here L, is the linear differential operatdPicard—Fuchs operator
Li=t(1 —d2 1-2 a_1 2

which also appears in the Picard—Fuchs equation of complete elliptic integrals. In this regpect, P
may be thought of as an inhomogenedasd nonlinegranalog of the Picard—Fuchs equation.
Painleveand Manin make use of a parametrization of the elliptic curve,

y*=2(z—1)(z-1), ()

by the Weierstrasg-function. Letp(u) be thep-function with primitive periods 1 ane:

1 1 1
u=p(u|ln=—+ - . 4
50( ) W( | T) u2 (M Z(0.0) (U+m+n7’)2 (m+n7)2 ( )
The parametrization is now given by
O L S T -
e,—e; ' 2(e;—e)%

wheree,=p(w,), Nn=1,2,3 are the values gf(u) at the three half period pointe;=1/2,
wr,=—(1+7)/2, wz=7/2.
Manin’s excellent idea is to do a simultaneous change of the dependent varialgeby

—e
= »(q) 1’ ©)
€~ €
and the independent varialie> 7 by
!
t= P (7)
Manin presents the beautiful formula
dr 3 i g
4ttt Die, ey’ ®
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for the Jacobian of the latter, which plays a key role in his calculatiopsisRhereby mapped to
the equation

3
(27i)? E anp’ (q+ wy), (9)

n=0

where the parameters on the right hand side are connected with the parametgrsasfal
=a, a;=— B, ay,=7, az=—5+1/2. This equation is equivalent to the Hamiltonian system,

) ,dq_aH ) ,dp_ IH 10
Wla—%, WIE_ %, ( )
with the Hamiltonian
p?
:?_ anp(q+ wp) (11)

Ill. CORRESPONDENCE FOR Py, Py AND Py,
A. Degeneration of P , to Py,

The degeneration of\Pto R, is achieved by rescaling the time variable and the parameters as

t=1+et, a=a, B=B, y=———, O=—, (12

and lettinge—0 while leavingz,...» andt finite.*?
The building blocks of Fuchs’ equatigd) turn out to survive this scaling limit as follows.

(1) The Picard—Fuchs operator:
2 _d [.d)\?
t(1—t)L,— 12 —+t—= t—| .
dt?  dt dt

(2) The suma+--- of four terms on the right hand side:

Ht—1)

a+x2+m+

1\tt—1) _ B 3  Ft2A\+1)
_E)a—t) Cee T

(3) The square root on the right hand side:

WA =1 (A —t)— NN —1).

(4) The incomplete elliptic integral:

J% dz fx z
©\z(z—1)(z—1) . \/E(z—l) '

In particular, the degeneration of,Ro R, is associated with the degeneration of the elliptic curve
to a rational curve,

y?=2z(z—1)(z—t)—y?=2(z—1)?, (13

or, equivalently, the degeneration of the tofli§$7+ 77) to the cylinderC/7Z.

Thus, rewriting@, B, 3, 6 andt to a, B, y, 5 andt, we obtain the following equation as a
Py-version of Fuchs’ equation:
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d\2  dz B yt St2(N+1)
t— f—z ANA=1)| e+ —+ + 14
( dt) 00\/2(2—1) \/—( ) a )\2 ()\_1)2 ()\_1)3 ( )
B. Analog of Manin’s equation for P,
As a counterpart of thg-variable for R,, we now consider
= f)\ dz (15
R NPT

If one prefers to be more faithful to Manin’s parametrization, one should rather dgfise

N
2mi ) a1

because 2,—e;)Y?—27i as Imr—+x (see Appendix B Since there is no substantial differ-
ence, let us take the first definition that is slightly simpler for calculations.
Let us rewrite(14) in terms ofg. The integral can be readily calculated as

-1
=lo , 16
q=log e (16)
so that the inverse relation can be written as
Y\ =—coth(q/2). 17
Terms on the right hand side ¢f4) can be calculated as follows:
_ cosha/2)
WAN—1)=— Snf(a2)’
1 sinh(g/2)
W) N2 cosh(q/2)’
WA -1 __ L
ANN— )W_ — 5 sinfa),
(A+1)  AFZEI2 _
W=D 5=~ oz =~ 3 Sin2a).
The differential equation fog eventually takes the form
d)\? aVv(q)
where
V(q)= - F_ " 2 2 stz 19
(=" S(g/2) ~ cosR(giz) ~ 2 cosfta)+ g~ coshi2a). (19

This gives a P-version of Manin’s equation. Note that this equation can be readily converted to
a Hamiltonian system with the Hamiltonidti= p%/2+V(q).
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Remark: A very similar change of dependent variable foy B discussed in the book of
Iwasakiet all®

C. Idea of direct approach

Although the degeneration process can be continued to the other Paajeations, we now
present a more direct approach. Note that the integrand is connected with the coefficient of
(d\/dt)? in the original Painlevesquation by the following very simple relation:

2z-1)(z—t) 2lz z-1 z-t
1 _ 1 1 )
—\/E(Z_l)—ex —J Z'ﬁ‘ﬁ dz

If this is a correct prescription, one will be able to define theariable for R, and R, directly
without the cumbersome degeneration process. This is indeed the case, as we shall show below.

D. g-variable for P |y

Since the expected integrand is given by

f dzy 1 20
ex Z —E, ( )
we define
rdz
=] —=2yA\. 21
q f v NN (21)
This can be solved fok as
2
(9
x—( 2) : (22)
Honest calculations show that all derivative terms gf ¢an be absorbed by the second derivative
of q:
d’q 1 d®\ 1 (dx 2
a2~ X A€ oaxldt
1/3 B
Il B 2 2_ =
@(2)‘ +ANTH2(tP - )+ . (23
Substitutingh = (q/2)? gives the second order differential equation,
d’q  4Vv(q)
ae - ag 9
with the potential
1(q\® _[(a\* _ q\?>  [a\7?
V(Q)——E(E) —ZI(E) —2(t°—a) E +B E . (25)
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E. g-variable for P

The integrand is expected to be given by

J' dz B 1 o6
exp — 7 —E. ( )
We consider
rdz
q=J — —log, 27
and its inversion

A=¢el, (29

All derivatives terms of |} are now absorbed by the second derivative ofith respect to log;

tat) Ty g Ty ot el ac

d)2 t2d>\  t d\ tz(d)\)z

ah Bt o\ ot

sttt T (29
Substitutingh = e% gives the second order equation,
d\2 av(q)
with the potential
a Bt y 52
= —@ly T ama_ L2204 T o-2g
V(q) 4e+ 4e 8e + 8 e 4, (31

F. Summary

Let us summarize the results of this section.

Theorem 1: The foregoing change of variable—q mapsP,, Py andP,, to a second order
differential equation for the new dependent variable These equations are equivalent to a
non-autonomous Hamiltonian system with a Hamiltonian of the normal fa@rp?/2+ V(q).

(Py) The Hamiltonian system takes the form

dg JH dp M

at pr tatT o 323
with the Hamiltonian
P’ a B y o2
H= 2 sink(q/2) B cosH(q/2) * ?COSHqH ?cosr(Zq). (33
(Py) The Hamiltonian system takes the form
dq oH dp  JH (34)

dt op’ dt  4q’

with the Hamiltonian
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p2 1 q 6 q 4 ) q 2 q -2
H—7_§(E) -2t 5 —2(t°—a) > +B > . (35)
(Py;) The Hamiltonian system takes the form
d IH d IH
L (36
dt  dp dt aq
with the Hamiltonian
2 2
p° a Bt vy o _
— _ —lp e d_‘g204 — o-2q
H 5 4e+4e 8e+8e . (37)

Remark:

(1) The Hamiltonians for  and R, coincide with those of the hyperbolic and rational models of
InozemtseV? Levi and Wojciechowskt? The Hamiltonian for i has no counterpart in their
work, but nowadays can be found in the literattfte.

(2) The foregoing construction of thg-variable does not literally work for Pand R, because
there is no @A/dt)? term. The status of these equations will be clarified in the next section
from a different point of view.

IV. HAMILTONIAN FORMALISM OF CORRESPONDENCE

A. Hamiltonians of Painleve ~ equations

All the six Painleveequations are known to be expressed in the Hamiltonian form

d\ gH d\  oH

dt gp’ dt on’

with a suitable choice of the canonical conjugate varigblend the HamiltoniarH.!” This
expression is by no means unique; we here consider the following Hamiltdri@ahese Hamil-
tonians are referred to as the “polynomial Hamiltonians” because they are polynomialarid

L
)\()\_1)(}\_1:) 2 Ko K1 6—1 K
(P) H=——m [ * "\ X "= =t A =D
)\()\_1)2 2 Ko 01 771t K
(Py) H=—= [“ N T L e * o)
Py) H=2a| w2 Str 0]y &
(Pv) = M 2 N M 2|’

A2 o 7ot 7.( 0o+ 0..)
_ 2_ - . - @7
2
I N 1
2
(P) H=2—2x3-t.
2
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Here kg, k4,0, etc. are constants that are connected with the parametgrsy, 6 of the Painleve
equations by simple algebraic relations:

(ko+ K1+ 0—1)? KS K% 1—02_
(PV|) a= 2 _2K! ﬁ__?i y_?i 5_ 2 ’

(ro+ 1) Ko 7
(P a=—5——2x f=— y=m(br+1), 5=,

(Pv) a=20,—ko+1, B=—2k3;
(Pi)  a=—4n.0.., B=4ny(0p+1), y=47>, 5=—4n;.

B. How to find canonical transformations

The goal of this section is to show that the Painle@alogero correspondence is, in fact, a
(time-dependentcanonical transformation of two Hamiltonian systems. By this, we mean that the
functional relation between and q can be extended té\,u) and (@,p) so as to satisfy the
equation

p d\—Hdt=constant(p dq—H dT) +exact form, (38

with a suitably redefined time variable (such as the logarithmic time lagn P, and R,;). The
constant factor on the right hand side is inserted simply for convenience; if necessary, one can
normalize the constant to 1 by suitably rescalngy, 7 andT. For this reason, we call this type
of coordinate transformation a “canonical” transformation even if the constant factor is not equal
to 1.

Let us illustrate, in the case of,R how to find such a canonical transformation. Suppose that
N and u be a solution of B in the aforementioned Hamiltonian formalism, and thabe a
corresponding solution of Manin’s equation. The canonical equation takes the form

da . )\()\_1)()\_':) Ko K1 0—1
dt - t(t-1) KON TN—1 a—t)
This equation can be solved for

B t(t—1) d)\+1 Ko+ K1 +0—1
BZ=OMO—D(a—t) dt 2\ N " A—1 a—t)

Our task is to rewrite the right hand side in termspondg. We first consided\/dt. Differ-
entiating(6) againstt gives

da #'(q) dqg dr

where we have introduced the functions

_p(u)—e _af(u)
f(u)= o6, f(u)= P

(39

The derivativedg/dr can be read off from the canonical equation dor

dg 1 JH p

dr 2w gp  2mi
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As for the Jacobiarmd7/dt, Manin’s formula(8) is available. One can thus expreds/dt as a
function ofp, q and 7. The other part of the foregoing expressionuotontainsk only, which can
be readily converted to a function gfand = by (6). We thus obtain the following expression of

M
_ ez_el " Zﬁi(ez_el)z
@ p(9)?
e,—e 0—1
2~ €1 Ko n K1 n .
2 \p(g)—e p(Q)—€e p(d)—e;

“ f.(q)

(40

We now move the point of view, and think ¢8) and(40) as defining a coordinate transfor-
mation (\,x)—(q,p). This gives a canonical transformation that we have sought for the follow-

ing.

Theorem 2: (6) and (40) define a canonical transformation that connects the Hamiltonian
form of P, and Manin’s Hamiltonian system. The canonical coordinates and the Hamiltonians of
the two systems obey the equation

dr
,ud)\—Hdt=pdq—Hm+exact form. (42

C. Proof of Theorem 2

The total differential of(6) gives

o' (q)
e,—e;

d\=

dg+f.(q)dr,

so thatu d\ can be expressed as

9'(q)
82—61

€,— € 27Ti(62—el)2
’ p+ ’ 2
»'(q) 0'(q)
1

2

dg+f.(q)dr

Ko K1 0—1

A )\—1+)\—t

o

=pdg+(A)+(B)+(C),
where

_ 27Ti(e2_e1)

€,—€q +2’7Ti(62_el)
ECIECIE

2
(B)=( fT(CI))fT(Q)dT,

o P AL i) P
©=z% a1 T =)™

As we shall prove in Appendix A(A) can be further rewritten as

9(q+wg) (ff(q))2
Ari T (q)

(A)= dr+exact form, (42

wheref’(u) denotes thei-derivative off(u):
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L afw) p'(u)
F(u)=—- ere (43)
For (B) and(C), we have
f.(a) .(ff(q))2
B)=|—p+27i| —| |dr,
®=FgP 2™ ) |97
o= 21 it T, | 1 1)l
( )—m H‘E(Ko 0gA+ kqlog(N—1)+(6—1)log(A —1t))
=mdt+exact form.
Thus we find that
~ dr
,ud)\—Hdtzpdq—HﬁJrexact form, (44)
where
_dt 6—1 [o(a+wz)  fi(a) RECHE
H—Z’ZTIE_ H 2()\_1:))— WI{ A +f,(q)p | W . (45)

Our task is to prove that the transformed Hamiltorifaroincides, modulo irrelevant terms, with
the Hamiltonian of Manin’s equation. Here “irrelevant” means that the term is a functian of
only. Such a “nondynamical” term can be absorbed by the “exact form” part of the foregoing
relation of 1-forms, thereby being negligible.

Let us evaluate the contribution ofri2(dt/dr)H. By Manin’s formula(8) of d7/dt, and also
by the identity

0'(q)?
AMAN—L)(AN—t)= 3,
( )( ) 4(82_91)3
we can rewrite Zri(dt/d7)H as follows:
dt o p@? [, (ko ki 0-1 K
2 = e—ep? T IN T Tt A T oD
_p'(@? 1 Ko K1 +9_1) 2
T 20e—e) KT 2IN T T =t
N 0'(q)? 1 KO+ K1 +0—1 2+ K
2(e,—e)2] 4N "A—1 N—t] NA-D)]
The first term on the right hand side is equal to
1 : fT(q))2 p f(q) . ff(Ol))2
=l pt27i =—+27i +| 27— ,
2\PTM ) T2 T T @ P T ()

by which the terms proportional th.(q)/f’(q) and its square in the definition &f are cancelled
out. The transformed HamiltonigH can now be expressed as
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1454
5 P 9@ (0-Dt-1)(e—ey
2 2(e,—eg)? A—t
9'(a) (ko w1  6-1\2  «
2(e,—e))? Z(T*x—ﬁ )\—t) No-Dn| (46)
Note that this is already of the normal fompd/2+V(q) with the potential
~ p'(@)?  (6-Dt(t—1)(e,—e)
V(q)=-— — 7 —
2(e,—eq) A—t
9'(a) (ko w1  6-1\2  «
* 2le,—e))? _Z(T+x—1+ A—t) No-D| “7)

What remains is to expred4(q) as an explicit function ofj. To this end, we substitute the
factor p’(q)%/2(e,—e;)? by 2(e,—e)M(A—1)(A—t), and rewrite the main part 7(q) as a
linear combination of\, 1/\, 1/(A—1) and 1/@ —t). This leads to the following expression of

V(a):
- +r+60-1)2—4
Vig)= - O A e
k5 (e,—et ki (e;—e)(1—-t) (6—1)%+1 (e,—e)t(t—1)
20N 27 A—1 B 2 ' A—t

1
- 5@(q+ w3)+function of t only.

The final piece of the ring is the general formula

(ej—e(e—e)
p(u+wj)=ej+W_lej', (48)

where (,k,l) is a cyclic permutation of1,2,3. This implies that

e,—et
(2le50(01+&’1)_€1,
e,—e)(1—t
%ﬂo((ﬁwz)—ez,
—ept(t—1
w:p(q_’_wa)_esy

A—t

so that
~ (ko+ K1+ 0—1)%2—4k K2
V()= ——— (@)~ 5 9+ o)

2 2
K 6
— %p(q-l—wz)— 7p(q+w3)+function of 7 only. (49
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Apart from the last term which is negligible, this potential is indeed the same as Manin’s potential
V(q) (recall the algebraic relations connecting the constaptsetc. and the parameters of, P
This completes the proof of the theorem. Q.E.D.

D. Canonical transformation for P,

This heuristic method for constructing a canonical transformation can be applied to the other
Painleveequations. Here we consider the case @f P

Let A be a solution of B, u the canonical conjugate variable, agdthe corresponding
solution of (18). The canonical equation for can be written as

d)\_)\()\—l)zz Ko 6, . it
dt t SN A1 (A-1)3)

This equation can be solved for as

_ 1 td)\+1 Ko 01 771t
K=ox—1)2 dt ' 2\'n '

N A—1 (12
By differentiating(17) againstt and using the canonical equatibdg/dt= ¢H/Jdp=p, we obtain
the identity

dA
tg; = VAA=1)p,
which can be used to rewrite the expressionuads

P liko 61 71t

u=—————=+=-|—+ -]

2A(A—=1) 2N A=1 (A-1)

We now reinterpret17) and(50) as defining a coordinate transformation &) —(q,p). This
indeed turns out to give a canonical transformation that we have sought for the following.

Theorem 3: (17) and (50) define a canonical transformation that conndgjsand the
Py-version of Manin’s Hamiltonian system. The canonical coordinates and the Hamiltonians of
the two systems obey the equation

(50

1 dt
mdN—H dt=§<pdq—HT +exact form. (51
Proof: Sinced\ anddq are connected by the relation

di=V\(A—1)dq,

p d\ can be expressed as

1 1 Ko 01 771t
pdr=7pdat; T+A—1_(>\——1)2)d)‘
1 71 1 7t
—Epdq—deEd K0|Og)\+91|09()\—1)+m ,

so that
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1 ~ dt
pmdN—H dtzi(pdq—HT +exact form, (52
where
FeoHts (53)
A1

We can rewriteé/{ to a normal form as

l(Ko 01 Hlt )}2

- o
H=2\(A—1) e

liko 61 mt | K 71t
_1y2 _ | %o _
T2 l){ 4(>\+>\—1 o-12) "ao-D| -1
P’ <
= +V(a), (54
where
Viq)= ANA—1)2 Ko 01 71t 2+2 N—1)+ 7t
(@)= > N Tho1 oong) PO
[k 6] - k§ 1
T\ T Tl T ek G2 T 2 cosRa2)
0.+ 1)t 2t2
+%cosﬁq)—%cosf{Zq)Hunction of t only. (55)

Apart from the last negligible term, this coincides with the potenfi@) in the statement of the
theorem. Q.E.D.

E. Canonical transformation for Py

We now consider the case of,P
Let A be a solution of |, u the canonical conjugate variable, agdthe corresponding
solution of (24). The canonical equation for can be written as

d\
a=4>\;L—(>\2+2t>\+2K0),

which can be solved for as

I PP
K=2ax dt " 4 \

By (22) and the canonical equatiag/dt= dH/Jdp=p, we have the identity
dx dq
9t \/XE = \/Xp,

so that
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__P +1 A+2t+2K°) (56)
K 4\ 4 N

Theorem 4: (22) and (55) define a canonical transformation that connd®ts and the

Py-version of Manin’s Hamiltonian system. The canonical coordinates and Hamiltonians of the
two systems obey the equation

wd\—Hdt= %(p dg—H dt)+exact form. (57
Proof: Sinced\ anddq are connected by the relation
dr=Adg,
md\ can be expressed as

dh=pdgr S n 2t 20| ax
pON=gpaar ATt

1 1 A2
= Zp dg— E)\ dt+ Zd 7+2t)\+2;<0 Iog)\),
so that
wd\—Hdt=%(p dg—H dt)+exact form, (58)
where

H=4H+2\. (59)

We can rewrite the transformed Hamiltoniahto a normal form as

Fr=8n| e o[ Xy s X0 2+8>\ AL +2\
SO e TR 7277y T2
P’ <
=5 +V(a), (60
where
~ A Ko 2
V(@)= =2\ 5 +t+ 7| +46.0+2)
— 1 3 2 2 2y —1
== SA3= 20N 22+ ko~ 26— )N — 2K\
+function of t only. (61)
Substitutingh = (q/2)? gives the potential/(q) modulo an irrelevant term. Q.E.D.

F. Canonical transformations for P

The situation of |} is somewhat similar to 2
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Let A, again, be a solution of|p \ the canonical conjuage variable, apdbe the correspond-
ing solution of(30). The canonical equation for takes the form

drn A2 0y 7ot
d T\ 2T )
which can be solved for as
t d)\ 1 00 7]0t
reonat T2l TN TN

By differentiating(28) and using the canonical equatibdqg/dt= dH/dp=p, thet-derivative of
\ can be written as

d\

ta:)\p,

so that we obtain

p 1 0y 7ot
(mo S 62)

= — 4 — _
K=o\ "2 N

This relation, again, can be used to define a canonical transformation.

Theorem 5: (28) and (62) define a canonical transformation that connd®tsand the
Py -version of Manin’s Hamiltonian system. The canonical coordinates and the Hamiltonians of
the two systems obey the equation

+exact form. (63)

1 dt
,ud)\—Hdtzz(pdq—HT

Proof: Sinced\ anddq are connected by the relation
dx=Adq,

p d\ can be written as

1 1 00 7]0t
wdh=gpdatal by Tz
1 7o 1 7ot
—Ep dg— Zdt"f' Ed( 7]m)\+00|0g)\+T ,
so that
1 . dt
pmdh—H dtzz pdq—HT +exact form, (64)
where
~ t
Ti=2Ht+ 1O (65)

A

We can convert the transformed Hamiltonianto a normal form as
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~ 1 0 mot|]?
=\2 - = A
H=2\ [,u 2(7]°O+ N

1 o mot\? 7mu(6pt+0.)] ot
2 _ Y e e
+2)‘[ 2(””+>\ ) Ty T
p? -
= +V(a), (66)
where
A2 B0  mot)? 7ot

+ 7700( 90"‘ Gw))\—l— T

V(Q):_?( %ﬁ‘y—v

2 2,2
oo 7ot
= 7., 0,894 7( 6+ 1)te 94— 7e2q— %e‘zq
+function of t only. (67)

Thus, apart from the last irrelevant terii(q) coincides with the potential(q) in the statement
of the theorem. Q.E.D.

G. Status of P , and P,

Let us turn to B and R. The Hamiltonian of Pis already of the normal forni{= p?/2
+V(q) with A\=q, w=p andH="H. Although this is not the case for,Pone can directly find a
canonical transformation that converts the Hamiltorttato a normal form.

Theorem 6: A P,-version of Manin’s Hamiltonian system is defined by the Hamiltonian

2
—aq. (68)

t
24 _
Q°+5

This system is connected wiE) by the canonical transformation

t
A=q, ,u=p+)\2+§. (69)

The canonical coordinates and the Hamiltonians of the two systems obey the equation
pd\—Hdt=pdg—Hdt+exact form. (70

Proof: The foregoing relation between () and @,p) implies that

3
3772

pdN=pdg+ 5

A2+t d\=pd )\dt+d
2|erA=pPOA™ 5

so that

wd\—H dt=p dg—H dt+exact form, (72)

where
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H=H+ -
= )\2+t 2 2+t2 +1>\+A
“2|# 2)] "2 2) 197 2] 2
2 2
ps 1 t
=5 3| ®+3] —aq (72)
This is nothing but the Hamiltonian in the statement of the theorem. Q.E.D.

V. MULTI-COMPONENT PAINLEVE EQUATIONS
A. Inozemtsev Hamiltonians of higher rank

The rankl version of Inozemtsev’s Hamiltonians haveoordinateq,,...,q; and canonical
conjugate momenta,,...,p;. The Hamiltonians of the elliptic, hyperbolic and rational models
take the following formt%-11:14

« Elliptic model:

|
H=,
i=1

Py

3
7+n2 920 (d;+ wp) +g42 (p(a;— a) + 9 (;+ay).

» Hyperbolic model'

HZ

=1

g5 .\ 97
smhz(qJIZ) cosH(q;
2 ( 1 N 1 )
"9 St~ q02) | s, T 90i2))°

2) 92 coshay) +0; COSHZq;))

* Rational model'

HE

2
_ 1
7’ gda’ +gia’+g5q’+ 030,

(g;— a0 (g i+ aK)?

+g42 (

Herego, 0;, 0,2, g3 andg, are coupling constants. The Painles@alogero correspondence for
Pu, Py and R suggests the existence of further degeneration of these models.

Our goal in this section is to extend the Painle@alogero correspondence to these higher
rank models. Since a complete exposition will become inevitably lengthy, we shall illustrate the
elliptic and hyperbolic models in detail, leaving the other cases rather sketchy. The strategy is as
follows: The point of departure is the Hamiltonian of Inozemtsev’s rahmliptic model. This
gives rise to a rank version of Manin’s equation. Starting with this nonautonomous Hamiltonian
system, we seek an analog of the degeneration process for the Paigleations. We can thus
obtain six types of nonautonomous Hamiltonian systems. At each stage of the degeneration pro-
cess, we confirm that the nonautonomous Hamiltonian system on the Calogero side can be
mapped, by a canonical transformation, to a multicomponent analog of the Pagujeation of
the corresponding type.

B. Elliptic model and multi-component P,
We now consider the nonautonomous Hamiltonian system,

dg; JH dpJ IH

T T ap 2T dr g
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defined by the Hamiltonian of Inozemtsev’s elliptic model. This is a rankrsion of Manin’s
equation. This nonautonomous system is known to describe a family of isomonodromic deforma-
tions on the torug®

An honest generalization of the canonical transformation for the cade-@f leads to a
multi-component version of\p as follows.

Theorem 7: The time-dependent canonical transformation defined by

9(g;)—e;
MNT e,
2 1
€,— €1 27Ti(ez_el)2

o7 (@) P T ()2

ez_el Ko K1 6—1

+ + , 74
2 p(a)—e o) pla)—es (4
and
!
t= P—— (75
maps (73) to the Hamiltonian system
drni oH  du; oH
_J:_1 ﬂ:__y (76)
with the Hamiltonian
“D\-O] , (ko k1 6-1 K
_Zl t(t—l) [“J’_ N N1 UM -D)
a; NN =D A=) FN(Ae= D (N —1)
-1 B0, N2 “20ghdl 7D

Proof: The method of proof for the case b1 can be applied to the present case as well,
yielding the equality

|
Z pjdo—H Z ; d\;—H dt+exact form, (78
where
o Nj(Nj— —t) K1 0 1 .
H:JZ t—1) K- ( 7t = )j+>\,-(>\j—1)}
g4
Tt D)(e— &) = (p(a;—aK) +¢(a;+ay). 79

What remains is to express the “two-body potential” part in term& jof To this end, let us recall
the addition formula,

P (U)2+p'(v)?

p(u=v)+p(utv)==2p(U)=2¢(v)+ 50— 0 S92

(80
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of the p-function. Applying it to the case wherei(v)=(\;,\,), and substituting
p(dj)=e;+(e;—e)N;,
p(a=ert(ez—ep )y,

e,—e)°
SOI(Qj)2:¥)\j()\j—1)()\j_t)y

a3
W’(Qk)ZZ@)\k()\k_l)()\k_t),

we can rewrite the two-body potential terms as

9(0;— g +e(gj+a ) =—2(e1+(e,—e)\j)—2(e;+ (e~ e1)A\y)

(e2=e1)® M= D—H+ M= D (D)
8 (e1+(ex—e)\j—er—(e—e)\y)”

= _4e1_2(ez_e1)()\j+)\k)

e—e1 N(Nj—LN\ =)+ N(N—1)(A—1)
8 (Nj=\)? ' ®

The first term—4e; is nondynamical, thereby negligiblge., can be absorbed by the “exact
form” part). Removing these terms frof, we obtain the Hamiltoniai. Q.E.D.

C. Degeneration of elliptic model to hyperbolic model

The degeneration of the elliptic model is achieved by letting+at-oc. Like the degeneration
process from § to R, this is a kind of scaling limit, namely, the coupling constagtsand the
elliptic modulus7 have to be suitably rescaled. To this end, we have to understand the asymptotic
behavior of the constants, e,, e; and thep-function in the limit as Imr— +oo. All necessary
data are collected in Appendix B. For instance, the asymptotic express@n e} ande; imply
that

€376

t=1+ =1+167%e™"+0(e>™7). (82)

2 1

This is indeed consistent with the scaling rttel+ €t in the degeneration process afRo R,.
Having these data, we now rescale the coupling constants and the elliptic modulus as

EE [oF
9=05. 01=0i, @-—_+_. 9= 0i=Ts (83
and
16e™7=et, (84)

and consider the limit as—0 while leaving@, andt finite. Note that lettinge— 0 amounts to
letting Im 7— +o0.

The asymptotic expression @f(u) and p(u+ w,) in Appendix B shows that the potential
V(q) of the elliptic model behaves as
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~2 2 ~2_2 ~2 7T =2 _7¥2
g1 gpmt 3Tl
V(q)= 2 (sz (7)) + cosz(wqj) + 5 cos{Zij)—T cog4mq;)
» 1 1
4§k (Sinz(ﬂ(qJ'_Qk)) " sinf((q;+ )

+function of € and t only+O(e).

Thus, removing negligible terms, we obtain the following Hamiltonian in the limit

N

G2mlt2

3
8

iy

_i(pf G | Gmt G

- ?+sin2(7rqj)+co§(wqj)+ 5 cod2mq;) -

cog4mq;)
i=1
1 1

+g4j¢k(sm2(w<qj 00) | sif(m(q,+ a0 89

The asymptotic expression bfdetermines the equation of motion in the limit. In fact, since

dr T i

dt t(t—1)(e—e) (14 €D)(— D) (= 72+0(e))

and

o9, _dtcﬁd_2 %4 o e
WIE_— Wlaaa—( 7t+0(e ))&,

we find that the equations of motion take the following form:

dg.  oH dp; oH
27#?4: —, 27#?@: - (86)
dt  9p; dt aq;

The final step is to rescale the variables and the Hamiltonian as

q] . ~ 25
qj— o pj—miq;, H——mH, (87)
and to renamé and7{ tot and . Let us also define the new constants

: (89)

which are to be identified with the four parameters gf Fhe outcome is the nonautonomous
Hamiltonian system

A9 oH o dp IR

Uat “ap, Yat T g @9

with the Hamiltonian
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p—jz— - - i +7—t cosh( »)+5t—2 cosh2q;)
2 sinlf(q;/2) cosH(q;/2) 2 9" g gl

1

, 1 1
+g4]¢k (Sinf?((qj‘_Qk)/Z) " sinkt((q;+aw)/2))”

(90

This gives a rank version of the nonautonomous Hamiltonian system on the Calogero side of P
Note that the Hamiltonian is essentially the same as the Hamiltonian of Inozemtsev’'s hyperbolic
model, except that the effective coupling constants are now time-dependent.

Remark:The foregoing prescription of scaling limit of the coupling constants and the elliptic
modulus is reminiscent of “renormalization” in quantum field theories. In this analogy, one can
interpret the equations of motion of the Hamiltonian system as “renormalization group equa-

tions,” in whicht plays the role of a “mass scale” parameter.

D. Canonical transformation to multi-component P,

Again, an honest generalization of the canonical transformation for the caselofeads to
a multi-component version of\P
Theorem 8: The time-dependent canonical transformation defined by

VA= —coth(q;/2),

(91)
Pj liko 61 71t
=t | —+ - ,
B og—1 2N N1 (G-
maps (89) to the Hamiltonian system
dni 9H  dy; dH
_J = P ﬂ = N (92)
with the Hamiltonian
[
)\-()\-—1)2[ (Ko 01 71t ) K }
H=> L =7 L2 =4 - +
;1 t R SV Ve R SV N L E VTP V)
2
2N — DN (NN
+% (A=) (N )2( j k). (93)
t 7k (Nj=Ny)
Proof: The method of proof for the case bf1 can be used as it is. The outcome is the
equality
| dt [
121 pjdg;—H =2 ]Zl wj d\;—H dt | +exact form, (94)
where
I 2
)\()\_1) Ko 91 771t K
H= ;[ -2—(—+ - +
1‘21 t I SV W R OV DL L A WPV S
2
9z 1 1
+ = - + = . 95
2t 2, | 5@, a0/ * Sa, a0 99

The two-body potential part can be rewritten by use of the identity
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1 1 _cost2u)cosh2v) -1
SINF(u—v) * sinf(uto) " (coshi2u) — coshi2v))?” (%6

Substitutingu=q;/2, v=0q,/2, and also using the equality cogp&(\j+1)/(\;—1), we find that

1 . 1 200 = 1) n— DN
sintP((g;—aqi)/2) ~ sintP((a;+qe/2) (\j=N)? ’

97)

which gives the two-body potential term k. Q.E.D.

E. Other models

The degeneration process can be further continued, and leads to four more models that cor-
respond to a multi-component version qf PP, P, and R. Since the details of derivation are
more or less parallel, we show the final results only. The Hamiltonian of each model, like those in
the foregoing cases, becomes a surh odpies of the one-component Hamiltonian and Calogero-
like two-body potential terms.

1. Rational model and multi-component Py,

This model can be derived from the hyperbolic model by degeneration. The degeneration
process consists of putting the variables and the parameters as

I

t=1+2€t, q]-=7Ti+61/2(T, pj= Pyl (99

and
1 B 1 5 1 @ 99
a=ga B=7 v=za S=—gatza (99

and lettinge— 0 while leaving the “renormalized” quantitie7s etc. finite.
The equations of motion of this model takes the canonical form

dt dp;’ dt  aq;’ (100
with the Hamiltonian
| 2 6 4 2 -2
_ pj . 1 qj . QJ o 2 qi qj
H—jl[z 2(2 2t 5| —2tP-a)| 5| +8|5
+04 ( ! + ! ) (102
94Jsﬁk (g;—aw?  (g;+a?)
The canonical transformation defined by
(9 P 1 2K0
A,-—(Z) , ]—4\/_ 2 Nj+2t+ — X (102
maps the foregoing nonautonomous system to the Hamiltonian system,
dni  oH  dp; JH
- i (103

@ o at oy
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with the Hamiltonian

g_i 2(Nj+ Ny
4

e (NN (104

|
— 2l 2

2. Exponential-hyperbolic model and multi-component Pui

This model, too, can be derived from the hyperbolic model by degeneration. This degenera-
tion is achieved by the putting the variables and the parameters as

€
9j=-Gj—logy, Pp;=-P;, (109
and
@y Y _Be b€ 06
it P2 VT4 T (106

and lettinge— 0.
The equations of motion of this model takes the canonical form

doj _JdH  dp_ IH

dt dp;’ ~dt  dq;’ (1079
with the Hamiltonian
szl p—jz— L eait Ee‘qi— Y20+ &—Ze_ij)
“l2 4 4 8 8
+92>, STP(a =3 ! : (108
7k sinr((q; —qw)/2)
The canonical transformation defined by
=€, Mj=2p—)\"j+; %*‘?‘Z—? , (109
maps the foregoing nonautonomous system to the Hamiltonian system,
%:j_:, %:_j_:, (110
with the Hamiltonian
: )\jz 2 0o 7ot 7.(60+6.)] 95 4NNy
H:jle[Mj_(%JrK_j_Tj[ AV AT NV WA

3. Second rational model and multi-component P,

This model can be derived froboththe rational model and the exponential-hyperbolic model
by degeneration. For the degeneration from the rational model, we write the variables and the
parameters as
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—1+47Beft g 1+27 13, 42,
T 2T T gz PiTTazs (112
and
1 1
a=—2a—ﬁ, ,3:—?12, (113
and lete—0. The degeneration from the exponential-hyperbolic model is similarly achieved by
putting
t=1+26%, gj=2€4;, p=—. (114
and
1 _1+4€%a 1 5o 1 1
4T T 28 p= 265 0 YT 48 T4 (119

and again lettings— 0.
The equations of motion of this model takes the canonical form

dg;_oJH dp_ K

Gt “ap At aq (19
with the Hamiltonian
| 2 2
pi 1 2 t)
H= ——=laf+ = + 11
= 2 2 q] 2 g42k (q] qk)2 ( 7)
The canonical transformation defined by
,
N=0j, #=REAT S, (118
maps the foregoing nonautonomous system to the Hamiltonian system,
drni oH dp; oH
_J:_a ﬂ:__y (119)
with the Hamiltonian
T p? t 1 1
= Ny — ZIn 2N &
H 2}1{ 5 >\,+2)MJ a+ S|\ +g4]§#}k(}\j_)\k)2. (120

4. Multi-component P,

This model can be derived from the second rational model, and takesitheform on both
the Painleveand Calogero sides. The degeneration process is achieved by putting

-6+ 1+66ﬁj 'r)j
t=—m— UG=—5 . P=_, a=de’ (121

and lettinge— 0. The equations of motion takes the canonical form
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doj _dH dp_ oH (122

with the Hamiltonian

1

| p2
H=> (?'—qu —1q;

i=1

VI. CONCLUDING REMARKS

We have shown that the Painfev@alogero correspondence persists for all the six Painleve
equations and their multi-component generalizations. The Calogero side of this correspondence is
a nonautonomous version of Inozemtsev’s elliptic model and its various degenerations. Those for
P, and R, are a nonautonomous version of Inozemtsev’'s hyperbolic and rational models. The
others corresponding to,f P, and R are further degenerations of the hyperbolic and rational
models. The pattern of degeneration on the Calogero side repeats the degeneration diagram,

PVl — PV — PlV

! !
Ph — P — PR

of the Painlevesquations.

This picture applies to the autonomous systems as well. Actually, such degeneration relations
in the autonomous case have been more or less well known to experts of Calogero—Moser systems
(see the Introduction of van Diejen’s pap®r The autonomous systems are defined by a Hamil-
tonian of the same form with the time-dependent coupling constants being replaced by absolute
constantgexcept for the elliptic model, in which case an independent time variable is introduced
Those in the position of the first row of the degeneration diagram are, of course, Inozemtsev’s
elliptic, hyperbolic and rational modelsee Sec. Y Those in the position of P and R, are
defined by the following Hamiltonians:

» Exponential-hyperbolic model:
| 2

P 1
H= le ?' +g5e’i+giedi+gle ti+gle 2

= (SN~ /2)”

» Second rational model'

HZ

2
7‘ gdaf+gia’+ 9507+ g3q;

+ 942

Qk)

The Hamiltonian in the position of |Hs redundant in the automonous case, because it is a
specialization, rather than a degeneration, of the last Hamiltonian.

Note that the Hamiltonian of the second rational model gaartic perturbation of the usual
(A, type) rational Calogero Hamiltonian. According to the recent work of Caseiro,,Bis@@nd
Sasakit® such a quartidintegrablé perturbation always exists for any rational Calogero—Moser
system. Inozemtsev’'s rational model, which issextic perturbation of theD, type rational
Calogero—Moser system, might admit a similar interpretation.

Back to the Painlevequations, the extended Painlex@alogero correspondence raises many
interesting problems. A central issue will be to find an isomonodromic description of the multi-
component Painlevequations. If such an isomonodromic description does exist, it should be
related to a new geometric structure.
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APPENDIX A: PROOF OF (42)

Let us introduce the two auxiliary functions:

_ f(w ) ¥ (Utwy) AL
Q(U)—f,(u)- (U)—m, (A1)
associated with the function
p(u)—e;
f(u) = W (AZ)
and the standard elliptic theta function,
Ju)= D, exp(mimnZ+2minu). (A3)

Lemma 1: gu) is a meromorphic function on the-plane with additive quasi-periodicity

g(u+1)=g(u), g(u+7)=g(u)—1. (A4)

All poles are of the first order and contained in the lattieg+ Z+ 77. Furthermore g(u) has
zeros at =0 and U= w; .

Proof: Sincef(u) is a doubly periodic function with primitive periods 1 andf’(u) and
f (u) transform as

f'(u+1)=f"(u), f'(u+r)=7'(u),
f(u+L)=f(u), f(u+n=Ff(u)—f'(u),

under the shift by 1 and This implies the additive quasi-periodicity gfu). Furthermore, by the
constructiong(u) is a meromorphic function on the-plane, and all possible poles are of the first
order and located at the points af,+7Z+ 7Z. Let us examine the behavior gf(u) at the
representative points= wg,w;,— w,,w3:

e ASU—wy=0,

f(U)=w+O(1),
thereby
()= O, )=~ 2T N o1
u)y=— , fluy=— ,
(&—eyu (e2—ep)u
so thatg(u) has rather a zero at=0:
g(u)=0(u). (A5)

s ASU—w,=3,

f(u)= (p(w1)—€1+p" (w1) (U= 1) +O((U— w1)?))

&6
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=0((u=wy)?),
thereby
f'(W=0(u-wy), f()=0(u-wy)?),
so thatg(u) has another zero at=w;:
g(U)=0(u=wy). (A6)

¢ ASU— —w,=3+ 7/2,

f(u)

=— (P(—wp)—€1+p' (—w)(U+ @) +O((U+ w)?))
€—e

=0((u+ wp)?),
thereby
f'(u)y=0(u+wy), fA(U)=0(Uu+w,),
so thatg(u) behaves as
g(u)=0(2). (A7)

e ASU—w3=1/2,

f(W)=——(p(w3) =€+’ (w3)(U—w3) +O((U— w3)?))
€—e
=t+O0((u—w3)?),
thereby
f'(uU)=0(u—w3z), fA(u)=0(1),

so thatg(u) turns out to have a pole of the first orderuat wj:

9(u)=0((u=wz) Y. (A8)
The behavior ofj(u) at the other points ob,+ Z+ 77 can be deduced from these results by the
additive quasi-periodicity ofj(u). Q.E.D.

Lemma 2: lfu) is a meromorphic function on the-plane with additive quasi-periodicity
h(u+1)=h(u), h(u+7)=h(u)—2i. (A9)

All poles are of the first order and contained in the lattieg+ Z+ 77. Furthermore h(u) has
zeros at =0 and U= w1 .
Proof: Let us recall the fundamental propertiesfu):

* J(u) is an entire function on tha-plane with zeros of the first order at the lattice points
wytm+nr (mneZ).
e J(u) is quasi-periodic,
Ju+1)=9(), Su+n=e "7 2mYu).

e A(u) and J(u+1/2) are even under the reflectior- — u.

All the properties ofh(u) in the statement of the lemma are an immediate consequence of
these properties off(u). Q.E.D.
Lemma 3: The function(fi) satisfies the equation

fA(u) 9 (utwy)
TEW - dUutwy

(A10)

where the prime stands fel/ Ju.
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Proof: The foregoing properties a(u) andh(u) imply the following:

* 27ig(u)—h(u) is a doubly periodic meromorphic function with primitive period 1 and
 All poles of 27ig(u) —h(u) are of the first order and contained in the latticg+ 7+ 77Z.
e 27ig(u)—h(u) has zeros ati=0 andu= wy.

The first two properties imply that2ig(u) —h(u) is a constant. By the last one, this constant
has to be zero. We thus find thatry(u) —h(u)=0. Q.E.D.
Lemma 4:9(u) satisfies the equation

(log 9(u+ w4))"=—p(u+ ws)+function of = only. (A11)
Proof: The aforementioned complex analytic propertiesi¢ti) imply the following:
* (log 9(u+wy))” is a doubly periodic meromorphic function with primitive period 1 and
* All poles of this meromorphic function are contained in the latiget+ 7+ 77.
* As Uu— — wg, this function behaves as

1
(|Og F(u+ a)l))"Z - —(1)3)2+O(1)

(u+

The function—gp(u+ w3), too, has these properties. Accordingly, their difference is a constant
function on theu-plane, namely, a function of only. Q.E.D.
We now return to the proof of42). By the third lemma, we have the identity

W) ¥ (ute) | dOUtwy) a9t w)lar

2m e 9= St e YT Bt ey dutey 07 (AL2)
On the other hand, the well known “heat equation,”
99 (u)
A7i =3(u)”, (A13)
ar
implies that
INut+w)ldr 1 Hutwy)" ' (Ut wy)\?
S VL R G R PR T (8 2l
FHu+wq) A7 YU+t wy) A J(U+ wq)

By the third and fourth lemmas, the last line can be rewritten as

2i —fT(U)

f'(u)

2

1 .
m{—go(w w3)t +function of 7 only,

so that

dr+exact form. (A14)

fA(u))?
p(u+ (1)3)—(21T| f,(—u))

w1
™ YT A

Substitutingu=q gives(42).

APPENDIX B: ASYMPTOTICS OF ELLIPTIC FUNCTIONS

The asymptotic behavior of the-function g (u), the shiftedp-functionsgp (u+ w,) and the
constant®,= g (wy), in the limit as Imr—+o, can be deduced from the well known formula
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o0 o0
a2 2 272

"(”):n;m siff(m(u+nr) ?_,,21 Si(7n7) (B1)

Let us first consider the asymptotic behaviorgfu) itself. The constantr(=0) term in the
first sum is of order 1 and the-th term is of ordee®"™'". Similarly, then-th term in the second
sum is of order®"™", Therefore

2 2

_ ™ ™ 0) 2miT B2
W(U)—m—?ﬂL (es™7). (B2)

A similar estimate leads to the following asymptotic expression for the shiftechctions:

772 2 .
W(U+w1)=m—?+o(ez ),

2
ar . .
p(u+ w2)=—?+8172 cog2mu)e™ +0(e?™7), (B3)
2

™ . -
(Ut wg)=— = —8m? cog2mu)e*™ T+ 0(e*™7),

In fact, the degeneration process of the elliptic model requires us to know the asymptotic expres-
sion of p (U+ w,) + ¢ (U+ w3) to the ordere®™ ™. This can be achieved by the following calcula-
tions:

s}

o0
2 272 472

p(Ut o) +p(Uutwg)= X

n T ) T T_nzl Sinz(ﬂnT)
cog|u+ s +nr|sirlu+ < +nr
2 2
72 _ , A
== - 3272 cog 2wu)e?™ "+ 16m2e?™ T+ O(e3™ 7). (B4)

We now consider the constargg. For instancege; can be written as

o]
2 2 272

N AR
el_n:_w o] (WnT)—?_n:]_ si(mnr)

[’

B 2 2, 2 272 272
“37 T & cod(mnr) & sild(anT)

[

(B5)

The constant 22/3 becomes the leading term; the leading=(1) terms of the last two series give
the next-leading term of the ordef™ . e, ande; can be similarly analyzed. Thus the following
asymptotic formulas are obtained:

’772 . .
e=——+ 1672e?>™ 7+ 0(e* "),
2
6y= — = +8m%e" T+ 0(e?™") (86)
2 3 ™ 1
2
ar . .
e3=— ? _8,n_2€7ﬂ7'+ O(eZ’)TIT).

In particular,e,— e;— — 72, as expected.

Downloaded 06 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 42, No. 3, March 2001 Painlevé—Calogero correspondence revisited 1473

1p. Painleve“Memoire sur les guations diffeentielles dont l'intgrale gmerale est uniforme,” Bull. Soc. Math. Phys.
France28, 201-261(1900; “Sur les equations diffeentielles du second ordre et d’ordre Stipar dont I'integrale
generale est uniforme,” Acta Math21, 1-85(1902.

2B. Gambier, “Sur les guations diffeentielles du second ordre et du premier dadpat I'intégrale gmerale est goints
critique fixes,” C.R. Acad. Sci.(Pari§ 142, 266—269(1906; Acta Math.33, 1-55(1910.

3R. Fuchs, “Sur quelquesgeations diffeentielles linaires du second ordre,” C. R. Acad. S¢Parig 141, 555-588
(1905; “U ber lineare homogene differentialgleichungern zweiter ordnung mit im endlich gelegene wesentlich singu-
laren stellen,” Math. Ann63, 301-321(1907.

4P. Painleve“Sur les guations diffeentielles du second ordrepmints critiques fixs,” C. R. Acad. Sci.(Parig 143
1111-111719086.

SK. Okamoto, “Studies on the Painlevaquations, I: Sixth Painlévequation,” Ann. Mat. Pura Appl146, 337—-381
(1987.

5Yu. I. Manin, “Sixth Painleveequation, universal elliptic curve, and mirror 6£,” Am. Math. Soc. Trans.186,
131-151(1998.

"A. M. Levin and M. A. Olshanetsky, Painlév€alogero correspondence, e-priig-geom/9706012 ; “Classical
limit of the Knizhnik—Zamolodchikov—Bernard equations as hierarchy of isomonodromic deformations,” &qint
th/9709207

8M. A. Olshanetsky and A. M. Perelomov, “Classical integrable finite-dimensional systems related to Lie algebras,”
Phys. Rep71, 313-400(1981.

9F. Calogero, “Solution of the one-dimensional N-body problem with quadratic and/or inversely quadratic pair poten-
tials,” J. Math. Phys12, 419-436(1971); Exactly solvable one-dimensional many body problems, Lett. Nuovo Cimento
13 411-416(1975.

0y 1. Inozemtsev and D. V. Meshcheryakov, “Extension of the class of integrable dynamical systems connected with
semisimple Lie algebras,” Lett. Math. Phy$,. 13—-18(1985.

11y, 1. Inozemtsev, “Lax representation with spectral parameter on a torus for integrable particle systems,” Lett. Math.
Phys.17, 11-17(1989.

12M. A. Olshanetsky, “Painlevéype equations and Hitchin systems,” e-prinath-ph/9904023

13K. Okamoto, “Isomonodromic deformations and Painleegiations, and the Garnier system,” J. Fac. Sci., Univ. Tokyo,
Sect. 133, 575-618(1986.

1D, Levi and S. Wojciechowski, “On the Olshanetsky—Perelomov many-body system in an external field,” Phys. Lett. A
103 11-14(1984.

15K, Iwasaki, H. Kimura, S. Shimomura, and M. Yoshidapm Gauss to Painlev&/ieweg, Braunschweig, 1991

16J. F. van Diejen, “Difference Calogero—Moser systems and finite Toda chains,” J. Math. 38h299-13231995.

173, Malmaquist, “Sur les quations diffeentielles du second ordre dont l'igiele gmerale a ses points critique fixes,”
Ark. Mat., Astron. Fys17, 1-89(1922/23.

18K, Takasaki, “Elliptic Calogero—Moser systems and isomonodromic deformations,” J. Math. BOy§787-5821
(1999.

°R. Caseiro, J.-P. Franise, and R. Sasaki, “Algebraic linearization of dynamics of Calogero type for any coxeter
group,” e-printhep-th/0001074

Downloaded 06 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



