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1 Introduction and restriction of reproducing 
kernel Hilbert spaces 

In order to show the basic background of this note, we recall the restriction 
and extension of reproducing kernel Hilbert spaces. 

We consider a positive definite quadratic form function (reproducing ker­
nel) K: Ex E ➔ C. We consider restriction of K to Ea x Ea, where Ea is a 
subset of E. Of course, the restriction is again a positive definite quadratic 
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form function on the subset E0 x E0 . We shall consider the relation between 
the two reproducing kernel Hilbert spaces. 

Theorem A. ([19], pages 78-80). Let E0 be a subset of E. Then the 
Hilbert space that KIEo x E0 : E0 x E0 ➔ CC defines is given by: 

HKIEoxE0 (Eo) = {f E F(Eo) : f = flEo for some J E HK(E)}. (1.1) 

Furthermore, the norm is expressed in terms of the one of HK(E): 

IIJIIHKIEoxEo(Eo) = min{llfllHK(E) : J E HK(E), f = flEo}. (1.2) 

In Theorem A, note that the inequality, for any function f E HK(E) 

(1.3) 

that is, the restriction map is a bounded linear operator. 
In addition, for the minimum extension formula we have the general for­

mula in Theorem A, 

f(p) = (JIEo(·), K(·,p))HKIEoxE0 (Eo), 

for the minimum norm extension f of JIE0 . See the proof of Proposition 2.5 
in [19] (pages 79-80), in particular, (2.48). 

With these strong motivations, we gave the realization of restricted re­
producing kernels in [20] for some Sobolev Hilbert spaces. 

The space H8 (JR) is comprising of absolutely continuous functions f on 
JR with the norm 

IIJIIHs(lR) = 1 (IJ(x)l 2 + IJ'(x)l 2 )dx. (1.4) 

The Hilbert space H8 (JR) admits the reproducing kernel (Green function) 

K(x y) - -- exp(i(x - y)~)d~ = -e-lx-yl l 1 l 1 
' 21r JR 1 + ~2 2 

(x, y E JR). (1.5) 

Its restriction to the closed interval [a, b] is the reproducing kernel Hilbert 
space H8 [a, b] = w1,2 [a, b] as a set of functions, and the norm is given by 

IIJIIHs[a,b] (1b (lf(x)l 2 + lf'(x)l 2

) dx) + lf(a)l 2 + lf(b)l 2

- (1.6) 
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( [19], pages 10-16). 
In particular, we obtain the best possible inequality: 

1 (lf(x)l 2 + IJ'(x)l2)dx ~ (1b (lf(x)l2 + IJ'(x)l2) dx) + lf(a)l2 + lf(b)l 2 -

(l.7) 

We obtained several realizations of restricted reproducing kernel Hilbert 
spaces as in (1.6), however, they are, in general, involved. See [17], [19]. 
The formula (1.6) is a simple result, however, the realization of the restricted 
reproducing kernel spaces is, in general, complicated in this sense. 

For the Sobolev Hilbert space W 2,2 (IR.) defined to be the completion of 
Cgo(IR.) with respect to the norm: 

we have the reproducing kernel 

1 
G(s, t) 4e-ls-tl(l + Is - ti) (s, t E IR.) 

([19], pages 21-22). 
For simplicity, we shall consider functions in real valued functions. 
We looked the reproducing kernel Hilbert space Ws([a, bl), (a< b) admit­

ting the restricted reproducing kernel G(s, t) to the interval [a, b]: 

llfllis([a,b]) = IIJ"llf2 ([a,b]) + 2IIJ'llf2 ([a,b]) + llfllf2 ([a,b]) (1.8) 

+2(f(a) 2 - f(a)J'(a) + J'(a)2) + 2(f(b) 2 - f(b)J'(b) + J'(b)2). 

Let 

100 cos(su) cos(tu) 7r 
K(s, t) = 2 du= - (exp(-1s - ti)+ exp(-s - t)) (1.9) 

O 1L + 1 4 

for s, t > 0. Then Hx(O, oo) = W 1•2(0, oo) as a set of functions and the norm 
is given by: 

~ {
00 

(lf'(u)l 2 + lf(u)l 2) du 
1r lo 



93

([19], pages 12-13). From the restriction of the kernel K(s, t) to [a, bl, a> 0, 
we have the realization of the norm 

2 2 1 - exp ( - 2a) 2 
IIJIIHK[a,b] = ; 1 + exp(-2a) IJ(a)I (1.11) 

+3- lb (lf'(u)l2 + lf(u)l2) du+ 3_1f(b)l 2 -
7f a 1f 

Let 

-100 sin(s u) sin(t u) 1r K(s t) = ----du= - (exp(-1s - ti) - exp(-s - t)) 
' 0 u2 + 1 4 

for s, t > 0. 
Then we have 

HK(0, oo) = {J E AC(0, oo) : f(0) = 0} 

as a set of functions and the norm is given by 

3_ {
00 

(IJ'(u)l 2 + IJ(u)l 2) du 
1r lo 

(1.12) 

(1.13) 

([19], pages 13-14). For the restriction of the kernel K(s, t) to [a, bl, a > 0, 
we have the realization of the norm 

IIJll 2 = 3_ 1 + exp(-2a) IJ(a)l 2 
HK[a,b] 7f 1 - exp(-2a) (1.14) 

+3-jb (If'( u) 12 + If( u) 12) du+ 3_ IJ(b) 12 · 
1f a 1f 

Let 
K(s, t) min(s, t) (s, t > 0). (1.15) 

Then we have 

HK(0, oo) = {f E W 1'2 (0, oo) : limf(c) = o} (1.16) 
c:-l,O 
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as a set of functions and the norm is given by 

(1.17) 

([19], pages 14-15). For the restriction of the kernel K(s, t) to [a, b], a > 0, 
we have the realization of the norm 

IIJll;h[a,b] = !IJ(a)l 2 + lb IJ'(u)l 2 du. 
a a 

(1.18) 

Furthermore, we recall the following two reproducing kernel Hilbert spaces, 
see pages 104-105 in [19]: 

Let HK[0, oo) be the set of all absolutely continuous functions f on (0, oo) 
such that f and its derivative f' satisfy 

lim f(x) = 0 and rxi IJ'(x)l2ex dx < 00. 
x+O Jo 

Then, HK[0, oo) is a reproducing kernel Hilbert space admitting the repro­
ducing kernel kernel K(x, y) = 1 - e-min(x,y). 

Likewise let HK(-oo, O] be the set of all absolutely continuous functions 
f on (-oo, 0) such that f and its derivative f' satisfy 

limf(x) = 0 and j 0 
IJ'(x)l2e-x dx < oo. 

xtO -oo 

Then HK(-oo, O] is also a reproducing kernel Hilbert space admitting the 
reproducing kernel K(x,y) = 1- emax(x,y)_ 

Then, we obtain the similar results for the restriction reproducing kernel 
Hilbert spaces as follows. 

For any interval [a, bl, a > 0 

IIJIIJiK[a,b] = l f(a); ) + lb IJ'(x)l 2ex dx. (1.19) 
- exp -a a 

For any interval [a, bl, b < 0, 

(1.20) 
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The function 
min(x, y) 

ka(x,y) = log---,a > 0 
a 

is the reproducing kernel for the one dimensional Sobolev space with finite 
norms 

satisfying 
J(a) = 0, 

([16]). We can see that the restriction of the kernel to [b, cl, 0 < a < b < c 
admits the norm square 

f(b)2 le 
log(b/a) + b J'(x)2xdx 

and so we obtain the norm inequality 

We have many type Sobolev Hilbert spaces. For example, 
for w2 = ,·,,? - a 2 > 0, the kernel 

exp(-als - ti) a 
K(s, t) = 4 2 cos(wls - ti)+ - sin(wls - ti) 

a, w 

(1.21) 

is the reproducing kernel for the Sobolev Hilbert space admitting the norm 

llull 2 = 4a,2u(a) 2 + 4au'(a) 2 

+ 1b (u"(t) + 2a2u'(t) + 12u(t))2 dt 

(E. Parzen, [12]). 
See also [1] and the recent paper A. Yamada ([21]). 
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2 Results 

From the above results, we obtain the simple best possible integral inequali­
ties 

Theorem 2 .1. 

For any function f E HK[a, b], a> 0 in (1.18), we have 

lb lf'(x) 12 dx 2 i If (b) 1
2 - ~ If (a) 1

2- (2.1) 

For any function f E HK[a, b] in (1.6), we have 

lb (lf'(x)l2 + lf(x)l2) dx 2 ± (lf(b)l2 - lf(a)l2). (2.2) 

For any function f E HK[a, b], a> 0 in (1.11) or in (1.13), we have 

lb (lf'(x)l2 + lf(x)l2) dx (2.3) 

2 (1 + exp(-2b) lf(b)l2 - 1 + exp(-2a) lf(a)l2) 'lf(a)l2 - lf(b)l2 
1 - exp(-2b) 1 - exp(-2a) 

For any function f E HK[a, b] in (1.8), we have 

lb (IJ"(x)l2 + 2lf'(x)l2 + lf(x)l2) dx (2.4) 

2 ± (2(f(b)2 - f(b)J'(b) + f'(b)2) - 2(f(a)2 - f(a)J'(a) + J'(a)2)). 

For any interval [a, b], a > 0 

t lf'(x)l2ex dx 2 f(a) 2 . 
Jo l - exp(-a) 

(2.5) 

For any interval [a, b], b < 0, 

1° lf'(x)l2e-x dx 2 f(b) 2 
. 

b l-expb 
(2.6) 

For any interval [b, c], 0 < a ::; b < c, we obtain inequality 

f(c)2 - f(b)2 < le f'(x)2xdx. 
log(c/a) log(b/a) - b 

(2.7) 
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For example, for (2.2) in (1.6), for a< b < c, by considering the extension 
of Hx[a, b] to Hx[a, c] 

that is, 

1c (IJ(x)l 2 + IJ'(x)l 2) dx + f(a) 2 + J(c)2 

2: le (IJ(x)l 2 + IJ'(x)l 2) dx + J(b) 2 + J(c)2 

and the desired result in + sign. 
Meanwhile, with c < a < b from 

we have the desired result with - sign. 
Other results may be given similarly. 
We obtained the new type fundamental norm inequalities for Sobolev 

Hilbert spaces, and we can apply the inequalities in this way, for example 

3 Elementary norm inequalities 

We shall consider elementary norm inequalities in connection with the above 
results. For this purpose we consider the integral 

llfllk[a,b;A,B] = 1b (A(x)f(x) + B(x)J'(x))2 dx. (3.1) 

Here, we can consider continuously differentiable functions A(x) and B(x) 
on [a, b] and for the Sobolev space Hs [a, b] of the first order. Then, by partial 
integral formula, we have 

11 f 11 k[a,b;A,B] (3.2) 
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Here, 

= lb a(x)IJ(x)l 2dx + lb B 2(x)IJ'(x)l 2dx 

+ [ A ( x) B ( x) f 2 ( x)] : . 

a(x) = A2 (x) - A'(x)B(x) - A(x)B'(x). 

3.1 A(x) = A constant case 

In this case, with A, Xn: constants and a(x) ?: 0, by setting 

l lx Bx(x) = xA - A a a(~)d~ + Xn, 

we have the desired inequality 

lb a(x)lf(x)l2dx + lb Bx(x)2 IJ'(x)l2dx 

?: A [Bx(a)J2(a) - Bx(b)f2(b)] . 

3.1.1 A: constant and a(x) = 0 case 

Then, with a constant Xn we have 

B(x) =Ax+ Xn, 

and we have the inequality 

lb (Ax+ Xn) 2 IJ'(x)l 2dx 

?: A [(Aa + Xn)J2(a) - (Ab+ Xn)f2(b)] . 
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Example: For a(x) = sinx with a= 0, b = 1r 

Then, for the function 

1 
Bx(x) = xA - A (cosx - 1) + XB, 

we have the inequality 

111: sin(x)IJ(x)l 2dx + Bx(x)21J'(x)l 2dx 

2 A [XBJ2 (0) - Bx(1r)f2 (1r)] . 

3.2 B(x) = B constant case 

In this case we have, for a(x) 2 0, B-/- 0 and constant XA, by 

A ( ) = ( )1/2 l + exp (i J: a(f,)lf2df, + XA) 
X X a X ( 2 J,x / ) , 1 - exp B a a(f,) 1 2df, + XA 

we have the inequality 

1b a(x)IJ(x)l2dx + 1b B2 IJ'(x)l 2dx 

2 B [Ax(a)f2(a) - Ax(b)f2(b)] . 

3.2.1 B: constant and a(x) = 0 case 

Then, we have 
1 

Ax(x) = - (1/ B)x + XA' 

with a constant XA and we have the inequality 
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3.3 A(x), B(x) constants case A, B 

Then, a(x) = A2 and we have the inequality 

1b A2 lf(x)l 2dx + 1b B 2 IJ'(x)l 2dx 

2:: AB (f2 (a) - f 2 (b)). 

4 Hardy type's inequalities 

The very famous and important Hardy's inequalities are stated typically in 
the following way: 

Hardy's inequalities. 

For O < b < oo and for smooth functions f, vanishing around the origin 

Furthermore, for p( s) 2:: 0 and p' ( s) ::; 0 and for -oo < a < 1 

See, for example, [2], Section 5.3 with many applications to partial dif­
ferential operators. It will be very interesting that one book ([11, 10]) even 
was published with Hardy's inequalities. 

From our method (3.1) we can obtain a general inequality with some 
natural and general weights of Hardy' type 

Theorem 3.1. For any function a(x) ::; 0 on [a, bl, for a non-vanishing 
and continuously differentiable function A(x) on [a, b] and a constant C such 
that the integral 

C 1 lx 
B(x) = A(x) + A(x) a (A2(~) - a(~))d~ 
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exists and the function B(x) is integrable, we obtain the Hardy type inequality 

1b B 2(x)IJ'(x)l2dx?: 1b (-a(x))lf(x)l2dx 

+ [ A ( x) B ( x) f 2 ( x)] : . 
Meanwhile, for any continuously differentiable function B(x) satisfying 

that for a continuously differentiable function A(x) 

a(x) := A 2 (x) - (A(x)B(x))' ::S 0, 

we have the above Hardy's type inequality. 

Corollary 3.1. In Section 3.1, for a function a(x) satisfying a(x) ::S 0, 
we obtain the Hardy type inequality 

1b Bx(x)21f'(x)l 2dx 

?: 1\-a(x))lf(x)l2dx + A [Bx(a)J2(a) - Bx(b)j2(b)], 

for the function 

l lx Bx(x) = xA - A a a(~)d~ + XB. 

Corollary 3.2. In Section 3.1, for a constant A and for any function 
B(x) satisfying on [a, b] 

0 =/= A ::S min B' ( x) 

for the function 
a(x) = A 2 - AB'(x) ::S 0, 

we obtain the Hardy type inequality 

1b B(x)21f'(x)l 2dx 

?: 1b (-a(x))lf(x)l 2dx + A [B(a)f2 (a) - B(b)f2 (b)] . 
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Example: For a(x) = -sinx with a= 0, b = 1r 

Then, for the function 

1 
Bx(x) = xA - A (l - cosx) + XB, 

we have the inequality 

1-rr Bx(x)21J'(x)l2dx 

~ 1-rr lf(x)l2 sinxdx + A [XBj2(0) - Bx(n)f2(n)] . 

Example: For a(x) = -x8 , s > -l with a= 0, b > 
0 and A l, C = 0 

Then, we have the inequality 

For any real number s (-/:- -1), for O < a < b we have the inequality 

Fors= -1 we have 

rb 2 

Jo IJ'(x)l2 (log~) dx 
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lb dx [ x ] b 2:: IJ(x)l 2 - + log- f 2 (x) . 
o X a O 

Example: For a(x) = -logx with a= l <band 
A l, C = 0 

Then, we have the inequality 

lb IJ'(x)l2(xlogx - x + 1)2dx 

2:: lb lf(x)l 2 logxdx + [(xlogx- x + l)j2(x)]~. 

Example: For a(x) 
and A l, C = 0 

Then, we have the inequality 

- log x with O < a, b < l 

1b lf'(x)l2 (x(logx - 1) - a(loga - 1))2 dx 

2:: 1blf(x)l2 (-logx)dx+ [(x(logx-1)-a(loga-l))f2 (x)J:. 

5 For the second order Sobolev spaces 

We consider the integral 

llf ll7i[a,b;A,B,C] 1b (Af (x) + B J'(x) +CJ" (x) )2 dx. (5.1) 
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Here, we can consider constants A, B, C and for the Sobolev space H8 [a, b] 
of the second order. Then, by partial integral formula, we have 

llf llJi[a,b;A,B,C] (5.2) 

= 1b (A2 IJ(x)l 2dx + ,B(x)IJ'(x)l 2 + C2IJ"(x)l 2) dx 

+ [ABJ2(x) + BCJ'(x) 2 + 2CAJ(x)f'(x)t. 

Here, 
,8 = B 2 - 2AC. 

Therefore, for ,B(x) 2: 0, we have the inequality 

1b (A2 lf(x)l2dx + ,BIJ'(x)l2 + C2 IJ"(x)l2) dx 

2: [ABj2(a) + BCJ'(a) 2 + 2CAJ(a)J'(a)] 

- [ABj2(b) + BCJ'(b) 2 + 2CAJ(b)J'(b)]. 

6 Up-to-date information 

6.1 In connection with Yamada's recent results 

For the simple statements, we assume the basic results on some general in­
tegral transforms on the framework of Hilbert spaces using the theory of 
reproducing kernels, Section 2.5 in [19] and the recent results by A. Yamada 
[22]. 

Let 1{ be a Hilbert space with the inner product(·, •)11,. Leth: E-+ 1{ be 
a fixed h valued mapping on E. Then, we shall consider the linear mapping 
L from f E 1{ into F(E) defined by the following: 

Lf(p) = (f, h(p))J1,. (6.1) 

The key to consider this fundamental linear mapping is to form the two 
variables complex-valued function; that is, a positive definite quadratic form 
function: 

K(p, q) = (h(q), h(p))J1, (6.2) 
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defined on Ex E. We denote by R( L) the linear function space of comprising 
all complex-valued functions of the images of h by L defined on E. In the 
image space R(L), we introduce the norm by 

llflln(L) = inf{llfllrL : f E 1l, f = Lf}, (6.3) 

then the image space forms a Hilbert space and we obtain the fundamental 
theorem: 

Theorem 2.37 ([19], 137). The image space {Lf}rE1-l by (6.1) of 1{ is 
characterized as the reproducing kernel Hilbert space HK(E) determined by 
K in (6.2) and we have the inequality 

(6.4) 

Furthermore, for any f E HK(E), there exists a uniquely determined vector 
f* E 1{ satisfying: 

f = (f',h(-))1-L on E and IIJIIHK(E) = 11£"111-l- (6.5) 

In this general situation, we examine the basic properties of the linear 
mapping (6.1), in particular, its inversion formula. However, its situation 
is very involved. For the inversion formula, A. Yamada [22], in particular, 
examined the linear mapping with the assumption that 1{ is itself a reproduc­
ing kernel Hilbert space and he obtained very beautiful results. Furthermore, 
he examined the linear mapping (6.1) itself from the viewpoint of delicate 
situations. 

However, many linear mappings (6.1) with physical meanings are not 
for any reproducing kernel Hilbert space as an input space. However, we 
will be interested in the linear mapping (6.1) with some smooth function 
spaces. Here we note that there exists a general method for this problem by 
considering input function spaces as a reproducing kernel Hilbert space. Note 
that any reproducing kernel Hilbert space may be considered as the image 
of a Hilbert space 1{, by considering a decomposition (6.2) of a reproducing 
kernel in some way conversely. 

We shall show the details with a typical example. 

As a typical case, we consider the simple heat equation 

Ut(x, t) = Uxx(x, t) on IR X T+ (T+ = { t > O}) (6.6) 
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satisfying the initial condition 

(6.7) 

Using the Fourier transform, we obtain a representation of the solution 
up(x, t) 

up(x, t) = ~ { F(~) exp (- (x - ~) 2
) d~ 

v41rt JIB. 4t 
(6.8) 

at least in the formal sense. Apart from a classical and educative arguments 
about the properties of this transform, for any fixed t > 0, we examine the 
integral transform F f------t up and we shall characterize the image function 
Up(X, t). 

Let us write 

1 ( x2
) k(x- t) = -- exp --

' y4nt 4t 
(x E IR, t > 0). (6.9) 

We define the kernel 

K(x x'· t) = k(x - c. t)k(x' - c. t)dC = --exp -- - - + -1 1 ( x2 x'2 xx') 
' ' IB. "'' "'' "' 2../2irt 8t 8t 4t 

(6.10) 

according to (6.2). 
The typical results of Section 2.5.3, in [19] are the following theorems and 

their corollary, which identify the RKHS HK(IR): 

Theorem 2.40: Lett> 0. A function f takes the form up(·, t) for some 
FE L 2 (IR) if and only if f admits analytic extension J to (C and satisfies 

1 11 ~ (-y2) r.c,_ lf(x + iy)l 2 exp - dxdy < oo. 
y 21rt c 2t 

(6.11) 

In this case, f E HK(IR), where K is given by (6.10), and the norm is given 
by: 

~ Jr r lf(x + iy)l 2 exp (- y2
) dxdy. 

v21rt le 2t 

Theorem 2.41. Let t > 0. In the integral transform F f------t up(·, t) 
of L2 (IR) functions F, the images up(·, t) extend analytically onto (C to a 
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function, which we still write up(·, t). Furthermore, we have the isometrical 
identities 

1 2 1 11 2 ( y2
) ~ (2t)j 2 IF(t)I dt = y'2ii lup(z, t)I exp -- dxdy = ~---, llup(·, t)IIL2(JR) 

JR 21rt IC 2t . J. 
J=O 

(6.12) 

for any fixed t > 0. 

Corollary 2. 7. If a 0 00 -function f : IR.n ➔ (C has a finite integral on the 
most right-hand side in (6.12), then f is extended analytically onto (C and 

00 (2t)j 1 . 1 11 ( y2
) L---1 l8;J(x)l 2dx = rrc;. IJ(x + iy)l 2 exp --2 dxdy. (6.13) 

j=O J • JR V 21rt IC t 

Now, as a simple smooth function space, we shall consider a reproducing 
kernel Hilbert space. The space H8 (IR.) is comprising of absolutely continuous 
functions f on IR. with the norm 

IIJIIHs(JR) = 1 (lf(x)l 2 + lf'(x)l 2)dx. (6.14) 

The Hilbert space H 8 (IR.) admits the reproducing kernel (Green function) 

1 r 1 1 
K(x, y) 27r }JR 1 + t2 exp(i(x - y)t)dt = 2e-lx-yl (x, y E JR.). (6.15) 

The representation (6.15) means that the functions f(x) of H8 (IR.) are 
represented in the form 

f(x) = 2~ 1 i: t2 exp(ixt)F(t)dt 

with the functions F(t) satisfying 

and the norm is represented by 

(6.16) 

(6.17) 
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By combining two integral transforms (6.8) and (6.15), we obtain the 
integral transform of the Sobolev space Hs(IR) 

l 1 exp(-et) up(x, t) = - F(t) exp itx t2 dt 
2n JR 1 + 

(6.18) 

for the space satisfying (6.16). Then, by the fundamental theorem (2.37) we 
obtain the corresponding theorem to Theorem (2.41): 

Theorem 6.1. Let t > 0. In the integral transform F f---+ up(·, t) of 
the Sobolev space Hs(IR) functions F, the images up(·, t) extend analytically 
onto CC to a function, which we still write up ( ·, t). Furthermore, we have the 
isometrical identities L IF(t)l 2dt 

= ~ J 1 (lup(z, t)l 2 + :z up(z, t)l 2) exp (-t:) dxdy 

00 (2t)j ( 2 a 2) 
= ~ T llup(·, t)IIL2(IR) + 11 a. up(·, t)IIL2(IR) 

for any fixed t > 0. 

Meanwhile, in the Yamada's situation, we will consider the integral trans­
form 1 ( F(t)k(x - t, t) + :tF(t) :tk(x - t, t)) dt 

for the Sobolev space H8 (IR) and it does not have a physical sense. 

6.2 Q, Guan's recent extensions 

For two functions tp and 7/J of H 2 ( D) for any regular domain D, the ana­
lytic Hardy 2 space (Szego space), we obtain the generalized isoperimetric 
inequality 

and so, we obtain the bounded linear operator from the Szego space to the 
Bergman space 
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(6.20) 

for the length l(8D) of the boundary 8D([13]). 
Note that the inequality (6.20) is a curious one in the sense that the 

Bergman norm is for analytic differentials, but the Szego norm for half order 
differentials. In connection with this inequality, we recall the interesting best 
possible norm inequality: 

Jr r lf'(z)l2dxdy::; ! r l_f'(z)dzl2 
JD 2 }aD idW(z, t) 

= ~ r I J' ( z) 12 ( 8G ( z' t) )-11 dz I, 
21r laD OVz 

(6.21) 

that means the relation between the Bergman norms and the weighted Szego 
norm for (exact) differentials. Here, for the conjugate harmonic function 
G*(z, t) of the Green function G(z, t) of D, W(z, t) = G(z, t) + iG*(z, t), and 
idW(z, t) is a single-valued meromorphic differential and positive along the 
boundary 8D and 8/ovz is the inner normal derivative with respect to D. 
8G(z, t)/8vz is a positive continuous function on 8D. 

This inequality is not so simple to derive and for its proof we must exam­
ine deeply the relations among the Hardy reproducing kernel, its conjugate 
kernel and the Bergman kernel ([14]). 

The conjugate Hardy space which is given by the left hand side of (6.3) 
was surprisingly generalized as the Ohsawa-Saitoh-Hardy space on 
n-dimensional complex manifolds by Q. Guan and Z. Yuan ([8]) through 
([5, 6, 7]) with many concrete and deep results. Furthermore, surprisingly 
enough, further extensions were given recently in [9]. 
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