


STUDIES
ON

ROAD TRAFFIC FLOW

by
KATSUHISA OHNO

Submitted in partial fulfillment of the

requirement for the degree of
DOCTOR OF ENGINEERING

(Applied Mathematics and Physic)
at
KYOTO UNIVERSITY
KYOTO, JAPAN
OCTOBER 1972



Preface
N P P P B N

In the past decade, many countries in the world have
begun to confront serious problems of air pollution, traffic
noise, traffic congestion and traffic accidents which are
orousrht by the rapid growth of the use of motor vehicles.
These traffic problems have aroused a greabt interest of
traffic ecngincers and theoroticians of various kinds in the
coudy of (road) traffie flow. Now this field is called the
thoory of (road) traffic flow or traffic flow theory.
dlthoush a vast amount of scientific investigations have
boeon carried out in the field of the theory of traffic flow
since the beginning of this century, many problems still
rcﬁain ovasn. The reason is tﬁat real traffie situations
sre very complex: they involve humen nature on the one hand

physiecl lavie of movement on the other.

This thecis is devotzd to showing many theoretical results

{oxr gewveral baoasic preblesis in the theory of traflic flovw.
The problenic diccussed in the thesis nizht be clas

~

ollewing threc subjectis: traffie flow, troaffic

cucue snd btraffie conbrel. It is te be hoped that &

‘¢gults shown in the thesis will find practical applicasion

in the fielé of traffic flow.
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Chapter 1. Introduction

l. 1. The theory of traffic flow

~

According to the Statisfical Yearbook (1971) published
by Statistical Officelof the United Nations, the number of
motor vehicles in use in the world was 216 million in
1968, of which 170 million were passenger cars, and
increased by 71.4 percent between 1960 and 1968. While
population in the world increased by 15.9 percent for the
same period. In Argentina, the number of motor vehicles
in use and population increased by 109 percent and by 13.2
percent, respectively, for the same period. In Australia,
the corresponding percentage increases were 52.5 and 17.0;
in Brazil, 105 and 26.5; in Canada, 48.3 a2nd 15.9; in
Frence, 95.6 and 9.2; in Fed. Rep. of Germany, 141 and
9.0; in Italy, 265 and 6.2; in the United Kingdom, 80.6
and 5.5: in the United States, 36.5 and 11.3. In
particular, Japan showed a remarkable growth in the
number of motor vehicles, which increased by 576 percent
between 1960 and 1968. While population increased only by
8.4 percent for the same period. According to the Japan
Statistical Yearbook (1971), there were 12.8 million
motor vehicles registered in 1970. Ratios of motor

vehicles to people dropped from one fiftieth in 1960 to
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one eighth in 1970. Besides, between 1960 and 1970, the
proportion of domestic cargo ' carried by motor vehicles
increased from 76.9 percent to 88.5 percent of the total
tonnage of domestic cargo . and increased from 15.1

percent to 37.9 percent of the total freight movement,
measured in ton-kilometres. For passenger domestic

travel during the same period, the proportion of‘passeggers
carried by motor vehiecles rose From 38.9 percent to 59.0
percent of the total number of passengers carried and

from 22.8 percent to 49.4 percent of the total passenger
volume, measured in person-kilometres. The statistics
mentioned above show that in the post decade there has
been a considerable growtﬁ in the use of motor vehicles

in most countries in the world, particularly, in Japan.
The main reason for thig fact is that the desire for
individual mobility is universal and growing with the

rise in standards of living. Therefore the same trend
will continue in the immediate future, even though urban
areas will undertake extensive programs to improve mass
transit. The rapid growth of the use of motor vehicles,
however, has brousht not only benefits but also serious
problems of air pollution, traffic noise, parking
difficulties, traffic congestion and safety. For instance,
between 1960 and 1970, real lengths of ruads per one motor

vehicle registered dropped from 513 metres in 1960 to 79
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metres in 1970 in Japan. Moreover, in 1969 there were
721 thousand traffic accidents on Japanece rcads, which
caused 16 thousand persons to be killed, a 35 percent
inecrease over 1960, and 967 thousand persons to be
injured, a 234 percent increase over 1960. The trends
are the same in most countries and the traffic problems
mentioned above become one of the most vital social
problems of the world.

The theory of traffic flow is one of the main
approaches to the road traffic problems. According to
the annoted bibliography compiled by Haight (1964),
Crosby wrote a paper entitled "Value of Traffic Census"
as early as 1915. This seems to be the earliest
scientific research in the field of the theory of traffic
flow. In the 1920', however, no remarkable investigations,
except a few ones concerning with the statistical
analysis of traffic accidents, which followed Crosby's
were carried out. In the middle of 1930', Greenshields
(1934, 1935) made an experimental study of traffic flow
by measuring actual flows and velocities and fitted a
straight line to a plot of velocity against concentration.
Adams (1936) considered a pedestrian crossing problem for
e Poisson traffic flow and obtained a forzula for the
average wailt. Over twenty scientific investigations

including Crosby's, Greemnshields' and Adans' were
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performed by the end of the 1930" and over one thousand
by 1964. By the present, probably, over two thousand
scientific investigations have been carried out in the
field of the theory of traffic flow. In spite of these
vast amount of scientific investigations, many problems
still remain open. Because real traffic situatlions are
very complex: they involve human nature on the one hand
and physical laws of time, space and movement on_the
other. |

Problems which are dealt with in the theory of
traffic flow seem to be classified into the following
four main subjects: traffic flow, traffic queues, traffic
control, and safety and traffic noise. The first subject
is concerned with the movement of vehicles on roads and
the second is related with queues of vehicles at
junctions or bottlenecks. The third subject is concerned
with the optimal control of traffic flow through traffic
lights and the planning of road network that diminish
traffic congestion, air pollution, traffic accidents and sO
on. The last subject includes the statistical analysis
of traffic accidents and the related topic of traffic
noise. In the following sections, these main subjects

will be surveyed and reviewed in some detail.
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1. 2. Iraffic flow g
When a road is empty except for one vehicle, the
movement of that vehicle depends principally on the wishes
of the driver and is usually of a constant velocity called
a desired one. Nearly the same can be said for a traffic

flow whose density, or concentration is low. That is,

the interactions which occur between vehicles are nezligible
and each vehicle drives at his 5wn|desired velocity. The
traffic flow with this property is called a low density
one. As the density of traffic flow increases, the
interactions between vehicles also increase and queues of
vehicles with higher desired velocities form behind

slower vehicles. The traffic flow whose density is not
low but not so high thaé-no overtaking is possible 1is
called a medium density one. Finally the traffic flow
whose density is so high that no overtalking is possible.is
called a high density one. Thus, the traflfic flow is
classified into three different types according to its
density. On the other hand, several different models,
each of which is rcasonable for a limited type of three
different traffic situations, have been sugcested to
describe and analyze the traffic flow. These approaches
fall largely into the following two categories:
Geterministic approaches and probabilistic ones.

To begin with, let us be concerned with the

5
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deterministic approaches. One deterministic approach.is
through kinematic wave theory. This approach is based on
fluid dynamic analogies to traffic flow and reasonable for
the 'medium or high density traffic flow. This theory takes
no account cf properties of individual vehicles. Therelfore
it can not be expected to explain trarlffic behaviour in
detail but certain results about the propagation of

traffic waves and the frequent appearaisce of shock waves
have been obtained. This approach was developed
independently by Lighthill and Whitham (1955) and

Richards (1956). Generalizations of their theories have
been given by De (1956), Greenberg (1959), Bick and

Newell (1960), Oliver (i§64), Pipes (1965, 1968, 1969)

and Munjal and Pipes (1971). Gerlough (1961), Grace and
Potts (1964) and Herman and Rothery (1967) have attempted
1o use Kinematic wave theory to analyze the diffusion of
traffic platoons.

Another possible approach is to regard the traffic
flow as the flow of molecules in a gas and hence it
applies to the low or medium density traffic flow.

Since this approach is based upon an integro-differential
equation of the Boltzmann type, this is called a
Boltzmann-like approach. This approach was originated by
Prigogine and Andrews (1960) and Prigogine (1961).

Generalizations of their theories have been given by

6
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Anderson, Herman and Prigogine (1962), Belescu, Prigogin,
Herman and Anderson (1967), Prigogine, Herman and ,
Anderson (1967), Munjal and Pahl (1969), Dutter and Zackor
(1971) and Herman and Lam (1971 a, b). Gafarian,
Munjal and Pahl (1971), however, have shown that
.Baltzmann-type integro-differential equations put

forward by'Prigogine et _al give a very poor agreement
between experimental data and computed values.

The last of deterministic approaches is through
car-following theory. This is concerned with the dynamics
of a line of vehicles following one anothér without
overtaiting and hence this applies to the high density
traffic flow. This approach is based upon a set of
differential-difference equations which govern the response
of each driver tc changes in the speed of the vehicle
ahead. Pipes (1953) proposed a differential-difference
equation representing a rule for following another
vehicle at a safe distance, which was generalized and
solved by Chandler, Herman and Montroll (1958), Chow
(1958), Kometani and Sasaki (1958), Gazis, Herman and
Potts (1959) and Herman, Montroll, Potts and Rothery
(1959). Kometani and Sasaki (1959 a, b, 1961 a, b) and
Sasaki (1559) deduced a differential-difference equation

involving the acceleration of both leading and following
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vehicles and discussed the stability of the motion. Many
other different differential-difference equations have
been suggested by DEdie (1961), Gazis, Herman and Rothery '
(1961), Newell (1961 a, b), Herman and Rothery (1962),
Lee (1966), Pipes (1967) and Bexelius (1968). Related
works have been done by Kisi (1960), Helly (1961),

Herman and Potts (1961), Newell (1962), Gagzis, Herman and
Weiss (1963), Evans (1966), Unwin and Duckstein (1967),
Leipnik (1968), Petigny (1968), Rockwell, Ernst and
Hanken (1968), Cosgriff (1969), May and Keller (1969),
Weiss (1969 a), Bender and Fenton (1970), Kapur (1971)
and Fowkes (1972).

In the above, three @eterministic approaches to the
traffic flow have been surveyed and reviewed. The traffic
flow, however, is not in faet a continuous fluid but is
made up of discrete vehicles. DMoreover the traffic flow
essentially has stochastic properties due to different
physical factors such as sight distance, roadside
development and grade, different traffic factors such as
traffic volume, portion of trucks and parkins conditions,
and cdifderent environmental factors such as driver
characteristics, weather, season, speed limits and other
traffic coantrols (see Berry and Belmont (1951)). Hence a
stochastic approach seems the most obvious and right

line of approaches to the traffic flow. In fact, as
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early as 1930', Adams (1936) showed‘that the times at
which vehicles passed a fixed point could be regarded as &a
Poisson process. Since that time, the Poisson counting |
distribution and the exponential headway distribution
have been substantiated repeatedly by many researchers.
Moreover, many new counting or headway distributions
have been suggested by Beckmann, McGuire and Winsten
(1956), Haight (1958),0liver (1961, 1962 b), Buckley
(1967, 1968), Newell (1967), Dunne, Rothery and Potts
(1968), Serfling (1969), Vaughan (1970) and Ashton (19?1).
Velocity distributions and accelation noise have been
discussed by Berry and Belmont (1951), Wardrop (1952),
Montroll (1961), Johns and Potts (1962), Olcott (1965),
Helly and Baker (1967) and Mdri, .Takata and Kisi (1968).
Weiss and Herman (1962) considered the low density
traffic flow on an infinitely long road without
intersections and showed that when the velocity
distribution was continuous, the only counting
distribution that remained itself in the long run, was
the Poisson distribution, and that the number of vehicles
which overtook or were passed by a vehicle moving at a
given velocity also was distributed with the Poisson
distribution. The first result has been generalized by
Breiman (1963), Suzuki (1966) and Thedéen (1967 a, b,

1969 b). Related problems have been considered by Doob



(1953, pp. 404-407), Dobrushin (19;6), Kisi (1962),
Karlin (1966, page 497), Goldman (1967), Stone (1968)
and Brown (1969 b, 1970). The second result and related
problems have been discussed by Rényi (1964), Leipnik
(1967), Breiman (1969), Brown (1969 a) and Srivastava
(1969). Besides, Newell (1955, 1966) discussed the low
density traffic flow in which wvehicles interacted in
such a way as to delay a vehicle when it passed another.
Kometani (1955) considered the low or medium Poisson
traffic flow on a two-way two-lane road and obtained the
probability that a faster vehicle could overtake a bunch of
slow vehicles. In this twa-way two-lane model, when the
faster vehicle catches up a bunch of slower vehicles, it
can overtake immediately the bunch if there is a
sufficient gap in the opposing stream of vehicles; if
there is not a sufficient gap, it follows the bunch
until it finds a sufficient gap. Tanner (1958, 1961)
discussed this model and obtained the mean delay and the
average velocity of the faster vehicle. Hiller (1961 a,
b, 1962) dealt with more generalized model in which
vehicles traveled in random bunches and overtook at
random times and velocities of vehicles were distributed
generally, and derived equations for the process of
catching-up and overtaking. Related problems have been

discussed by Miller (1963 a, 1967, 1970), Gordon and
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Newell (1964), Rényi (1964), Erlander (1967, 1971 a, b),
Gustavsson (1967), Holland (1967), Oliver and Lam (1967),
Warnhuis (1967), Gani and Srivastrava (1967), Andrews
(1970 a, b), MeNeil (1970), Schach (1970), Brill (1971),
Morse . .and Yaffe (1971) and Pahl and Sands (1971).
Finally, the high-density traffic flow in which
passing is not allowed has been dealt with by a few
researchers. For instance, Newell (1959 b, 1961 a) and
Edie and Foote (1961) discussed the traffic flow in
tuanels, in which passing was forbidden by law. Hodgson
(1968) investigated the time to drive through a no-

passing zone.
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1. 3. Traffic gueues

The last of the preceding section has been concerned,
with the problem of "dynamic delay", which is caused by
overtaking in the traffic flow on a two-lane road.

This section is concerned with problems of "static delay"
(see, Ashton (1966)), which include the problem of the
delay incurred by a pedestrian who wants to c¢ross a road,
that of the delay incurred by a vehicle wishing to cross
or merge into a major traffic stream at an intersection
with stop signs, that of the delay of a vehicle at an
intersection controlled by a traffie light and so on.

The first problem is briefly called the pedestrian

crossineg problem and the second is called the merging

problem. These two problems, however, are essentially
the same.

The pedestrian crossing problem wés first discussed
by Adams (1936) in connection with an attempt to Jjustify
the Poisson counting distribution. Tanner (1951)
derived the distribution of the delay to pedestrians and
distributions of the slzes of groups of pedestrians
walting to cross a rcad, assuming Poisson arrivals for
both vehicles and pedestrians. His results were
generalized by Mayne (1954) to the case where interarrival
times of vehicles were generally distributed. Related

problems have been discussed by lMoore (1953), Cohen,
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Dearnaley and Hansel (1955), Vuchiic (1967) and Weiss
(1967 a). On the other hand, the earliest model of the’
merging problem, studied originally by R4ff (1951),
assumes the merging strategy that a vehicle merges as
soon as a gap greater than some predetermined constant,
say, T appears in the major traffic stream. Little
(1961), Oliver (1962 a), Oliver and Bisbee (1962), Tanner
(1962) and Hawkes (1965, 1966) dealt with this model.
This model has been generalized in two different
directions. In the first extension, it ic assumed that T
is a random variable that varies from vehicle to vehicle,
but is fixed for a particular wvehicle. This model has
been developed by Miller (1961 a), Yeo and Weesakul (1964)
and MeNeil and Morgan (1968). In the second extension,
proposed by Herman znd Weiss (1961) and Weiss and
Margdudin (1962), it is assumed that T is =z random
variable that varies from gap to gap. This model has
been generalized by Gaver (1963, 1966), Evens, Herman and
Weiss (1964), Weiss (1967 b, 1969 b), ‘Allan (1968),
Hawkes (1968) and Yiener and Yagoda (1370). MeNeil and
Smith (1969) compared the delays of vehicles in the case
of the zbove two models. Reid (1967, 1968) discussed the
delay of a right turning vehicle at an uacontrolled
intersection., Mine and Mimura (1969) and Blumenfeld and

Weiss (1971) investigated the merging problem with an
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acceleration lane of finite length. Various aspects of
the merging problem have been discussed by Jewell (1964),
Ashworth (1968, 1969), Athans (1969), Blumenfeld and
Weiss (1970), Breeding (1970) and Gafarien and Walsh
(1870).

A large number of researchers have dealt with a queue
of vehicles at an intersection controlled by a traffic
light, which is briefly called a traffic light queue. A
traffic lizht is called fixed—~cyecle, if it has a cycle-of
fixed length. It is called vehicle-actuated, if it
contains some type of detectors. In particular, it called
semi-vehicle—actuated, if it contains detectors on the
only one road of the two {ntersecting ones.that is
usually c2lled the minor road. Beckmenn, McGulire and
Jinsten (1956) derived a relation between the mean delay
per vehicle and the mean cueue-length for a fixed-cycle
traffic licht queue, assuming constant departure
headways and binomial arrivals of wvehicles. This model
has been discussed by Newell (1960 a), Dunne (1967),
Potts (1967) and Smit (1971). TFixed-cycle traffic light
gqueues with constant departure headways and Poisson
arrivals have been discussed by Webster (1958), Haight
(1959) and Buckley and Wheeler (1964). Tixed-cycle
traffic li~sht queues with constant departure headways and

stationary and.independent arrivals have been
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investigated by Uematu (1957), Miller (1963 b), Darroch
(1964), Kleinecke (1964), Newell (1956, 1965), McNeil
(1968) and Siskind (1970). Vehicle-azctuated traffic light
queues have been dealt with by Garwood (1940), Darroach,
Newell and Morris (1964), Newell (1969) and Newell and
Osuna (1969). Semi-vehicle-actuated traffic light queues
have been investigated by Haight (1959) and Little (1971).
Various problems related to traffic light queues have
been discussed by Newell (1959 a), Smeed (1957), Gazis,
Herman and lMaradudin (1960), Olson and Rothery (1961),
Dick (1964), Webster (1964), Anker. and Gafarian (1967),
Blunden and Pretty (1967), Anker, Gafarian and Gray
(1968), Huddart (1969), Thedéen (1969 a) and Dickey and
Montgomery (1970).

There are some other traffic situations which incur
the static delay. A traffic gqueuwe at a roundabout, or
traffic circle was discussed by Helly (1964). Traffic
jems at bottlenecks which result from flow-stopping
incidents sucl as traffic accidents, mechamical failures
and road repairing, have been dealt with by liay and
Keller (1967), MelNeil (1969), Gaver (1969) and Shaw
(1970, 1971).

15



1s 4, Tyafiie contrg£

Traffic control is the most important subject in the
theory of traffic flow and has been discussed by a great]
many researchers. The most common device for controlling
a critical intersection in an urban area is the traffic
light. As noted in ﬁhe preceding section, there are
three types of traffic lights in ¢general use: fixed-cycle,
vehicle—-actuated and semi-=vehicle—-actuated. iardrop
(1952), iebster (1958), Miller (1963 b), Rengarajan eand
Oliver (1967) and Allsop (1971 a, b) bave discussed
optimal signal settings for a fixed-cycle traffic light
that minimize the mean delay per vehicle. Dunne and Potts
(1964, 1967) proposed some contrel algorithas for a
vehicle-actuated traffic light at an undersaturated
intersection which guaranteed that, for any initial state,
the traffic light would eventually achieve a limit cycle
for which the mean delay per vehicle was minimum. Their
control algorithms have been dealt with by Green and
Hartley (1966), Crafton and Newell (1967) and Hartley
(1969 a, b, c¢). Related control algorithms have been
discussed by Neimari and Pedotokin (1966), liartin-16f
(1969) and Fedotokin (1969). Gazis (1964) and Gazis and
Potts (1965) obtained conditions for the ontimal conirol
of a wvehicle-actuated traffic light at an intersection

which became oversaturated for some finite length of
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time, and extended their results to two interscctions.
Green (1967) and Gordon (1969) also discussed optimal
controls of oversaturated intersections.

When two or more intersections are in crose
proxinity on a main traffic route, some form of linking
is necessary to reduce delays and prevent continual
stopping. Althoush there are a few forms of linking,
the most effective linked system is the syncronization of
traffic lights, which is called sometimes to (flexible)
progression system. Newell (1960 b, 1964) discussed delays
suffered by vehicles which passed through & sequence of
syncronized traffic lights. Morgan and Little (1964) and
Little (1966) considered the syncronization of traffic
lights that maximized the bandwidth along the main route
end formulated a mixed-integer linear program for the
problem. The syncronization that minimizes the total
delays of vehicles has been dealt with by Bavarez and
Newell (1567), Hillier and Rothery (1967) and others.
Related problems were discussed by Drew and Pinnel
(1965).and Gazis (1965).

The syncronization of traffic lights mentioned zbove
has been applied to road networks in urban areas. Allsop
(1968), Stoffer (1963), Teshigawara (1970) and Monigomery,
Talavage and Mullen (1972) have dealt with optimal

settings of several or more traffic lights in traffic
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networks. Longle& (1968, 1971) and Ross, Sandys and
Schlaefli (1971) have investigated computer control
schemes for traffic networks. _

Another possible approach to the control of traffic
moving over the road network is through the optimal
assignment of traffic through the road network. Charnes
and Cooper (1958, 1961) formulated linear and nonlinear
programs for the problem of the optimal assignment based
upon the criterion of minimizing the overall travel time.
Whiting and Hillier  (1960) suggested an iterative
method for finding the shortest ronte. through.the rcad
network. Yau (1964) discussed the sensitivity of traffic
assignment. The traffic aésignment problem under various
generalized conditions have been investigated by Almond
(1967), Jewell (1967), Mibri and Nishimura (1967), Butas
(1968), Sakarovitch (1968), Snell et 2l (1968), Tillmen
et al (1968), Wollmer (1968), Kirby and Potts (1969),
Scott (1969), Halder (1970 a) and Hooi-Tong (1970).

In the above, traffic control systems in urban
areas have been discussed. Highway traffic control
systems also have been developed and vplaced in operation
in many countries. Various aspects of highway traffic
control systems have been discussed by May (1965), Gazis
(1967), liiesse (1967), Altman, Pignataro and Yagoda
(1968), Rérbech (1968), Gazis and Foote (196Y), Yagoda

18



(1970), Gazia and Knapp (1971) and Black and Gazis (1971).
Besides, computer controls of a string of moving vehicles
have been investigated by Powner, Anderson and Qualtrough
(1969), Anderson and Powner (1970), Peppard and
Gourishankar (1970) and Willems (1971).

In the sequel of this section, the planning of
traffic network is briefly dealt with. In order to
design such a network, the future trip distribution must
be forecasted. The trip distribution has been discussed
by many researchers inecluding Bieber (1967), Kometani
(1967), Heggie (1969), Evans (1970), Ferragu and
Sakarovitech (1970), Tomlin (1970), Wagon and Howkind
(197C) end Wilson (1970). Prager (1961) discussed the
economic design of simple road networks and Tanner
(1968) investigated the problem of finding the average
travel time for a simple type of motorway layout.

Related problems have been dealt with by Ridley (1968),
Bergendahl (1969), Dodson (1969), Halder (1970 b) and

Thomson (1970).
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l. 5. Safety and traffic noi§e

=
P P P

The subjects of traffic accidents and traffic noise
are obviously of great social importance and they are
increasingly topics for scientific investigations by
researchers in a variety of fields. The two classical
vapers in the accident field are those of Greenwocod and
Woods (1919) and of Greenwood and Yule (1920). Greenwood
and Woods investigated the frequency of accidents among
munition workers, and compared the observed frequency
distribution with three theoretical distribtutions deduced
from threc different hypotheses. Greanwood and Yule,
starting from the Poisson distribution, deduced many
zore sophisticated models .to describe accident phenomena
(see,-ﬁshton (1966)). PFollowing their works, a great
deal of scientific investigations have been carried out.
Recently, Dietz (1967), Treiterer (1967), Lenard (1970)
and others have discussed some problems concerned with
traffic accidents on a highway.

Although, as noted in the above, the subject of
traffic accident has been investigated for fifty long
years, it is several years age thai the scientifice
research on traffic noise was instituted. Johnson and
Sounders (1968) presented data on noise generated by
freely flowing traffic. Weiss (1970) and Kurze (1971)

considered the traffic noise as the noise emitted from
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randomly distributed point sources of equal strength on a
line and determined the probability distribution and
statistical parameters of the intensity of the traffic
noise. Waters (1970) discussed the effects of vehicle
operating conditions on the noise emitted from the
vehicle and Williams (1971) dealt with the influence of
road design characteristics on traffic noise. The
characteristicé of the noise produced by the various
major elements including the engine of a vehicle have
been investigated by Aspinall (1970), Berry (1970),
Lewis (1970), Spellacy (1970), Priede (1971) and others.
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1. 6. Qutline of the thesis

In the preceding sections, the four main subjects in
the theory of traffic flow have been surveyed and reviewed.
This thesis deals with the following three subjects which
are included in the first three main subjects: a low
density traffic flow in "traffic flow", traffic light
queues in "traffic gueues” and optimal signal settings in
"traffic controlhs,

Chapters 2 and 3 are concerned with the low density
traffic flow explained in Section 1. 2. The main purpose
of these chapters is to derive some stochastic properties
of the low density traffic flow. In Chapter 2, & time
process, a space process and an observation process are
introduced as the fundamental stachastic processes
agsociated with the traffic flow. Comparatively speaking,
these three random point processes represent observations
on the traffic flow at a fixed place, observations from
the air at a fixed time and observations by @ moving
observer, respectively. To begin with, we show that
under some conditions, the time process and the space
process become inhomogeneous composed Poisson processes.
This type of low density inhomogeneous traffic flow ar
dealt with throughout Chapter 2. It is to be noted that
21l researchers including Veissz and Heraan (1962) have

assumcd @ sort of homogeneity. TFor this low density
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inhomogeneous tralfic flow, we will derive various
transformations between distributions of tiue processes, ,
those of space processes and those of observation
processes from interpreting veloclty as a measure
preserving transformation. In Chapter 3, we drop some
additional conditions imposed in Chapter 2 and assume only
the fundamental characteristie of the low density traffic
flow that intveractions between vehicles are negligible.
That is, Chapter 3 deals with the most general low

density traffic flow. To begin with, we define a kind

of stochastic inteszral of the space process at the time
origin and that of the time process at the space origin.
Then it can be shown that-all time, space and observation
processes can be expressed in terms of the stochastic
integrals. This means that distributions of all processes
are completely determined by the distributions of the
space process at the time origin and the tire process at
the space ovigin. These results will be applied Lo the
inhomoginecus Poisson traffic flow.

Chapters 4, 5 and 6 are concerned with the traffic
light queues noted in Section 1. 3. Although a great
number of researchers have investigated traffic light
cueues of various!types, thelr investigations have been
limited to simple situatiocns that departure headways and

lost times are constant. Chapter 4 deals with a fixed-
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cycle and a semi-~vehicle-actuated traffic light gqueues
with independent arrivals and independent and identically ,
distributed departure headways and logt times. It can be
shown that these traffic light queues are reduced to a
generalized model of the GI/G/1 gqueueing process originated
by Lindley (1952). We obtain a necessary and sufficient
condition under which the limiting distribution of this
generalized model exists. This result leads directly to
necessary ané sufficient conditions under which those
traffic light queues have stationary distriobutions.
licreover, a successive approximation method of the
stationary distributions is presented and twec typical
examples of gemi-velllcle=attuated tralffic lizght gueues
are discusszed. Although arrivals are assumcd to be
indevnendent in Chapter 4, this assumption does not always
hold. In Chapter 5, results obteined in Chapter 4 are
extended to traffic light queues with dependent arrivals.
Zxplaining in more detail, we will show that the traffic
light queues are reduced to a generalized model of
Loynes' (1962), and obtain sufficient conditions under
which their stationary distributions exist. hapter 6
deals with fixed-cycle and semi-vehicle —zctueted traffic
light queues which have departure headways depending
upon positions and general arrivals of various types.

From the results obtained in Chapters 4 and 5, we can

24



derive neccssary and sufficient conditions or suflflficient
conditions, according as arrivals are independent or
dependent, under which stationary guewe length
distributions of the traffic light queues exist. A
stationary queue lencth distribution of the fixed-cycle
traffic light queue is obtained which has constant
departure headways depending upon positions and ctationary
znd independent arrivals. Moreover we will discuss a
queue of vehicles in front of a pedestrian crossing which
is controlled by a traffic light with detectors of
arriving pedestrians.

Chapter 7 is concerned with the traffic light control
noted in Section 1. 4. This chapter dcals with the
optimal sismal settings of the fixed-cycle traffic ligzght
based upon the criterion of minimum overall delay and
that of minimizing the degree of saturation of the whole
intersection. As prelimineries, criteria for
undersaturation of the whole intersection are derived
from the results obtained in Chapter 4 and mean effective
green times of streams of lower priorities arec
determined as linear functions of the green times
and the cycle time. It can be shown that tne criterion
of mininizing the degres of saturation of the whole
intersection leads to the well-known ruie of thumb for

optimal split and that this eriterion is closely related
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to the criterion of minimum overall delay. Approximation
algorithms for the optimal signeal settings based upon %he
latter criterion are presented. These are a rerinement

of Webster's method and are a combinatsiocon of linear or
mixed-integer programming and one-dimensional minimization
technique.

Betore proceeding to details, it is to be noted that
theorems, lemmasg, corollaries and figures are numbered
within- each chapter and equations within cach section.
For example, Theorem 1 and Equation (2. 1) represent the
first theorem and the first equation of the seccond
section, respectively, in the chapter which they zare
derived. Vhen they are‘cited beyond the chapter, that
will be stated explicitly. Finally it should oe mentioned
that the material discussed in Chapter 2 is talien ifrom
Iline and Ohno (4Y68), Chapter 3 from Mine and Ohno (1970
¢), vnepter 4 rrom iline and Vhnc (1971 b), Chapter 5
from Unno and Kine (1972), Chapter 6 from a submitted
paper "Traffic light queues with departure hezdways
depending upon positions" and Chapter 7 alsc from =a
submitted paper "Criteria for undersaturation of a2 whole

intersection and optimal signal settings".
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Chapter 2. Low Density Inhomogeneous Composed Poisson

Tragfigﬁglow

2. 1. Introduction

The purpose of this chapter is to show some statistical

properties of a low density inhomogeneous tralfic flow.

Weiss and Herman (1962) considered a low density Poisson
traffic flow on an infinitely long road without intersections
or other inhomogeneities and obtained the mean member of
vehicles which overtook a vehicle moving at a given velocity
and that of vehicles which were passed by the vehicle.
Related problems have been discussed by Rényi (1964),
Leipnik (1967), Breiman (1969), Brown (1969z) and Srivastava
(1969). Besides, the diffusion of traffic platoons has
been investigated by Gerlough (1961), Grace and Potts (1964)
and Herman and Rothery (1967). The above all researchers
agsume & sort of homogeneity. As a matter of fact, however,
on all roads there exists something that induces a traffie
flow to be inhomogeneous, for example, & controlled or
uncontrolled intersection, a pedestrian crossing, a
bottleneck and so on. Hence it may be important to derive
some properties of an inhomogeneous traffic flow.

In this chapter, a traffic flow on a road with an

intersection is dealt with. The traffic flow has the
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fundamental characteristrics that are the existence of

time and space and the dispersion of velocities of vehicles
(see Haight (1963)). To begin with, a time process and

a space process are introduced which represent observations
on the traffic flow at a fixed place and observations from
the air at a fixed time, respectively. Under some
conditions, it can be shown that-these .processes are
inhomoueneous composed Poisson processes. In this sense,
the traffic flow dealt with in this chapter is called the

low density inhomogeneous composed Poisson traffic flow.

It meay be noted that the inhomogeneous composed Poisson
traffic flow ineludes as a specizl case a homogeneous
Poisson traffic flow which has been deelt with by many
’}esearchers. In Section 2. 3, various transformations
between distributions of time processes and those of
space processes are derived from'interpreting velocity as
a measure preserving transformation.. These results are
‘concerned with the statistical diffusion of traffic
platoons. In Section 2. 4, observation processes are
introduced which represent observations on the traffic
flow by a moving observer,and their distributions are
shown to be determined by distributions of the time process
at the space origin and the space process at the time
origin. In Section 2. 5, the results obtained in the

preceeding sections are applied to a homogeneous Poisson
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traffic flow.
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L
2. 2. Dime processes _and space processes.

Consider a low density traffic flow on an n-lane

one-way-road with a junction. It is thought that a

traffic flow with relatively low density per lane

satisfies the following condition:

(A): Vehicles travel at their own constant velocities
(desired velocities) independently of any other
vehicles. For sufficiently small positive number h,
no vehicles have their desired velocities less than h.

The latter assumption seems rather natural.

Let the space origin be the position of the junction and

space interval R be [O,R'), where R' is 2 positive finite

or infinite number. Let time intervel T be [0,T'] and

veloeity interval V be (0, ), where T' is also a positive

finite or infinite number. Let (Q,B,P) be a probability

space; <1 is an abstract space of pointsw, B is a

¢-field of subsets of L, and P is a probability mcasure.

Then, the family of the following stochastic processes

{yr(t,v),re-R} can be defined on (Q,B,FP):

yr(t,v): the number of vehicles which pacs throush a
point r during time interval (0,t] and have
their own velocities belonging to velocity
interval [0,v).

This stochastic process is called & time process at

point r and represents observations on the traffic flow
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at point r (see, Fig. 1). In what follows, yo(t,v) and
yr(t,OQ) are abbreviated to y(t,v) and yr(tJ, respectively.
In particular, y(t,v)(te T,veV) is called the initial

time process. Suppose that

(B): For any reR, y&(t,v) is a process with independent
increments with respect to both t and v.

This means that for arbitrary ti, u v, and Wj(i,j=l,2j

it Y

such that 0%t<u;st,<u,sT' and 0<vy<W <V,<W,, (yr(ui,wj)

~Yr(ti,vj))(i,j,=l,2) are mutually independent (see for

example, Doob (1953), page 96). Moreover, suppose that

(C): TFor arbitrary reR and € » 0, there exists a positive
number § such that for arbitrary j=1,2,++- and

O;tl<ulg---gt£cui£:1-$tj<uj$T' which satisfy

A
fzi(uimti)<f ;

E{yr(ul)_yr(ti)zo (i=l, 2, s ',j)} >1-t,
Note that Condition (B) implies that the last inequality

is equivalent to
J
{E&E{yr(ui)-yr(ti)=0}>-l—£.

Since by the definition of yr(t,v), for any veV and &%,
u(t<u)eT,

yr(u)-yr(t)Z.Yr(u,\'r)-yr(t,v)zo almost surely (z.s.),
it is clear that yr(t,v) satisfies Condition (C). Renyi

(1951) has shown that an integral-valued stochastic process

31



satisfying Conditions (B) and (C) is an inhomogeneous
composed (compound) Poisson process. Denote by

p(z;yr(t,v)) and q(z;yr(t,v)) the probability generating

function of yr(t,v) and its natural logarithm, respectively;

that is,
"]
o(z,)=2. P(+=n)z"”
n=0
and Q(Z,°)= 10% p(Z,'),
where jz] <€ 1.

Since the road has n lanes, at most n vehicles arrive

simultaneously. Therefore, for réR, teT and veV,

+
(2. 1) gz yr(t))= é%i SO y%k)(u)du(zk—l)
and "
n
(2.2) alz: v, (6,7)= 3 | pL) (v au(25-1)

where jﬁk)(t) and fgk)(t,v) are nonnegative valued

Lebesgue integrable functions and are given by

(2. 3) f@k’(t)=li% B4y (w)=y (£)=k}/(u-t)
U
and
(2. 4) fik)(t,v)=li% z{yr(u,v)wyr(t,v):k}/(u—t).
u»

Define for k=1,2,*-+,n,vr¢R,t €T and v EV,Gik)(v,t) as

(2. 5) el (v, )P (£)= PR (4, v).

32



If_fik)(t)>0, then by the definitio%, ng)(v,t) is
nondecreasing and continuous from the left with respect
to v, and is bounded by zero and unity. If_f?(t)=0,
then Gik)(v,t) is defined as a suitable function
satisfying the properties mentioned above. Since 1t can
be assumed with little loss of generarity that G?(v,t)
is not singular with respect to Lebesgue measure on V,
Gik)(v,t) is decomposed as follows (see, Lodve (1963),
page 178):

-
(2. 6) G(k)(v,t)=5 g(k)(w,‘t)dw+z é(k)(w.,t),
i r r i
0] W.LV
5
vhere g(k)(v,t) is a nonnegative valued Lebesgue integrable

g
funetion and éikJ(vi,t) is.the jump at v, of ng)(v,t).
Note that by Condition (A), jumps of Gik)(v,t) take place
at v, belonging a countable set {v;} independent of r, t
and k. MNoreover from the definition it follows that
gik)(v,t)ji?t) and Eik)(vi,t)fﬁ?t) are integrable functions
on TAV. Consequently, by Equations (2. 5) and (2. 6) and
Fubini's theorem (see Lodve (1963), page 136), Equation

(2. 2) can be written as follows:

t
(2. 7) alz; .vr(t,V)')=Eni{ij ggk)(w,u)fgk)(u)dudw
k=1 070
WLV E

:t 1
+ Soéik)(wi,u)f(k)(u)du}(zﬂ-l).
i

Por a time interval J=(t,u] and a velocity interval
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K={v,w), define a random set function yr(J,K) as
{ 2 8) ‘Vl“( J, K)=yr(u1 W) +yr(trv)—yr(uy v)—yr(t, w)

Clearly, yr(J,K) represents
yr(J,K): the number of vehicles which pass through a
point r during time interval J and have
velocities belonging to velocity interval K.
This random set function also is called the time process
at point r (see, Fig. 1). Throughout this paper,
similarly to yr(t,v) and yr(t), yO(J,K) and yf(J,V) are
abbreviated to y(J,K), which is called the initial time
process, and yr(J), respectively. Since Condition (B)
implies that for t<u, q(z; yr(u)-yr(t))=q(z; yr(u))
—a(z; y,(t)), it follows from (2. 1) and (2. 8) that

under Conditions (B) and (C),

. . n %) ®
(2. 9) alz: vp(3)= 2§ f(9as(aE).
Similarly, from (2. 7) and (2. 8), under Conditions (B)
and (C),
(2. 10)  a(z: y,.(J,K))= k%l{JKJJgE.k)(v,t)fi.k)(t)dtdv

+ [ 29 (v, 000 (5)at}(25-1).

viek J

Equations (2. 9) and (2. 10) mean that for m=0,1,2,
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e k) =
(2. 11) P{y (3 )=m}=expf - Z jf (t)dt} PIEY s N

}lrl(ij;k)<t>dt) i

and

(%, 1z 2{y.(3,K)=m}=exp{- Z(f [b (v, t)f(k)(t )dtav

. K
+VEi€LKng§k)(vi,t)f )(t)dt)} Z

& 2y -+nf =m
]T (I f'g(k)(v t)f(k) )dtav

£
+ X (v, 0 pl) (1)an) /g,
V'&K dJd
It should be noted that under the additional assumption
(D): For J=(t,ul, liz P{y.(9)21}/B{y (I)=1}=1,
the time process at point r reduces to an inhomogeneous

Poisson process. That is,

(2. 13) a(z: yr(J))=(z-l)ijr(t)dt
and
(2. 14) a(z: y,(J,K))=(z-1){ ijJgr(v,t)fr(t)dtdv

+ 2 fg (vy,t) Pl )dt}

V'EK
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where f}(t), gr(v,t) and @r(v,t) déhote fil)(t), gil)(v,t)

={1)
and &

implies that for all k22, PL¥/(t) defined by (2. 3)

(v,%), respectively. In fact, Condition (D)

vanish.
In the above, time processes have been discussed.
In addition to time processes, the family of the following
stochastic processes {xt(r,v); tGT-}can be defined also on
Q,3.2):
xt(r,v): the number of vehicles which exist at time t in
space interval [0,r) and have velocities

belonging to velocity interval [0,v).

This stochastic process is called a space process at time

L and represents observations on the traffic flow from

the air at time t (see, Fig. 1). Let xo(r,v) and xt(r,uﬂ

be abbreviated to x(r,v) and xt(r), respectively. Suppose

that

(B'): For any teT, xt(r,v) is a process with independent
increments with respect to both r and v.

Moreover, suppose that

(C'): TFor arbitrary teT and £>0, there exists a positive

LR

number § such that for any j=1,2,<** and Osri<s <

J
sricsis...grjasst' which satisfy{é&(si—ri)<5 3
;-E{xt(sl)-xt(rl)‘-‘o (i=112|- o !J)} > 1-¢.

Then, in the same way as in obtaining Equations (2. 1)
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and (2. 7), the following equations are derived:

- o (T, (k%) X
Pe 1 : = ds(=z™-1).
(2. 15) alz: xy(r))=2 f A (e)as(
and
n VvV,
(2. 16) q(z: xt(r,V))=]§l{jofof%k)(w,s)?\ik)(s)dsdw

Tk k !
+ %, O-ffc J(w e (s)as}(2R-1),

L) ()

where is defined by

k .
(2. 1T) }é )(r):éi§+og{xt(s)-xt(r)=k}/(s—r)

and fgk)(v,r) and ?ék)(vi,r) are Redon-Nykodyms derivative
of the absolutely continuous part of Fik)(v,r) defined by
the egquation analogous to (2. 6) and jumps of its purely
discontinuous part.

Let I=[r,s) and define a random set function xt(I,K)

as
(2. 18) xt(I,K)zxt(s,w)+xt(r,v)-xt(s,v)—xt(r,w).
Clearly,

xt(I,K): the number of vehicles which exist at time t in
space interval I and have veloclities belonging
to velocity interval K.

This random set function also is called the space process

at time t (see, Fig. 1). Similarly to x(r,v) and xt(r),
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FIG. 1

38



XO{J,K) and xt(J,V) are abbreviated to x(J,K), which is

called the initial space process, and xt(J), respectively.
In much the same way as in (2. 13) and (2. 14), from
Condition (B') and Equations (2. 15), (2. 16) and (2. 18)

it follows that
n

(2. 19) a(zi xy(D)= 3 A (man(e0)

and

(2. 20) q(z;xt(I,K))=é{ijIffck)cv,r>x§k>(rmra.v

+,2:_J;fik)(vi,r)lik)(r)dr}(zk-l).

vieK
Moreover, for m=0,1,2,+"-,

" n
(2. 21) E{xt(I)=m}=eXP{_é;%!£1ék)(r)dr}( Y W rr Oy S
N ], Feg n-

2 () oy e,y
k=I Il( JIJ\t (r)ar) “/4 ¢
and

{2, 22) g{xt(I,K)zm}=exp{-ﬁ§%(J&I&fik)(v,r)hik)(r)drdv

+ 3 [ 2 v el (e} 20

viekK I b +2dp+e 40l =n
= (x) (k)

b 3 ard
kﬂzl(jKjI S v, I () aray

K k), e,
+v§\Kj1—f’E’ )(vi'r)’\(t)(r)dr) [yt
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It is to be noted that under Condition (D') similar to
(D), the space process at time t becomes an inhomogeneous

Poisson process. That is,

(2. 23) alzi x5(1))=(z-1)f A (x)ax
and

(2. 240 alzs xy(L1)=(e-0{ [ [ 2. (v, )0 (m)aray

+V%Kf1?t(vi,r)}\t(r)dr},
where ,\t(r), f_t(v,r) and T_t(vi,r) denote J\gﬁl)(r), fil)(v,r)

and fil)(vi,r) , respectively.
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2. 3. Transformations between distributions of processes

It has been shown in the preceding section that
under Conditions (B) and (C), the time process at an
arbitrary point is an inhomogeneous composed Poisson
process and under Conditions (B') and (C'), the space
process at an arbitrary time is also an inhomogeneous
composed Poisson process. The purpose of this section is
to find for arbitrary t, ueT and r, s¢R, the transformations
from the distributions of xt(I,K) and yr(J,K) to that of
xu(I,K) and to that of yS(J,K). For this purpose, it
sufficies to find the transformations from the
distributions of initial processes, x(I,X) and y(J,K),
to that of xt(I,K) and t9 that of yr(J,K). To begin

with, discuss the case that desired velocities of all

vehicles belong to the countable set-{vi}. Then, for
all +te T, reR and k=1,2,""", Fik)(v,r) and ng)(v,t)
are purely discontinuous and hence
(% 14 ng)(v,r)= Z -fék)(vi,r)

VeV

i
and
(3. 2) ¥ (v,00= 2 B¥(v,, 0.
r r i
Vi<V

Let I=[r,s), J=(t,u] and K=[v,w). Moreover, let Kjtﬂp,r/t],

K, =(s/t,®), Klyz(o,r/u] and k2y=(r/t,w ). Denote by
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:—ct(I,vi) and S'rr(J,vi) the number of vehicles which exist
in space interval I at time t and have desired velocity
Ve and that of vehicles which pass through point r in
time interval J and have desired velocity Ve That is,

(3. 3) xt(I,K)=Z %, (I,vy)
v.eK "

and

(3. 4) yr(J,l'f)=v§.Kyr(J,vi).

Condition (A4) implies that all vehicles with desired

velocity viele in space interval I at time t was in the

space interval I-tvi=[r-tvi, s—tvi) at time zero. Thus,

for &ll m=0,)l,8,sne«, -
E{xt(l,vi)zm]zg{x(I—tvi,vi)=m}.

This implies that for Viele’

(3w 5) p(z: Et(I,vi))=p'(z; }’C(I-tvi,vi)).

Similarly, for viesz,

(3. &) p(z: X (I,v))=p(z; Flt-s/vy,t-2/v;1,v,)),
for v,€ Kly’
(3. 7) p(z: 7,.(J,v;))=p(z: X(lr-uvy,r-tv,),v;))

and for Vi€ sz,
(3- 8) P(Z3 ir(J)Vi))"—'p(Z;'?(J"r/vivvi))-
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Equations (3. 5) through (3. 8) lead to the following

lemma.

Lemma 1.

Under Conditions (A) through (C), (B') and (C'), suppose
that for all reR, +teT and k=1,2,++-,n, Fék)(v,r) and
Gik)(v,t) are purely discontinuous. Then, for I=[r,s)<R,
J=(%,ulCT and K=[v,w)cV,

) . 2 (k) (k)
c.o.( Z3 Xt(I’KnKlX) )—'kgl{ v%:KnKlXJI T (vi,r-tvi) }\ (I'

~tv, )ar}(z"-1),

n
q(z; x (I,KnK ))=Z{
LA S reo A L SKNK,

jg ) (v, tmr/vy) P (4
—r/vi)/vidr}(z‘—l),

f;vif(k)(vi,r—tvi)yék)(r
1y

~tvi)dt}(z ], )

alz; y(J,KNK )= Z{
k=1" v, eKnK

and

alz: y,.(J,KNE,y )= i J’g (v, 8=2/v; U,(lr)

k= l{v éKnk

-r/vi)dt}(z ~-1),

where le=(0,r/t], I{2x=(s/‘t,0o), K,.=(0,r/ul] and sz(r/t,m).

1y
Proof

Let us prove the first equation. Condition (B') and (3. 3)
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imply that

alz: x, (1,K0K, _))= lzy 5457 3%
B3 Sy 1x vé%%leq AR AL

Therefore, by (3. 5),

alz: %, (I,KNK,_))= > gl(z; X(I-tv.,v:)).
: PR 1x ViGKnle i* i

Thus, combination of (2. 20) and (3. 1) for the initial
space process leads to

a(z: %, (I, Knle)),El{v o f(k)(vi,
1x I=-tv,
1

r)?ék}(r)dr}(zk~l)
n

hA e

I f(k>(v r=-tv. ))\k)(r
k=1 v EYﬂR

—tvi)dr}(z ~1).

In a2 similar way, the other eguations can be proved by

(2. 14), (2. 20) and (3. 1) through (3. 8). The proof

is concluded.

Let K3x=(K1XUK2x)c=(r/t,s/t] and K3y=(KlyUK2y)C=(r/u,r/t],
where K® means the complement of X on V. It is legitimate
to assume that the initial time process and the initial
space process are mutually independent. Then, in the

same way as in (3. 5) through (3. 8), for v €Ky,

(3- 9) P(Z: }‘—Ct(I’vi))':p(Z: E([O,s-tvi),vi))p(z;
?((O,t-—r/vi:l,vi))
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and for v. €K3y,

(3. 10)  »(e; ¥.(3,v;))=p(z; X([0,r~tv;)yv,))p(z;
5;( (O,H—r/ViJ,Vi)).

The following lemma results from Equations (3. 9) and
(3. 10}

Lemma 2.

Under the same conditions as in Lemma 1, for I=[r,s)<R,

J=(t,ulcT and K=[v,w)CV,

=}
alz: x,(1,KMEq))= z{ (f.. T(k)(vi,r-tvi)}(\k)(r

V. éKﬂK3x

tv.
—tvi)dr+j lé(k)(vi,t—r/vi)f(k)(t-r/vi)/

T
vidﬁﬂ(zk-l)
and

n v/V. _
alzs vp(3, kg )= 3% [ft Ly, T (v ety ) A
- 3y
u
E(k)(vi,t—r/viﬁik)(t
i

-r/v,)at1}(z5-1),

where K3X=(r/t,s/t] and K3y=(r/u,r/t].

—tv.)dt+j
*
r/v

Proof.
As in the proof of Lemma 1, by Condition (B'), (3. 3)
and (3. 9),
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alzs x,(I,Knk, >)_V§MK3x{q<z;iE[o,s_wi>,vi)>

+a(z; F((0,t=r/v, ],v, ))}

Consequently, combination of (2. 14), (2. 20), (3. 1)
and (3. 2) leads to the first equation to be proved.
The second equation can be proved in much the. same waj.
The proof is concluded.

It is clear that

3
(3. 11) x_t(I,K)=jZ=lxt(I,KnKjx) 2.8,
and

3
(3. 12) yr(J,K)=j§lyr(J,Kf\ij) a.s.

Hence, by Conditions (B) ;nd (B'), Lemmas 1 aﬁd 2 lead
directly to the following theoremn.

ITheorem 1.

Under Conditions (A) through (¢), (B') and (C'), suppose
tnat for all r¢R, teT and k=1,2,---,n, ng)(v,r) and
ng)(v,t) are purely discontinuous. Then for I=[r,s]CR,
J=(4,UJCT and K=[v,w]lcV,

ale: xt(I'K))=:§:(Zk“l){ 2 j f(k)(v , = tv-)J&k)(r
k=1 V € KNK . 2

1x
-(k) k
-tv, ) dﬂvieZKn‘sz f Ig (vib=r/vy) f( ) (t=r/v;)/

5 3(k) k)
v, dr+ eZP’nK3x[J (vy,r-tv) X (r=tv, )ar
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-

tv.
R (e U vy ) vy 2

" o

and

Lo x =(k X
a(zs 7,49,8))= 3, (2 'l){vize‘mcly(;rvif( M, r=tvy) A (e

-tv,)dt+ ;E: f (k){vl,t /v, ) j(k)

vy eKﬂK

/v )ate S, [jr/v v B (v et ) X
V. eK{\K3y

—(k)(vi,t—r/vl)f(k)('t—r/vi)dt]}’

—tv. )dtff
I'Vl

where K1X=(O,r/t], K2x=(s/t,W), K3x=(r/t,s/t], Klyz(o,r/uj,
K2y=(r/t,W) and K3y=(r/u,r/t].

This theorem shows that for arbitrary reR and teT,
distributions of xt(I,K) and yr(J,K) are completely
constructed by distributions of the intial {time and
space processes.

Next, consider the case that ng)(v,r} and G;k)(v,t)
are absolutely continuous with respect to Lebesgue measure

on V. In this case,

(3. 13) Fik)(v,r)=J;fik)(v,r)dv
and

5 v
(3. 14) Ggﬂ)(v,t)ffogik)(v,t)dv.
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Suppose that

(E):

For arbitrary teT, k=1,2,°°°*,n and almost every-
where (a.e.) reR, fik)(v,r) is a.e. continuous in
veV and for arbitrary reR, k=1,2,-+-,n and a.e.

teT, g,_(r,k)(v,t) is continuous in a.e. veV.

Then, the following theorem similar to Theorem 1 holds.

Theorem 2.

Under Conditions (A) through (C), (B') and (C'), suppose

that for all re¢R, t¢T and k=1,2,°+-*,n, F(k (v,r) and

G](:,k)(v,t) are absolutely continuocus with respect to

Lebesgue measure on V and satisfy Condition (E).

Thea, for I=[r,s)CR, J=(%,uleT and K=[v,w)CV,

alz; (I X)) =£’,, (z -l){f[f f(k) (v,r=tv) (k)(r tv)dv
k=1 IQ'\K
*‘j g(k)(v, t—r/v)f(k) (t=r/v)/vdv]dr
I{I\sz
+f Ejs f(k)(V,l’-’GV)J\(k)(r—tv)dr
KNk,  “+tv
3x
it
+J vg(k)(V,‘G-I‘/v)f(k)(t—r,’v)/vdr]dv}
- _ :
and
n k. Kk (k
a(z; yr(J'K))=1'cZ=:1(Z —l){f[f f( ) (v, r=tv) XE) (r—tv)av

ﬁf g(k)(v,t—r/v)f(k)(t-r/v)dv]dt
KNK,
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+j- [Jr/vvf(k)(v,r—tv)?Sk)(r—tv)dt
KnKBy %

where KlX:(O,I‘/'t], sz:(S/'t,W), KBX'—'(T/t,S/t]r Klyr-(o,r/'ll],
K2y=(r/t,m) and K3y=(r/u,r/t].

Eroof.

Let us prove the first equation. PFrom Equations (2. 20)

and (3- l3)v
a(z: xt(I,I{))=§{JKfIfﬂuk)(v,r)J«Eck)( r )aravi(z-1).

Since under Condition (E), J f(k)(v r)}ék) Jdr (k=l,2,**"
n) are continuous in a.e. v, they are integrable in the

cense of Riemann. Le’c{Kmi=(v 1; i=0,+++,m-1}

v g V__ .+
mi? ‘mi+l

be an properly chosen divison of K such that v=vmo<vml<

o0 XV, l—r/t<v 1419 KV 2-s/t<v 2+l<---<vmm=w and
m e - .
m?.x{vmi+1—vmi}-> 0, as m»w. Then by the d flnl‘tlo*’l of

Riemann integral, q(z: x.(I,K))=lim Z{ Z (2% Voial
i

—vml)flf,(ck) l,r))gik)(r)dr} on the other hand, (3. 5)

implies that for arbitrary vmi(i<il),

kZ= Vmi+1” ml)J (k)(vml’r)ltk)(r)dr
=}‘§:1( =1)t mi+l” ml)f ka) ml,r))&k)(r)dr,
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(3. 6) implies that for arbitrary T (12_12),

n
:Ei(zk-l)( mi+l" ml)J.f(k)(v 1’r)}t (r)dr
1 t=r/v_.
=é§&(Zk_l)(vmi+l-Vmi J ) vmlg(k)(vml’r}f(k)(r)dr

t=s/v;

and (3. 9) implies that for arbitrary vmi(ilsi<12),

e k k
32 (1) gy vy jf( Y v Al (2)ar
n Se= tv e X
=£Ei( l)(vmn.+l ml\{j f( J ml’r)JQ )(r)
t=
fjo r/vmlg(k) l’r)f k)(r)dr}
Therefore,

alzs xg(1,0)= X G [ [ B eyar
. k=1 KNK,  JI=tv

t-r/v

(%) (%)
f}m It_s/v (v, )P (r)ar

-tv .
ff [Js vf(&)(v,r)?£k](r)dr
KﬂK3X 0]

t-r/
+jo i vg(k)(vyr)f(k)(r)df]}-

Thus, the first eguation can be obtained by change of
variables. The second equation 2lso can be derived from
the same way as in the proof of the first ecuation. The
proof is concluded.

Combination of Theorems 1l and 2 leads immediately to the
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following theorem.

fheorem 3. . :
Suppose that Conditions (A) through (c), (B'), (C') and
(E) are satisfied. Then for I=[r,s)CR, J=(t,ulcT and
K=(v,wlCv,

' %,k
q(z; xt(I,K))-kZ___'-l(z '1){ II[fKnle

f(kJ(v,r-tv))ék)(r—tv)dv
+ 2 f(k)(vi,r—tvi)}&k)(r-th]dr
vieKﬁle

+J’[j: ) g(k)(V,t—r/V)f(k)(t—r/v)/vdv
I Kﬂkzx

-(k ‘I .
+§f§%ﬁK2xg( )(vi,t—r/vi)fk )(t—r/vi)/vi]dr

+J
)

[58 f(k)(v,rutv))$k)(r—tv)dr

KBX tv

of gl (v, tmx/) ) (o) fvar aw
r

5 =(x (k
+f§§%ﬂK3xEItv.f( )(vi,r-tvi))\ )(r—tvi)dr

tv.
| rvlg(k) (vg 0=/ ) P (5mr /v ) /v, ard}

and

hig |

alz; y,.(J,K))= (zk—l){J’[j. vf(k)(v,r-tv)7&k)(r—tv)dv
k=1 J KnKly

v 20 v By et ) ) (pmy, ) Jat
v, €KNK) | = l =
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+f [f 8 (v, tmr/v) LB (4er/v)av
J Kﬂsz

fJu g(k)(v,t-r/v)f(k)(t-r/v)dt]dv

r/v

+ Z [[r/vivi'f'(k)(vi,r—tvi) }Sk)(r—-tvi)dt
viEKnK3y t

f{j ’ g(k)(vi,t-r/vi)jﬁk)(twr/vi)dt]},
3

where lez(o,r/t], Ko =(8/t,w), K3xz(r/t,s/t],‘Kly:(o,r/u],
K2y=(r/t,m) and K3y=(r/u,r/t].

This theorem shows that distributions of inhomogeneous
composed Poisson process X, (I,K) and y,.(J,K) are
completely determined by the distributions of initial
processes x(I,K) and y(J,K). Comparison between Theorem
3 and Equations (2. 10) and (2. 20) yields the following
corollary:

Corollary.

Suppose that the same conditions as in Theorem 3 are
satisfied. Then for arbitrary teT, k=1,2,-++,n and

a.e. TER,

£ (v, 2020 (2)22 ) (v, i) A (2otv), v2euvey,
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and fgck)(v,r)Af;k)(r):g(k)(v,t—r/v)ffk)('l:-r/v)/v, a.e.veks ;
for arbitrary reR, k=1,2,-++,n and a.e. t €7,

g 5 (v, 1) L) () v () (v, rmtr) X B (mtv), mien vekp
and g8 (v, 5) P09 (£)=g(8) (v, 5m2/9) P (4or/v) , mee verS,

where lez(O,r/tJ.

Suppose that Conditions (D) and (D') are satisfied. Then,
since (2. 10) and (2. 20) reduce to (2. 14) and (2. 24),
respectively, Theorem 3 reduces to the following theorem.
Suppose that Conditions (A) through (E) and (B') through
(D') are satisfied. Then for I=[r,s)<R, J=(t,ulcT and

K=(v,w]cV, *

alz: xt(I,K))z(z_-l){II[IK“lef(v,retv))\(r—tv)dv

+ 2o f(vi,r—tvi)k(r—'tv. ) ldr
v, Knle 1

+jI[f K2}(@;(v,t—r/v)_f’(1:--1'/*.1)/ vdv

-f*v%m{m{é( Vi, t-—r/vi)f( t—r/vi )/vi Jdr

S
. £(v, r- s .
-HfKnK3x[Jtv (v,r=tv)A(r=tv)dr
tv
#f e, t=r/v) pli=x/v) /varTav
T
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v.€ KNK

s
o [j f(vi,r—'tvi)l(r—tvi)dr
i 3x tvi

tv,
of ity e/, )P/ vy ) vy an)
I
and

a(z; yr(J,K))=(z—1){'J’J[ - vi(v, r=tv)A(r=tv)dv

Kly
(v, ,r=tv. —-tv, ) Jdt
+v§fcmlyvl .(vl T vl)}..(r vy
+j;[J%nK2yg(v,t-r/v)f(t—r/V>dV
+v'ieZI{nK2 Z( vi,‘t—r/vi )f‘(t—r/vi) jat
- J
+J’ [Jr/vvf( v, r=tv)Nr-tv)dt
KnK3 %
Yy
u
+J g(v,t-r/v)_f’(t-r/v)dt:ldv
r/v
% Z [Ir/viv. (v, r=tv. )A(r—tv, )dt
v.eknK. /¢ 1 * *
i 3y
u
+Sr/v.é(vi’t—r/vi)f(t_r/vi)dtj}'
i

where K1X=(O,r/t], I{2X=(s/t,°°), K3x=(r/t,s/t:|, Kly=(0,r/u:|,
szx(r/t,rn) and 1{3y=(r/u,r/t:|.
This theorem shows that distributions of inhomogeneous

Poisson processes xt(I,K) and yr(J,K) are completely

54



determined by the distributions of intial processes.
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2. 4. Observation process by a moving observer

e o e e

Let us deal with observations on the traffic flow by

a moving observer with constant velocity v* (for example,

an observer on a car or a helicopter). Define observation

processes X (J,K: v*,ro) and X7(J,X; v¥,r,) on «,B,P) as

follows (see, Fig. 2):

X (J,K; v*,ro): the number of those vehicles with their
own velocities belonging te K which are
observed during a time interval J by an
observer who starts from a point Ty at
time O and is moving with a velocity v¥*

in the opposite direction to the traffic

Ilow.

X+(J,K; v*,ro): the number of those vehicles with their
own velocities belonging to K which are
observed during a time interval J by an
observer who starts from a point rq at
time O and is moving with a velocity v*

in the same direction to the traffic

flow.
Note that a vehicle is recorded when the observer catches
up with it or is overtaken by it. The purpcose of this
section is to reveal the differences between distributions

of x.(I,K) and y_.(J,K) and ones of X (J,K; v¥,r,) and

i
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K+1J,K; v*,ro). For this purpose, it sufficies to find

expressions of distributions of X (J,K; v*,ro) and

X*(J,K; v*,ro) in terms of ones ofpinitial processes.

Now define the following three procesces:

z(I,J,K): +the number of vehicles which exist or existed
in a space interval I during a time interval
J and have their own velocities belonging to
a velocity interval K.

xtu(i,K): the number of those vehicles with their own
velocities belonging to a velocity interval K
which exist in a space interval I not only at
time t but also at time u(t<i).

yrS(J,K): the number of those vehicles with their own
velocities belonging to a veloecity interval K
which pass through not only a point r but also
a point s(r<s) during 2 time interval J.

Let J=(t,u] and KCV. Then,
(2. 1) X7(3,K; v*,rg)=2(1,d,K) a.s.,

where I=[ro-v*u,ro—v*t),

and
+ . .
(4. 2) X"(J,K; v*,r0)=xtu(1,r{)+yrs(J,K) 8.85.,
where r=ry+v*t, s=rg+v*u and I=[r,s).
To begin with, let us discuss the three processes
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defined above. Since for I=[r,s) and J=(t,ul,
z(I,J,K)=xt(I,K)+yr(J,K) 8.8.,

the following lemma is derived from Theorem 3.
Lemma 3.
Suppose that the same conditions as in Theorem 3 are

setisfied. Then for I=[r,s)CR, J=(t,ule? and K=(v,w]cV,

-t
alz: z(I,J,K)ﬁaéi(zk—l){f SS Vf(k)(v,r)JQK)(r)drdv
k=1 KnKl

r-=uv

+ 2 gs-tvif(k)(vi,r))Sk)(r)dr

vieKﬂKly T=uvy

u=-r/v
(k) (k)
+fKnK2Jt-—s/vg (v,t) P (s)atav
+- . Su—r/vié( k)(virt)f(k)(t)dt
v eKNK, Jt-5/v,
-t
+j’ o js vf(k)(vfr)?g-k)(r‘)drdv
KnKlynK2x 0
-tV.
. ] JS Vl%(k)(vl,r)l(k)(r)dr
vi&KﬂKlynsz 0

u=-r/v
(k) (k)
+j;nK§yanXfO g (v, t) P (t)atdr

<+

u—r/vi_

g(”(vi,ﬂf(k’.(t)dt},

4
c CJ
viéKﬂKlyﬂK2x 0
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where Kly=(0,r/u] and K2X=(s/t,oo )‘

Denote by B'c_tu(I,vi) and ?rs'(I,vi) the number of vehicles

with velocity Vs which exist in a space interval I not

only at time t but also at time u (»t) anéd that of

vehicles with velocity A\ which pass through not only a

point r but also a point s (»r) during a time interval

J. Let Kl=(0,s/u] and I{2=(O,III/IJl], where |+ | denotes

the Lebesgue measure of *. Then, in a similar way to

(3. 5) through (3. 10), for 1 eKlXﬂKE:

(4. 3) p(z; X (I,v;))=p(z; X([r=tvy,s=uvy),vy)),

for v, ¢ KI, Nk NK,,

(4. 4)  »lz: % (I,v;))=p(2;%([0,s-uv,),v,))p(z: ¥((0O,
t=2/v51,v5)),

for v, € K]cf{'\KE,

(4. 5) plz; Etu(l'vi))r‘p(z'; ?((u—s/vi't-r/vi_],vi)),

for v, ¢ Klf'\Kg,

(4. 6)  p(z; ¥..(d,v;))=p(z;X([s~uv,,r~tv;),v,)),

for v, € K NKNK,,

(4. 70 plz; ¥7,..(5,v))=p(z; X([0,r=tv;),v,))p(z;

rs
¥((0,u=s/v;1,v;))

o ¢
and for v € lenKE’
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(4. 8) p(z: ¥..(J,v;))=p(z; ;s-r((tt-r/vi,u—S/Vi],Vi)-

BEquations (4. 3) through (4. 8) lead to the following
lemma in the same way as in Theorem 3. To avoid
duplication, the proof is omitted.

Lemna 4.

Suppose that the same conditions as in Theorem 3 are

satisfied. Then, for I=[r,s)CR, J=(t,ulcT and K=(v,wlcV,

alz: xy,(1,1))= 37 (1) |

Ss—uv
k=1 Knle("I«:2 P=tV

f(k)(v,r) }Ek)(r)drdv

. Z Js-uvlT(k)(vl,r)}&k)(r)dr
v € Kﬂle{\KE r-tvi
u-s/v

| (x) () ( pyara
+fKﬂI{$ﬂszt—r/vg i it

u=5/73_() (k)
8 - d
vic-KﬂK{thgt—r/vig Ty W e

+j . {s—uv f(k)(v,r))&k)(r)drdv
Km{iananz o)

- =

v, € K{\lenKlﬂKz 0

+

T (v ) A F) (yar

t—r/Vg( k)

(k)
(v,2) (r)ard
+fKnK§anan2go T2 r)drdv

$=1/7,
T i r/vl é(k)(vi,r)f(k}(r)dr

v € KNKy MK NK, 20
and
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r-tv

alzs v, (7,K))=3 (1) £ (7,53 50 () atav
s k=01

JKnKanggs—uv
-ty
o er 12 (1) A9 (1) at
V.6 KﬂKlf\ K2 s=uv,

u-s/vg(k)

KN Is:_.fxm{g t=r/v

P
v € KNKy NKy

(v,‘t)f(k)(t)dtdv

u=s/v;_ (1) (k)
) (t)at
oor /vig (vi,t)f

r-tv

+[ . f 23 () ¥ (5)atav
KnlenxﬁnKE 0

. I'—'tV:-'_%(k)(

oo
vie K[\lenKan2 0

y!
KnK

lxn

vi,t)?(\k)(t)dt

o o juns/v &2 (v, ) P8 (4)atav
KnkS Jo

u“s/vié(k) (v, t)f(k) (t)dt},

+

e cj
v, € KﬂleﬂKlf\K2 0

where le(o,r/t], Kl(O,S/u] and K2=(O,]II/IJ\].
Combination of (4. 1) and Lemma 3 and that of (4. 2) and
Lemma 4 lead directly to the following theorem:
Lheorem 5.

Suppose that Conditions (A) through (C), (B'), (C') and

(E) are satisfied. Then for I=[r,s)XR, J=(t,ulcT and

K=(v,w]cv,
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= %
Ty (v+v )tf(k)

n
¢ XT(J,K; v*,r.))= k_4 (v,
a(z vrgh= 2T (0 v

nKlyfro—(v+v*)u

t).?\(k)(t)dtdv

—(v.+v*)t
2 FO T (o) (5)an
vieKﬂI{ly ro-(viﬁv*)u 1

l+v*/v)=
-tf ju( +v¥/v ro/vg(k)(v,t)f(k)(t)dtdv
KNK, t(1+v*/v)—r0/v
*-;E:. u(l+v*/vi)—r0/vié(k)(vi,t)f(k)(t)dt
Vi e KNK, t(l+v*/vi)~r0/vi
ro—(v+v*)t
*J%nyc K, go
QKo
=(vy+v*)g
B e%c xC ﬁ;o XIW TCK}(V:L'J“)7'£k)(d°)d’G
i lyn 2x
u(l+v*/v
+j;mIfC cfo
klynKQX

u(L+v¥*/v, )=r P
& _;_ 5 & 5 2 0] lg(k)(vl’
vieKﬂKlynsz 0

£ (v 1) X2 () atav

)-rO/vg(k)(V,t)f(k)(t)dtdv

t)f‘('k)(t)dt}

and

n T+ v¥=v)u
a(z; X¥(J,K; v*,ro));Z(qul){f I 0 f(k)(v’
k=1 ENK, N 2o (v%—v) %

‘t])g.k)(t)dtdv

P JTOJF(VL‘Vi)uFCk)(vi,t)ilc)(t)dt

v, € K(\I{lan* r0+( v*-vi)t
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t(1=v¥ ) =2/ V
#f j O 4 p ) (5)atay
KAK NK* u(l—v*/v)—“o/v

. Z,_ t(1- v*/v )= ro/vl_(k)(

L) 88 (1) atay
v € KNKNK* u(1l-v¥ /v, )-ro/v '

o
FoH{viov) 29y, ) {9 () atav

+j‘ J
8w
KnKl f\Klf\R* 0

i
> : 0
¥ S
c
Vi€ Ki \I{l HKlﬂK*

t(l-vﬁ&)-ro/v (k)

VH-v,
B vl)uf(k)(vi,t):&k)(t)dt

(v (k) (4
" meC o m{* f E) § Ydtdv

+:'vie KNES NESNE*)0
T ;(v—v*)t

+f c c[ ° £

KﬂKlﬂ(K*) ro-(v-v*)u

Jro—(vi—v*)t_(k)

viéKnKiﬁ(K*)c ro—(vi-v*)u
u(l—v*/v)are/v (k) (k)

: ,t

+jKﬂKc N( )cj'l:(l--v*/v)-ro/vg ke )f Ve

u(l-v*/vi}—ro/v- (

4 - k) Lt (k) +
*vier\fof\(K*)c'(t(l'V*/Vi)-rofvig (vi ) (t)a

gt(l-v*/v )-r o/vl—(k)( t)f(k) t)dt
1’

(v,t)}&k)(t)dtdv

+ (v, ) AE) (1) as

I‘O-(V—V*)t 1{) . . N
+£{AF NK (\(K*)CJO ol (v, 0) XX () atav
ixt Tl
+ E J "(V -v¥ )4 (k)(v ) (k)(t)dt
VieKﬂleﬂKf\(K*)c
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-

‘Ff Iu(l—v*/v)—ro/vg(k)(v't)f(k)(t)dtdv
KNK, NK N(K*)°) 0 .
u(l—v*/vi)—ro/vi_(k)

cj qi
v; €KNKy anll\(K*) 0

+

where le=(0,v*+ro/t], Kl=(v*+ro/u,oo) and ¥F*=(0,v*],

This theorem shows that the distributions of observation
processes X (J,K; v*,ro) and X1(J,K; v*,ro) are determined
completely by the distributions of initial processes. In
case of r0=0, the second equation in Theorem 5 reduces 0

(4. 9)  alz; x7(J,K: v*,O)haﬁi(zk-l){f J
k=1 KNicx

-

(V —V)uf(k)(v’
(v¥~v)t

5) X% (4)atav

+ L Te'

vieKnK*S(v*—vi)t

u(1-v*/v) (%) ()
€ ' T ;dtd
+J%N(K*)cjt(l—v*/V) e &1 ]t 1%y

(v,,8) ’¥) () as

u(l—V*/Vi);(k)(v_ t)f(k)(t)dt}
=] p ]

+ .|
v, € KA(K*) /5 ( 1-v*/v, )

Suppose that, in addition to conditions in Theorem 5,
Conditions (D) and (D') are satisfied. Then the initial
processes become inhomogeneous Poisson processes and the
distributions of X (J,K; v*,ro) and XT(J,X; v*,ro) are

given by Theorem 5 with 741), f(l), f(l), T(l), g(l)
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and 'é(l) replaced byA,f, £, T, g and g, respectively,

Al _plk)

and =0 (kz2).

66



2. 5. Application to homogenecus Poisson traffic flow

In this section, let us apply the recults in the
preceding sections to a simple case that time processes
and space processes are homogeneous Poisson processes.
In order to avoid formal complexity, throughout this
section suppose that Gr(v,t) and Ft(v,r) are absolutely
continuous with respect to Lebesgue measure on V.
Therefore, the distributions of time processes and space

processes can be written as:

(5. 1) alz; xt(I,K))=(z-1)1]Ilj'Ff(v)dv.
and
(5. 2) alzs vp(3,0)=(==1)f131 | s(v)av.

Hence it follows from Corallary that for za.e. VeV,

(5. 3) AL (v)=Pg(v)/v.

This relation implies that

(5. 4) J\=j’j g(v)/vdv
v
and
(5. 5) f vf(v)dv:l/J g(v)/vav.
v Vv

Equetions (5. 3) through (5. 5) are familiar in traffic

flow theory (see, Haight (1963), page 163). Loreover,
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it follows from (5. 3) and Theorem 5 that

(5. 6)  alz; X(J,K v*,ro))=<z-lmJleww*)f(v)av

=(z-1 )J"lJ\IK( 1+v*¢/v)g(v)dv
and

(5. 70 alzs XK wrg))=(z=DAT [ (reev)z(v)ay
KNE*

+JK!\( - c( v=v*)f(v) dv}

=(z=1)f 151 jynw(v*/v_l)g(vm

+‘;‘Kn( %} c( 1-v*/v)g(v) dv}.

BEquation (5. 7) agrees with the result obtained by Weiss

and Herman (1962) and Rényi (1964).
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2. 6. Conmcluding remarks

In this chapter it is shown that random set functio§s
yr(J,K) and xt(I,K) can be constructed by usual point
processes yr(t,v) and xt(r,v) end that the distributions
of ¥,.(J,K), x,(I,K), X (J,K; v*,7;) end X"(J,K; v*,ry)
are completely determined in terms of the distributions
of y(J,K) and x(I,K). Therefore, once the distributions

of

initial processes are given or known, the distributions
of all processes are completely determined.

Throughout this chapter, Conditions (A4) throuzh (C),
(B') and (C') are assumed. However, it is open to
guestion whether all low density traffic flows satisfy

Conditions (B), (C¢), (B').and (C'). These conditions

will be dropped in the next chapter.
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Chepter 3. Low Density Inhomogeneous Trafiic TFlow

3. 1. Introduction

In the preceding chapter it is shown that under
Conditions (B), (C), (B') and (C'), the traffic flow
becomes the inhomogeneous composed Poisson traffic flow.
Not 2ll the low density traffic flows, however, seem to
satisfy the above conditions. Thus, these conditions
are dropped in this chapter. To begin with, the low
density traffic flow on an infinitely long road without
intersections is dealt with and a sort of stochastic
integral of the space process at the time origin is
defined. Moreover it can be shown that all processes
arg expressed in terms of the stochastic intesral., 1In
Segtion 3. 3, the low density traffic flow on an finitely
or infinitely long road with an intersection is dealt with
and & stochastic integral of the time process at the
space origin is defined. DMoreover it can be shown that
all processes are expressed in terms of the stochastic
integrals of the space process at the time origin and the
time process at the space origin. This implies that
distributions of initial processes completely determine
those of all processes. In Section 3. 4, velocity

distributions are discussed. In Section 3. 5, results
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obtained in the preceding sections are applied to the
low density traffic flow with inhomogeneous Poisson
initial processes. It may be noted that results of
Weiss and Herman (1962) and Rényi (1964) are obtained

as a speciel case.
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3. 2. Iraffic flow on an infinitely loas road without

igtersections

The model to be discussed in this section is a one-—
way traffic flow satisfying the following condition (Co)
on an infinitely long road without intersections:

(CO): individual vehicles travel at their own constant
velocities (desired velocities) independently of
any other vehicles.

This model is a frequently used one; it is thought that

a traffic flow with relatively low density per lane

satisfies Condition (CO). Throughout this chapter, vehicles

are assumed to have no length.
Let RXT XV be a three-dimensional Euclidean subspace.

Unless otherwise stated, R= (=0, w), T = (=00, ) and

V = [0, ). Denote by B(*) an ordinary Borel field of

subsets of -. Let I &€B(R), Je B(T) and Ke B(V).

Throughout this chapter for r«s, t <«u and v<w, I = [r,

s), J = (t,u] and X = [v,w), unless otherwise stated.

Let X° be the complement of K on V. Moreover, the Lebe-

sgue measure of * is denoted by | -|. ILet (Q, B, P) be

a probability space: {2 is an abstract space of points w

, B is ae—-field of subsets ofQ, and P is a probability
measure. The family of the following random interval

functions {xt(I,KktefD} can be defined on (Q,B,P):

xt(I,K): the number of vehicles which exist at time t
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in a space interval I and have thelr own
velocities belonging to a velocity interval K.

The above defined process xt(I,K) is called a space

process at time t. It may be noted that in this chapter,

random function and stochastic process are treated as
synonymous. If we put xt(r,K)=xt(I,K) for 04 r and

1={0,r), and x r,K):—Xt(I,K) for r< 0 and I=[r,0), on the

4
assumption of Xt(O,K)=O almost surely (a.s.), then we have
an ordinary point process xt(r,K) for erbitrary fixed t eT
and K € B(V). Conversely, xt(I,K) can be constructed by
xt(I,K}=xt(s,K)—xt(r,K).

From the definition, xt(I,K) is a non-negative
integral valued ¢*—-additive, set function: that is, for
I=2111 and Kz%:Kj, xt(I,K)= -%%%xt(li,Kj) a.s., where
Iif\Iszj I&fzﬁ(empty set) for i#j. Therefore for I'C I
and K'¢ K,

(2.1) xt(I',K')sxt(l',K)ixt(I,K) a.s.
The following abbreviations for xt(I,K) are used: in the
case of $=0, x(I,X); in the case of K=V, Xt(I); in the

case of K=l0,v),x (I,v).

N
Suppose that the distribution of the space process
at the time origin'{x(I,K), IeB(R), KéjB(V)} is given or

known. The distribution is called the initizl distribution.

The purpose of this section is to show that the initial

distribution completely determines distributions of the
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space process at time t(#0) and all processes defined on
(Q,B,B) in the following:
yr(J,K): the number of vehicles which pass through a
point r during a time interval J and have their
own velocities belonging to a velocity interval
K.
z(I,J,K): the number of vehicles which exist or existed
in a space interval I during a time interval
Jd and have their own velocities belonging to
a veloeity interval K.
xtu(I'K): the number of those vehicles witk their own
velocities belonging to a velocity interval
X which exist in a space interval I not only
at time t but also at time u(t wu).
yrs(J,K): the number of {hose vehicles with their own
velogcities belonging toc a velocity interval
K which pass through not only a point r but
also a point s (r s) during a time interval J.
In comparison with xt(I,K}, yr(J,K) is called a time

process at point r, and the other processes gubsidiary

processes. PFigure 1 shows the differences between the
space process at time ¥, the time process &t point r,

and the subsidiary processes. PFinally, obecervetion

processes are defined on the same probability space ,B,
P) as follows:
X‘(J,K:v*,ro): the number of those vehicles with their
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own velocities beldnging to K which are
observed during a time interval J by an
observer who starts from a point I, at
time O and is moving with a velocity v¥*
in the opposite direction to the traffiec
flow.

X+(J,K;v*,r the number of those vehicles with their

0l*
own velocities belonging to K which are
observed during a time interval Jd by an
observer who starts from a point ry at
time O and is moving with a velocity v¥*
in the same direction as the traffic
flow.

The differences between X;(J,K;v*,ro) and X+(J,K:v*,r0)

are shown in Figure 2. An observation process represents

observations on traffic flow by a moving observer with a

constant velocity v*¥. It should be noted that =2 wvehicle

is recorded when the observer catches up with it or is
cvertaken by it. On the other hand, & time process
represents observations at a fixed point and a space
process represents observations from the air, Subsidiary
processes join observation processes to space processes,
as shown below. It follows from the above definitions

that a2ll processes are non-negative integral valued

¢-additive set functions and relations similar to (2.1)
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hold.

Traffic flow satisfying Condition (CO) has the
important property that all vehicles with a desired
velocity v in a space interval I at time t(%» 0) are in the
space interval I-tv=[r-tv,s-tv] at time zero. This
property leads, on account of (2.1), to the following
basic relation for space processes: for I=[r,s)e B(R),

KeB(V), ﬁ:supveK(—tv),'and E:ianEK(—tv),
(2.2) x([t+8,s+2),K)< x_t(I,K) < x([r+a,s+4),K) a.s.

Similarly, the basic relations for the other processes
are: for I=[r,s) € B(R), J=(t,u] eB(T), KeB(V),

ﬁ:supveK(-tv), §=infveK(-tv), ﬁ=supveK(-uv} and

‘Bzinfv ept=uv), )

(2.3, x([r+b,r+2),K) < ¥y .(J,K) < x([r+B,r+8),K) a.s.,
(2.4) x([r+8,s+a),K) £ 2(I,J,K)sx([r+b,s+8),K) a.s.,
(2.5) x([r+5,s+‘5),1{)gxtu(I,K)sx([r-ﬁ,s-r-B),K) T
and

(2.6) x([s+b.r+a),K) < yrS(J,K)s.x([s+'5,r+a),1<:) P

For example, Relation (2.3) results from the fact that
all vehicles passing through a point r during a time
interval J with a desired velocity v exist in the space
intervel [r—uv,r—tv) at time zerc. The basic relations
between observation processes .and subsidiary processes

are: for J=(%,ul] and K¢ B(V),
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{873 X(J,K3v*,ry)=2(I,J3K) a.s.,

where I=[roév*u,ro—v*t),

and
(2.8) X+(J,K;v*,r0)=xtu(I,K)+yrs(J,K) a.s.,

where r=ry+v¥t, s=rg+v¥u and I=[r,s).
In the above relation, xtu(I’K) indicates the number
of vehicles with which the obse}ver catches up, and

y.. (J,K) indicates the number of vehicles which overtake

rs
the observer.

The property mentioned above ensures that the initial
distribution completely determines distributions of all
processes. The basic relations (2.2) to (2.6) suggest
naturally that the following integral should be introduced.
Denote by C(XK) the set of real-valued wuniformly continuous
functions on K. It is to be noted that sample functions
of x(I,v) are a.s. left-continuous non-decreasing step
functions with respect to v. Therefore, for h(v),

k(v) e C(K), the following integral can be defined as a
usual Stieltjes integral if the last member of the

following equation converges in one sense:

(0 S(La(v),x(v)), K)= [ e [a(v) , k(v)), v)

1)

~

n
o 3 1 1
2 430 fzix([h(vni)’k(vni))’Kni)’
where {Vhi} is an arbitrary partition of X such that
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VEV1 ST SV S Vi1t "t t Vpk

and

)=>0 as now, K.

max (v niz[vni'vni+1)

X ni+l” Vni
1

1
and Vnie Kni‘

Without loss of generality, it can be assumed that {Vn+l,i}
is a subpartition of {vni}' It follows from the definition
thet if h(v)z k(v) for all v €K, then S([h(v),k(v)),K)=0
a.s. Moreover, it is to be noted that h(v) and k(v) need
not be uniformly continuous on K' such that_x(I',K‘)=O
a.s. for K'¢ X and arbitrary I'€B(R). Let ﬂni and Kni be

supveKn'h(v) and inf ., h(v), respectively. Denote by

¢ 6 ni
(Cy3K,h(v)) the following.condition:
i g

(Cl;K,h(v)J: for K€ B(V) and h(v)e C(K),
k A
Jim fzi x([ﬁni’hni)'xn%=o in probability.

Conditions (CI;K,h(v)) and (Cl;K,k(v)) are abbreviated to
(Cl:K,h(v),k(v)).

Lemma 1.

Suppose that conditions (Cl:K,h(v),k(v)) are satisfied.
Then, for i€ B(V) and h(v), k(v) € C(K), as n+w,

kn

é x([h(vl,), k(v )),K )= S([h(v),k(v)),k) a.s.
Proof.

The proof is straightforward. It follows from (2.1) that
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for every n and i,
x([hnl, 100Ky )s.X([h(v'-),k(V£i)),Kni)

sx([‘ﬁnl, ) K, ) a.s.

Therefore for every n,
Ky . Ky
?gn=§x([hni'ﬁni)pl{ Zx([h ) o k(v]i)) K 5)

ni ni

<5 —Zx(['ﬁnl, 1)K 5) a.s.

Moreover, for arbitrary m and n, § S5 a.s. Ash ;2 Kn'

implies x([hni,ﬁni),Kni)zo a.s., without loss of generality

it can br oassumed that h(v)< k{(v) for ve XK. Therefore

for large n and arbltrary posﬂalve &,

‘13{;;1{2] Sm-'ﬁm\zs} = ~{”’ - Z Ce( LB oy ) Ky )+ (T 025 )

mxn i=

Kmi))zi.}'

From Conditions (Cq;iK, h(V) k(v)),

{;;1})}3 -3 ‘22} {aup Zx(['ﬁml, b))y Km]_ 32/2}

men 1=

+P{sup Z.X([ﬁml: ml) Kml) ZE/2}

mzn i=

k k
{Lx([hnl" nl) i) 22/2}'{'2{12:;){( l:T'Eni’l;tni) ’Kni) z 8/2}4 0,

1=

as ne»w.
Hence, S([h(v),k(v)),X) exists and
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E(suplsm—S([h(v),k(v)),K)l},E)ag(sﬁplstﬁnlza)-%O, as new.
man mzn

That is, Sd*S([h(v),K(v)),K)a.s. The proof is concluded..
It may be noted that S{[h(v),k(v)),K) is ae-additive
non-negative integral wvalued random set function with
respect to K defined on (Q,B,F). Let p(z; xt(I,K)) and
a(z: xt(I,K)) be a generating function of xt(I,K) and its

natural logarithm, respectively:; that is,
w
plzie)= 27, 2(.=n)zn
n=0
‘and
a(z;-)=log p(z;-),

where |z]| < 1.

Theorem 1.,

Suppose that Condition (CO) is satisfied. If Conditions
(Cl: K,r-tv,s=tv) are satisfied, then for I=[r,s) ¢ B(R),

t €T and K ¢ B(V),
(2.9) xt(I,K)=S(I-tv,K) a.s.

If Conditions (ClzK,r—uv,r—tv) are satisfied, then for

J=(t,u) e 3(T), reR and Ke B(V),
(2.10) yr(J,K)=S([r—uv,r-tv),K) a.s.

Proof.
The same notation in the proof of Lemma 1 is used with h(v)

and k(v) substituted by (r-=tv) and (s=-tv) respectively.
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Clearly,
k

n
/ - .
xt\I,K) fil xt(I,Kni) a.s.

Therefore, on account of (2.2), for every n, §n;;xt(I,K)
SSn a.s., while, for every n, En;snssn a.s. Hence,

similarly to the proof of Lemma 1,
E{suplsm-xt(I,K)lzt} < E{suplsm—§m|2£}—%' 0, as n-rewe,
man man

That 1, Snﬁ-xt(I,K) a.s. It follows from Lemmz 1 that
%{%S(I-tv,K) a.s. The proof of (2.9) is concluded.
Similarly, (2.10) can be proved on account of (2.3). The
proof is omitted.

Theorem 1 shows immediately that
p(z;x, (I,K))=p(z; S(I-tv,X))
and
p(z:y,.(d,K))=p(z; S(lr-uv,r-tv),K)).

The analogous results for subsidiary processes follow
from Relations (2.4) to (2.6). Since the proof is
entirely similar to that of Theorem 1, it is omitted.
Iheorem 2.

Suppose that Condition (CO) is satisfied. If Conditions
(C:K,r-uv,s-tv) are satisfied, then for I={r,s)e B(R),

J=(t,u] € B(T) and K« 3B(V),

83



{2.11) z(I,J,K)=S([r=uv,s=-tv),K) a.s.

If Conditions (Cl;Kr\Kl,r-tv,s—uv) are satisfied, then for

I=[r,s)€ B(R), J=(t,ule B(T) and Ke B(V),

{2.12) I,K_):S([r—tv,s-uv),KnKl) e Gy

xtu(
where

& =0, [T1/1311.

=

If Conditions (Clsz\Ki, s-uv,r-tv) are satisfied, then for

I=[r,s)¢ B(R), J=(t,ul€ B(T) and K& B(V),
(2.13) yrs(J,K)=S([s~uv,r—tv),Kf\Kl) T .
where
k=00, [T1/1a1].
Now Figure 2 suggests that
(2.14) X (d,K;v¥,ry)=X"(J,K;-v¥,15) a.s.

In fact, it follows from exchanging r and s in (2.12) and

(2.13) that .formally, for r< s,

(2.15) xtu([s,rlK)zo a.8.
and
(2.16) ysr(J,K)zz([r,.s) ,J,K) a.s.,

because K1=ﬁ. That is, for s<r,
xtu([r,s),K)=O 2.S.
and
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VrS(J,K)=Z([S,r),J,K) a.s.

Therefore, substituting (-v*) for v* in (2.8), for

r=r0-v*t > s=ro-v*u,
X+(J,K:—v*,r0)=yns(J,K)=z([S,TJaJ:K)
:X_(J,K:v*,ro) a.8.

Hence, in the following, superscripts + and - are dropped,
unless it 1s necessary to distinguish them. The following
theorem follows directly from Theorem 2 and (2.8).
fheorem 3.

Suppose that conditions of Theorem 2 are satisfied for

r=ry+v*t and s=rp+v*u. Then, for J=(t,u]e B(T),KeB(V),

v¥ € (=wo,») and K*=[0,v*],
X(J,K:v*,ro)zs([ro+(v*-v)t,ro+(v*-v)u),K{\K*)
+S([ro+(v*—v)u,r0+(v*-v)tJ,KI\CK*)C) 8.5,

This theorem implies that distributions of obsevation
processes are completely determined by the initial

distribution.
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3. 3. Generalization to traffic fldow wit@hggflug

Ol
ad
o P Pt s P e £ B £ Bt o s B e P

A traffic flow on sa infinitely long road R = (—dxl
) without intersections has been discussed in the,
preceding section. The model to be discussed in this
section is a one-way traffic flow satisfying Condition
(CG) on a road R = [0,R') with an intersection at the
space origin for a positive number R' finite or not.
That is, the traffic flow to be discussed has influx at
the space origin. In this case, it is impossible to
express all processes in terms of the space process at
the time origin as in the preceding section. Therefore,
in this section, suppose that distributions of the space
process at the time origin {x(I,X),I eB(R),Ke;B(V)} and
the time process at the space origin {y(J,K),JeB(T),KeB(V)}
are known or given. The distributions are called the

initial distributions. The purpose of this section is

to show that the initial distributions completely determine
distribufions of all processes defined in the preceding
section. It can be shown, as a special case, in Theorem 7
that the distribution of the time process at the space
origin ;ompletely determines those of all processes. In
order to reduce formal complexities, let T = [0,T') for

a positive number T' finite or not: the case of T=(-v0,T')

i1s discussed in Theorem 7. That is, in this section,
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R=[0,R"), T =[0,T) and V = [0,9), unless otherwise

stated.

Throughout this section, let I{lxz[(),'r/t], Koy

= (S/'t,“o),Kly-—- [O,I‘/’Ll],szF (I‘/'b,w‘)_,Kl = [O,(S—I‘)/ '

(P—t)

processes,

] and K,= [0,s/u]. The basic relations for space

time processes and subsidiary processes are:

for I = [(r,s)€B(R), J = (t,u]t:B(T) and X = [v,w)eB(V).

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

and

x(Lr=tv,s=tw) ,KNK; ) &x (I,KNK )

y((t=s/w,t-v/v],KNK, )

x([r-uv,r-tw),KNK,_)

ly
y{(t=r/w,u-r/v],K ﬁsz)

)

x([r=uv, s=tw) ,KN Kly
y( (t—s/w,u—r/v_],K('\sz)
x([r=-tv, s=uw) ,K f\lef\Kl)

y{(u-s/w,t-r/v], KN Klf'\ K;)

x( [ s=uv,r=-tw) ,K(‘\KE!’\Kz)
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<x([r-tw,s=-tv),K le) B B s

2%, (I,KnK,,)

é-y( (t=s/v,t-r/w],K f‘\K2x) -1 - T

éyr(J,KnKly)

< x([r-uw, r-tv) ,K m{ly) a.s.,

<v.(J,KNK

2y)

Z y((t-r/v,u-r/w],KﬂKQy) a.s.

£z(I,J,KNK

<

{1

I

A WA

N UN BA

ni

X
z
y
bid
X

X

y
g
X

ly)
([r-uw, s=tv) 'KnKly) 8.s.
(I,J,K(\sz)

((t=s/v,u-r/w],KNK, ) a.s.,

2x
tu(I,Knler\Kl)
([r=tw, s=uv),KN leﬂKl) Baliy
sl LENK  AKD)
((u—-s/v,t-—r/w],KnKlﬂ Kg) a.s.
rs(J,KﬂKir\Kz)

([s=uw, r-tv) ,K(’\K]cff\l{z) a.8.,



v ( (t-r/w,u—s/v],K(\K2yf\ Kg) éyrs(J,Kf'\szﬂ Ki)
(3.10)
éy((t—r/v,u—s/w].K(\szf\Kg) a.s.

if KNK..# ¥ and X ¢ K.., then in the above relations,
v or w is replaced by an end point of the interval K.., where
i
K.. represents K  and Kl!\ Ko, ete.
Similarly to (Dl) the following integral is defined
for X € B(V) and h(v), k(v)eC(K):

(Dg): u((n(v),k(v) 1,X) = }ay((h(v),k(v)],v)

K
-3,,1,3-2:?3’( ((v,), k(v )KL ).

Denote by (Ci:K,h(v)) the following condition:
(Ci:K,h(v)): for KeB(V) and h(v)e C(X),

lim Y y((h

n»D la ﬁni]’Kni) = 0 in probability.

ni’
Conditions (Gi:K,h(v)) and (Ci;K,k(v}) are abbreviated to
(C!:K,h(v),k(v)). The following lemma can be derived in
a similar way to Lemma 1. The proof is omitted to avoid

duplications.

Lemma. 2. Suppose that Conditions (Ci;K,h(v),k(v)) are
satisfied. Then, for KeB(V) and h(v),k(v)eC(X), as n- 0,
Kn
2 vl aelvgg ) LK )2 D), X(V) 1K) a.s.

On the basis of Relations (3.1) to (3.4), it follows
from Lemmas 1 and 2 that the following lemma can be

proved in a similar manner to that of Theorem 1. The
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proof is omitted to avoid duplications.

Lemma 3. Suppose that Condition (C,) is satisfied. If

Conditions (Cl;Kr\K r-tv,s-tv) are satisfied, then for

1x?
I=[r,s)eB(R), teT and KeB(V),

xt(I,KnK = S(I—tv,Knle) a.s.

lx)

If Conditions (Ci;KnK t-s/v,t-r/v) are satisfied, then

2x?
for I = [r,s)eB(R),t5eT and KeB(V),

xt(I,I{nsz) = U(('t-s/v,t—r/v],Knsz) a.s.

If Conditions (Cl:I{hKly,r—uv,r—tv) are satisfied, then

for J = (t,u] €B(T),reR and Ke B(V),

yr(J’KnKly) = S([r-uv,r-tv),KEAK,.) a.s.

1y
If Conditions (Ci:Kﬂsz‘,t-r/v,u—-r/v) are satisfied, then
for J = (t,uleB(T), reR and K&B(V),

yr(J,Kﬂsz) = U(-J-r/v,Kﬂsz) Bl

Moregover,.the following-lemna is prepared for Theorem 4.

Let

Kyp= (leUsz)c-_- (r/t,s/t] and K, = (K

UK, )©
3 2
e 4

b ¥

Lemma 4. Suppose that Condition (CO) is satisfied. If
Conditions (Cl:KﬂK3x,s-tv) and (C';KHKBX,t—r/v) are
satisfied, then for I = [r,s)€B(R),teT and KeB(V).

xt(I’KnKjx) = S([O,s-tV),KQK3XJ+U((O,t—r/v],KﬁKBX) a.s.
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If Conditions (Cl;I{f‘\K ,r=tv) and (C!;KNK,. ,u-r/v) are

3y 3y
satisfied, then for J = (t,ule B(T), reR and KeB(V),

yr(J,KnKBy)=S([O,r—tv),KnKBy} U[(O,u—r/v_],KﬂKBy) a.s.
Proof.
It is obvious that for veKSx,rcvt =s and for veKBy,
tv&r<uv. Similarly to Relations (3.1), (3.2), (3.3)
and (3.4), the following basic relations hold: for every

n and i,

x([oj s_tvnlé-l)’Knlq Kjx) it y( (O’t-r/vniJ’Knln K3x)

)< x([0, s—tvni) K ;N K3x)+y{ (0,%-r/v

x’'=
Ko 3N Ky ) a.s.

1,

L
£x (I,K ;NK ni+l

and

X( [O’r-tvniﬂ_) 'Knir\K_’,y)' + Y( (O’u_r/vniJ’KninK_}y)

1IN

yr(J'KniﬂKl‘y)é x( [Osr‘tvni) ’Knin K3y)+ ¥ (O’u"'r/vni_,_lji

K N K3y) BivBing

where for K ; such that K .N KS' Z ¢ and Kni¢ K3., v,y OT

v is replaced by an end point of KS"

ni+t
Let

x( [O,r-tvllli) ’Knqu_'sx) ,

=
r:l
15

bC.' w

ot =
~— S

I i
Eiting '

o}
bf"'\

2

]
M E

y( (Ort-r/v;lijtKniﬂ K3YJ ]

c
U
=3

X( [O,I‘-tvni+1) 'KninK3X) ]

c?
—
ct
N
Il

T

]

i

2 v (0, 8=r/v, s 1K s NKs,),

i X( [O: r-tvni) ’Knin K3x)

i~

oy
a
—
H
I

9OI



and %

u (%) = g y((o't_r’/vniﬂ]’}{nin KBY)°
Then, for every n,

5,(s8) + U (8) & x, (I,KNKy, ) & gn(s) + {]n(t) a.s.

and

%n(r) + 'Un(u) < yr(J,I{ﬁKE’y) £ s, (r) + U (u) a.s.
It follows from Conditions (Cl;KhK3x,s-tv) and (Ci;

KN K3x,t—r/v) that

P sup]Sm(s) + Um('t) -xt(I,KnK3 )\éa}

mzn &
2 P{B,(s) - 5 (a) + U (t) - U (+)]2%]
2e{ls(s) - 5,(s)] ze/2} + B(|T,(8) - V()| 2 e/2} 0,
as n-»90, )
That is, Sn(s) + Un(‘t)-a Xt(I’KqK_%x) a.s. Similarly,
Sn(r) + Un(u) -:,yr(J,KﬂKBy} a.s.
While Lemmas 1 and 2 show that
Sn(s)+ Un(t)%S([O,s—tv),KﬁKBXH U((0,t-r/v],

KNK a.s.

3x)
and

Sn(r)-:- Un(u)—}s([o,r-tv),KnKP’y)+ 0(({0,u~r/v],
KnK3y) S B

Hence the proof is concluded.
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By use of Lemmas 3 and 4, it can be shown that the
space process at time t(e T) and the time process at
point r(e R) are expressed in terms of the space process,
at the time origin and the time process at the space
origin. Therefore, distributions of Xy (I,K) and Y. (J;K)

are completely determined by the initial distributions.

Theorem 4. Suppose that Condition (CO) is satisfied. If

Conditions (Cl;K[\le,r-tv,s—tv),(Ci;K(\sz,t-s/v,t—r/v),

(c 1KNK,_,s=-tv) and (Ci;KﬂK t-r/v) are satisfied,

3x 3?2
then for I = [r,s)e&B(R), teT. and KeB(V)

xt(I,K) = S(I-tv,K{'\le)+ s([o,s-tv),KnK3x

(3e11)
+ U((O.t—r/v],K(\KBx)+ U( (t=-s/v, t-r/v],

KNK,, ) a.s.,

where K, = (o,r/t], Ko = (s/t,e©) and K = (r/t, s/t]
If Conditions (Cl;K{\Kly,r-uv,rétv ,(Cl;hf\k2y

t=-r/v,u-r/v), (Cl:Kf\K ,’=tv) and (CfK(\K3y,u-r/v)

3y
are satisfied, then for J = (t,u]JeB(T), reR and

KeB(V),

(J K) = s([r=uv,r=tv), Kf\Kl )+ S(LO,r=tv), Kf\KB )

(3. 12)

+ U((O,u—r/v],K(\K3y) + U(J-r/v,Kf\Kgy) a.s.
where Kly o, r/ul, K, = (r/t,00) and K3y= (r/u,r/t].
Proof.

Clearly,

g2



xt(I,K) = fj X (I .Kf'\z( ) a.s.
J=1
and

1l

Z. v (3,K0K ) a.s.
1=l
Hence, this theorem is directly deduced from Lemmas 3

yr(JrK')

and 4, and the proof is concluded.
Similarly, the following theorem can be derived from
Relations (3.5) to (3.10). The proof is omitted to avoid

duplications.

Theorem 5. Suppose that Condition (GO) is satisfied.

N PN N Pt 5t e P Pt ot P

If conditions (C :K{'\K ,r—uv,s-tv),(Ci:KnK t=-s/v,

2x?
u.—r/v),(Cl:Kr\K (\sz,s—tv) and (C]'_;KﬂKg‘:yQKSX,u—r/v)
are satisfied, then for I = [r,s)eB(R), J = (t,ul e B(T)
and XeB(V),

z(I,J,K) = S([r-uv,s=-tv), KKy )+ S([C,s-tv), KNK] anx)

(3.13) |
& U((O,u—r/v],Kr\Kiyanx)+ U{ (t~-s/v,u-r/v],

Kanx) 8.5,

where K, = [0,r/ul and K, = (s/t,@).

1
If zonditions (C1iKNKy NKy,r=tv,s-uv), (C{:KNEK NK;,
u-s/v,t=r/v), (C iKAKJ, N K AK,, s-uv) and (C{;KNE N KN Ky,
t=r/v) are satisfied, then for I = [r,s) €B(R), J = (t,u_le.B(T.)
and KegB(V),
(3.14)

% (I, K) = S([r-tv,s-uv),KNK NK )+ s([o,s-uv),Kanxn KN K,)
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+ U((0,t-r/v],KNKS_NK, NK,)+ U(lu-s/v,t-1/v],KnK,NKS)a.s.,
1t 25y Vida ol g
where XK, = [0,r/t] XK= [0,]I|/ [9]] and K,= [0,8/ul. |
If Conditions (cl;KnxfnK2,s-uv,r-tv)(c';Km{;}cn K7,
t-r/v,u~-s/v), (C{iKNK NK NK;,r~tv) and (C]

l;
K NK; NKS NK5,u-s/v) are satisfied, then for I = [r,s)eB(R),
J = (t,u]eB(T) and KeB(V),

(3.15)

yrs(J,I{) = S([s—uv,r-tv),KﬂKgnK2)+ S(LO, r=tv),
e c T G G
KNK{ N Kln1<2)+ J((O,u-s/v],KnleﬁKlﬂR2)+ U{ {(t=1/v,
- c B
u—.a/v],Kf\leﬂKl) TN

where X, = [0,7/t],K = o,|1]/lsl] and k= [0,s/ul.
Relations (2.15) and (2.16) are derived from

interchanging r and s in (3.14) and (3.15). Therefore,

(2.14) holds. Combination of Relations (2.8), (3.14)

end (3.15) leads directly to the following theorem.

Theorem 6. Suppose that conditions of Théorem 5 are
satisfied for r = ro+ v*¥t and s = ro+ v*u. Then, for
J = (t,u] ¢B(T7),KeB(V),v¥ e (-0, ) and r, such that

(r0+ v¥u) e R,

};(J,I{:v*,ro) = S([ro+(v*-v)t,r0+ (v¥=v)u),K r\ElX(}K*)
+ S([O,r0+(v*-v)u),I{r\KEK('\K;KﬂK*)
+ U((0,t=(rg+ v*£)/v],KNEK], NES N K*)

(3.16)
+ U((u—(ro+ v*u)/v,‘t-—(ro+ v*t)/v:],lif\liz{ﬂl{*)
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+S([ro- (v—v*)u,ro-—(y—v*)t),K{\KSX(\G{*)C)
+S([O,ro-(v—v*)t),KﬂKlKﬁ KQ{\(K*)G)
+U((O,u--(r0+v*u)/v],K(\KlXﬂKexﬂ(K*)o)
+U((t—(ro+v*t)/v,u-(r0+v*u)/v],l{ﬂl{gxﬂ(l{*)c) - T
where K = (o,v* + ry/t], Koy (v* + ry/u, 9) and K¥= (o,v*].
It may be noted that if ry= 0, then Relation (3.16)
is reduced to the following relation:
X(J,K;v*,0) = S([(v*= v)t,(v¥ = v)u),KNK*)
+ U((t(v=v*)/v,u(v-v*)/v],KN(k*)%)a.s.
Finally, if y(J,K) is defined for T = (-09,T7'), Je B(T)
and KeB(V), then the above Theorems 4 and & are easily

reduced to the following theorem.

Theoren 7. Let T = (=¢,T7'), I = [r,s)e B(R), J=(t,ule B(T).

and K¢B(V). Suppose that Condition (CO) is satisfied
and y(J,K') = 0 a.s., for arbitrary Je B(T) and K'=[0,¢),
where ¢ is a small positive number. If Conditions (C!;

K,t - s/v,t - r/v) are satisfied, then

(3.17) xt(I,K) = U((t=s/v,t=r/v],K) a.s.

If Conditions (Ci:K,t - r/v,u - r/v) are satisfied, then
(3.18) y.(J,K) = U(J - r/v,K) a.s.

If Conditions (C_.'L:K(‘\K*,u - (ro+ vku) /v, t -(r0+ v*t)/v)

and (Ci:K{'\(K*)C',t - [_ro-i- v¥t)/v,u -(ro+ v*u)/v) are

S b



satisfied, then

X(J,K;V*,ro) = U((u—-(row*u)/v,t—(ro+v*t)/v],Kf‘\K*)
(3.19)
+ U((t-(r0+v*t)/v,u-(ro+v*u)/v],

KN\ (k*)%) a.s.,

where K* = [0,v*].
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3. 4. Veloecity distributions

s e o ot P

{xt(I,K),IeB(li),KeB(V),t <T} can describe all

possible states of traffic flow, but information on
velocities is implicit. This fact may be improved to
some extent by introducing a space velocity distribution
funetion (s.v.d.f.). Let Ft(v,l) be an s.v.d.f. An
g:v:8:%s Ft(v,I) is regarded as the probability that

any vehicle in a space interval I at time t has slower
velocity than v. If Ft(v,I) has the above mentioned

property, then

p(z:xt(I,K))

K

:Zj:o ,i,@) (j dFt(V:I))n(l_L dFt(v,I))m—n

g(xt(I) = m)z?

@, m
E:b {l+(zﬁl).jKdFi(v,I)} . E(Xt(I)zm)
=

p(1+(2-1) j%aFtcv,I);xt<1)>:

(E): p(z:xt(I,K)) = p(l+(2—l) j dFt(v,I):xt(I)>

X

and vice versa. By differentiating the above relation,

the following relation is obtained, if E(xt(l))4»°°:
(D,): B(x (1,7)) = B,(v,D)E(x, (D)),

where E(-) denotes an expectation of -.

Clearly, an s.v.d.f. defined by (E), which is the
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conventional definition, necessarily has property (D2). In
this chapter, however, an s.v.d.f. Ft(v,I) is defined

as (Dy): since E(xt(I,v))is a non-negative valued
increasing function in v, Ft(v,I) defined by (ﬂz)
satisfies properties of a d.f., except the case of
g(xt(l)) = 0, where Ft(v,I) is defined as a suitable
function satisfying properties of an ordinary d4d.f.
Because, in general, an s.v.d.f. Ft(v,I} for traffic

flow satisfyiné Condition (CO) cannot have property (E)
for all teT. PFor illustration, suppose that the initial
distribution is composed of the distribution of x(I) and
the s.v.d.f. with property (E). Then the initial
distribution completely determines the distributions of
xt(I) and xt(I,v), as shown in (2.9). Therefore, in
general, Ft(v,I) determined by (Dg) cannot satisfy (E).

A simple example is given in the Appendix I. It may be
noted that as an exceptional case, Poisson traffic flow
has an s.v.d.f. with property (E) for all te T. As the
natural continuation of definition (Dz), an infinitesimal

s.v.d.f. Ft(v,r) is defined as follows

(D Ft(v,r) =lim Ft(v,I). for I = [r,s).

30 2!

If g(xt(l)) is absolutely continuous with respect to
Lebesgue measure on R, then Ft(v,r) exists almost

everywhere (a.e.) on R.
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Similarly, a time velocity ‘distribution function

(¢.v.d.f.) Gr(v,J) is defined as follows:
(Dj): G (v, J)E(y,(3)) = Bly.(J,v));

if E(yr(J)) = 0, then Gr(v,J) is defined as a suitable
function with properties of an ordinary distribution

funetion. If a t.v.d.f. Gr(v,J) satisfies the relation
p(z:y (J,K)) = p(l+(z-1) J dGr(v,J):yr(J)) :
K
then it is said that Gr(v,J) has property (E'). Moreover,
an infinitesimal t.v.d.f. gr(v,t)'is defined as follows:
() g.(v,t) = lim G (v,J), for J = (t',%].
t'=>t

3
If g(yr(J)) is absolutely continuous with respect to

Lebesgue measure on T, then gr(v,t) exists a.e. on T.
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In this section, traffic flow with influx is dealt
with in view of generality. To begin with, sufficient
conditions are shown under which the space process at
the time origin is restricted to an inhomogeneous
Poisson process. Rényi (1951) has shown sufficient
conditions under which a non-negative integral valued
stochastic process is an inbomogeneous composed Poisson
process. It follows from his results, on account of
Jénossy, Rényi and Aczél (1950), that the space process
at the time origin is an inhomogeneous Poisson process

under the following conditions:

(02): lim]I]+ Ox(I) = 0.in probability, for arbitrary
Ie B(R):

(C3): for disjoint sets I.e B(R) and disjoint set

Eﬁ eB(V),x(Ii,Kj) are stochasticelly independent

of each other:

(Cy)t limj g, o(B(X(L,v) = 1)/R(x(I,v)21)} = 1, for

arbitrary I e B(R) and arbitrary veV.

That is, for I &B(R),

(5.1) bl T1) = G =3 j‘I Sl )i

and, from the fact that x(I,v) £ x(I) a.s. for arbitrary
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veV,
(5:2) a(z;x(I,v)) = (z - 1) 51 Alr,v)dr,

where A(r)-and A\(r,v) are non-negative valued Lebesgue integrabl
funetions such that Ar,v) £ Alr). With little loss of
generality, it is assumed that A(r) and A(r,v) are B(R)
measurable. It 1s obvious that E(x(I)) and E(x(I,v))

are absolutely continuous with respect to Lebesgue measure

on R. Therefore, the infinitesimal s.v.d.f. F(v,r) exists

a.e. on R, and

Ar,v) = F(v,r)Alr) a.e. r.

Hence, it follows from Condition (03), Equation (5.2)
and the property of genérating functions (see Feller

(1957), page 251) that
(5.3) a(z;x(I,K)) = (z-1) J J dF(v,r)A(r) ar.
IJx

Moreover, suppose that, on account of Loéve ((1963),pasge
178), an infinitesimal s.v.d.f. F(v,r) satisfies the
following condition:

(05): the infinitesimal s.v.d.f. P(v,r) is not singular
with respect to Lebesgue measure on V, its
absolutely continuous part has the B(V) X B(R)
measurable derivative f(v,r) and its purely

discontinuous part is composed of B(R) measurable
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Jjumps {fd(vi,r)i on a coun:sa.ble set {vi} independent
of r.
An infinitesimal s.v.d.f. satisfying Gondition (05)
is called regular and represented as follows:
¥ d
F(v,r) = j f(v,r)dv + A 1 (vi,r).
0 Vi€ (o, v)
Therefore, from Equation (5.3) and Fubini's theorem (sece

Loéve (1963), page 136),

(5.4) g(z:x(I,K)) = z-l){j ~j‘f(\.r r) drdv+vZeIijfd(v

r))\(r)dr} .

Lemma 5. Suppose that Conditions (Cz) to (05) are

satisfied. Then (Cl;K,I‘i(v)) is satisfied for arbitrary
I{éB(V) and arbitrary h(v)e C(K) whose range belongs to
R. Therefore, for arbitrary KeB(V) and arbitrary h(v),

k(v)eC(K), S([h(v),k(v)),K) is well-defined and

k(v)
(5.5) a(z:5([a(v),k(v)),K)) = (z—:u[u (v, aray
_ (v

k(vy)
+ 2 j d(V r))‘(r)dr}.
v.eK h(v

Proof.
It suffices to prove that for all [z[ £ 1, arbitrary

KeB(V) and arbitrary h(v) e 0(X),

lim Z x([h .,8 .),K .)) = 0.
new 4 E’l ni ni
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Let

_ o}
en(vj) = ‘L .f (vj,r) Alridr for vjeKni
ni
and

En = jKen(v)dY + %gk en(vj).

It follows from (5.4) and Condition (03) that
kn

@ (at L xllBiyy8y),%,0) ) = (=-1)E,
Since f(v,r) A(r) is integrable on I x V for Ie B(R)
such that [I|< oo, en(v) is integrable on K. lMoreover,
for arbitrary ve K, there exists the sequence of
intervals [Kni} such that K ;2K 4 ;27 v and
lIni[ = 0, as n—> ®©. Therefore, as n—+, ¢ (v)-¥ 0
for a.e. v and eq(vj)-é 0 t follows from the
dominated convergence theorem (see Loéve (1963), page
125) that

lim E_ = S lim en(v)dv + Y. lim en(vj) = 0.

wae 1 K n>r© u‘fl.:-.-K T
The latter half is immediately derived from Lemma 1,
(5.4) and condition (03). The proof is concluded.

Similarly, the following Equation (5.6) and Lemma 6
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for the time process at the space origin is proved

under the following Conditions (Cé) t0 (Cé):

(Cé): limlJ‘_}Oy(J) = 0 in probability, for arbitrary
JeB(T):

(Ct): for disjoint sets J.e B(T) and disjoint sets
3 i
Kke:B(V), y(Ji,Kk) are stochastically independent

of each other, and so are x(Ii,Kj) and y(Ji,Kk);

(C&): limlJ[-‘rO (E(y(J,v) = 1)/P(y(d,v) 2 _L)} = 1, for

arbitrary J «B(T) and arbitrary v eV;

the infinitesimal t.v.d.f. G(v,t) is not singuler

with respect to Lebesgue measure on V, its

zbsolutely continuous part has the B(V) X B(T)

measurable derivative g(v,t) and its purely

discontinuous part is composed of B(T) measurable

jumps gd(vi,tJ on a countable set {vi} independent

of t.

(5.6) alair(z,0)=(-1){[ [ alv,0)pt)atavs T [ (v,
KYJ vieK Jg =

t)p(t)dt} "
where p(t) is a B(T) measurable non-negative valued

integrable function.

Lemma 6. Suppose that Conditions (Cé) to (Cé) are

satisfied. Then (Ci:K,h(v)) is satisfied for arbitrary
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L8

X and arbitrary h(v) e C(K) whose range belongs to T.
Therefore, for arbitrary K ¢B(V) and arbitrary h(v),
k(v) e C(K), U((n(v),k(v)],K) is well=defined and

k(v)
a(z:U((a(v) ,k(v)),K) = (z-ly{u slv, o)l asav

h(v
(5.7)
v (ki) g
g (v,,t)p(t)at 1.
v.eK h(vi)

In the remainder of this section, tec avoid formal
intricacies it is assumed that the infinitesimal s.v.d.f.
at the time origin and the infinitesimal t.v.d.f. at the
spéace origin are absolutely continuous with respect to
Lebesgue measure on V. It follows from Condition (Cé)
that S([h(v),k(v))},k) and.U((R'(Vv),k'(v)],K') are
stochastically independent of each other. Therefore,
combination of Theorems 4 and 6, and Lemmas 5 and 6
implies that the inhomogeneous Poisson initial distribu-

tions completely determine distributions of space processes,

time processes and observation processes.

Theorem 8. Suppose that Conditions (02) t0 (05) and (Cé)
to (C%) are satisfied. Then the initial distributions
are inhomogeneous Poisson distributions defined by (5.4)
and (5.6). Moreover, under Condition (CO) and the

absolute continuity of the velocity distribution functions,

for I = [r,s) €B(R), J = (t,uleB(T), KeB(V), v¥e(-w, o)
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and r, such that (r0+ V¥t ), (r'0+ v*u) ¢ R,

S=1TV
X f(v,r)a(r)drdv
Krle r=tv

s=tv

a(z;x, (I,K)) = (z-l){ j

(5.8) + f(v,r)Alr)drdv

]
Knlensz 0]

t=r/v
rE - " J g(v,t)P(t)dt&v
KKy Koy v 0

ter/v

+J j g(v,t)lo(‘t)dtdv},
KK, t=s/v ‘
r=tv

a(z:y.(J,K)) = (Z-l){-SKﬂK j f(v,r)A(r)drdv
1y

r=uv
r=tv
(5.9) + j - S f(v,r)N(r)drdv
K“hlym_{lx 0

u~-r/v
j g(v,t)p(t)dtdv
1x 0

jurr/vg(v,t)p(t)dtdv-},

t=xr/v

’ j
c
KﬁKlynK

" j
C
EAKY

and

ro+(v*-v)u

q(z:X(J,K:V*,rO)) = (Z-l){anK nK*jr (V* V)t
1% bl

f(v,r)A(r)drdv

I‘O-P(V*-v)u
+,f C C o j f(v,r)A(r)drdv
KnlenKz}Cnh* 0
I t-(ro+V*t)/v
*S c_ _C j g(v,t)p(t)dtdv
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5 (ro+v*t)/v
* KnK XQK*ju-(r +v*u) /v

-(v—v*)t
+J’ J f(v,r)A(r)drdv
K nK 2Xn(K ro- —(v=v*)u

r —(v—v*)t

g(v,t)e(t)dtdv

+ f(v,r)A(r)drdv

JK anszﬂ(K*)cj
N j Su—(ro+v*u)/v

nlpgnky X’\(K*) B
J

ju—(ro+v*u )/

g(v,t)P(t)dtdv

i

(v,t)p(t)dtav ,
I&m{nn(K*)c t=(rg v*t)/vg Te !

where K = [0,r/t], Koy

(S/tloo)J Kly = [O,I‘/'Ll],

K

1x = [O,v* 4 ro/t], REX = (v* + ry/u, @) and K* = [0,v*].

This theorem shows that for the inhomogeneous Poisson
initial distributions the space process at an arbitrary
time, the time process at an arbitrary point and
observation processes are also inhomogeneous Poisson
processes. DMoreover, it is clear that velocity distribution
functions defined by (D2) or (Dé) have property (E) or (£').
If x(I,K) or y(J,K) is defined respectively for R = (~=QR'),
I eB(R) KeB(V), or for T = (-e0,T'], JeB(T) and XeB(V),
then the zbove theorem is reduced to the following
corollaries from the condition that pr, f and g are

Borel measurable.
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Corollary 1. For R = (-o00,R'), I = [r,s)e B(R), J = (t,

u]eB(T) and Ke B(V),

q(z;xt(I,R)) (z—l)g j f(v,r=tv)A{r-tv)dvdr,
IJK

alz:y(J,K)) = (2-1) JJ EK vE(v, r=tv)A(r-tv)dvds,

and for v¥¢ (=<, ) and ro such that (ro+v*t),(ro+v*u) eR,

q(z;:X(J,K sv*,ry)) =
(z-1) {LJKnK*(v*_v)f(v,r0+(v*-v)t)?\(r0+(v*-v)t)dvdt
* L Lcn(K*)c (v"v*)f('-"rro"(v-V*)t)Ml"o‘(v—v*)t)dvdt}

where K* = [0, v¥*].

Corollary 2. Let T = (-«0,T']), I = [r,s)eB(R), J = (%,

ule B(T) and KeB(V). Suppose that y(J,K') = 0 a.s., for
arbitrary Je B(T) and K' = [0,¢), where & is a small

positive number. Then,

q(z;xt(I,K)) (z=1) jI IKg(\*,t-r/v)p(t—r/vJ/v dvdr,

q(z:y,.(J,K)) = (2-1) SJ JKg(V,t-r‘/v)p(t—r/v)dvdt

and for v¥e (- o0, ) and r, such that (ro+ v%t), (ro-i-v*_u) eR,
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Q(Z;X(JrK:V*Jro)) =

(Z—l)‘{J; fKnK*(V*/v—l)g(v,t—(ro+v*t)/v)p(t-(r0+v*t)/v)dvdt

’ J;.YK (K )c(l_v*/v)g(v’t'(ro+v*t)/v)p(t-(rofv*t)/v)dvdt},
n *

where K* = [0,v*].

" since xt(I,K) and yr(J,K) are inhomogeneous Poisson

processes, it i1s legitimate to put

and

Hence, it follows from

(5.11)

(5.12)

(5.13)

q(z:x,(I,K))

a(z;¥5,.(J,K))

xi(r)

I

£, (vyr)A (r)

pr(t)

I

(z—l)‘JI-fot(v,r)Zt(r)dvdr

(z=1) SJ [Kgr(v,t)pr(t)dvdt.

Corollaries 1 and 2 that

‘[ f(v,r=-tv)A(r=-tv)dv
v

[ g(v,t-r/v)p(t-r/v)vdv, for a.e. r,
v

f(v,r=tv)A(r-tv)

S(V,t-r/v)P(t-rKv)/v, for a.e. r and v,

j vE(v,r=tv)A(r-tv)dv
-

j. g(v,t=r/v)p(t~r/v)av, for a.e. &,
v
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P
ot
S
Il

vE(v,r=tv)A(r=-tv)
(5.14)

g(v,t=r/v)p(t=r/v), for a.e.
and V.

The following question arises necessarily: the
observer starts from r at t with velocity v¥e (=w, ©).
What velocity v* minimizes or maximizes (if possible)
the expectation of the number of vehicles observed during
the time interval J = (t,ul]? That is, what velocity
¥* or ¥* attains min or max E(X(J,V;v*,r-tv*))

respectively? It follows from (2.17) and (5.5) that

. r+v#* |J] =vu
E(X(J,Viv*,r=tv*)) = j ‘y f(v,r)a(rldrdv
K¥J r—tv
Ir-tv
+J. J f(v,r)A(r)drdv.
(x*)C r+v¥ |J|-vu

Suppose that A(r) and f(v,r) are continuous in r.

Therefore,
*
JE(X(J, Viv¥*, r=tv¥))/Qv¥*= ]JI{JZ (v, r+v¥| I |=vu) A(r+v*|J bvu)dv

= jw;f(v,r+v*IJ]-vu)k(r+v*lJl—vu)dv}
v

lJlRu(r+v*lJl){EZ fu(v,r+v*le)dv
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- j;*fu(v,r+v*[J])dv},

where
(5.15) luﬁr+v*lJ]) = j;f(v,r+v*lJl—Vu)}szv*lJl-vu)dv
and

(5.16) fu(v,r+v*lJl)Ru(r+v*[Jl) = f(v,r+v*[J[—vu)11r
+ v*lJI—vu).

It is clear that JE(X)/Jv* is continuous in v¥*, non-
positive for non-positive v* and non-negative for

sufficiently large v*. ?herefore, if

lim E(X(J,Viv¥,r=tv¥*)) 2 E(X (J,V;m,*))

Vi =z
-tV
j. JT f(v,r)A(r)drdv< <,
V J=00

Il

and
lim E(X(J,V;v*,r=tv*)) = B(XT(J,V;,-))
ey
o
= f j f(v,r)A(r)drdv< <0,
Vir-tv
then

sup B(X(J, Viv¥,r=tv*))=max (E(X"(J, Vi, - ) ), E(X* (T, Vieo, - ) ) .
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Moreover, the necessary condition for ¥* to minimize

2(X(JT,Viv¥,r=tv¥*)) is:

—~

. 3
(5-17) Ay (zeve[d] )[50 2 reove|i]pave [ o men ahav s o

there exists at least one value V¥ satisfying (5.17).

Finally, the results obtained above are applied to
a2 homogeneous Poisson traffic flow. Suppose that A(r)
= and f(v,r) = f(v), where A is a positive number and
f(v) is an ordinary density function. It follows from
(5.11) and (5.12) that '}\t(r) =% and f.(v,r) = £(v).
Moreover, from (5.13) and (5.14),

(5.18) pr(t)=lj vf(v)dvs,o and gr(v,t)=vf(v)/Jvf(v)dvsg(v).
\ Vv
Equation (5.18) is familiar in road traffic flow theory

(see Haight (1963), page 116). Furthermore, for Corollaries
l and 2,

a(z:X(J,K;v*,ry)) = (Z-l)th]‘” (v¥=v)f(v)av
KaK*

(5.19)
+J (v—v*)f(v)dv.&
Kol K*)© ‘

(5.20) = (2-l)lelHK . (v¥/v-1)g(v)dv
a *
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- S ) (l—V*/VDg(V)dV}
Ka(k*)°

and from Equations (5.15), (5.16) and (5.17),

v¥ o0
(5.21) 5 f(v)dv = 5 f(v)dv = 0;

0 T*
that is, Vv* is the median of the s.v.d.f. Equation (5.20)
agrees with the result obtained by Rényi (1964) and
(5.19) and (5.21) agree with the results obtained by

Weiss and Herman (1962), though they deal with only X.
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3. 6. Concluding remarks

Throughout this chapter, V is assumed to be [0,20 ).
If V=(-w,w ), then generalized traffic flow including
also the traffic flow on the opposite lane can be dealt
with in the same manner as that of this chapter. This
gives the work by Wardrop and Charlesworth (1954) a
theoretical basis. DBesides, v*¥ is assumed to be constant.
This assumpiion also is not essential. In case that v¥
varies with 4, put V*= J&v*(t)dt/lJl. Then results
obtained for X remain valid with v¥ replaced by ¥*. It
is to be noted, however, that in this case X' does not
contain the number of vehicles which the observer once
overtalkes and by which he is afterwards overtalken.

Conditions (04) and (c&) in Section 3. 5 are not
essential. If these conditions are dropped, then the
initial distributions become inhomogeneous composed
Poisson distributions, as shown in the preceding chapter.
Therefore all results obtained in the preceding chapter
can be derived from Theorems 4 and 6 in this chapter.

All results obtained in this chapter apply to one-
dimesional inhomogeneous flows of particles with their
own constant velocities. Another interesting example of
such flows is & flow of M -mesons in cesmic particles.
In observations on this flow, effects of a velocity of

an observer (for example, a rocket or an artificial
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satellite), which is shown in Thorem 6, may be an
interesting nroblem from a theoretical point of view.
The possible modification to the present discussion
would involve some form of interaction between vehicles.
Such meodification, however, maight be tooc complicated.

to analyze.
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Chapter 4. Traffic Lisht Queues with Independent

Arrivals
Pt Pt Pt Pt Pt P e Pl

4. 1. Intreoduction

N N P B Pt ot it Bt Pt Pt s Pt

lMany researchers have investigated gqueues of vehicles
at intersections controlled by traffic lights, or traffie

light gqueues. A traffic light is called fixed-cycle, if

it has a cycle of fixed length. It is called vehicle-

actuated, if it contains some type of detectors which
gather information about events occurring in the
intersecting treffic streams. In perticuler, it is

called semi-vehicle-actuated, if it contains detectors

n the only one road of the two intersecting cnes that is
usually called the minor road. Thus, traffic lights are
classified according to their functions into fixed-cycle,
vehicle-actuated and semi-vehicle-actuzated traffic
lights.

Poir @ fixed-cycle traffic light cueue, Beckmann,
MeGuire and Vinsten (1956) ©proposed a discrete time
queueing model with binomial arrivals and regular
departurc headways and derived a relation between the
stationary mean delay per vehicle and the stationary mean
queue~lencgth at the beginning of a red period of the

traffic lizht. Newell(1960a) also dealt with the same
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model and obtained the probahility generating function

of the stationary qucue=length distribution. This

model has been investizated by Dunne (1967), DPotts
(1967) end Smit (1971). Webster (1958), Hight (1959)

and Buckley end Wheeler (1964) considered models with
Poisson arrivals and regular departure headways and
investigated certain ﬁroperties of the queue-length.
Darroch (1964) discussed a discrete time model with
stationary and independent arrivals and regular departure
headways and derived a necessary and sufficient condition
for the stationary queue~-length distribution to exist and
its provacility generating function. The above authors,
Little (1961), Miller(1963b), Kleinecke (1864), Newell
(1965), McNeil (1968) and Siskind (1970) geve approximate
expressions of the stationary measn delay per vehicle for
fixed-cycle traffic light queues of various types.
Related problems have been discussed vy Fewsll (1356,1959a),
Uematu (1957), Smeed.(1957), Gazis, Herman aznd lMaradudin
(1960), Olgson and Rothery (1961), Dick (1964), Webster
(1964), Anker and Gafarian (1967), Blunden and Pretty
(1967), finker, Gafarian and Gray (1968), Huddart (1969),
Thedéen (1969 a) and Dickey and NMontgomery (1970). On
the other hand, Garwood (1940), Darroch, Newell and
Morris (1964), Newell (1969) and Newell and Osuna (1969)

investicated vehicle—-actuated traffic light queues.
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Haight (1959) and Little (1971) discussed semi-vehicle-
actuated traiffic lisht gqueues. All of the researchers
mentioned above dealt with the queue-length.

In this chapter, however, the total remaining
departure headway of vehicles in the queue is dealt
with, which corresponds ito the "server occupation time"
used in aqueuwelng theory if departure headways are
considered as service times. It can be shown in the
next section that a fixed-cycle trafiic lisht queue with
rather general arrivals and departure headways is reduced
to a generalized model of the GI/G/l queueing process
originated by Lindley (1952). In Section 4. 3, this
generalized model is discussed. A necessary and sufficient
condition is derived under which a2 limiting distribution
exists, and¢ an intesral eguation is obtained which the
limiting distribution function satisfies. The above
results leacd directly to a necessary and suliicileant
condition for a stationary distribution of the fixed-
cycle trafliic light queue to exist. This condition
includes Der.oach's one (19G4) as a simple case. It
chould be noted that this condition remains valid for a
vehicle-actuated traffic light gqueue, because vehicle-
actuated traffic li-hts operate on & Tixed cyzle under
heavy traffic demands (see Webster and Cobbe (1866)).

In Section 4. 4, a successive approximation method of the
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limiting distribution function is presented. In Section
4. 5, it can be shown that a semi-vehicle-actuated
traffic 1li~ht gqueue with stationary and independent
arrivals and general departure headways isc also reduced
to the generalized model discussed in Section 4. 3.

A necessary and suflicient condition is derived under
which the semi-vehicle—actuated traffic light gueue has

a stationary distribution. Finally, two typical examples
of semi-vehicle-actuated traffic light gueues are

discussed.
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4. 2. Pixed-cycle traffic light gqueue

Consider a traffic into an intersection controlled
by a fixed-cycle traffic light. It can be assumed without
loss of generality that one cycle of the traffic light
comprises one red period and one green period, since
the amber period can be thought of as effectively red
or effectively creen. Lloreover, as is usually done, those
vehicles which go straight on or turn left and those
which turn right are separately discussed. To begin with,
let be concerned with only vehicles which go straight on
or turn left. The model discussed in this chapter
satisfies the five conditions (A) throush (£) mentioned
below. -

(A) One cycle of the traffic light is composed of one
red period of fixed length r and one successive
grecn period of fixed length g.

Therefore the cycle length of the traffic light is

T (=r+g). It is supposed that the nth cycle of the

trafiic lisht begins at time nT and finishes at time

(n+l)?, where n=0,1,2,+-+. Denote by xn(t)UD<1;$T)

the number of vehicles which arrive at the intersection

during the time intefval of length t from the beginning

of the nth cycle, i.e. the time interval (nT, nT+t].

Vehicles arriving at the intersect;on in Tthe red period

have to wait until the beginning of the gzrezn period at
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the shortest. Therefore it suffices for the following
analysis to specify stochastic properties of the arrival
process in the nth green period xn(r+€) (0t ).
Arrival processes in green periods xn(l"+t3 (Ost=<g)

are called mutually independent, if for arbitrary

integers ]—:11 and sequences {t i=1,2,--',kn} such that

ni’

OS'Hﬂ.ﬁ"'Stnkgsg’ random vectors (xn(r), xn(r+tnl),---,

xn(r+tnv ), xn(T)) are mutually independent. Moreover,
n

arrival processes 1in green periods are called

identically distributed, 1f for any integer k and sequence

{ti: i=1,2,-..,k},such that Os.tlSw--stkgg, randog vectors
(x (), Xn(r+t1),"', x, (r+t,), x (T)) are identically
distributed. Let E(+) denote the expectation of -.
Suppose thet arrival processes in green periods satisfy
the following condition:
(B) The arrival processes in green periods xn(r+t)
(0= t<g) are mutually independent and identically
distributed and E{x (T)}= Al(<es).
This condition reouires none of stationarity, absence
of after-effects and orderliness of the stream of
vehicles arriving at the intersection (see Khintchine
(1960)). Conversely, if the stream of arriving vehicles
is & stationary one without after—effects and has finite
intensity X\, the arrival processes in green periods

satisfy Condition (B). Thus, Condition (B) seems to be
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rather practical and reasonable. Suppose that some
vehicles wait in the queue at the end of the red period.l
As the light turns green, the ith (i=1,2,-°°) wvehicle in
the queue crosses the stop line at time t;(0< tis.g)

from (¢ beginning of the green period and passes through
the intersection. The time interval between %, ; and

Ty (i=2,3,+++) is called the departure headway of the ith

vehicle. However, the time interval %, is much longer
than the departure headway of the ith vehicle. Because

the time interval tl is composed of the starting deley

for gettinzg entire cueue into motion and the departure
headway of the first vehicle (see Drew (1958), pazes 104
and 138). In the present-and the next chapters, for
vehicles going straight on or turning léft, devarture

headways and starting delays are called service times

and lost times (see Miller (1963)), respectively.

(C) Service times of arriving vehicles and lost times
in all cycles are mutually independent and identically
distributed random variables with finite mean
respectively, independent each other and independent
of the arrival process xn(t).

This condition seems to be reasonable and practical.

Denote by s; the service time of the ith vehicle arriving

in the nth cycle and by Kn(r+t) the total service time

of vehicles arriving in the time interval r+t from the
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beginning of the nth cycle. Clearly, the following

relation holds:

xn(r+t)

i3 |
Therefore it follows from Conditions (B) and (C) that
for fixed t(05t$g),{Kn(r+t)} is a segquence of mutually
independent and identically distributed random variables
with finite mean. Further, without loss of generality,
Kn(r+t) can be assumed separable (see Doob (1953), page
57}
(D) Once the gueue discharges, it does not reform
durinz the remaining green period.
That is, those vehicles which arrive durings the green
pericd and find the queue empty, pass throusgh the
intersection without delay. This condition represents
the most distinctive feature of the traffic light queue.
(E) The service discipline is "first-come, first-
served" and "preemptive resune."
The former condition is freguently made and it has been
implicitly done in the explanation of the departure
headway and the starting delay. The latter one means
that if the light turns red before a vehicle atl the
head of the queue crosses the stop line, then the vehicle
stops and crosses the stop line at the time equel to its

remaininz service time plus the lost time from the
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beginning of the next green period. Though it may be
more prefitavle (in particular, for risht turing
vehicles discussed later) to assume "precmptive repeat
identical", it seems to bs difficult to investigate the
model with this service discipline. It is to be noted,
however, that in case of the model used frequently
which has regular service times, regular lost times and
effectiva green periods of the integral times length

of the service time, the above model is identical with
the one with "preemptive resume". Denote by wn(n=O,l,2,
...) the total remaining service time of the vehicles in

he gueue, that is, the server occupation time at the

peginning of .the nth cycle. In particular, ¥l is called
the initial server occupation time. Let f% bz the lost
time in the nth cycle. Clearly.£n$ g almost surely
(a.8.). It follows from Conditions (A) and (D) that

W vanishes if the server occupation time at the end

n+l
of the nth red period is equal to zero or if the server
occupation time vanishes during the nth grsen period.

Therefore if wn+Kn(r)>-O andoigfé{wh+Kn(r+t)+£n—t}'>O,

then by Condition (L), w

41 beles the valac{”wn+Kﬁ(T)

—(g—£n)}. Hence the recurrence relation between w, and

wo,1(n=0,1,2,-++) holds as follows:

(2. 1) wy q=w +K (T)=(g~£,),
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if wn+inf{1{n(r) ’ bi'fifa,{Kﬂ( r+‘c)+£n—t}} > 0,
= 0 ; Otherwise.

Tt should be noted that inf{X_(r), ai&t;%{lf:n(mt)wn-t}}
is a well-defined random variable, since Kn(r+t) is
separable.

Let be concerned with only vehicles turning right.
The characteristic feature of these vehicles is that
the vehicle at the head of the queue is hindered from
turning right by both the red signal and opposing vehicles
during the green period. The time from the beginning of
the green period to the instant when the first vehicle of
the gueue reachs the position to turn right is called the

startin~ delay for wvehicles turnins richt. It is supposed

that the vehicle in the position to turn right, which is

at the head of the gueue, can not move duria- the time
interval of the specified lenzth before the passage of

the opnosing vehicle. Then the opposing traffic can be
thought of as an alternating succession of pericds during
which movine is impossible and periods duriaz wanich
moving is possible. The former periods are called blocks.
Moreover the starting delay and blocks are collectively
called the lost time and the time which the vehicle in
the position to turn rizht takes to cross “he opposite

lane is called the service time for vehicles turning
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right. The same Conditions (A) through (E) as for
vehicles going straight on imply that the same recurrence
relation as (2. 1) holds also for vehicles turning right.
It may be noted, however, that Conditions (D) and (L)
rouzhly approximate to. the actual behavior of wvehicles
turning risht. Therefore the fixed=-cycle traffic light

queue is reduced to model (2. 1).

Put
(2. 2) un=Kn(T)—(g-£n)
(2. 3) and vﬁinf{Kn( ), ni.lez‘%{ Kn( r+t) +£n-t}} :

Since for fixed t(0<t<£g), {Kn(rﬂ;)} is a sequence of
mutually independent and identically distributed random
variables with finite mean and so is {zn}, {un} and {vn}
are sequences of mutually independent and identically
distributed random variables with finite mean. Clearly

for f=0,4,2,%%=,

(2. 4) u,zv, a.s.
Let U(x):Pr{ung_x}, V(x):Pr{vns.x},
and V(x| y):Pr{vns.x ]un=y}.

By (2. 3), v, is a.s. bounded tc the below; that is, there
exists a finite positive number ¢ such that for an arbitrary

positive number & ,



(2. 5) V(-¢c=0)=0 and V(—C;E)‘?O.

Moreover, by (2. 4) and (2. 5), E(\un\)<u>ﬁ Hénce,
model (2. 1) or the fixed-cycle traffic light queue is
finally reduced to the following rather genecral model:

for n=0,1,2,=",

(2. 6) wo =W +a, if w_+v_ >0,

=0 y Otherwise,

where'{un} and-{vn} are sequences of mutually independent
and identically distributed random variables with finite
mean. In the next section, this generalized model is
discussed which satisfies (2. 4) and, if stated, (2. 5).
Let (x]*= max(0,x). and [x]"= min(0,x).

The above model is & generalized model of the GI/G/1
queueing process discussed by Lindley (1952) which is
expressed by wn+l=[wn+un]+. The Lindley's model has been

extended by the following authors and others: Finch
(1959) considered the model expressed by
W g "Wy o o ks wn+un>(L
=V, , oOtherwise,
where un and v, are independent. Daley (194%5) discussed
a Seneral customer impatience problem. Cohne (1967)

iscussed the two models:

-
w =K+[[wn+un] =K

n+l

127



S

-
and wn+l—[vn+[wn+un] i i
where u, and v are independent, and K is a positive

constant number.
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4. 3. The limiting distribution

The model to be discussed is (2. 6) with (2. 4). -

Let
W (x)=Pr{w =< x}
and \ﬂ’ﬂ(x):l’r{wns. X [w0=0}.
Clearly,
wn(x)=o for x< 0,
and Wo(x):O (for x< 0), =1 (for x=0).

C
The distribution function (d.f.) Wy(x) is called the
initial d.f. The purpose of this section is to derive
a necessary and sufficien_t condition under which Wn(x)
c';nver;es to an honest limiting d.f. as n tends to
infinity, and an integral equation which the limiting
d.f. satisfies. From (2. 6) it follows that for x=0

and n=0,1,2,+--,

‘dn_'_l(x):Pr{wn+vn < O} +Pr'-[wn+vn »0, w +u X%
—_—Pr{wn+ung x} +Pr{wn+v1,l <0, Wt x}
=Pr{w_+u <X, w-v_ < x} +Pr{ v, +v <0, un-vn‘zx} ;

Consequently, for xz0 and n=0,1,2,-°-,

x+0 V=X
(3. 1) g (=] W o) [-r-xl3) 1+ (e anCaly)

— &0

0 +0
au(y) +L+O J'_wﬁ‘fn(-Z)dVKZIy)dU(y)-
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Lemma 1.
As n tends to infinity, Wg(x) converges to an honest or

dishonest d.f. WO(X) and WO(X) satisfies the following

integral eouation:

x+0
(3. 2) O] () [-Vy-xly) 14| W0(=z)av(zly)} au(y)
-0 - @

% +0 0
+J j WY(-z)av(z|y)au(y) , for x20,
X+0 J—w

= 0 , for x< 0.

Proof.

Since (3. 1) is valid for Wg(x), for n=0 and x2 0,

() =t() s [ : O o
0 (x)=U(x) Jm_‘f(Oly)dU(y)ﬁWo( )

Suppose that v.fg_l(x)zwg(x). Then, by (3. 1),

x+0
WO (x)=4D (%)= J_m §0u0_3 (x)=02(x) [1-V(y-x|¥) ]

o ()i Jav(al ) ety

w +0_ o 0
+f ([ - Jantal naut 2 o.
x40/ =vw0 -

Therefore, by mathematical induction,
‘f‘lg(x)zwg_’_l(x) , for n=0,1,2,-<-,

. 0 . .\ . .
Since 7 (x) are nonnegative-valued nondecreasing functions,

WO(X)=%£% Wg(x) exists uniquely and, by monotone
converzence theorem (see Loeve (1963), paze 124),

o o - ’ g :
satisfies Integral Equation (3. 2). ({learly, W (x) is
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nonnegative-valued and nondecreasing in x. DMoreover,

Wo(x) 1ls continuous from the right. In fact, there
exist positive numbers n and & such that for an arbitrary

positive number € and x2 0,
Wo(x)=Wo(x)<&/2 and Wg(ma‘)-wg(x) <€/2.

Consequently, Wo(x+3)-wo(x)shWg(x+§)uwg(x)+Wg(x)-wo(x)<& 3
that is, Wo(x) is continuous from the right. However,
Wo(x) may be or may not be an honest d.f.

The main problem to solve in the sequel is to
decide whether Wo(x) is an honest d.f. or not.
Lemma 2.
If g(un)< 0O, then W(x):%l_i)mm‘f’fn(x) exists and is an honest
d.f. Further, W(x) is independent of Wo(x} and is the
unigue honest d.f. which satisfies Integral Eguation
(3. 2) with Wo(x) exchanged by W(x).
Pr&bf.
Consider the GI/G/1l queueing process ﬁn+1=[ﬁn+un]+.
Suppose that WO=WO=O a.s. Since uoivo Qs 8y ﬁizwl 8.8,

If W zW, 2.5., then
wn+l-wn+l=l{wn+un70, wn+vn)0}(wn—wn)
+1{ & +u >0, wn+vn$O} (wn+un) 20 a.s.,

where I{-} denotes the characteristic function of event.-.

Consequently ﬁnzwn 88w, fTor n=0,1,2,>+*+« It follows

N

from Lindley (1952) that i converges in distribution to
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a proper randon variable. Hence, Wo(x) is the honest

d.f. Let
n
Snié uy
and rn=min{v0, So+vl,°--, Sn—l+vn} i

Denote by T the Tirst passage time to'{wnzol : that is,
m— - =
L—{n, Wytr,120 and wo+rﬁso}.

Let Pn=Pr{T:n}. Clearly wg+r, < wy+S, a.s. and, by

the strong law of large numbers,
-®a.s. 0.
WO+Sn -> 2.s., as n-»
0
Therefore, T is a.8. finite; that is, Ez_pq=l. Since
n=0 °

-

Il L
E _ 40
NP(X)—Ei% piwn_i(x)

. W0 _l®
and %ﬁa Jn_i(x)_u { )y

W(x)=)im W (x)=w(x);
that is W(x) is independent of wo(x) and satisfies
Integral Equation (3. 2) with Wo(x) exchanged by W(x).
Suppose that this integral ecuation has another honest
d.f. W*(x) as solutions. Put WO(X)=T*(X). Then Wn(kJ
=W*(x) for all n=1,2,°°*. Therefore W(x)=7*(x). The
oroof is concluded.

Lemma 3.

If Q(qﬂ)zﬁh (2. 5) is satisfied and
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(3: 3J p=1=V(0)> O,
then W(x)=0 for —mw<x<oa,

Proof.

Denote by wg the random wvariable W, conditioned by WO=O
e s ol

a.s. Clearly szO 8.8. and if Wz W, &-S.,

y n 0 — IO O i v\ O |
then wn+l_wn+l_1{ WV > O} ( wn—wn) +I{wn+vn>0 . wn+vn$0} ( W+ )

20 a.s.

Consequently, by induection,

wnzw?l BuBey Lo H=0,1;285%%=,
This inequality implies that

W?l(x) ZWH(X‘), for dll = and w=0,1,%,%"~,
Hence it suffices to prove that Wo(x)=0 for —w<x<eo.
Let To={n:rn__l>0, I'ns_O},

® =min{S,, S5;,°**, 5.},
and 5:{11; ?‘n_l'>0, 9nso}.
Let A be the event {r1{>0, Sk~;c} for a positive integer k
such that Pr{un:-c/}:lvn)O}) O; finite k exists always by
(2. 4) and (3. 3). Denote bya the recurrent event

{wﬁ:O}. To begin with, the case of g(un)=0 is discussed.
Since by (2. 4), ‘f'nzrn a.s., 2210 a.s. Note that

§(]un|)<m, by (2. 4) and (2. 5). According to Spitzer

(1956), T is a proper random variable with LE(T):&,

133



-

O . e
Therefore, T  1is also a proper random variable and E,
is a persistent and aperiodic recurrent event. By

(2. 5) and (3. 3),

5(%)2f 2%ap=pr (8) K1°|a)
A
2Pr(v;»0, upc/k, i=0,1,2,++, k) B(T)+k}

— {p- Pr{uo>c/k[ Vo2 O}} k-{jg(‘%) +}-:}= %,

Conseguently, from Feller (1957, page 286), %%mbPr{wg=O}=O.
Since by (3. 2), WO(O)=J+O‘.-'JO(—y)dV(y),WO(O)=O implics
Wo(c)=0. Moreover, sincgcwo(c)=‘jo Wo(c-y)dU(y),

Wo(c)=C implies Wo(c+d)=0, where d—gs 2 positive number
such that U(-d4)» 0. Sianilarly, Wo(c+nd)=0 for n=2,3,+"".,
Hence, Wo(x)=0 for —we<x<w. In case of E(un)7'0, E is

an improper random variable. That is, %£%>Dr{fn> 0} »0.
For sufficiently large n,

Fr{r_» 0}z Pr(4)-Pr{r_» 014} 2 Pr(4)-Pr{z _, »0}.

Therefore, %_1}.;_1; Pr{rn‘r O} 2z Pr (A)'%&'@& Pr{i‘*n_k >O} > 0.

. 2 0 . o s 0 .
Hence %gbir(T =n)=1 - lim oo b 0}< l; that is, T° is

also an improper random variable. Therefore, & is &
. . )

transient recurrent event and %ﬁp Pr{w =O}=G. In s

0 n
. N O

similar manner to the above case, W (x)=0 for —w<x<oo,

The proof is concluded.

The following theorem results directly from Lemmas 2

and 3.
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suppose that (2. 5) and (3. 3) are satisfied. If end
only if g(un)< 0, W(x):%gﬂ,wn(x) exists and is an honest
d.f. Moreover, W(x) is independent of the initial d.f.
and is the unique d.f. solution of the following integral

equation:

—-X

x+0 | ¥y
w=f {urn -v=xln)+f ut-aavtzin}au)

v

e +0
+J' J W(=2z)daV(z|y)au(y), for x20,
X+0 J =0

= 0 ¢ Tor X<l
The above theorem leads to a necessary and sufficient

condition under which the fixed-cycle traffic lizht cueue

has the stationary distribution. Since by (2. 3),

v =inf{K (r), i?ig{ K (r+t)+4-t}},

0
Condition (3. 3) will be satisfied except possibly for a
very light traffic or an artificially controlled one.
Denote by m the mean service time and by £ the mean lost
time. It follows from Wald's theorem (see Takics (1962),
pase 231) that Q(KH(T));AmT.

Iheorem 2.

Suppose that (3. 3) is satisfied. The fixed-cycle
traffic li~ht queuc has the stationary distribuiion, if .

and only if
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T +Ld<g.

If the arrival process (t) has staticnary independent

*n
increments, then (3. 3) is satisfied, unless X or m
vanishes. Hence the above theorem includes Darroch's
(1964) result as a simple case.

In the above theorems, it is assumed that £3. 3) is
satisfied. In the following, a very light traffic or an
artificieally controlled one which satisfies vnio 3¢S,
is briefly discussed. In fact, the ideal sgynchronization
of traffic lights may compel the traffic earriving at the

intersection to satisfy vnsO a.s. In this case, by (2. 6),

¢

W i

x)=0 (for x<0), =1 (for x=z.0), -for all n.
Therefore, if E(un)< 0, then by Lemma 2,
W(x)=0 (for x<0)}, =1 (for x20).

If E( |un|)<oo and -E(un)=0' then again, W(x)=0 (for x<0),
=1 (for x2z0), since from Chung and Fuchs (1951), T is a
proper random variable. Finally, consicder the case of
B(u,)»0. If Priwy+vy>0}>0, (2. 5) is satisfied and
there exists a finite positive integer k such that
Pr{uo>c/kiwo+vo‘?0} >0, then in a similar manner to the
proof of Lemma 3, W(x) is a dishonest d.f. 0On the other
hand, if Wo+Vo S 0 a.s., or Pr{wo+vo'> 0} » 0 and PI‘{U.OS.O,WO

+Vy > O}:l, then elearly W(x)=0 (for x<0), =1 (for x20).
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Hence, for the very light traffic and the arti.fioially
controlled one, the fixed-cycle traffic lizht queue has
the stationary distribution W{(x)=0 (for x<0), =1 (for
x20), if anT+dL<g, or if amT+4£ g and the initial

server occupation time Wy satisfies WO+VO:=_O 8.8¢y Or if

anT+f »2 and Pr{wo+v0)0} » 0 and Pr{uoﬁolvvo+vo>0}=l.
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4. 4. A successive approximation of the limiting

istribution

In the preceding section, the integral eguation for
the limiting d.f. has been obtained. ZIEven in a simple
case, however, it may be difficult to solve it. In
this section, a successive approximation of the limiting
d.f. is presented. Suppose that E(un)< 0. Let %(x) be
the limiting d.f. of the GI/G/1l queueing process:
ﬁn+l=[ﬁn+un]+. Therefore, %(x) satisfies the following

integral equation:
"~ xX. A
(4. 1) ‘q".’(:a:):j fi(x-y) au(y).
-t

Newell (1960), Miller (1963), Darroch (1964), McNeil
(1968), Siskind (1970) and others used this simplified
model to obtain approximate values of the mean stationary
delay per vehicle for fixed-—cycle traffic light queues.
AReoran d.

Suppose that g(un)< 0. Put Wo(x)zﬁ(x} and

x+0
(4. 2) i GO=f W () (-] ) Jav(y)
® fy-x]"
# W (=z)av(z|y)au(y).
—00/ =0 L.
Then f1(x) < Wy (x)S- W (x) €W, 5 (x)<0 -
and Wn(x) converges to the limiting d.f. W(x), as n tends

to infinity.
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Proof.
The proof is straightforward. It follows from (4. 1)
and (4. 2) that

O M
vy (x) —W(X) J‘+ jy X w(-u)—v X=Y }dV(z\y)dU(y)

w0 0
+ rjvc-z) 7(2]y)au(y) = 0.

x+04 =
Consequently, in a similar manner to the proof of lemma 1,
Wn+l(x) zwn(xJ , for n=1,2,

The latter half of the theorem is deduced directly from
Theoremn 1.
This theorem indicaties that approximate values by

several authors are 1mproved successively by (4. 2).
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4, 5. Seml-vehicle-actuated traffic li~ht cueuc
Pt St Pt Pt P P P P Pt Pt Pt Pt o Pt

Pt Pt Pt Pt o P P v ot s Pt ot Pt Pt Pt o Pt Pt PN Pt gt g P o Pt P Pt

Consider a traffic along & major road into an ,
intersection controlled by a semi-vehicle-actuated traffie
light with detectors on a minor road. It is assumed
throughout this section that the traffic on the major
road is stochastically independent of that on the minor
road. A control algorighm is set up for the traffic light
and conirols the switching of the light according to
events occurring in the traffic on the minor road.
Therefore the traffic light turns red or green independently
of vehicles arrivins on the major road. The lengths of
red period and green period are random variables, whose
stochastic properties are -detzrmined by the control
algorithm for the traffic light and the arrival process,
if necessary, service times and lost times for vehicles
arriving on the minor road. However there may be
various types of control algorithms. Since the gqueue
on the major road 1s concerned primarily with stochastic
propertiec of red periods and green periods, the following
condition analogous to (A) is made in order %o maintain
generality:

-

(A') The lengths of the nth red period r 's (n=0,1,2,++*)
and those of the nth grecen period gn‘s are mutually
independent and identically distributed random

variables with finite mean and finite variance,
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respectively, and independent each other.

Denote by r and g the mean lengths of the red period and,

the green period. Consequently the lengths of the nth

cycle T_'s (n=0,1,2,°"*) are mutually independent and
identically distributed random variables with finite

mean T(=r+g).

(B') The stream of vehicles on the major road is a
stationary one without after-effects and has finite
intensity A..

lioreover suppose that the same Conditions (C) through (E)

as in Section 4., 2 are satisfied. The sam=s notations as

in Section 4. 2 are used in the seguel. The following
recurrence relation between W, and wn+l(n=0,l,2,"~) is

obtained in a similar manner to (2. 1):
+
(5. 1) W41 =Wy HE (t{'\n)_[grf'frl:I ’

if wn+inf{Kn(rn), Oinz-{K,(r +u)+£n~t}

Kn(Tn)-[gn—En] }>'O
- =0 , otherwise.

It is to be noted that the above recurrence relation
holds not only for vehicles going straight on or turning

left but also for ones turning right. DPut
i _p *
(5. 2) w =K (T )=[g -4, ]

(5. 3) and v —1n*{ﬁ i I 1nI‘{K (r % +£ t}
n 077 0<ts

141



K (1.)-[g,~2,1"F
Clearly, {un} and-{vn} are sequences of mutually independent
and identically distributed random variables with [inite
mean and sabtisfy (2. 4). Hence the semi-vehicles—-actuated
traffic lizht queue is reduced to model (2. 6). Howaver,
(2. 5) is not always satisfied [for the.seui-vehicle-
actuated traffic light queue. Moreover, from Wald's
theorem

Eu )=xt-E{lg, ~L_ 1"}
and (3. 3) is satisfied, unless Aor m vanishes. It can
be assumed without loss of generality that A and m are
positive numbers. Since by the central limit theorex,
ﬁiTnﬁw a.s. if and only if nw, Lemma 2 and Theorem 1
izgd immediately to the following theorem.
Iheoren 4.

The semi-vehicle—actuated traffic lisht queue has the

stationary distribution, if
- - +
xar< E{leg -2 17}
and only if, under Condition (2. 5), the abSVa condition

is satisTied.

Suppose that

(5. 4) g, z4, s
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This assumption appears to be satisfied in practical
situations. Then Theorem 4 reduces to:

Corollary 1

The semi-vehicle—actuated traffic light queue has the

stationary distribution, if
anT+4d < g

and only if, under Condition (2. 5), the above condition

is satisfied.

To maintain generality of the control algorithm of
the traffic lizht, the arrival process on the minor road
and so on, only one Condition (A') has been made for
them. In the followihg, two typical examples of semi-
veﬂicle-actuated traffic light gueues are discussed which
satisfy Condition (A'). To begin with, suppose that
Conditions (C) throuszh (E) are satisfied for vehicles
arrivins oa the minor road. Denote by nm' and {' the mean
service time and the mean lost time, respectively.
Noreover it is assumed that service timeés and lost times
have finite variances and that:

(F) The traffic lisht stays red durinz the discharge time
of the oueue on the minor road and turns green at the
beginning of the first time interval of fixed length
a (20) during which no vehicles arrive on the minor
road. It turns red at fixed time b (20) after any

vehicle arrives on the minor road.
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() The stream of vehicles arrivin% on the minor road is
a compound Poisson process with mean arrival rate
N(Nm'< 1) and mean interarrival time 1/uM'.

Since the traffic strcam of the minor road has. statlonary

independsnt inecrements with finite variance (see Jénossy,

Rényi and Aczdél (1950) or Parzen (1962), pacze 130},

Conditions (C) throu~h (G) imply that Condition (A') is

satisfied. It follows from Gaver (1959) and Darroch,

Newell and Korris (1964) that
g_—aﬁ-b-}-l/}&'

and

r=m'{1+N (b+4' )}/(l—xm' )+{exp( wea)-(l+p a)} /P

Therefore, from Corollary 1, the semi-vehicle-actuated
traffic light queue which satisfies (C) to (G) has the

stationary distribution,
if Aanpm'{1+N (b+d )}./(1—Nm')+m{exp(p.‘a)+pn'b}
< 1 + p'(a+b=£).

As the other example, suppose that the control
algorithm is:

(F') The traffic light stays red for the time interval
of fixed length r and turns green. It turns red
2t fixed time b (20) after any vehicle arrives on
the minor road.

Moreover, in stead of Conditions (C) through (E), suppose
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that the queue on the minor road discharge:z a.s. during
one red period. Then Conditions (PF') and (G) imply that

Condition (A') is satisfied. Clearly,

g=b+1/p! .

Consequently, from Corollary 1, the above semi-vehicle-
actuated traffic licht queue has the stationary

distribution, if
W (Amr+d) < (1-am)(1+@b).

Consider the intersection and vehicles arrivinz on the
minor road as the pedestrian croscging controlled by a
traffic light with detectors or push-buttons and
ar:-iving pedestrians, respectively. Then the above
gxample gives a good approximation to the queue of

vehicles in front of the pedestrian crossing.
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4. 6. Comeludiny remaris

In this chapter, the fixed-cycle traffic light gueue
and the semi-vechicle-actuated one have been reduced to
the generaliged model (2. 6) of the GIL/G/l gueueing
process. The vehicle-actuoicd traffic light gqueue
discussed by Darroch, Newell and Morris (1964) also is
reduced to model (2. 6) with WotvS0 a.s. and v £0 a.s.

In this chapter, {u,} and{ v_} are assumed to be
sequences of mutually independent and identically
distributed random variables. If they may be seguences
of deprendent random variables, & variety of practical
vehicle-actuated fraffic light queues may be reduced
to model (2. &) with (2. 4). It is hoped to investizate

this model.
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Chapter 5. TITraffic Lisht Queues with Denendent Arrivals

i A ol A At St St £t £ F o 5 B At P 2 >l o g o o £ 2t Ut e e

5. 1. Inuroduggion

In the preceding chapter, it has been shown that a
rather general Tfixed-cycle traffic light queue reduces to
a generalized model of Lindley's (19%2) for the GI/G/L
queuelng process, and a necesgary and sufficient
condition is derived under which a stationary distribution
exists. These results are based on the condition that
the arrival processes in green periods are mutually
independent and identically distributed. Thls condition
seems gulte practical, especially for arrivals a2t an
isolated signalized intersection. Arrivals at & usual
infersection, however, are influenced by traffic lights
of other intersections, upstream bottlenecks and so on.
Hence it is open ©to question whether arrivals are
independent. In this chapter this condition is dropped
and it is assumed that the arrival process is strictly
stationary and the number of vehicles arriving in each
cyele is ergodic or metrically transitive (see
Condition (B) in ihe next section). The maia purpose
of this chapter 1s to show that a Tixed-cycle traffic
light queue satisfying this-assumption on.arrivals

reduces to ‘a generalized model of Loynes' (1962) and
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to derive a2 sufficient condition under which a stationary
distributbtion exists.

In the preceding chapter, a rather general semi-
vehicle=actuated traflfic light queue also has been
dealt with. In this chapter, under the weskened assumption
gimilar to that of the fixed=-cycle traffic light
queue, a4 semni-vehicle-actuated traffic light queue is
discussed and a sullicient condition is derived under
which a limitingyg distribution exists. TFinally two
typical examples of semi-vehicle-actuated traffic light

gueues are discussed.
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5. 2. Fixcd-cyecle traffic licht gueue

Pl v Pt P P

Consider a traffic into an intersection controlled
by a fixed-cycle traffic light. Suppose tha’ the
following five conditions are satisfied.

(A) One cyecle of the traffiec light comprises one
(effectively) red period of fixed length r and one
successive (effectively) ereen period of fixed
length g.

Denote by T(=r+g) the cycle length and by xﬂ(t)(O<t$T,

n=0,1,2,+++) the number of vehicles which arrive at the

intersection during the time interval of length t from
the beginning of the nth cycle, i.e. the time interval

(nT, nT+ t]. Vehicles arriving at the intersection

during the nth red period have to wait $ti1ll the beginning

of the nth green period at the shortest. Thaerefore if
stochastic properties of xn(r) are given, then those of
xn(t)(0< t <r) are unnecessary for the following analysis.

That is, it sufficies for the following analysis to

specify stochastic properties of the arrival process in

the nth green period xn(r+t) (0<tsg). The sequence of
arrival processes in green periods {xn(t)(r‘stsgiﬂ; n=0,

1,2,...} is called strictly stationary, if for arbitrary

nonnegative integers kn(n=0,l,2,...) and arbitrarily fixed

t; (n=0,1,2,..., 1=1,2,...,k ) such that r<t < --<t

ni £
n

ST, the sequence of random vectors {(xn(r), xn(tnl)"'.’
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- tnkﬁ)’ xn(T))} is strictly stationary. This means

that for £<m<*°°<n, any nonnegative intemer h and

arbitrary set A,B,C,
Pr{(xl(r),xz(tll),---,xz(t£kz},xz(T))e A,(xm(r),
XIIl( -tl'ﬂl)’ siee ’Xm(tmkm)’xm(T)) L LR p(xn(r)’

xn(tnl),---,xn(t

),x, (1)) ec}

nlcn
:Pl“{(xe+h(r),X£+h(t’el),-o-,X£+h(t£k£)’

X£+h(T)) EA’(Xm+h(r)’xm+h(tml)’”"Xm+h(tm};m)’

xm(T))e B""’(xn+h(r)’xn+h(tnl)"."

Zaan{tax o % (7)) € ct
In particular, for n=1,2,°°°,
Prd(xy (), 250 tgy )s e ',xo(tOko) ,%o(1)) € 4}
=Pe{(e(r) 3 (g0 )5 w3, (g Doy (1)) € A}

Let Z(+) be the expectation of -.

(B) The sequence of arrival processes in green periods
{xn(r+t)(0$t$g); o }is strictly
stationary. In particular,-{xn(T)} is ergodic or
metrically transitive (see Doob (1953), page 457)
and Q{XH(T)}<w.

(C) Service times of arriving vehicles and lost times
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in all cycles are mutually independent and identically
distributed random variables with finite means,
independent each other and independent of the
arrival processes.
These two conditions secm reasonable and practical.
(D) Once the queue discharges, it almost surely (a.s.)
does not reform during the remaining green period.
This condition represents the most distinctive feature
of the traffic lizht gueue.
(E) The service discipline is "first-come, first-
served" and "precmptive resume'".
It is to be noted that except for Condition (B), the
same assunptions as in the preceding chapter are made.
Let 5 and Zn be the service time of the ith vehicle
arriv;ng in the nth cycle and the lost time in the nth
cycle, respectively. Clearly eng;g a.s. Denote by
Kn(t) the total service time of vehicles arriving in the
time interval t(0<t £T) from the beginning of the nth
cycle. Let W, be the server occupation time at the
beginning of the nth cycle. Then the same recurrence

relation between w, and w__; (n=0,1,2,--+) as in the

preceding chapter holds as follows:

(2. 1) 4

n+l=wn+Kn(T)-(£“£n), if Wn+inf{Kn(r)’

inf {K_(r+t)+L ~t}] >0
oi‘iis; (1) +8 -3} >0,

=0, otherwise.
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I+ should be noted that this relation holds both for
vehicles going straight on or turning left end for ones
furning rizght, although these two types of vehicles are

separctely dealt with. Put for n=0,1,2,¢-+,

tg. 2) o u=K (1)-(g-8,)

(2. 3) and vn=iuf{Kn(r), igfﬁ{Kn(r+t)+[n-t}}.
fe]

G
Since without loss of generality Kn(r+t) can be assumed
to be separables (see Doob [19%3), page 57), v, is well-

defined. It is evident that

(2. 4) u zv, a.s.

lLioreover the following lemma holds.

Leomma 1.

If Conditions (B) and (C) are satisfied, then the
sequence {(un, vh) }defined by (8. 2) and {2. 3) is

strictly stationary, {un} is ergodic and T {]unl}<!n ’

Proof. xn(r+t)
Since Kﬂ(r+t):£§i S

it follows from Condition (C) that
Eo J
Pr{Kn(r+t)sx}=§Z~Pr{Z: 5,48% Pr{zn(r+t)=j},
Fe=t) I=L
Consequeantly Condition (B) compels that for arbitrarily
fixed sequence-{tni} such that 0Kt ;< - <t ;< ~*<g, the

sequence of random vectors {(Kh(r),Kn(r+tnl),---,Kn(r+tni},
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,I{n(T)) }is strietly stationary. TFurthermore, the
separability of K (r+t) implies that v L=inf {K (r)

}} BB, where{tni} is a sequence

?Ei}{l\‘n( PHing ) +€n_tni

satisfying the conditions of the separability condition.
Since {€n }is a' sequence of mutually independent and
identically distributed random variables and independent
of-{Kn(r+t)}, {(un,vn)} is strictly stationary by (2. 2)
and (2. 3). In order to prove the ergodicity of {un}

it sufficies to show that {Kh(T)} is ergodic, because
{Eh'}is ergodic and independent of‘{Kn(T)} (see Docb
(1953), page 460). The proof is based on the necessary
and sufficient condition for ergodicity (see Billingsley
(1965), page 17). Let A and B ve arbitrary Borel
measuravle sets of 1 dimensional Euclidian space and J
dimensional Euclidien space. For positive integers

k <ké("'<ki and £l<€2<."<£5’

)
AT n%zPr{_(Kkl(T)v"':Kki(T))e b Ty, (1),
""I‘h+£ (7)) EB}
1— Hll
laizz - ;l e,

I—’I'{X]p (T)=ml’ * 0. ’lei(T)=ml,xh+£l(T)=nl’ .o ,

L83



(P)=n.

3}

X
h .
+£J

e
- 13]:‘{(2_51( IERERF
{ml,...,mi,nl,...nj} =1 “4

ml nl nj
. )& AP I D5 o) €8
iz=:lskil) ; r{(i{:i 41 12;1 £jl) }

Pr{xkl(T)=ml,'",xki(T)=mi}Pr{xel(T)=nl,
""xiE(T)=nj}
=Pr{(x, (1), (T))€ A}Pr{(Kz (Y, ewn,
1 i 1
I{%(T))GB}.
This means {Kn(T)} is ergodic. It is clear by Conditions (B)
and (C) that EZ{lu |}<®. The proof is concluded.
Therefore the fixed-cycle traffic licht queue

which satisfies Conditions (A) through (E) is reduced to

the following general model: for n=0,1,2,++-,

1T ge

2. W =V _+ i + 0

( 5) n+l" 'n un’ £ Vi vn7' 2
=0 y Otherwise,

. e e . - :
where {(un, vn)} is strictly stationary and {un} is
ergodic. This recurrence relation was discussed in the

preceding chapter, where §{(u vn)} was a sequence of

n'
mutually independent and identically distributed random

variables. The previous model is an extension of
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Lindley's (1952). While Loynes (1562) investigated a
different extension to Lindley's model, expressed by
wn+l=[wn+un]+, where [x]Y=max(0, x) andn{un} was
strictly stationary and ergodic. Hence the above
model (2. 5) is a generalization to Loynes' model.

Let Wn(x)sPr{wng,x}. Denote by wg the randonm
veriable w  conditioned by wy=0 a.s. and by Wg(x) its
distribution funetion. In the following the above model
(2. 5) with (2. 4) is dealt with. The following lemma
is prepered in order to derive & sufficient condition

for the staticnary distribution of {wn} to exist.

As n tends to infinity, Wg(x) converges monotonically to
an honest or dishonest distribution function WO(X).
Proof.

Thig lemma can be proved in much the same way as Lemma 1
of Loynes (1962). According to Doobh (1953, page 456),
the strictly stationary one-sided randon sequence

{(un, vn); n:O,l,2,“'} can be extended to che strictly
stationary two-sided random seguence {(un, Vn); n==--,~1,
O,l,...} without any chenge of the joint distribution of
the random wvariables (uO, vn),--°,(un, vn). For this
two~-sided random segquence {(un, vn)} and nonnegative

integer m, put for ng-m



and for nz-m

W(m}“W(m)+

.o (m)
- v
! un, iE Wn + A YO,

=0, otherwise.

Let I-{-] be the characteristic function of event -.

Since
(m+1)_ (m)_
Wn = =0 for n< -m
(m+1)

and by (2. 4) w =I{vn>0]un20=w£lm) for n=-m, it

n
follows that

w(m-"l)zwr(lm) a.8. for n<-m.

n

IE wém+l)2w£m) a.s. for some n,
then wéﬁ{l)—wéfi
=I{w£m+1)+vn>O}(w£m+1)+un)—I{w§m)+Vﬁ>O}(wém)+un)
=I{wém+l)+vn>0}(wém+l>-wém))
+I{wﬁm+l)+vn>0, wém)+vnso}(w£m)+un)20 8.5,

(m+l%zwém) a.5. for all m and

Consequently by induction, Wn

” n . .
n. Therelore{wé ); a=0,J.,2,=" }15 a monotone nondecreasing

(n)
0

random seguence and as n tends to infinity, w converges

to a proper or improper random variable. While from the
striet stationarity of-{(un, vn)}, the distribution

. 5 4 0 & 2 i
funetion Hn(x) of the random variable wgawgo) is the same
i

(n)

0 : L
as that of Wy . Hence Wn(x) converges monotonically to

: o8 . v y n v e
an honegzt or dishonest distribution funcition W (x), as n
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tends to infinity.

Iheoren i,

If Q(uﬂ)< ¢, then Wn(x) converges to the unique honest
distribution function independently of the initial
distribution, as n tends to infinity.

Progt

to-begin with, it will be proved that w0(%) is the honest

distribution function. Le% Sni—gfau . Tor i=0:1.8, 3 Ts
Clearly By (2. 5),vﬁ‘$[u.]+ a.s. I Wn-[S?P Sn—li]+

a.s., then by (2. 4),

0 0 0
n+l—I{W +V >O}(wn+un)$l{wn+un>0}(wn+un)

) + 3 &
< [[sip Sn~;i] +un] -[s?p Sni] B s

Therefore by induction, for all n=0,1,2,-
0 +
an[:Slilp Sn—li] 4.8

Since from the ergodic theorem (see, for example,

Billingsley (1965), page 13),

%%E'Sni/(n-1+l E(u 1€ 0 &g

i : Sl 8 + . 53
for arbitrarily fixed i, [sup Sn—li] is a.s. Tinite
i

for all n. Consequently from the monotone convergence
WO

of Wg(x), x) is the unique honest distribution

function. Define the first passage time T of w, starting

from any proper random variable We to zero as
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T=0 if wO=O, otherwise

Tz{n; Wo+ min [Si_lo+vi]‘>0, WO+Sn-2O+Vn-lSO}’
isn-2 '

where for i< 0, SiOaO and viEO. It is obvious that
> }
> Pr{P=n}=1-lim Pr{w,+inf(s. +v. ] >01.
=0 1w {-O fen i=10" "1

Since Sqo+-m a.s. as n»e, T is a proper random varizble.

Suppose that wnzwg a.s. Then
wn+l—wg+l=I{wg+vn>O}(wn-wg)+I{wn+vn>o,
wg+vn$0}(wn+vn)
20 B.g.

By induetion, for all n=0,1,2,*++, wnzwg a.s., because
wonswg a.s. Therefore on the event-{T:n}, wr_=wo=0

n  n
and then wk:wg for all k=n+l,""". ©Since T is a proper
random variable, Wn(x) converges to WO(X) independently
of the initial distribution, as n tends to infinity.
The proof is concluded.

It should be remarked that this theorem holds on
the condition that, instead of the ercodicity of {u ¥,
{un} obeys the stron~ law of large numbers, since in
the above proof, the former is used to assure the latter.
Denote by AT the mean number of wvehicles arriving in cne
cycle, by m the mean service time and by £ the mean lost

time. It follows from Condition (C) and Wald's theorem

158



(see Takdes (1962), page 231) that E(Kﬂ(T)};hmT. The
above theorem leads directly to & sufficient condition
under which the fixed-cycle trafiic light gqueue has the
stationary distribuiion.

Theorem 2.

If anT+4<g, then the. fixed-cycle traffic light gueue
which satisfies Conditions (A) through (E) has a unique
stationary distribution independent of any initial

distribution.
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5. 3. Seml Vehicle- actuaucd traf 1c ll ht _gqueue

Consider traffic along & major road into an ,
intersection controlled by a semi-vehicle-actuated traffic
light with detectors on a minor road. Let Tap Sy and
Tn(ﬂ=0,l,2; *) be the lengths of the nth red period, the
nth green period and the nth cycle, respectively. In
order to maintain generality, the following assumptlons
are made which are weaker than the corresponding ones
in the preceding chapter:
(A') The sequence of positive random vactoxw-{(Lq,gn)
n=0,l,2,...}»is strictly stationary and ergodic,
and (T )=T<w.
Let r be the mean length of the red period and g that of
the grecn period. Suppose that the Oth cycle begins at
time zero. Denote by x(t)(t>0) and % the numbers of
vehicles on the major road in time interval (0, t] and
in the mth unit time interval (m, m+l]. It is proper to
assume that the traffic light turns .red or grecn
independently of vehicles on the major road.
(B') The arrival process x(t) on the major raod is
stationary and independent of~{(Tn,gn)}. In

particular the sequence {xm} is ergodic with

The stationarity of the arrival process means that the

joint distribution of arrivals in a set of arbitrarily
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fixed time intervals is invariant under translation

(Khintchine (1960), pase 24).

(C') Service times of vehicles arriving on the major
road and lost times in all cycles are mutually
independent and identically distributed random
variables with finite means, independent cach
other and independent of {(Tn,gn)} and the
arcival processg.

Moreover suppose that the same Conditions (D) and (E) as

in the preceding section are satisfied. The notation

similar o0 that in the preceding section is used in the
sequel. BSince if gngcn, then wn+l=Wn+Kn(Tn), it follows
from Conditions (A'), (D) and (E) that the following
recurrence relation between W and Wn+l(n=0,l,2,--') is

obtained in a similar way to (2. 1):

(3. 1) w_q=w +K (T )-[g -4 1", if wn+inf{1{n(rn),
Oiifgi K, (r +t)+f t}, Kn(Tn)-[gn—ﬂn]+}>O,
=0, otherwise.
Put
(3. 2)  w=k (v )-[5-81"
(3. 3) ane vnzlnf{Kn(rn), OinL {K (r +t ) +4 “t}

Kﬁ(Tn *[gn—zn]+}'
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Clearly Vi is well-defined and U, and ;<8 satisfy Relatibn
(2. 4). Turthermore the following lemma holds:

Lemma 3.

If Conditions (A'), (B') and (C') are satisfied, then the
sequence‘{(un,vn)} defined by (3. 2) and (3. 3) is
strictly stationary and-[un}.obeys the strong law of
large numbers

Proof.

It follows from Condition (A') that {(rh,gn)} and
{(Tn,rn)} are strictly stationary. MNMoreover from
Condition (B') it follows that for any positive integer

k, any nonnesative numbers %, u, t1<t2< and

Ty
arbitrary k-dimensional closed set A,

Pr{(x(t+‘bl)—x(t),x(t+‘t2)—x(t),---,x(t+t1r)~x(t))éﬂ}
=Pr{{}:(u+tl)-:{(u) ,x(u+t2)-—};(u) y ,x(u+tk)-—:{[u) )EA}.
Bosides for 0t < 8y

n-1
x (r +t)=x ZT +T_ +% —X(ZT ) a.s.

Therefore for £ <m<¢-+°<n and any integer h, the joint
distribution of xp(rp+t)(08t% gy), x, (r +t)(0K g ),

«vs BHE xn(rn+t)(0:§t s.gn) conditioned by velues of

[‘vJ‘I’“

1 m—1
dTi’ 2 B 1%111’ Yys &py *°°» T, 808 g is equal
o the joint distribution of X.E+q(r.€+h+t)(oé‘ 1,4.03 h)’

ok

+5)(0gt<g

>

+£)(0% 'ts.gm_‘_h), +++ and x

m+h( m+h n+h( l"n-l-h
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for any ZT conditioned by the same values of S7.7T. ;.
m—1 1.5

T 24h? g-5+h’ i=Z£’:1Ti a7 Tmin? Gpanr Ty Tnap 904 8
On account of Condition (A'), the sequence {xnc rn-;-t)(

i_J

e

N+’ '

S’Gﬁgn) } is strictly stationary. Hence in 2 similar way

to the proof of Lemma 1, {(u

" vn)} is strictly

stationary. From Conditions (A') and (C'), it suffices
te prove let{K T )} obeys the strong law of large

nunbers, in ordag to prove u obeys this law. Let

n-1 n=1
g..=L20 L. 1y -Zx and y!'=37x.(T.), where [+] means the
i=o 1 gy & &
maximal interer not exceeding +. By Condition (av),
n-1 n-1
Lim /p_]lm—{ZT +(q ZT }—‘?(T )=T a.s. Therefore
by %r‘Orldl'thl’lS .(B‘) arld g1 %1})1'& yn/_n I xi):Aa.s. and
Ill_];%z s... Q(s. J)=m T .Consequently,
|
1 n-1 Ty
him % E K, (T4) illln—{Zs 2 s.}.}
i= Jzyn-'-l
&,
a ' n
giz_,m -Z—l-r-l.. -—-—r}- .-J‘_. s.
% Yn J=1

=am? =E{K (T )}.

The proof is concluded.
nce the seami-vehicle—actuated trafric light
queue is reduced to (2. 5) in which {(ur’vn)}is strietly

stationary and satisfies (2. 4), and{un} obeys the

2]
ct

trong law of large numbers. It is clear that E(uﬁ)

4

= AmT :{ --*ﬂ-,e ] } The following theorem results
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directly from Theorem 1 and the remark following it.
Theoren 3.
"fJ\mT<‘g{[gn-£n]+}, then the semi-vehicle-actuated
traffic licht queue which satisfies Conditions (4')
through (¢') and (D), (E) has a unique limiting
distribution independent of any initial distribution.
Under the assumption gnzeh a8.8., 1t has Dbeen
shown in the precedins chapter that the condition
m+f<g ie sufficient for the sztationary distribution
to exist. If this conditlon is satisfied, then amT<E{lsg/
_£R]+}, because [gﬁ-fﬂ}ﬁzgﬂ—{n a.s.

Corellary 1.

If AuT+& <5, then the semi=-vchicle-actuated traffic
light gueue which satisfies Conditions (A') through (C')
and (D)}, (£) has a unique limiting distribution
independent of any initial distribution.

To maintain generality of the control algorithm of
the traffic light, the arrival process on the minor road
and so on, only one Condition (A') has been made for
thean. In the sequel, two typical examples oif semi--
vehicle-actuated traffic light queues are discussed
which satisfy Condition (A'). The first example
gsatisfies Condition (C') for vehicles arriving on the
ninor road and the following assumptions:

(F) The traffic light stays red durinz the discharge
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time of the gqueue on the minor road and turns green
if no vehicles arrive at the end of that discharge
time. It turns red at the instant any vehicle
arrives on the minor road.

(G) The interarrival times of wvehicles on the minor
road are mutually independent and identically
distributed random variables with finite pogitive
mean £ such that m'/L <1l for the mean service time
mt .

Note that the green period of the traffic light coresponds

to the idle period of the GI/G/1l queue on the minor road,

that is, the positive time interval during which the

GI/G/1 queue on the minor is expty: on the other hand,

the red period corresponds to¢ the residual busy pericd,

that is, the time interval between the end of the idle
period and the first instant thereafter at which the
gueue becomes expty under the condition that the first
vehicle has to wait till the end of the lost time.

Therefore'{(Tn,gn)} is a sequence of mutually independent

and identically distributed random vectors; this fact

implies Condition (A') is satisfied. Denote by ¢ and

n
tn(n=l,2,---) the interarrival time between the nth and
the (n+l)+th vehicles arriving on the minor road and the
service time of the nth vehicle, respectively. Led

1
L =T -6, sn=;>;’lxi, y=Pr{s, =z 0} and z,(x)=Pr{s,< 0,
i=
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5250,...,Sn_lgo,xssnﬁO}. Denote by £' and L'(*) the

sxpectation and the distribution function of the lost

D

N

time for wvehicles on the minor road. Then the mean
number B(N) of vehicles passing through the intersection
along the minor road during the red period (see Cohen
(1969), pazme 287, or Prabhu (1965), paze 147) is:

ol I\T).—.exp{n}‘:’_lyn/n}{1+§l jozn(—x) ar'(x)}.
Consequently, Q(Tn)=e63xp{£§i yn/n}{l+£§ijgzn(—x)dL'(;ﬂ}
%) Lt (7]
and E(gn)=&ﬁ—m‘)exp{ﬁgﬁyn/n}{l+£§£jézn(-x)dl‘(Xj}—i‘.

Ii followz from Corollary 1 that the semi-vehicle-
traffic light gueue satisfying Conditions (C'),
(?) end (G) has a limiting distribution independent of

any initial distribution, if
) Al o
£+£'<{(1-Am}L—m'}exp{E_ yn/n}{i+£§£J;Zn(-x)dL'(Ki}.

As the other example, consider a queue of wvehicles
in front of a pedestrian crossing controlled by a traffic
l1isht with debectors or push-buttons for arriving
pcdestrians. The control algorithm is:

(') The traffic lizht stays red for the time interval
of fixed length r and turns green. It turns red

at fixed time a (2 0) after any pedestrian arrives

2t the pedestrian crossing.
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lMoreover the following assumption is made:

(G') Groups of pedestrians arrive at the pedestrian
crossing. The interarrival times of successive
groups are mutually independent and identically
distributed random variables with finite positive
meanel . The queue of pedestrians discharges a.s.
during one red period.

Suppose that the first group of pedestrians arrives at

time (-2). Then each green period comorises one

residual life time in renewzal theory (Smith (1958)) and
one time interval of fixed length a. Therefore

Condition (A') is satisfied and g(gn)=¢{l+H(a+r)}—r,

where H(+) denotes the renewal function for interarrival

times of successive groups of pedestrians. Hence it
follows from Corollary 1 that the queue in front of the

pedestrian crossing satisfying Conditions {F') and (C')

has a2 limiting distribution independent of any initial

distribution, if

L+ < oL( l-—m){l+H( a+r)} "
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5. 4. foncluding remerks
In this chapter sufficient conditions are derived

under which the fixed-cycle and the semi-vehicle-actuated
ralfic light queues have stationary distributions
independent of initial distributions. If {v_} defined

by (2. 3) or (3. 3) obeys the strong law of large
numbers, then in a similar way to the proof of Theorem 1,
it can be proved that E(vh}‘>o is sufficient for no
honest stationary distributions to exist. It may be
difficult, however, to find those conditions on the
arvival process, service times and lost times under which

{vn}obeys the strong law of large numbers.
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Chapter 6. raffic Light Queues with Departure Headways

N o o P P P e N P s ) P P it D P ) PP 0 o Bt 1 Pt PP At Bt s ot 1) Bt Pt Bt N ot £ ot Pt 0t

D o\,ndln0 qpon Pogltlons

P Bt T s Pt P Pt P

6. 1. Introduction

In the preceding two chapters, departure headways
of all vehicles except the first have been assumed
mutually independent and identically disztributed.
Anker, Gaffarian and Gray (1968), however, analyzed
data on departure headways of vehicles gueueing up in
a straizht-through lane leading into a signalized
intersection and showed that depariture neadways werse
mutuelly independent random variables with shifted

Brlang density functions dependins Upon positions. In

this chapter, therefore, departurc headways arec assumed
to be mutually independent random variables with
mgeneval distribution functions dependent upon positions
(see Condition (C) in the next section ). It should be
noted that under this assumption, the introduction of
the starting delay or the lost time loses its effect of
simplifyin~ the analysis. In the next section, fixed-
cycle traffic licht queues are dealt with. For

pendent arrivels, a necessary and sufficlient

jan
]

in
condition is derived under which a sitationary gqueue

length distribution exists, and for dependent arrivals,
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a suftficlent condition for a gtationary cueue length
distribution to exist is derived. In Section 5. 3, =2
fixed-cycle traffic light queue with constant departure
reddwvays depending upon positions and with stationary
and indspendont arrivels is dealt with and its
stetionary cueue length distribution is obtained. In
Section 6. 4, semi-vehicle-actuated traffic light
oueunes are dealt with and sufficient conditions for
stetionary queue length distributions to exist are
derived. As an example, a queue of vehicles in front
of 2 pedestrian crossing is discussed which is controlled
by traffic lizhts with detectors or push-buttons for

arriving pedestrians.
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6. 2. Fixed-cycle tralflic light queue

Consider a queue of vechicles in a straisht-through

-

lane of an approach to an intersection controlled by a

fixed-cyecls traffic liczht. The signal seguence of
traffic lights is amber, red, and sreen in Japan, U.S.A.

and some countries: while in U.X. it is amber, red, red

]

nd amber shown together, and green. BSince the signal

[o)

sequence varies thus with countries, in order to keep
up generality, the time interval from the end of a green
peiriod to the beginning of the next gireen period 1is

celled the red period throughout this chapter. To

begin with, suppose that the following two natural

conditions are saltisrficd:

(4) One eycle of the traffic light controlling the
aueune is composed of one red period of Iixed
length r and one successive green period of fixed
length g.

Hence the cysle length of the traffic light is T(=r+g).

It is to be noted that the green period 1s not the

"effective =reen period" applied popularly but the

gxact time interval during which the traffic light

shows the signal "greenV.

(B) Vehicleg which arrive in the green period and find

the queue empty pass through the intersection
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without delay.
This condition means that once the gucue becomes empty
in the green period, it remains empty till the end of
the grecn period. This fact is regarded as the most
distinctive feature of the traffic light queue.

Let some vehicles wait in the queue at the end of
the red period. As the traffie light turns green, the
ith (i=1,2,---) vehicle in the queue crosses the stop
line a2t time ti(0<.ti5g) from the beginning of the green
period and paesses through the intersection. The time

interval tl is called the departure headway of position

1l or thet of the first vehicle and the time intervel between

T and t, (i=2,3,*+°) is -called the departure headway

of position i or that of the ith vehicle. It should be

noted that departure headways are defined only for
vehicles that stop by the signal "red" or slow down

owing to the existin~ queue. Anker, Gafarian and Gray

h)

(1968) collected data on departure headwzys of vehicles

C

-

gueueins up on & straljht-through middle lane of a

threce-lane road into an interseection with no downstream
bottleneck and analyzed carefully statistical properties
of departure headways. Their results are that departure
headways are mutually independent random veriables with

shifted Drlang deasity furctions depending upon

positions and that departure headways ol the positions
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from 2 on are almosit surely (a.s.) greater than a

positive number (sec, Table 10 in Anker, Gaffarian and

Gray (1968)). Althourh many authors have investigated

traffic light queues, all of them assume that departure

headways of the positions from 2 on are constant or,
more gzenerally, mutually independent and identically
distributed random variables (m.i.i.d.r.v.s). DMoreover
they adont the convention that the introduction of the
terms "effectively red", "effectively green” and "lost
time" makes deparfture headways of all positions constant
or m.i.i.d.r.v.s. The above results based upon
experiment, however, show that this conventional
assumption is not satisfied in the actual situation.

This compels that the following condition should be made

on departurc headways:

{(C}) Departure headways are mutually independent random
variables with distribution functions (d.f.s) Fi
depending upon positions i, and ones from some
position on are a.s. greater than & poslitive
namber.

This condition is morc general than both tlie conventional

assumption and the above-mentioned results obtained

empirically, and seems to be in the nature of departure
headways. Since the terms "effectively red", "effectively

rreen” and "lost time" are not employed in this chapter,

173



ag remarked in Condition (4), it is essential to malie some

assumption on the efllfect of the waraning period ia the

red period: note that "not-green" is called red in

this chapter. Suppose that: .

(D) If thez gueue 1s not empty at the end of the grecn
period, the vehicle at the head of the gueus passes
throu~h the intersection with probability p (Osp<l)
and stops with prcbability l-p.

This asswuption may be a first appyroximation of what

actually happens.

Let the nth cycle of the traffic light begin at time

=

aT and finish at time (n+l)T, where n=0,1,2,+++, Dencte

ST Sp4 vhie departurce headway of position i (i=1,2,-++)
in the nth e¢ycle. Condition () implies that the raadom
voriablos &g (n=0,1,2,++~, i=1,2,+--) are mutuslly
independent aand, for lixed 1, the random voariables S04
(a=C,1,2,+++) are identically distributed with d4.f. PF,.

Pat qu=U a.s. for n=0,1,2,--+ 2nd define the saturation

flow £  of the ath ~reen period as

74
(2. 1) fn=sup{1{: é} s,i 83

Condition (C) implies that the saturation flows £ are
Z.i.i1.d.7.v.s and for a sufficiently large finite
nimber L,

(2. 2 fn<Ii Hio B
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Define the random time t (m=0,1,2,---) as
L

(2. 3) b =i.nr{r+

iousl =r and t__= m=f_- P 42, eee, TOj
Obviously, tno 1nad S T for m fnkl, fn+ 3 For

] By wiw wyy £ the random variable tnm repreasents the

n’
time at which the mth vchicle crosses the stop line
durin< the nth green period, il this vehicle is in the
queue., Moreover, Condition (C) implies that for fixed
m, the random times t__ (n=0,1,2,+--) are mutually
independent and identically distributed (m.i.i.d.) and
that for z nonnegative intecser k, the k-dimensional
rendom vectors (tnl’tn2""’tnk) conditioned by the

events {fp:k} are also m.i:i.d. Let xn(t) dencte the

number of wvehicles in the straight-throuch lane

52

(]

arrivineg at the intersection in the time interval o

4. Eag

lensth t from the besinning of the ath cycle i.e. T

=

e
time interval (nT, aT+t]. Define Vo kB0, 1,8 wen] 2
follows:

(2. 4) ynO:xn(tnO):xn(r)

anéd for m=1,2,+*+,

) -

ynm ne o nm n' ni=1l

. (m:l,2,...,fn) and
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Var 41 regresent the numbers of vehicles arrivins at the
intersection in the nth red period, in the departure
headway ol position m and in the rem2ining ;resn perioed
(tnfﬂ’ 7], respectively.

"Denobe by Ln (n=0,1,2,-++) the queue length at the
beginaing of the nth cycle and by R (m=0,1,2,-++) the

queue lenrsth immediately after the random time t

Hl
'_‘.“

1en from Conditions (A) and (B) it follows that

2 4 N =
(2. 6) lInO Ln+yn0
and for m=1,2,---,fn,
o N = - W :
(2. 7) N =N +¥ =1, if B 150,
= 0 ‘ , Otherwise.

Let {en; n:O,l,E,---}'be a sequence of mutually independent
rendom variables which take value O with probability (1-p)
and value 1 with probebility p. That is, {en} is the
result of a seouence of Bernoulli trials in Condition (D).

Therefore Ly Conditions (A) and (B) and (2.

7

(2. 8) L= nf +17 nf A B & = ang?O’
=0 , Otherwise.

Combination of Equations (2. 6), (2. 7) and (2. 8) leads

to the following expression:



+ or
J. .h

There c!

relation b

.

if mlq{NnO' nl""'ann+l} >0,

0] , Otherwise.

on account of (2. 4) and (2. the recurrence

7

and L

etween Ln a4l

(n=0,1,2,+++) holds as

follows:
(2. 10) Ln+l=Ln+Xn(T)_en_fn’_
if L +min{ min {x & )-m}, x (T7)-e =T })O,
= Osmaf 1 oo
=0 , otherwise.
Now define random variabvles w, and Vi (n=0,1,2,--+) zs
{2, I1) unzxn(r)_enifn
and
(2. 12) v_:min{ min {x )-n X, ( }.
n
It is clear by these definitions end (2. 2) that
(2. 13) U zV, &.S.
and
n
Eence Relation (2. 1l0) reduces to the following general
nodel: fer n=0,1,2,
8] .
(2. 15) Ln+l"Ln+un’ L P >0,
=0 , Otherwise,
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where u, ond v, satisfy (2. 13) and (2. 14). It should

ik

be noted that the redundant term Nog +L or u, is :
n 4
ineluded in the minimand of relation (2. ¢) or (2. 10)

so that w, 2nd v in (2. 15) may satisfy (2. 13). The
shove model in which u, and v, satisfy (2. 13) is &
generalication of the GI/G/1 queueing procews discussed by
Lindley (1952) and Loynes (1962) and is investigazted in
Chapters 4 and 5.

dtochastic properties of the arrivel process in the
nth eyele, x (%) (C<ts$T) are left unspeeified as yet.

bgt

Vehicles zrrivin~m a2t the intersection durin~ the nth red

period have to wait until the boginning of the nth

srecn
neriocd et the shoirtest. Therefore if ihe distribution
of xn(r) is known, then that of xn(t) (C<t<r) is
unnecessary Lor the following analysis. Let E(-) denote
the expectation of . To begin with, suppose ithet

arrival wrocesses in green periods satisfy the following

(E) The arrival processes in green periods Kn(t) (rst<T)
are m.i.i.d. with E{xn(T}}sz(<m) and independent
of departure headways.

Since xn(t) (r<t<T) is independent of random vectors (fn,

tn1""’tr? ), it follows from (2. 12) that Lor any
o i J.a.n
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(2. 16) Pr{vn:lc}ziz:jPr{en=i ¥ JPr{zﬁin{):n( r),x_(Tq)-1,
’
...,xn(Tnj)—j,xn(T)—i—j}zk}dtP{fn=j,tnlgtnl,

e ,‘tnjﬁtn‘]

Conditions (C) and (D) imply that the random vectors

i

(fr, Logr 7y tnfq) are m.i.i.d. and so are random

I
variables e . Conseauently, on account of Condition (&);
the two~dimensional raudom vectors (un,vn) defined by
(2., 11) and (2. 12) are also m.i.i.d. Hence the cueue
len~th L_ a2t the beginning of the nth cycle satisfies

model (2. 15) in which the random vectors (u_‘l, vp) are
wm.i.led. and ., and v, satisfy (2. 13) and (2. 14).

- «

This model hos been discuszed in Chapier 4. One of the

ose thot random vectors (w,, v,) (n=0,1,2,---) are

n
m.i.i.d. and u, and v_ satisfy (2. 13) and (2. 14).
D

Turthermore suppose that
Tiam
(2. 17) rri{v_>»0} »o.

If znd only if E{u }<0, then the 4.f. of L, defined

iteratively by (2. 15) converges to a unigue honest d.f.
independcit of any initial distribution of LQ, as n
tends to 1nlinity.

Denote by A%B the coavolution of a d.f. A with a 4.f. B.

Zlearly, by Condition (C),
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(2.-18) H(g)s 3{f }= Z. Ply,-.-ae F (),

where H(+*) is the renewal function of the renewal

sequence'{s i=1,2, =" }(see, Smith (1961)). Therefore

ni’
by Conditions (D) and (E),

Efu }=ar-u(g)-».

This equation and Lemma 1 lead immediately to a necessary
end safficient condition under which the distribution of
the queue length Ln at the beginning of the nth cycle
converszes to a unique stationary distribution indeépendent
of any initial distribution of LO, as n tends to infinity.

1

t is clear that if the gueue length at the beginning of

-

each cycle has a stationary distribution, then the

qusue len~th at an arvitrarily fixed time fros the

i
(R

cinning of sach cycle has a stationary distribution,

too. This consequenze is called briefly throughout this

()

[

O]
]

pier: The traffic light queue has a stationary

Latribiwtion.

[l

Theorem 1.

o P P s i s s e

\

Suppose that Conditions (A) through (E) and Condition

(2. 17) are satisfied. The fixed-cycle traffic light

oueue has a unique stationary distribution iundependent
of any initizl distribution, if and only if

(2. 19) AT < H(g)+p,

where H(g) is given by (2. 18).
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Since by (2. 12)

vﬁ:mln{xn(r),xn(t )=1, In,xn(LJ-e -f

nl Xn(tnfn)" n I
Condition (2. 17) is not satisfied for & very light
traffic sueh that X, (T)S.e +f a.s. For the stationary
strecam without after-ecrffects of arrivinz vehicles,
however, Condition (2. 17) is satisfied unless intensity
Avanishes. Condition (2. 17) is not satisfied also for
an artificially controlled traffic which guarantees

x (r)=0 o.5.3; . for instence, the idezl synchronigzation of
seouential traffic lishts may assurc xn(r)zo #:8. This,
wwever, 1s hindered oy the variation of vehicles'

velocities and incoming streams from upciream minor roads.
Thus Condition (2. 17) is satisfied for a usual
intersection controlled by a traffic lisht. Suppos

-

tenporarily thet the conventional assumption on departure

headwoys is sctisfied: that is, for 4.7. L and mean 4

of sterting dcleys, 5.1 is distributed with d.i. IL*F
E 11

with mean (£+m) and for i=2,3,°"", s ; 1s distributed

with d.f. F with mean m. Then, according to Smith

(2. 20) H(g)=(g-L+5(%))/m-1,

O
p—

where ¥ is the residual useful life. Therefore, (2. 1

can be rewritten as
(2. 21) AnT < g=4+4 50 )=(1-p )m} .
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iscuss the difference between (2. 21) and
the result obtained in Chapter 4, in which the
"preemptive resume" service discipline is assumed

instead of Condition (D), let define the clcarance time

as che time from the end of the grecn periocd to the
instoat at which the last vehicle that fails Lo stop
for the amber signal passes the stop line. Denote by
¢ tie mean clearance time. Then, by the definition,
c=pE(y). OSince the clearance time is thought of as
effectively green, the result in Chapter 4 can be

rewritten as
(2. 22) AnT < g-£+pE( ).

Clearly, this rizht{ member is not less than thet of

=

(2. 21) and tae differencze between them is (1-p){m-2(3)}.

Thus, if p=l, then (2. 22) agrees with (2. 21). Siace

<

p is actually near %o one, (2. 21) fits the actusl

&

situaticas with Condition (D). Finally, Coaditions

(2. 21) ané (2. 22) with p substituded by onsz include

Darroch's condition (1964) as a simple case.

T Lty . /e o 2 ~ . - T - 5 3

In the a2bove, the arrival processes in green periocds
i~y el i " s A 14 4 SRRSO 0 £
are agsmied $o bo m.i.i.4. This assumpbion ssems to be

rather reosonable, especially for arrivels av an

isol

w

ted sisnalized intersection. It is open

question, however, whether arrival procegscs in greea
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(9

periods at a usuzl sirmelized interscetion are mutually
independent, for they are influenced by upstream and
downstream bottlenecks, traffic lights of other
intersections and so on. In the following part of this
section, the arrival processe in green periods are
veraitted to be dependent. Suppose that the arrival
processes 1n green periods satisfy the following

condition instead of Condition (E):

{Xn(ﬁ) (L eET) Bl 1,2,00 }is strictly

w
¢ =
MW
cr
',_-

ionary and independent of denarture hezdvuays.
In particular, {xn(T)} is ergodic or metrically
transitive (see Doob (1953), pazge 457) and

T e m =

;{hn(L)} AT <.

This condition is much weaker than Condition (E) and

appears to be quite reasonable and practical. From
the expression analogous to (2. 16),

it follows that under Conditions (C), (D) and (*), the

sequence of the random vectors {(un, Vi)} defined by
L

—
(R
=)

1) and (2. 12) is strictly stationary. XNoreover,

~

{un} obeys the strong law of large numbsrs, beceause 0

and e are m.i.i.d. and {xn(T)} is ergodic (Doob (1953),
page 465). Hence the gueue length L, &t the beginning
of the nth cycle sotisfies model (2. 15) in which

{(un, vq)} is strictly stationary, {un} obeys the strong
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law of large numbers, and w, and v satisfy (2. 13).
This model has been discussed in Chapter 5. Une of

the results shown in Chapter 5 is:

Suppose thab {(un, vn); nzO,l,E,""}is strictly
stationary andl{un} obeys the strong law of large
nuvers and that u, and v, satisfy (2. 13). If E{u }<0,
then the d.f. of Ln defined iteratively by (2. 15)
converges to a unigue honest d.f. indepcendent of any
iistribution of LO’ as n tends to infinity.

from Conditions (C), (D) and (F) it follows that

B{u }=Ar-11(g)-p,

wvhere H(g) is given by (2. 18). In exzetly the same
nanner as Theorem 1, this equation and Lemma 2 lead

directly to a sufficient condition under which the

&2

Tfixzd—-cycle traffic lisght queuwe has a stationar

distribution.

Conditions (&) through (D) and (F) zare
satisfied. The fixed-cycle traffic licht aueue has &
wicue stationary distribution independent of any
inttial distrivation, if
(2. 23) AT < H(g) +p,
where H(g) is sgiven by (2. 18).
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Suppose that the conventional assumption on departure
headways 1s satisfied. Then, in much the same way as

the remark following Theorem 1, Condition (2. 23)

reduces to the form of (2. 21). When p=1, this condition
agrees with the result obtained in Chapter 5, in which,
instead of Condition (D), the "preemptive resune"

service discipline is assumed.
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6. 3. Stationary oueue lensth distribubion

e e P P Pt ot P o I ot Nt it ot et o ot e o £t

In this section, a fixed-cycle traffic light queue

i
ot
o
5]

egular departure headways depending upon positions
is dealt with and its stationary gqueue lenzth distribution
iz derived [rom familiar ways used by Bailey (1954),
Newell (196C 2), .Darroch (1964) and others. Suppose that
Conditions (4), (B) and (D) are satisfied and that =

departure headway of position i(i=1,2,--+) is a constant

U

positive number s;. Clearly Condition (C) is satisfied.
It con be assumed without loss of generslity that‘sl<g.

By (2. 1), the saturation flow £ of the nth jreen

X ”
period 1s a constant positive integer N such that 273 s,
R4l e
<5<« S - for convenience' of notations, put
i=1 M
(3- l) 51\7 :g—Zol.
(Fi o i:l

Suppose that the stream of vehicles in the straight-

hrough lane arriving at the inftersection is a stationary

[ 4]

-

one withous affter—eifects and has a finilte and positive

-
ot

intensity Aedl. This ascumption implies that Condition
(3) is satisfied and Xn(t) (r£t<T) have a probadvility

semeratinrs funetion (p.g.fs) in the fellowin~ fTorm (sce

G

Thiatehine (1960), pasze 34): for a complex wgrisile z,



(3. 4) £z (1)< .
It is =assumed that
| exd )
(3. 5) pl>()
and that for a sufficiently smzll positive mamberd , the

radius ol coavergencs of 7(3) is greater than (1+§),

thas 1s,
L
(3. 6) lim sap pr <1/(1+8).
lc»oe -

For instance, the Borel-Taaner distridation p, (k=1,2,

eoe) {(seec Niller (1961 a)) civen by

.

Py‘kk-l xk—le—l‘k/k i

-

£f. ©

w
e

ies (3. 5) and (3. 6) for positive paramet

=

excluding the neighbourhood of 1, because the

i}
S|
2

P

e S L R ; - ¥=1
this distribution hac the radius of conver:aace e it

Loreover suppose that for the positive probability p

(3. 7) AT < Ll4+p.

Then it follows from Theorem 1 that the distribution of
the queue lznath Ln converges to 2 unioue s

b

distiibution, as n tends to infiaity.

Let ¥(z) be tlie p.g.f. of the random variable (l-en),
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(3. 8) E(z)=p+az,
where g=1-p and O<p<l. Denote by Lz(z)’ ( ) and

T". 7 \-l_ n.o.f.5 £ n=
“nm( ) the p.g.f.s for Ly» Nnm and ynm(q 0,1,2,

m=1,2,...,0+1), respectively. Then from (2. 6), (2. 7)

and (2. 8) it follows that

~

Nno(ZJ=Ln(Z)'yno(Z)’
for m=1,2 o 1
- Y. (= ) Y {z) _
T — l'lm I'lu 1
Nnm(z)- = l(z +(1- -————] nm—l(o)
and
%(2)¥ 5,0 (2o %2)¥ e (2) o
- L= e - - -~ \
Ln+l(“ = ——— I, (2)+(1 = ,NHM(O)_
Thererors
(3. 9) T (=¥ (T] )t (2)
E(E)'ﬁn’#l(z) B
e - N _.(0)
Z l'll-'l
=1 % (z) ¥+l T .(
nm+l ni o
+3(z) > (1 JOTT = JN__(0).
“ z §idn Z nim
Since from Theorem 1, as n tends to infinity, Tﬂ(zj and
end fnm(z) (m=0,1,+++,l) converge to tie p.<.7.s For the

. . ~ ~
stationzry distributions, say L(z) and W,

letting n tend to infinity in (3. 9) yields

L+1 B ~
(3. 10) i - §( Z)-ﬂ-y (2))T(2)=(2 e f( Jm+l(ZJ)HM(O)

188



+5(2) 3 (2-Fy,1 (2))( TT 5(2))2" W (0),
where by (2. 4), (2. 5), (3. 1) and (3. 2),

(3- 11)  Fo(2) =¥ o(z)=exp{ar(2(z)-1)}
and for m=l,2,*- M+l
(3. 12)  F(=)=F, (=)=exp{as_(7(z)-1)}.

Put f(z) and g (z) (m=0,1,<+*,M) as follows and rewrite

thed by wse of 3. 1), (3. 8}, (3. 11) ang (3. 12):

Al
(3. 13) f(z)Ez"‘+l )-]Ty 1"+l (p+qz)e:{p{J\T(’((z).—l)},
or m=0,1, Li=1,
Al
(3. 14} gy(=)=a™g(2) (2T 5 (2))( T ¥ (=)
i j=m-+2
=z (praz) [ z=exp Sm+l g )— 1)}]&93{)\2
J=ia+2
(1(z)-1)}
znd
7 - Ll ~ Ll 1
(3. 15) g.(z)az 2 %(2) ¥y, 1 (2)=2"""=2"(p+qz)
exp{Asy,, )-1)}

(3. 16)  L(z)=27 g, (2)K (0)/1(z).

m=0
¥ shouléd be noted thut L(z) in (3. 16) contains unknowns
¥ {G). These unknowns can be determined by a system of

linear ecustions in the sequel.
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Since L(z) is a p.g.f., it is analytic inside the

unit circle and by Abel's theorem, lim L(z)=1.

z¥l~0
Therefore, by (3. 4) and (3. 13) through (3. 1l6),
M=-1

(3. 17) ;-‘-.e+p->~ovr=(p-x.:.sI.Hl)iuM(o)-+I§U(1—Mcm+l)m'm(o).

foreover the numerator of (3. 16) must have the sanme

zei'0s ilncide the unit circlc as the denominctor f(z).

Tpimin S

Suppose thet Assumptions (2. 5) throu:h (3. 7) are
satvisficd. Then the denoninator f(z) has (M+l) distinct
RGOS, SOV, Zy,Z5, 77,2y, ON and inside the unit

cirele, where zq=1 and for k=2,3,:-,l+l, 0< |z, |< L.
Presps.

1 and f2(z)=(p+qz)exp{AT(?(z)-l)}. Assumption
(3. 8) frwpliss that fg(z) is analytic within the circle

lzl=14+§. Zlezrly fl(l)zfz(l) and by (3. 3), lfg(ele)\

3
=y1-2pq(i-coz0)exp{-AT(1-27 p, cosk® )}. From Assumption
= =5 )
(3. 5), fore#2kn (k=0,t1,+--), zszkco:ke<.l. Hence
k=1

18y Tinat is, |7(e™) )

for & #2kW, [£
8

2(eie)|<l= fl(e

=|fl(ei }—fz(eie)l>0. Since'fé(eia)l$q+l¢T, Assumption
(3. 7) implies that for all &, lfé(eie)|<lfi(eie)l.
Theredore, .or the sufficiently small positive number
5, [fl(z)[>|f2(z)| on the circle |zl=1+8. Ilearly,

£

fl(z) has (l.+l1) zeros inside thz circle |z|=1+3 and by
Rouche's theoren (see Titchmarsh (1939), pace 116),
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f(z)=fl(z}-f2(z) also has (N+l)zeros, say 2 (k=1,2,-"-,

i+1), inside the circle |z|l=1+8. Moreover, |f'(z,)|

B Ve o/ ,, My g - .
=[zkllm+ p/%( 2y )=ATz;, ¢ (2 )] 21z | (M+p-AdT) » 0. Hence,
Zeros 3z, are of the first order and distinet. The
nroof i1s concluded.

From this lemma and (3. 16) it follows that for k=2,3,

ewsiitly

VL

(3. 18) ;E:ggn(zk)ﬁm(0)=o.

m=
Define an (L+l)x(M+l) matrix ﬁz(akl) and (lf+1) dimensional

=(by) as follows:

aqg=l-2ds, lor £=1,2,---,¥, 800 ) =D-ALSp s

2y g=tp_q(27y) ford=1,2,+, 1+l and k=2,3,--,M+1,
Xp :}‘trc_l(o) ford =k, 2, +l, 0y =l4p=ALT and

bg=0 for4 =2,3,"°*°,l+l.

“ - S e - J- 1 - N
0. linszer eguations must have & aglgue

,
i
£

{

4

=

€

solution and the actrix A is nonsingulsr, becausc {rom

Theoreoa 1, T(z) is mniguwe. Therefore, for m=0,1,*~,k,
(3. 19) T _(0)=Clp-2LT) &y 1 /1 2]

il

where A 18 %k Fact : he zient a . ,
here £1m+l igs the coflfactor of the element 81 mal Hence
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combination of Equations (3. 16) and (3. 19)leads to

,\

(3. 20)  T(z)=(: 'F,J-A&')Zﬂlmlgm z)/A1sle (=), g

54141 and p=l, then this p.g.f. will agreze
with the Darroach's result (1964), thouzh he made less
practical assumptions concerning on (3. 2) than
Assumptions (3.5) and (3. 6).

Differentiating (3. 20) yields

(3. 21) (1)={@ +p—m)z an(1)

~lﬂ+l~¢
~)alem )} /(2 a1£0 (1))

hile by (3. 13) throueh (3. 15),

(3. 22) £ (1)=k+p=-2sT,
(3. 23) v (1)=M(M41)=AT( 20l +ATE +B)
Ior ;:O,_.., -1
M+l 5
(3. 24) S_.'ri(1)=2(l—3\d-sm+l)(m+0+K&J§2oJJ ~xe g (Aey L +R)

(3. 25) g&(l)=2(l—AisM+l)(M+q)-2(m+l)q

2
=ASyp,1 (ASy g 7 +R)
where 8= % "(1). Therefore from (3. 21) throuzh (3. 25)
it follows that the expectation of the stationary queue

length at the beginning of the cycle, I{L} is given by:
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M4-1 .

(3 26) B{e3={ X 8 [(1-Ae, ) (mmp)-da (30 +8)/2)

m=1

M4+-1
+ZM- 1=nds, )4y . .~q(M+1)A ., - V/1A
m=1 1lm %‘l ~1H +l} ‘ l

~{ (101 ) +AT( 2qu NI +8)} /2 (Mp-2akT) .

Let be concerned with the expected delay per vehicle in
a stationary state, say U 1} Denote by N(t) the gqueue
length at time t from the beginning of the cycle in a

stationary state. Then
i
(3. 27) ,@{ﬂ-fi}:;_s{joN(t)dt}/(m)
While by Fubini theorem (sec Lokve (1963), page 136)
and (2. 3),

[+1
(3. 28) .J{f H(t)at} J o t)dt+%(t EN(t)dt

nm-1

M+1

=r£{L}+)df2/2+;Er{smﬁ'm_l(l)tk&si(l—ﬁm"l(OD/Q}.

lloreover,

T (1)=2{L}+ralr- Z(l—'ﬁ (0))(1—Ad.sj).

Conseauently from (3. 19), (3. 27) end (3. 28),
i L+l
(3. 29)  2{u}=2{L}/(Aa) +(M+p-2LT) EZ_ AR ICE-YER

m=1 Jj=m+

o]

: 2 7 2 wal P8
Mg/ 2} =dksy By / 21/ | e (s
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M1 o il M+l
+3752)/2}/1- 3 (1-Mds,) 3ou s./(ALD).
m=1 ° m= j=m+l J
In the above, arrivalgs are asswaed (o be stationary.
How suppose that arrivals are nonstationary; that 1is,
the p.g.L. of Xn(t) is assumed to be exp{}&t)(?(z}-l)},
instead of (3. 2). Tor these gencralized arrivals,

T(z), E{L} and E{w} can be obtained by much the same

way as in the zbove.
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6. 4. Semi-vehicle-aciuated tralflic 1lirht

1 )
L LT SR

Consider a queue of vehicles in a straight-through
lane of a major road leading into an intersection
controlled by & semi-vehicle-actuated trafific light

wich detoeciors on a minor road. Denote by r and

o
2
n’ "n

B (n=0,1,2,+-+) the lengths of the nth red period, the

nth green perilod and the nth cycle, recspectively.
g by H

o

Jtochastic propertics of these random variables are

determined by the control algorithm of the traffic light

= |

-

n froat of the queue, stochastie properties of the

=

stream of vchieles arriving at the intersectioa along
siic minor road, thosc of their departure hecdways, and
so on. \Vhat controls the gueue, however, is not these

many factors but random variables r_ and Thereiore,

n En°
in order to maintailn generality of the following
analysls, suppose that
(A') DPositive random vectors (rn, gn) (A0, 52, Ae )

are m.i1.i.d. and T and g, have finite mezns r
and 7, respectively- In particular, g, are a.s.
vounded above.
Consequently T, have finite mean P=r+g). This condi-
tion inecludes Condition (A) as a particular case, but
the latter half of thls assumption may not be satisfied

for some semi-vehicle—-actuated trafiic lisnts. lioreover

suppose that Conditions (B) through (D) in Scetion 6. 2
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are satisfiesd and thut departurc headways are indepcndent
ol T, and i Let the Oth cycle begin at time zero.
Denote by x(t) (t+>0) the number of vehiclez in the
gtraight-through lane of the major road arriviang at the
intersection in time interval (O, t]. This process is

called tue arrivel procesgs on the major road in this

™

section. Decause th

o

> arrival processes in green pericds

G

used in the preceding sections are directly affected by

A,

randon variables r and B Suppose that

[a)
(6]

(G) The arrival process on the major rozad x(t) (t»0) is
a stationary stream without after-efrfects, las
finite intensity A(»0) and independent of r , g,
and departure headways.

It is to be noted that this condition is identical with

the condition that the arrival process has statlionary

independent increments with finite mean (see Doob (1953),

pace 96). The notation similar to that in Section 6. 2

is used in this section. Define the saturation flow

£, (n=0,1,2,--+) and the random time b (m=0,1,2,*"*)

oy (2. 1) and (2. 3) with r, g and T replaced by r , g,

and T_. That is,

n
k
(4. 1) fn:sup{k; gggsnisgn}
and
m
(4. 2) tnm=lnf{rn+£§%sni’Tn}'
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By Condition (A') and (C), saturation flows T, are

.

m.i.i.d. and satisfy (2. 2), and for fixed m, random

times t are also m.i.i.d. Since clearly,

nmn
( ) ( ) (Efl ) (m_l )
4. 3 X =X T.+t -X /L
n' nm =0 i "nm = i+

for fixed m, random variables xn(tnm) are m.i.i.d. In

ot

he same way as in (2. 10), it follows from Conditions
('), (B) and (D) that the following recurrence relation

between L end L, (n=0,1,2,--+) holds:

(4. 4) L s =l #5, (Tp Jme -E,
if L +min{ min x (t_ )=}, x (T )-e -f }>O
n Osmsfn{ n' nm ‘}' n* n nn !

=0 , otherwise.

Pk T 1=0,132:"""%

(4. 5) =k (T e -E,

and

(4. 6) vﬂ:min{oiéif{;xn(tnm)-m}, xn(Tn)—en—fﬁ}.
n

Then by Condition (D) and (2. 2), u, and v_ satisfy

(2. 13) 2né (2. 14). Since by (2. 2) znd Conditions (A')
zné (&) (see Xhintchine (1960), page 34), Pr{xn(rn)>K+l}

0, v. satisfiss Condition (2. 17). Loreover it follows

from (4. 1) throush (4. 3) that for m<n and arbitrary

nonnegative intesers k, £,
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xr{v =k, Vv —2} JIT{m1n{x(y+?m x(y),x(y+%_+bt )

m ml

-x(y)=1,--, (y+?m+tmf )=x(y)- e y(y+? +6 )—x(y) B ”m}

=k:min{x(y+?m+9m+z+?n)-x(y+}m+em+z),x(y+?m+9m+z+%n+tnlJ

- A PRy r oz Vi3t +
x(y %m+em+”) 1, ,x(y+}m+em» +7ﬂ+tnfn; A(Y+?m+6m )
m—1

~fn,x(y+?m+em+z+?n+en)—x(y+?m+em+z)—en—fn}=l}dP{égiTi
n-1
<Y, T, S?m?umseq,iigilT 2,7 8% 18,€0, }

=ijr{lﬂili{:{(?m),x(’(m+tml)-l,---,x(?m+tmf Yol

h\? emf‘ }—P}Pr{mln{x(? P ?n+“rl) L
x(?n+tnfn)-fn,x(% +6, )= -8 - n}»z}’b{r B850 }dP{

S?q,_ﬂgeﬁ}=lﬂ’Pr{min{x(y+?m)—x{y),x(y+?m+tml)

~x(y)=l,=-- ,X(:y'+7.,l+t,.lf )=x(y)=£_,x(y+2_+8_)-x{y)

—em—fm}zk}dP{;Z;f QY}dP{r sym,g sem} j{Pr{mln{ u+?n)
_x(:),x(z+?n+tnl)—x(z)-l,---,x(z+ n+tnf )—x(z)—fn,

n-— l
x(z+% +8_ )-x(z)=e —fn}—,e}dP{ 18 zhap{r <%, 8,50}
1._.
=Pr{vm=k}Pr{vn=£}.
In & similcr way it can be shown that the random vectors
(un, vn) are m.i.i.d. Hence from (4. 4) throuzh (4. 6)

it follows that the queue length Ln at the beginning of

the nth cycle satisfies model (2. 15) in which the random
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vectors (u_, v_) are m.i.i.d. and w_ and v_ saticsfy
n 1l Il I

(2. 13), (2. 14) aad Condition (2. 17). Since

E(u)=nr-2{H(g )} -p,
Lemma 1 leads directly to:

LTheorem 3.

Supnose that Conditions (A') through (D) and (G) are

satiglied. The senil-vehicle—actuated traffic lizght

rl

queue has 2 wunigque limiting distribution independent

of any initial digtivibution, if and only if
(4. 7) AT < 3{H(g, )} +p,

the rensewal function of departure headways
and given by (2. 18).

Sunpogse tennorarily thot the conventional agsuunption on

denarture heodways is satisfied. Let fn and 3 (n=0,1,

2,...) bo the startin~s dclay and the residusl useful

life in tho nth eyele. Then in the same way as (2. 20),

g i TSI o gn ey T e
vhierz [+ ]7= 1::_{ : O}. flote that 1t can not be always

-

ssuncd thot £, S“n L .S It follows Trom (4. 3) thzt

(4. 7) reducosz to

—
4=
O
~

.
AanT <3{£S1’1+;n—‘£n] }—( 1-9 ).

(4. 10) p=1-24{{e +3,-4, 17 ~[5,-£ 17} /m,

|J1—1



then (4. 9) reduces to
UM m O - it
(4. 11) AmT ¢ ,JvJ{[bn .{,n] } .

Now supposc thal the followins Conditions (A") and

(H) are satisfied instcad of Conditions (A') and (G):
(A") Thec sequence ol positive random vectors {(rn,gn);
n=0,0,8,0:. } is strictly stationary and ergodic,
and sz _J)=r<wand Llg. )=g<v.
A(r,) nd L(g, )=g<os

Denote by x (k=0,1,2,°++) the number of vehicles in

A

the straight-throuzh lane on the major road arriving

(I) The arrival process on the major road x(t) (+»0)

.
e

s & stationary stream with finite intensity N

'_’»

and independent of {(rn, gn)} and departure headways.
In particular, the sequence'{xk; k:O,l,Z,---} is
ergodic.

Clearly these conditioans include Conditions (

as particular cases. Conditions (4") and (C) imply t

the secguence of saturation flows fn defined by (4. 1) is



e L
-
A

XS '53’-}:£'! J=dy %" 0] }dP{g LE <V sy

cpc] njl J J 0 m, =71 nj+h J
il y e sy ppr By v el B

Since according to the necessary and sufficient condition

for ersodicity (sece Billingsley (1965), paze 17),

=

- i 5

)
N : C .
J“1"'“"“-‘_“'f‘;:j::ol:’l{.*'J"*mi:':‘xi'grly-zqﬁ’j' i=1, 0 ydge 371,00, 4

:Pr{{':lniﬁxi, i=1, i iO}PT{gnjiyji j=l, Ty jo}!

it follows Irom Helly=-Bray theorem (sec Lodve (1963),

paze 182) that

n-1
.| . .
lim = §Z;Pr{f =k., £ .=f., i=l,*-*,i.,
n=wo I =4 my 1 nj+h J 0

jZl,-' .., 'JO}
=pnlf =k, i:l,---,iO}Pr{fn'zﬂj, j:l,---,jC}.
J
That is){fn: n=0,1,2,+-+ }is ergodic, and obeys the
strone law of large numbers (see, Doob (1953), paze 465).
It should ve noted, however, that fn does not satisfy
(2. 2). Therefore Recurrence Relation (4. 4) between Ln

andL_,; (»=0,1,2,--+) must be rewritten 2s follows:

if L +inf{ inf {x (% )—m}, x (T )-e -T })O,
n {Osmsfq n' “nm n noon

= 0, otherwise.
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(4. 13) v, —1nf{Olnf {Xn m} X, (’ -c, “fn}'
smsf

sl o

Then, w, defincd by (4. 5) and v, satisfy (2. 13), and
not (2. 14). Tor arbitrary integers a, and kj (j=1,

,..,jc), by (4. 3) and (4. 13),

Priv, =k., J=l,""*,] }:Pr{inf inf = (%

{ oy O {Ostn ﬂ<fn nj y
J 4

n.

~e, £, Y=ki, 3=1,000,30)
M nj} .

-
J
JPr{lnf{OSinf « [x(%%% (7i+6i)+tnjm)

-m)], X (Tn

ar{r;s%, £;%0,, i=0,1,--,n

Consequently from Conditions (A"), (C), (D) and (H), for

1

&ny positive integer h,
Pr{vn;zkjr J=ly e ’JU} il +“_kj1 321:"'736}'
J
In & similar way it can be shown that {(un, vn)} is

striectly ctotionary. Since {en} and{ fn} obey the
stroang lew of large numbers, i1t suffices to prove that

{xn(Tq)} obeys this law, in order to prove {ur}-Obeys
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n=1 .
the law. Let y_ LZ: 1, where _[-] means the maximal

integer not CKC”“&lnf .. An 1 "

in ger ce - By Condition (A"™), %ﬁﬁoyn/“

=%§3{§13Hﬂ‘ Z T )}/H—L(T )=T a.s. Therefore by
i=Q

Condition (H) a d (4. 3},

n—_1 n—1

=.KT=Q{KH(TH)} Be B

rom (4. 5), (4. 12) and (4. 13) it follows that

el
o
Ty
Q
D
Hy

the cucue length Ln at the beginning of the nth cycle
satisfies model (2. 15) in which {(u , V_}} is strictly
stationary, {u } obeys the strong law of larse numbers
and u and 9 satisfy (2. 13). The following theorem

results immediately from Lemma 2:

;ucovew 4.

PP A PO P P P P

Suppose that Corditions (A') through (D) and (H) ar
setisfied. The semi-vehicle—actuated traffic lisght
ouveue has a unique liwmiting distribution indevendent of

eany initial distribution, if

(4. 14) AT < 2{i(g, )} +p,

11

where H(+) is the renewal function of departure headways

and is given by (2. 13).

cives a sulfTiclent condition under which

=

This theoreax
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the quite general semi-vehicle-actuated traffic light

queue has o limiting distribution. If thie conventiona
assumption on depanrture headways is saticsfied, then 1t
follows from (4. 3) 2nd (4. 10) that Condition (4. 14)
reduces to the form of (4. 11). This condition agrees
with the result obtuined in Chapter 5.

To mainvain generality of the coantrol algorithm of
the traliic licht, the arrival process on the minor road
and g0 on, only one Condition (A') or (A") has been made
Tor them. As an example which satisfies Conditions (A')
or (A"), cougider & oucue of vehicles in froat of =&
pedestrian cressing controlled by a traffie ligsht with

detaect

O
-
w
@]
b

push-buttons for arriving pedestrians. The
control algorivhm is:

(1)

v

he $rafiic light stays red for the fixed len

[

and turns green. It turns red at fixed itime a (20)
after any pedestrian arrives at the pedestrian
grossging.

Loreover the followins reasonable condition is made:

(J) Pedestirians arrive in groups at the pedestrian
crossing. The interarrival times of successive
groups 2re m.i.i.d.r.v.s with d.f. G and positive
meamn p. The queue of pedestrians dischargec a.s.
durings one red period.

Suppose that the first group of pedestirians arrives st
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time (-a). Then the Oth cycle begins at time zero and
each green period is composed of one residuzl useful
life and one time interval of fixed length a. This
implies that Condition (A") is satisfied and that if
G(zZ)=1 for some finite Z, then Condition (A') is also
satisfied. Denote by R(-) the renewal function of

interarrival times: that is, for x20,

cQ
(4. 15) R(x)=2] G (x),
k=1 ™
where G(x) is the k-fold convolution of G(x) with

itself. Clearly,

(4. 16) E(Tn)=}»‘.{l+ﬂ(a+l")}.

£

Loreover, Tor x<a, Pr{gnsx}zo and ol xza,

® La+T
Pr{gnsx}zG(r+x)—G(a+r)+£§if0 {G(r+x—y)

—G(a+r—y)}de(y)

a+r
=G(r+x)+J G(r+x—y)dﬂ(yj—{&(a+r)
0

+G*R(a+r :'} .
Consequently,

w a+r r® . .
(4., 17) Q{H(gq)}zj-H(x)dG{r+x)+5 j H(x)aG{r+x-y)dk(y).
= a - 0 a

From Theorems 3 and 4, (4. 16) and (4. 17) it follows

that the cueuwe of vehicles in front of the pedestrian

crossing has a unioue limiting distribution if
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a+7 rta
j H{x)daG(r+x

?\H{l+12(a+r)‘;< p+J:H(:-c)dG(m;c)+j :

0

~y)dir(y)
end, under the additional condition G(Z)=1 for some
finite %2, only if the above condition is satisfied, where
E(x) and R(x) are given by (2. 18) and (4. 15),

respectively.
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6. 5. Seneluding remarks

The gueue of wvchicles in the strazishit-through lene
at the intersection controlled by fixed-cycle or semi-
vehicle-actuated traffic lights is discussed throughout
thig ehapter., If g or &n is interpreted as the length
of the nth effective grcen period and if departure
headweys of vehicles turning right or left satisfy
Condition (C),then all results of this paper remain
ralid for the queue of vehicles turninzg right or left.

‘Jith most wvehicle-actuated traffic lishts, maximum

chicle~extencsion periecds are predetermined in order 1o
pravent vehicles on intersecting roads from waiting
infdefinitely. Consequently, vehicle-actuated traffic

ights i1 elfect vecome fixed-cycle ones, if the traffic
iz fairly heavy on all phases. Thus, sufiizient
conlditiong derived in Section 6. 2 remain valid for the
vehiicle-actuated traffic light queue, if z and T are
interprevec as lengths of the maximum green period and
the maximun cyecle.

Consider an intersection with J approaches which is
controlled by a fixed-cycle traffic lisht. Suppose that
vehicles airriving on all approaches satisly asswaptions
in Theorem 1. Then from Theoremx 1, the queuwe of

vehicles on the jth approach has a stationary distribution,

if and only if
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Hj(ﬂj)wj-?\j’l‘ >0,

where suffix J refers to vehicles on the jth approach.

Hence if and only if

min {H-(S-)+P--XuT}>0,
i=l,...,3°- 9 "4 T

then all queues at the intersection have stationary
distributions; that is, the intersection is undersaturated

In Theorems 2 and 4, departure headways are assumed
to be a.s8. greater than a positive number. This

ascumption 1is not essential and may be dropped.
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Chapter 7. 0Ontimal Simnal Settings

7. 1. Introduction

The optimal control of traffie lights is one of the
mein problems in the theory of traffie flow and meny
authors have dealt with this problem. ardrop (1952),
Jebster (1953), ¥iller (1963 b), Rangarajan and Oliver

1667) and Allsop (1971 a, b) have discussed optimal

4

signel sevtlncs for a fixed-cycle traffic lizght that

vl

ainimice the mean delay per vehicl:, or the mean overall
delay per uait time. Dunne and Potte (1964, 1957), Green
snd Hartley (1966), Neimark-and Pedotolrin (1966}, Grafion
and Yewell (1967), Green (1967), Martin-Lof (1967),
Fedotoiiin (1969) and Gordon (1969) have investigated
optimal control algorithms based upon the above mentioned
or other criteria for a vehicle-actuated traffic light.
Gazis (1964, 1965), liorgan and Little (1964), Little
(1366), Stoffers (1968) and Gordon (1969) have dealt with
the optimal control of a system of trarffic lights based
upon various oriteria.

In this chapter, optimal signal setliinzgs based upon

the eriterion of minimum overall delay and thet of

ninimizing & degree of saturation (of the whole intersection)

L. g 4

are discusscn Tor the fixed-cyecle traific light, where the
7
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latter criterion is new and the degreec of saturation is

L,

ined in Section 7. 2. In Section 7. 2, criteria for

[h)

F

5
undersaturation of the whole intersection are derived
from the results obtained in Chapter 4. These criterie

or wndersaturation may be important in desizn of the

=y

intersection in themselves. On the other hand, the
optinal simnal setting based upon the former criterion has
been investigated by several authors, as noted in the
above. In particular, Webster (1958) has developed the
method of optimal sirsmal setting which is popularly uscd.
They, however, take little account of streams turning
right, assualng that vehicles keep to the left side of the
road. In this chapter, all streams that pass through the
intersection are taken into consideraticon. Thus, the
ocptinal sicnal settin~ must be formulated in terms of not
mean effective green times but (real) green times, because
mean effective green timeé’of streams turning right depend
on the signal settineg. In Seetion 7. 3, mean eflfective

*reon times of such streamns are determined as linear

|45

functions of the rreen times and the cycle time. In

Section 7. 4, the optimal signal settins with nonoverlapping

phasaes based upon the criterion of minimzin~s the degree

(<R

]

(4]

5|

of saturation is dealt with and it is shown thot this

f

criterion leads to the rule of thumb that the mean elflective

creen times should be in proportion to the corresponding
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ratios of flow to saturation flow. In Section 7. 5, the
optimal signal settinsg with nonoverlapping pancses based
upon the criterion of minimum overall delay is discussed
and an approximation algorithm which is a refinement of
lebster's method is derived. In Section 7. 6, the optimal
signal settings with overlapping phases based upon the

two criteria are dealt with and approximation algorithms

are precsented.
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7. 2. Erilteria JLor wndersaturation of & whole intersection
Consider an intersection with J arms which is
controlled by a fixed-cycle traffic light. Throughout
this chapter, followias; Vebster and Cobbe (1966), a phase
means a sequence of conditions applied to one or more
streams which, during the cycle, receive simultaneous
identical signal indications. On the other hand, a staze
means & part of the cycle during which one or more specified
streams gain simultaneously right-of-way. Coaseguently,
one  green period of a phase may comprise several
consecutive stages. Throughout this chapter, supnose thoet
the traffic light have N phases; note that this loses no
generality. If a stream gains right-of-way during the green
period of the nth phase(n=1,2,+--,N), then the stream is
said to belong to the nth phase. Let Mn streams belong to

1

the nth phase. The :nth stream belonging to the nth phase

is called thes (n,m) stream (n=1,2,---,N, m=1,2, -, ) and

n

vehicles which compose it are called briefly (n,m) vehicles

(n=1,2,.+.,N, m:l,2,---,Mn). A stream is called of the

first priority in a stage during which it has right-of-way,

if it is not obstructed by the other streams including
pedsstrians which have right-of-way in the same stage. A

stream is called ¢f the second pricrity in & stage during

which it has right-of-way,if it is neither of the first

priority nor obstructed by other streams which have
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right-of-way in the same stage and are not of the first

priority. Similarly, a stream of the ith priority (i=3,

4,...) can be defined. It is assumed throughout this chapfor
that vehicloes lkeep to the left side of the road. Thus,

in case of the usual four-armed intersections, a strean

going straigsht ahead is of the first priority and a

streax turning right is of the second priority. If

3

cdestrians obstruct a stream turning left, the stream is
of the second priority. ILet some wvehicles of the ith
priority (i=2,3,---) wait in the gueue at the end of the
red period. As the light turns green, the head of the
queue moves and reaches the position to cross the streams
of the higher priorities. This time from the beginning

of the green period is called the sterting delay for the

stream of the ith priority. If any vehicle of the higher
priorities comes into the intersection, the vehicle at
the position to cross can not move until that vehicle has

rassed throuzh. The sun of these bloclked time intervals
within the green and the amber periods is called the
block for the stream. The starting delay and the block
are called collectively the lost time Lor the strcam. If
no vehicles of the higher priorities come into the

intersection, vehicles in the queue cross the lanes of the

higher priorities at departure headways and pass through

the intersection. Let @ long queue remain at the end
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of the green period owing to a heavy stream or a long
lost time. The time interval between the end of the
ereen period and the instant at which the gueue held
within the intersection has passed across the lanes of

the high priorities is called the clearance period for

the stream of the ith priority. This period is thought
of as effectively green. For the stream, therefore,

the effective green period is defined as the sum of the

green period and the clearance period less the lost time.
It should be noted that the starting delay and the
clearance period a2re inherent in the stream and the

layout of the intersection but the block is affected by
the sireams of the higher priorities and varies with the
sgreen time, that is, the length of the green period and
the cycle time. Tor the stream of the ith priority, thus,

the effective green time varies with the green time and

ihe cycle time. On the other hand, for a stream of the
first priority, the lost time reduces to the starting

delay, that is, the acceleration delay for getting the

entire gqueue into motion, because the block vanishes.
lioreover, the clearance period corresyonds to the time
interval between the end of the green pericd and the
instant at which the last vehicle that fails to stop for
the amber signal passes the stop line. Hence the effesctive

green period for the stream of the first priority becomes
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the sum.of the green period and the clearance period less
the starting delay- These definitions for the stream of
the first priority agree with the conventional ones in
substance. Since the conventional definitions are
formulated mainly for the streams of the first priority,
the definitions adopted in this chapter may be an extension
f those conventional ones to the streams of the ith
priority (i=2,3,+++).

Let tlie cycle time of the traffic light be T(seconds)
and the nth .green time Gn(n=1,2,'--,N). Suppose that for
gach streaun, lost times and clearance times in all cycles
and departure headways of all vehicles are nutually
inqependent and identically distributed random variables
with finite means and independent each other. Let fnm
(seconds) be the mean lost time, cnm(seconds) the mean
clearance time andf*nm the mean departure headway,
respectively, for the (n,m) stream. Then, by definition,
the mean effective green time, say, gnm(sec0nds) is

given by

(2.1) & = %p* Com~ fom -
Note that - and Jnm can be estimated by
€nin = Mam Cnm
and fnm = Gn+ cnmf'fﬁﬂn Cam
where e is the mean number of (n,m) vehicles which pass

nm
through the intersection during one cycle in which the
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queue always exists. Furthermore, &l11 streams of arriving
vehicles ore assumed to.be stationary oneés. without after—
effects (see Khintchine (1960)), or generalized Poisson
processes (see Parzen (1962), pace 127), with finite 2nd
positive intensities. Let A {vehicles per second) be
the mean arrival number per second of the (n,m) stream
ﬁer lane. Under more general assumptions than the above-~
nentioned ones, it has been shown in Chapier 4 by use of
a generalised model of the GI/G/1 queueing process that
the queue of the (n,m) stream has a unigue stationary
distribution, if znd only if

(2. 2) Mo Mo T < G* Cp= Ly

That is, this condition is necessary and sufficient for
the intersection to be undersaturated with respect to the
(n,m) stream.

Define the degree of saturation of .the (n,m) stream,

3

lanoted bylﬁhm,as
2 == —
(2.3) Fom™ Mgl Bt g Lon) -
Note that this definition agrees completely with that of

the "degree of saturation" used popularly. Ioreover,

the reciprocal of_fjm is called the desree of uandersaturation
Lliii

of the (n,m) stream and denoted by 7,p- Fut

(2. 4) Inm™ }“nm Hnm

Jince l/jf-i.ﬂ__j means the mean saturation flow (vehicles per
L1

second ) per lane for the (n,m) streeam, ¥y can be thought

nm

216



*

of as the ratio of flow to saturation flow for the (n,m)

strean. By (2. 1) and (2. 4), the degree of saturation -

"

of the (n,m) streamn can be rewritten as

‘lem T/ gmﬂ.

—
[p®)
il
~—

am
Define fq(n:l,2,-~-,N) by

(2. 6) P 55 S}

and define the derree of saturation of the whole intersec-—

tion denoted by f as

(2. 7) P = m;.;):{f'n} .

dal

iy

The stream which attains fn is called the predominant

stream of the nth phase and the streams which attain f

are called the predo..inant streams,

Clearly, (2. 2) leads directly to the following theorem:
Theorem 1.

x| L =
1

The whole intersection is undersaturated if and only 1

P< 1.

If£2 1, then at least one queue grows up indefinitely
with time. Moreover from (2. 5), if for some streams
Y..21l, then fﬁm2;l‘ Therefore it is necessary for
Llud

ey e

widersaturation of the whole intersection that for all

streams (n,m),

(2. 8) <1

Ynm
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Define the degree of undersaturation of the whole

intersection denoted by 7 as

(2. 9) ? Zm}ln{}n}y

where for n=1,2,++-,N,

(2. 10) Ty = mﬂf.ln{ ?nm} = ml%n{gnm/ Foucn 7} .
Clearly, the criterion in Theorem 1 is equivalent to
{2, 11} T »l s

With all vehicle-actuated traffic lights, the
meximum length of vehicle-extension period (see, VWebster
and Cobbe (1966)) of each phase is predetermined in order
to prevent vehicles which do not belong to the phase

from waiting indefinitely. Therefore, 1f the traffic is

il

feirly heavy on all phases, the vehicle-actuated traffic
lizht operates in efifect as the fixed-cycle one. Thus,
in case of the heavy traffic on all phases, Theorem 1
and criterion (2. 11) remain valid for the intersection

controlled vy the vehicle-actuated traffic light.
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7. 3. Memp scfeckive green time

In the precedins section, the degree of saturation
f%m or the degree of undersaturation 7, 1s defined in
terms of the mean effective green time Enm and & is
given by (2. 1). However, this equation is just the
definition and is unsatisfactory particularly for streams
of low priorities. Moreover, the analysis of the optimal
signal settings discussed in the following sections
requires the explicit expression of the mean effective
green time or the degree of saturaticn. Thus, the mean
effective green time is dealt with in this section. Denote

-

oy & the mean starting delay of the (n,m) strean. Since
for the stream of the first: priority, the lost ftime reduces
to the starting delay, it follows from (2. 1) that if the
(n,n) stream is of the first priority throughout its green

period, then

(3. 1) Snn= %n* Cnn” Pam

Suppose that the nth phase is nonoverlapping; that
is, the green period of the nth phase does not overlap
with green periods of the other phases. Let the (n,m)
stream be of the second priority througnout the green
period of the ath phase. Thus, all streams of the first
priority that obstruct the (n,m) stream belong to the nth

phase and have the green time Gq. Dencte by bnm the mean
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length of the block of the (n,m) stream. Then from (A.

15) in the Appendix IT it follows thot
(3. 2) bnm= (Gn+ cnm){l B exp(—iﬂmgﬁm)/(l—?nmf}
+ ompl= Rt (F e ¥ B A )

- anm and 6nm are defined by (A. 9)

where § v Apg LS
given by (A. 11) andel . is the constant time during
which the (n,m) vehicle at the head of the queue can not
nove immediately before any vehicle of the first priority
hes passed the conflict point with the (n,m) stream. In
the above, in order to guarantee the existence of the
stationary distributions for the queuwes of the first

priority, it is assumed that

(3. 3) & T<G + 8 8

nim nm “nm"

lioreover, note that the block of the (n,m) stream is
measured not at the conflict point where the (n,m) stream
is obstructed by the streams of the first priority but

at the stop lines of these streams. Since the (n,m)
strean conflicts with the streams of the first priority

in the center of the intersection in most cases, it is

relevant to asswaze that a n is nearly ecual to the sum

iy

of the mean starting delay of vehicles of the Ffirst
priority, anm ané the mean time it takes thei: to reach
the. conflict point from their stop lines. Thus, by (3. 2),

the mean lost time of the (n,m) stream, énm is:
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(3. 4)

enm_ rm nm nm .
(G+ 8 M1 - exp(-R o )/(1-9, )}

+eXPA R o) ( F T+E /(1B ) 4a =8

]

Since it can be assumed with little loss of generality
that the mean clearance time of the (n,m) strescm is longer
than the mean time from the end of the green period until
the last vehicle of the first priority reaches the
conflict point with the (n,m) stream, that is, =8 _+a

nm nm bt

np 1t follows from (2. 1) and (3. 4) that for the (n,m)

stream which belongs to the nonoverlapping phase,

(3. 5) &= exp(=R oL J(B~F T+8 AT .

nm I "nm IllIl "1]]1

E g -
+(Cmf%mﬂﬁmmmﬁ'

It is clear that under Condition (3. 3), Z., 1s positive.
Since both the criterion in Thorem 1 and criterion (2. 11)
can decide whether Condition (3. 3) is satisfied or not,
(3. 5), which is used for estimation of f or?, remains
valid even if Condition (3. 3) is not satisfied. Moreover,
(3. 5) includes (3. 1) as a particular case, because if

the (n,m) stream is of the first priority, then A _ = § __
= 0. Thus, for the (n,m) stream which is of the first or
second priority and boelongss to the nonoverlapiing phase,

its mean effective sreen time, g, is given by (3. 5).

Let us ascume that Qnm< 1 and ?an erj+ 6nm_ anm' Then

the criterion in Theorem 1 leads to f <O0<l<« g <P, -
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whereﬁnm is the degree of saturation of the stream which
attains ynm' Thus, the (n,m) stream which is extremely
saturated is deleted from the candidates which attain §.

On the other hand, criterion (2. 11) leads to 2 < 210

Com
< %nmq;l. This shows that criterion (2. 11) is more
efficient than the criterion in Theorem l.

Let the nth phase be overlapping. In this case, the
green period of the nth phase may comprise several stages
and the priority of the (n,m) stream may vary with stages.
Thus, many different circumstances can be thought out.

To begin with, consider as a typical and practical example
the circumstances in which the green period of the nth
phase comprises three stages and the (n,m) stream is of
the first priority in the first and the third stages and
of the second priority in the second stage (see Fig. 1).
ebster and Cobbe (1966) calls the first stage "late
release" and the third stage "early cut—-off". Denote by
3, the length of the kth stage (k=1,2,3),that is, the kth
creen period and by Ik the intergreen period between the
Xth and the (k+l)st stages. DMoreover denote oy %nm the
mean time it tales the vehicles of the first priority in
the second stage to reach the conflict point with the
(n,m) strean from their stop lines, for a . me=ns the
acceleration delay and can not represent %nm' It follows

from (3. 1), or (3. 5), and (3. 2) that
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(bl+Il+anm tnm nm} o+ [S2+Cnm—&nm

(3. 6)

oy =
“nim

-(32+6nm){l-exP(_ﬁnmghm)/(l—?nm)}

~0XP (=R, mobesn? { Fn T+E, )/ (1-F, )]

+(53+c +12 it tnm)

= G_+c [(S +8 1{1l-ex %P (=R b )/(l—ﬁmnﬁ

Il Ill"'l nm

vexp(=8_ o ) (9 T+ )/(1-F_ )],

where G "ZS}:"'Z‘ I, and Chs and & 3re the mean clearance
time and the mean starting delay for the (n,m) stream of
the first priority. In much the same way, the mean effective
green time can be determined for all the other situations
in which in somne stages the (n,m) stream is of the second
priority on. These result§ are omitted to avoid duplications
but they imrly that the mean effecitve green time is a
linear fuanction of the lengths of the stages and the
cycle time, and is strictly increasing in the lengths of
the steses and nonincreasing in the cycle time; that is,

fn fen-1
i anéz‘snk+ 4 I, and Ink(k=1,---,kn—l) are constants,

then for the (n,m) stream,

LR AN 1

(3..7) Enm= gnn(snl’sn2’ Shk T,
*n =
=£§é unmksnk_ van W

where u u ., >0 and v, >0. In particular, for the (n,m)

stream which belongs to the nonoverlapping pnase, (3. 7)
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reduces to

(3. 8) 8= Epn( G T)

nm= ~nm

= WopGp= VT + Vom
where unmcrO and vnmz:o. From (3. 5), for stream (n,m)

of the second priority,

(3. 9) u = exp(=A o )/ (1=F ),
Vim™ ynme;(p(_ﬁnnfcnm)/(l_ynm)
and Wor= Bl Do d (Em-amn){exp(-—ﬂnmazﬁm)/(l
=9 .) = L}

Finally, by (3. 1), for stream (n,m) which is of the

first prierity throughout its green period,

L3 103 w, =1, v,.=0and w _=c - a .
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To A Zizanl gebbing ke minimize the degres of saturabtion
Many authors have dealt with the problem of optimal

signal settings of fixed-cycle traffic lights. Most

of thew ineclnding Wohster (1958), Niller (1963b), Wcbster

and Cobbe (1966) and Allsop (1971 =2,b) use minimum

overall delay as the criterion in deducing optimal

signal settings. In this gection, howsver, a new

criterion of minimizing the degree of saturation is

adopted. Since the degree of saturetion declides, as
shown in Theorem 1, whether the intersection is
undersaturated or not, this criterion seems suitable
for congested intersections. The relation between this
criterion eand minimun overall delay will be discussed
in the following sections. It is assumed in this
section that each stream belongs to a fixed phase and
2ll phases are nonoverlapping. Althouszh this assumption
restricts signal settings within narrow limits, most
traffic lirhts installed in intersections with 3 or 4
arms satisly this assumption and hence, many authors have
made this assumption in deducing optimel siznel settings.
Optimal sipgnal settings without this assumption will be
dealt with in Section 7. 6.

Let one eycle of the traffie light comprise KN
nonoverlapping phases. Denote by G, and I (n=1,2,*+**,N)

the green time of the nth phase and the intergreen time
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between the end of the green period of the nth phase and

the beginning of the green period of the (n(mod.N)+l)st

phase, .. respectively (see Fig. 2). Therefore,
N

(4. 1) 2. G =107-1I,
nel

N
where I =£§fﬂl>0 and for all n,

(4. 2) G, 20 .

Noreover it is required that for T (>1I),

(4. 3) I< T<T,

~
where T 1s the maximuwm value of admissible cycle tires.

Suppose that for all streams,
(4. 4) O<(ynm< Los

This assumption loses no generality in view of (2. 8).
I% follows from (2. 5) and (3. 8) that the degree of

saturation of the (n,m) streanm, fqm(G T) is given by
y

i

(4, 5) fn:u( G, T J:ymT/(uann—van +wmn) ’

Hence, by (2. 7), the problem to be solved is :

(4. 6) %%lﬁﬁf&gGWTﬂ

subject to (4. 1) throush (4. 3),

there the N dimensional column vector E:(Gl,G2,0*~,G ).

N
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Denote by P* the minimum value, if it exists, of this problem.
As noted in the preceding section, however, the degree

of s&turation is less efficient than the degsrec of

undersaturation. loreover, minimiging the degree of

saturation 1s equivalent to maximizing the degree of

wndersaturation. In this sence, it is convenient to

rewrite Problem (4. 6) in terms of the degree of

ndersaturation. It follows from (2. 10) and (3. 8) that

(¢,,T)

b

the degree of undersaturation of the nth phase, 7n

is given by
(4. 7) 74(6,,1)= min{e (¢, ,7)/vy 7}

Since g._(G_,T) are strictly increasing, continuous and

nm* n’
concave in G, ?n(Gn,T) is also striectly increasing,
continuous and concave in Gn(see, Mangasarian (1969),

page 61). Thus,Problem (4. 6) is rewritten as:

(4. 8) g m&n{?n(Gn,T)}

subject to (4. 1) through (4. 3).
Denote by %* and (G¥*, T*) the maximum value and the optimal
solutions, 1f they exist, of this problem. If %* >0,
then P¥*= 1/%* and (G*, T*) is the optimal solutions of
Problem (4. 6). If %<0, then P*>1, P¥zl/%* and (G*,T%)
is not the optimal solution of Problem (4. 6): from Theorem

1 and (2. 11), however, both p* > 1 and 2% < O imply
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that the intersection is oversaturated with any
admissible signal setting. Note that when the
intersection is known to be oversaturated with all
admissible signal settings, how much the intersection
is oversaturated is of little importance. Clearly,

Problem (4. 8) is equivalent to:

(4. 9) maz { 7% (1)}

subject to (4. 3),

vhere

(4. 10) 2%#(T) = méx m%n{?h(Gn,T)}

subject to (4. 1) and (4. 2).
Denote vy g*(T) the optimal solution, if exists, of
Inner Maximization Problem (4. 10).

Now coansider Inner Maximization Froblem(4.10) for
eppropriately fixed T satisfying (4.3). Before discussing
this problcm,consider the following problem which is
slightly more general than the above:

(4. 11) mgx mﬁn{fn(xn)}

subject to

hive
4N

(4—- 12) Z _‘.{n= a
n=1
(4. 13) and X = (Xq,Xy,""",%y) € X%,
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where X is a subset of N dimesional Euclidean space and
fn(xn)(n=l,2,---, N) is strictly increasing in X .
Then it can be shown that the following lemma holds

for this generaligzed problem:

Lemma
Suppose that there exists a point g=(ﬁl,ﬂ2,---,im) which

satisfies (4. 12), (4. 13) and
(4. 14) fl(i‘;l)zfz(iz):---=fN(i3;N).

Then this point £ is the unique optimal solution of

Problem (4. 11) through (4. 13).

Proof.
Assume  that there exists another point 2;(?1,E2,-—-EN)
#% which satisfies (4. 12) through (4. 14). Since there
exists some n such that xn>'xn<ﬁn<'xn) and all fh are
strictly increasing funtions, i1t follows from (4. 14)

ol = e s i = :‘}L = ~
that for all n, In(zhn)> fn(xn)(fn( n)( In(:xn)).
Consecuently, for all n, ﬁnb-in(in< En). By (4. 12),

this implies that a» a(a<a). Therefore g is unicue.

LG

\
L
~

Suppose that another point Ez(il,ﬁz,'--,iﬂ) is a
solution of Problem (4. 11) throuzh (4. 13); that is,
for some 4 and a2ll ngd,

fz(i@)) fn(in) b f{<i.e)=fn(f(n)r

where the Tirst inequality is due to the unicueness of
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%. Consequently X, > R, and X,z % . By (4. 12), this

implies that as»a. Hence 2 is the unique solution of

Problem (4. 11) through (4. 13). The proof is concluded.

Let [n] denote the predominant stream of the nth phase;

(4. 15) ?n(Gn,T)=gn(Gn;T)/ynT-
Then by (3. 8),

(4. 16) gn((}n;ﬂ)::un{}n- v, o+,

where un>-O and vn::O. Here, 1t is to be noted that the
predominant stream [n] may vary with G, and T. Trom

Lemma , in order to solve Problem (4. 10), it sufficies
to show that a point g:(Gl,G2,"',GN), if it exists, is
determined by (4. 1) and

(4- 17) ?I(Ger)z?é(Ger)="':?ﬁ(GN’T)

satisfies (4. 2). By (4. 15), these equaiions can be

rewritten as

(4. 18) gl(Ger)/Yl=g2(G27T)/y2;..'=§N(GN1T)/yN-
Thus, by (4. 16), for arbitrarily fixed n and alld #n,
(4. 19) Gg_:{ N/ unGn"'(ynve =V Vn)T"'y‘E Wn_yn“k}/ynu«ﬂ :

Substituting these equations into (4. 1) yields for
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~ N N
(4. 200 G={(1-F v, /u +(v /v ) Z y /u )T
n=1 n=1
N

N I\
~(I= 3T wp/uy+(wy/v0) 2 v /0 o} /e /sy g v/t
= g

n=i

Therefore, the point G which satisfies (4. 1) and (4. 18)
exists certainly by the strict increase and the continuity
of gn(Gn,T) and is uniquely determined as (4. 20),

although formally. Now suppose that

)
(4. 21) ST v /u <1
n=1 = n

N

(4. 22) sza}'{[l— 5w fu+(w /¥, )Z y /v )/

n—l

[1-5.1 v /u +(v, /7 ,) nz:lyn/unj}.

Then thece assumptions imply that é setisfies (4. 2).
Hence it follows from Lemma that‘é given by (4. 20) is
the unique solution G*(T) of Problem (4. 10). MNoreover,
by (4. 1), (4. 10) and (4. 17),

N

(4. 23) »%(T)= {1— v el B I—:éiwn/un)/T}/jZ_J /o .
n= ti=

M=l

fote that 7*(T) is the minimwn value of the risht-hand
sides of (4.23) with w, Vv, and w, replaced by w_,

v..and w__ of all streams belonging to.the nth phase.
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Lfheorem 2,

Under Conditions (4. 21) and (4. 22), Problem (4. 10)
has the unique optimal solution given by (4. 20) and the
maximum value given by (4. 23).

1% should be noted that the optimal solution G¥(T) of
Problem (4. 10) has been determined by (4. 1) and (4.18): (4.18)
means that the mean effective green times &y should be
in proportion to the corresponding ratios of flow to
saturation flow Ty * This is just the well-known rule

of thumb (see, for example, Highway capacity manual
(1950), page 92, or Evans (1950), page 224). Moreover,
Problem (4. 10) and Lemna chow that (4. 13) is derived
from only the criterion of maximizing the degree of

undersaturation, as long as mean effective green times

W

re strictly increasing in green times. Note that

continuity of & leads to existence of

(4. 21) and (4. 22) lead to feasibility of G. These

and Conditions

il

facts explain that the rule of thumb mentioned above
is derived from the criterion of maximizing the degree
of undersaturation or, equally, that of minimizing the

degree of saturation.

Corollary L.

For a fixed cycle time, the criterion of minimizing the
degree of csoiuration leads to the rule that the mean

effective /reen times should be in proporticn to the
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corresponding ratios of flow to saturction flow.

]

Let us assume that Conditions (4. 21) and (4. 22)
are satiscied at T=T. This means that there exists a
set of T ineluding T, say, Sp on which (4. 3); (4. 21)

and (4. 22) are satisfied. Suppose that for all Te S

(4. 24) I >é§iwn/un.

Since for all n, 7n(G T) is. continuous in both G and

n?
T and for TeS;, %*(T) is determined by (4. 1) and (4. 17),

?*(T) is continuous in Te S Moreover, (4. 23) and

e
(4. 24) imply %*(T) is strictly increasing in T € Snpe

It is clear that for T¢ 3ps %*(T) is less than the right
nember of (4. 23). Consequently from (4. 9) and Theorem
2 it follows that Problem (4. 8) has the unigue optimal
solution Tﬁzﬁ and g*:g*(%), which is given by (4. 20)

with T replaced by T. Clearly, by (4. 23),

N

N o I
(4. 25) 7*={i—é§ivn/un—(I—éé&wn/un)/T}/ﬁgiyn/un.

e e o o e o e

Suppose that Conditions (4. 21) and (4. 22) are satisfied
at T:%. Under Condition (4. 24), Problem (4. &) attains
the maximum value given by (4. 25) at T=T* and G =G¥ (n=1,

2,...,N}, where

1)
(=]

(4. 26) T
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and
i |

N
(4. 27) GE={(l—r§In/un+(v /v )%y /u ’J.‘ (I-lélwn/qn
N N
+( wn/yn)glyn/un)}/{(un/yn)l_;z—:_’iyn/un}-
It follows from (4. 25) that
N N
4 70 S/ )/ s

Since'. (4. 24) implics n* is strictly increasing in

T and 7% is not larger than the right hand side of (4. 25)

with u v and w_ repla a W I any
Loug, v, d w, rep ced by Wonr Vom nd am OF eny

stream belonzing to the nth phase, Theorem 3 leads to:

Corollary 2.

Suppose that (4. 24) is satisfied for all T»I. If

I
nz__l(vn+yn)/un*z_l for sufficiently large T,

then the intersection is oversaturated with any possible
signael setting.
Let us assume that the total intergreen time I> 0 is

nredztermninzd in such a way that for all Té S

(4. 28) I sz /o +lmgx(v /vy, ) (2 Z Wy, ) /) 17

fi=ill

h

where [-]+=max{0,-}. Clearly, (4. 28) implies (4. 24).
Thus, Corollary 2 suggests the following condition should

o e

be made: for gll Te ST’
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N <
(4. 29) I‘12:'_1(V,L_l+,3rn)/ul,l«: 1.
By (4. 4), this condition is much stronger than (4. 21).

Therefore From (4. 22) and Theorem 3 it Tollows that if

(4. 30) a1, x{[I—Zw Ju iy >§y Y/
i
[J-Zv fo v, /¥, )Z Jn/u 1,
s

then (G*%, T%) gziven by (4. 26) and (4. 27) is the unigue

~
-~

solution of Problem (4. 8). Put for T=7,

1‘4

(4. 31) T, =(I- an/u )/(l—Z(v AT /e
Then (4. 4), (4, 16) a2nd (4. 28) imply T;=T,- Thus, by
(4. 23), if T>T,, then %*>1; criterion (2. 8) shows

that the intersection is undersaturated with the optimal
signal setting (Q*,T*}. lioreover, if TO$§ST1, then J%=<l

and the interscection 1is saturated with respect to at least
one stream belonging to each phase: that is, the intersection

is uncontrollable under constraint (4. 3), as long as no

streams are a2llowed +to queue up indefinitely. 2Put for
T=T,
N N
\
(4. 32) T2=(I—égawn/un;/(l—ggﬁvn/un}.

Then, by (4. 25), T»amax (TO’TE) implies %* » 0. As noted
in the remark following (4. 8), if %* >0, then P*=1/%%

and (G*,T*) is the unigue optimal solution of Problem (4. 6).
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Therefore, if T'>max(TO,T2),'then

~ N I ~ I
(4. 33) $¥= 32 (/0 )/ { (1= Sy /2= I-n{ig{n/un)} .

Note that T1>T2 and that TO' Tl and T2 may be smaller
than I,

Lheorem 4.

Suppose that Conditions (4. 28) and (4. 29) are satisfied.
Lt 5>T1, then Problem (4. 6) attains the minimum value
P¥<1l at the unique optimal solution (G*,T*) and the
intersection is undersaturated with the optimal signal

setting (G*,T*); If max(TO,T2)<T5T then Problem (4. 6)

1’
attains the minimum value f¥2zl at the unique optimal
solution (G*,T*) and the intersection is oversaturated
with the optimal signal setting (G*,T%); If %smaX(TO,Tz),
then the intersection is extremely oversaturated with all
admissible signal settings; where f* is given by (4. 33),
(G¥,T*) is given by (4. 26) and (4. 27), Ty, T, and T,
are defined by (4. 30) through (4. 32).

Let predominant strezms of all phases be of the first
pricrity. This case is fundamental and 2lmost all authors

have restricted their discussion within this case. BBy

(3. 10), for stream (n,m) of the first priority,

(4. 34) (GmTﬁﬁgJ%mwmﬂwmﬁ/m

o

Since the differences of W, are negligible for a2ll streams
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of the first priority which belong to the nth phase, put
Wom=%,, for all (n,m) of the first priority.

Then since ?hm( =¥, ,T)=0, the predominant stream of the nth

phase is determined as:

for an[-wn] and all T>1I,

(4. 35) yo=mex{y, -}
and for 02¢ <[-w, 1" and all T >I,
(4. 36) yn=min{yn:n} ’

where max or nin is taken over all streams of the Lfirst

priority which belong to the nth phase. Suprzose thet

™

(4. 37) T2L=1 Ez\m.
Ti=d
Note that L=T,, because of (3. 10) and (4. 32). Therefore
o
20 and gn(ﬁi,T*)zG implies Qﬁz-w%f Thus, the predominant

stream [n] ot T=T#%, which is used in (4. 21) through (4. 33),
is given by (4. 35) under (4. 37). Then Conditions (4. 28)

and (4. 29) reduce to:
i

(4. 38) Y=37 v <1
n=1 "
and
(4. 39) IZ'zthﬁﬂmx (wn/yn)(l—Y).
n=1 "

Yoreover, by (4. 30) and (4. 31),

(4. 40) To= L +Y mgx(w,/y,)
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and p

(4. 41) TlaL/(l-—Y).

'

Hence it follows from Theorem 4 that under Conditions (4. 23

)

(&%)

and (4. 39), if T:>Tl, then the unigue optimal solution of

Problem (4. 6) is (G*,T%) and
(4. 42) P*=YT/(T-L)<1,

where Tl is given by (4. 40), and T*=T and for n=1,2,--+,N,

~

(4. 43) ngyn(T—L)/Y-wn.

It is to be noted that P*>Y for all T%. Hence if T is not
predetermined and for given value fO such that l>fb>Y, it
is required to set f*:f%, then by (4. 42), T* should be

determined as
(4. 44) T*=L 5/ (Fo-Y) .

Consider the case in which streams of the second
priority or higher priorities are included in the
predominant stream [n] which varies with Gn and T.
Although it is possible to deal with this general case
in a similar manner to the case discussed above, it seems
10 be rather complicated, because which stream to adopt
as [n] at T=T*% and G=G* must be determined. Thus, let

us discuss directly Problem (4. 8) in what follows, because

this provlem is more efficient than Problem (4. 6). To

e
&
(=

besin with, (4. 7) and (4. 8) imply. that Problem (4. 8)

[0
eiges

is equivalent to:
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(4. 45) 113%%}‘:?{*(}

subject to (4. 1) through (4. 3) and for all

n=l1,2,...,8 and all m:l,i,...,Mn,

yann. = *-r‘:nm( Gn ' T).
Consequently it followg from (3. 8) that Problem (4. 8) is

equivalent to the following nonlinear programuing problem:

4. 46 A0
(4., 46) {l‘i-?{}(}

subject to

T g T = 7 = P
P ARV DB <an(n L2 s ws gy Bl 2y

nm 1=

and G, 20 Cri=l s By wwn 5 )
Put ¥ =1/T and 8n=Gn/T (n=1,2,...,N). Then this nonlinear
programming problem can be rewritten as:
(4. 47) e A%

suoject to

=Yo7 P8 P m T 2 Vi (mely2iesm By BRLeByes

1§
> 611+It=l.
n=1l °
1/T< T<1/I

end 6 _20 (n=1,2,...,N).

Clearly, this problem can be solved by linear programming

(see, for example, Dantzig (1963) or Orchard-Hays (1968)).
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Suppose that Conditions (4. 21), (4. 24) and (4. 30) are
satisfied for all predominant streams which vary with G

at T=%. Then from Theorem 3 it follows that Problem

(4. 47) reduces to the following simple linear programming

problem:

4. ox
(4. 48) s {73
subject to

ynmﬁ-unmenswnm;-vnm(n=l,2,...,N, m=1,2,...,1),
N

57 6 =1-I%
n=1 1

and 6 20 (n=1,2,...,N),

where E:l/%. Theorem 3 shows that this problem has the
unique optimal solution. Let My end M (ti=E, By wee gl
m:l,2,...,ln) be the dual variables correspcnding to the
eguality constraint and the inequality constraints of

(4. 43). The dual problem of (4. 48) (see, for example,

Dentzig (1963), page 126) is:

= N &
(2. 49) sl {m,(1-I7) +r§l.‘f£ﬂ(?;n:n-zn)}
subject to

™

éga Enxnzl’

L= 2 .o i
T ou STy (n=1,2,...,00)

and ]}nZO (n=1,2,...,N),

241



=

- " ~ v ol = P - 3 3 +Aare
where row vectors En"<“h1'“h2’ '“nMn) end column vectors
Xi‘_’1=(yﬂl’yﬁ2’ :ynmn)r En=(unl’ur12’ €2 .’unmn), Xl‘l:(vnl’

Vooree Vi

—— v - = @ (= 1+
o ) and ﬂn_(wnl’wn2’ Wy ). BSince Conditions

(4 21), (4? 24) and (4. 30) appear tg be satisfied for
practical cases, it suffices to solve Linear Programming
Problem (4. 48) or (4. 49) in order to solve Problenm

(4. 6) or (4. 8). Pinally it should be noted that all
results in this section are valid with little modification
for Problem (4. 6) with constraint T:E instead of (4. 3).
In particuler,Theorems 3 and 4, Corollarigs 1 end 2
Equations (4. 33), (4. 42) and (4. 43) and Problems (4. 48)

and (4. 4S) are valid without modification.
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T- 5. Jebster’s gptinal sicuel sekiias.

In the precedin< section, the optimal signal setting
based upon the criterion of minimiging the degree of
saturation has been discussed on the probable assumption
that each stream belongs to a fixed phase and all phases
are nonoverlapping. On the same assuaption, the optimal
signal setting based upon the criterion of minimum
overall éelay is dealt with in this section. Vebster
(1953) discussed this type of optimal signal settings,
althouch hec dealt with only the predominant streams of
the first priority, and developed the method of cptimal
signal setting, which is used popularly due to 1its
simplicity and compatibility. The derivation of his
method, however, seems to be slightly rough. The
purpose of this secetion is to analyze his method in
some detzil. Throughout this section, the szme notations
as in the preceding section are used.

In order to proceed with the optinal signal setting
zentioned above, it is essential to obtain the mean
delay to all vehicles arriving at the intersectilon i
unit time. Several theoretical results on the mean
delay per vehicle at intersections controlled by fixed-
cyele trefic lights have been obtained by Tewell (1960,
5), Miller (1963), Suckley and Whecler (1964), Darroch

64) and lcNeil (1968). Their expressions for the mean
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delay per vehicle, however, appear too complicated to
deduce the optimal signal setting, except Miller's:

his expression requlires measurement of the variance

of arrivals. On the other hand, Webster (1958)Iderived a
simple empirical formula from computer simulation and
tested his formula by comparison with observed data.

Thus, in what follows, VWebster's delay formula is used:

/T)

(5. 1) dnm 10 {T(l /T)2/2(l_gnmfmn

* frzlm/z e } ’

wnere dnm is the mean delay per (n,m) vehicle. This

formula can be rewritten in terms of fnm as follows:

5. 8) L L )/ (1=y_)

A nm 20

« £2 /a(1-f Y

Note that this formula is valid only if 0<f _< 1; this
condition implies ¥t <1l. Denote vy D(Q,T) the overall
mesn delay of vehicles arriving in unit time when the
sicnal setting is (G,T). Since A is the total

= = ~ HL nm
mean delay of (n,m) vehicles arriving in unit time,

N

(5. 3) D(G,T) ZD (G ,2),
=l

where for n=1,2,+**,N,

244



M,

(5.7 4) D_(¢ Z{ D1y /

m=1

7))%/(1-y, )

1m n’ mn

+Poe, 1/ (-p (e, )}
and for all m, fhm<Gn’T) is defined by (4. 5) and satisfies
(5e S) o<f (G ,T)< 1.

uppose that constraint (4. 3) on T is imposed. Since
(4. 1) and (4. 2) must be satisfied, the problem to be
solved is:

(5. 6) min { D(G,T)}
T,G

12

subject to (4. 1), (4. 2), (4. 3) a2nd (5. 5).

T0 begin with, it must be decided whether this problem has

feasible solutions or not, thet iz, ifts consistency rust be

(9]
=
[)

o

decided. This guestion can be definitely ansviered by solving
Problem (4. 6) or (4. 8) or (4. 47). That is,if O<px<l,
then Problem (5. 6) has feasible solutions, otherwise it

has no feasible solutions. The more precise result

)]
m

Tollows from Theorem 4.

'—‘ 11@)@ 'AthumNH’.-

suppose that Conditions (4. 28) and (4. 29) are satisfied.
Then Problem (5. 6) has feasible solutions, if and only

™~
if for predominant streams at T=T,

;;v%faﬁg/wl ;Z(v 7, /0,).

.u.-- Bl

(5. 7) -f:-
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In the sequel of this section, suppose that Conditions
(4. 28), (4. 29) and (5. 7) are satisfied. Clearly,
(4. 28) and (4. 29) imply that for all n and m,

(5. 8) fm(Gn,T)zymn.

lioreover, P*¥(<1l) can be obtained by solving Linear Pro-—
gramming Problem (4. 48) or (4, 49) which is considerably
simpler than (4. 47). Since D(G,T) is continuous in

both

H{en!

and T and strietly increasing with respect to ﬁm

FYy

or fixed T, Problem (5. 6) has a minimum value. Denote
by D and (G,T) the minimum valus and the optimal solutions
of Problem ( 6).

5.
It is clear that Problem (5. 6) is eguivalent to:
(5. 9) min{'ﬁ(T)}
T
subject to (4. 3),
where
A }
(5. 10) B(T):mln{ = :E;Dn(Gn,T)
g =]
subject to (4. 1), (4. 2) zud (5. 5).
In order to decide whether Inner MNinimigation Problem
(5. 10) for fixed T has feasible solutions or not,
similarly %o Problem (5. 6), it sufficies to solve:

(5. 11) fe('T)=mén m%x{fn(cn,tr)}

~

subject'to (4. 1) and (4. 2),

where PG ,T) is cefined by (2. &).
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Note that this problem reduces to Linear Prosramming
Problem (4. 48) or (4. 49) with x replaced by 1/T.

Define Tl a8
(5. 12) T =iaf{D; P*(T)<1, IsTeT].

Since P*¥(T)=1/%*(T) is continuous and stirictly decreasing
in T due to (4. 28), (5. 7) implies that %1 exists
certainly. Note that %l is not smaller than Tl given

by (5. 7), because §l is the meximum of I and the last
member of (5. 7) defined for predominant streams at T:El.
For T such that %1<TS%, define X(T) as the set composed
of points G such that (4. 1), (4. 2) and (5. 5) are
satisfied. Since (4. 28) and (4. 23) imply that (4. 2)
is a non-binding constraint, the set X(T) is open and

coavex. It follows from (5. 4) that
(5. 13) aDH(Gn,T)/aGf—%{ 2p u (£ (G ,T)=y )/

))/

=)

(l_ynm)ﬁam(Gn’T)+unm fim(Gn’T)(Z_ﬁgn(Gn’
yan(l_-gm(Gn’T))2}
and
(5. 14) &D_(6_,1)/362= %{2,\mu§m/(l-ymm
+2uimfﬁm(Gn'T)(fﬁkcn’T)—Bf;m(Gn’T +3)/
y2 22(1- £ (e, 1))}
Since by (5. 14), D(G,T) is strictly coavex in GeX(T) =and
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for G on the boundary set of X(T), D(G,T)=w, Inner

Minimization Problem (5. 10) for T such that pl<T£T has a
unique optimal solution, which is dencted by G(T).

Althoush Inner Minimization Problem (5. l0) can be solved by
dynanie programuning (see, for example, Dellmen znd Dreyfus
(1962), finc and Ohno(l970 a,b) or separable nroiramiing (see,
for exmmple, Dantzieq (1963), pp. 482-490), these methods
consums wneh time., Thus it mey be practically important

to develop a method which supplies a good approximate
solution of Problem (5. 6), i.e. (5. 9) and (5. 10),

Webober (1958) considered a four-armed intersection
with two-phases and calculated D(Q,T) with only two
perdominant streams for various values of cycle times
and ratios of effective green times in order to find
the properties of G(T). Ilis coneclusion is that optimal
solutions of Inner Minimigzation Problem (5. 10) are
rather clcse to approximate solutions obtained by the
rule of thuwab that the mean effective green timses should
be in proportion to the corresponding ratiocs of flow to

saturation flow. He derived the approximate equation of

T) from substitutin~ those approximate solutions for

4

T
;(T) and, by differentiating the equation with respect

blew:]

to T, obtained the approximate solution of (G,T). Thus,
Corollary 1 implies that Webster's method may be regarded

e

e

=

J

i

as the approximate method of the following stra
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For T such that %1<T£%, solve Probl;m (5. 11), that is,
Linear Prosramming Problem (4. 48) or (4. 49) with ;
replaced by 1/T, instead of Inner Minimization Problem

(5. 10), to obtain the approximate solution G*(T) for
G(T). Then solve One-dimensional Minimization Problem

(5. 9) with D(T) estimated by D(G*(T),T). This approxima-
tioa stratery is morz accurate and more useful than
Hebster's method particularly in case several streams
including ones of the second priority belon~ to each
phoce. It has not been shown, however, under what
conditions this stratesy or Webster's method supplies a
good approximation to the optimal golution cof Problem

(5. 6). That is, it is open to guestion under what
conditions G*(T) becomes a good approximate value of

the optimal solution G(T). In order to discuss this

problem, put

(5. 15) AG(T)=G(T)-G*(T).
Clearly,
'n\]
(5. 16) :ZaAGn(T)so
Flis=

end by the classical Lagrange multiplier method (see,
for example, Hadley (1964), pp. 60Z.), AG(T) satisfies

Tor all nsd

(5. 17) 2D (GX(T)+AG, (T),T)/3% =31, (GF(2)+AG,(T),1)/3G,
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Define EH(T)(ml,z,---,N) by fn(’c‘in(fj,fn):l for the nth
predominant stream at (Gﬁ(T),T). Since Gg(T) and
f*(T)=f;(G§(T),T) (n=1,2,°°*,N) are given by (4. 27)
and (4. 33), respectively, with T replaced by T L 5
yields

GE(T)~G (T)=y, T(1=~$*(T))/u_P*(T).
Thus
(5. 13) AC_(T)> -y, D(1-P*(T)/u, p*(T),
since ﬁﬂ(T) must satisfy f;(ﬁn(T),T)<;l and fh(Gn,T)
is strictly deereasing in G . Therefore, (5. 16) and

(5. 18) imply

(5. 19) mg:{{l&%(fﬂ)l}( (élyn/un)T(l—y*(T))/f*(T)-
Supvose that for an appropriately small positive mumber
5,
(5. 20) 1-£%(1)< 67 -
Then from (4. 16}, (4. 33) and (5. 19),

T
(5. 21} m%x{L&Gn(TH} < (l—é%&vn/un)T§i.

Hence, under Condition (5. 20), (5. 17) can be approximated

os follows : for all nzd ,
_. 2 2
(5. 22) 3Di/3G +( 3" DE/2C)AG, (T)
s /o0 |
3D} /3Gy +( °Dy/203)AG, (1),
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¥ 2 v 2 m i 3

where BD;/BGH and alﬁy%Gh denote aDn(Gg(L),L)/aGn and
2 ¢ (MY ? : - ;

Eﬂn(G*n(L),f)/aGn. Solving (5. 16) and (5. 22) yields

for n=1,2,...,N,
.
(5. 23) AGn(T)={é’_£aD;/aG4-aD;;/aG )/ 3°D3/3G5}/

(202/aG2 { Zl/( #05/263)Y .
. 2 2
Since aD;’;/aGn‘;O for all n, (5. 23) leads %o

N N X
(5. 24) nzz_'i]AGn(T)\ ={§1|% (3D} /aGy -aD%/3G, )/

$05/067|/( #D2/262) }/{Z 1/

(Dx/262)% .

A feasible solution G is said to be an f-near-optimal

solution of Inner Ninimization Problem (5. 10), if for

positive number &,
(5. 25) H%IGH(TJ-GnISE’

—

Therefore, since from (5. 24),

i : ) = = . -"‘T 2 . 2
(5. 26) Z_:_LIAGH(T)IS mey | 3D/ 3G, ~ 3D /3G,| gll/(aﬁﬁ/acn)

and by (5. 14),
(5. 27) l/(aQDjj;/aGi)-d(yrleg/Zui)(l-P""‘(T))3/(9*(1‘))4,
Condition (5. 20) implies that G*(T) is an ¢-near-optimal

solution, if

251



. N By P B3 4
(5. 28) ey ]am/ae -aDg/aGd (Zlyr,/zun)m gi’sa(l-sl) 1
n= -

Since from (5. 13) and (5. 20),

(5. 29) ey [aD;;/aGn- 3D} /3Gy |

‘1%?E!“n/yn"uz/ie+lzi Jan % )3(2=fx ) (1-Px)%/

V(L% )2 p%) 3 (2= p)

jEl (P )3 (2= piay, ) (1=p) %/
STe e B )7 (2 P

Y g (1=FP530) S (p¥) 3(2=p¥)| /282,

where f* and p¥ denote P*(T) and jjm(c;;l(m),f), it follows

from (5. 28) that G*¥(T) is an g -near—

optimal solution of

Inner Linimisation Problem (5. 10),

if §, is sufficiently

small, that is, the intersection is nearly oversaturated.

low a2 feasible solution g is said to

be an ¢-ontimal

solution of Inner Minimization Problem (5. 10), if for &»0,

(5. 30) | B(T)-D(

g, T st

Since D(G,T) is strictly convex in GeX(T),

|5(T)

-p(gr(m), 1] <| 2 ¢
1=

It follows from (5. 23) that

(5. 31) [D(T)=-D(g*(

r),1l<35 pag

an¥/aG_)AG (T)] »

| D%/ 3G, - 30§ /3 Gy |-

Z |aDx/ac | /(3 “/aG .

Thus, G*(T) is an g€-optimal solution

if

252
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N . ﬂﬁ
o q 2 4 m
(5. 32) %L?L l aD?l/ aGn" aDF / anl n;q{(yll/ un) I‘glunm/ ymﬂ\k - 81
< 48(1-5))%,
vecause due to (5. 13) and (5. 14),
I
n
(5. 33) \anx/ac | /( §ﬁ§/éaﬁ)s(yn/un)2(é£a w /vy, )T

(1-px(T))/2.

In the above, Condition (5. 20) has been assumed. However,
even if (5. 20) is not satisfied, AG(T) given by (5. 23)
will remain velid, because, in fact, mﬁ;{agh(T)} is
expected to be not so large, as shown 2lso by examples of
Webster (1958) and Allsop (1971a). Thus, (5. 24), (5. 26)
and (5. 31) will remain valid without Condition (5. 20).
How consider the practical case that all streams (n,m)
satisfy -

(5. 34) Y005 p* <0.7.

For this case, the direct calculation of (5. 13) and (5. 14)

yields
-
i
(5. 35) aDg/aGn=—ﬁ§§ 2a u (1-y /p¥ )/ (1-y, )+ 0(L/T)
and
15
(5.-36) SD%/aG = ;E? oA w2 /(l-y. )T+ 0(1/T?
\5.-3 S Vo= =5 A mPnm nm )

since T is considerably larger than the other parameters.

Thersfore, from (5. 26), (5. 31), (5. 35) and (5. 36) it
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follows that in case of (5. 34),
N
(5. 37) éllacn(m\sg%c] 2 Mgy 1T/ P )/ (1Y)

-2 A Nk -Elc(1_ya€1-:/fi€1{)/(l—y£k)\'

k
]

Z[l/{Z\%mu /(1-y,.)} ]
and
(5. 38) | B(T)-D(g*(T), ™|
<T g 1WE]E AP (19 /PR )/ (17,
- M B (=¥ g/ P/ (L=v )

=1 r{z }\'lmulflﬂ] 1= Jl’lﬁl/f l’lﬂl )}/{-Z

Anmuhm/(l-ynm)}]-

Suppose that for all streams (n,m) and 82 such that

06350, 65-nax

(5. 39) 0.05&f% =y _£0.05+§,.

Combination of (5. 38) and (5. 39) leads to

(5. 40) [ﬁ(T)—D(ﬁ*(T)rT)I<T(O-O5+52)2m§;~3‘f{%)anumﬂ/
(1-y, ) (ym+0.05)} él[ {% A/ (1=¥ ) (7 #0.05)}/
{{E '%muim/(l_ynm)}]'
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This means ﬁ*(T) is an & —optimal solution of Inner

Minimigation Problem. (5.10), if 82 ls appropriately small, that

is, the int~rsection is moderately undersaturated. In

particular, if the number of streams belonging to each

phase is equal and if any stream belonging to each phase

(5. 17), this implies that G*¥(T) is the optimal solution

of Inner llinimigation Problem (5. 10).

The above discussion has justified the approximation
strategy or VWebster's nethod to some extent. Thus, let
us deal with this strategy in more detail. Since
Problem (5. 11) reduces to Linear Programming Problem
(4. 48) or (4. 49) with ; replaced by 1/T, p*(T) and
G*(T) for all T such that 51<T$5 can be obtained by
parametric linear programming. DMNoreover, the interval
of cycle time during which the predominant streams at
G*(T) do not change can be easily determined by parametric
linear prozsramming, because the predominant streams at
G*(T) correspond to the basic variables of Duzl Problem

9) with < replaced by 1/T. Denote by M(T) the

A

G

o

minimum value of cycle times at which the predominant
streams at G¥(T) are preserved. It 1s clear that for some
-~

T' such that D<1'<T, G*(T) is twice continuously
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differentiable at T e (M(T'),T'). Consequently, D(G*(T),T)

is also twice continuously differentiable at Te(M(T'),T')

and
N Mn
(5. 410 ap(gr(m),m)/am= 30 ST {1y, /Pty (1Y
n= m=
Pl b /T (Lmy, )=A (p2 )3 (2=px )/
ymnTz(l—f;;m)Q},
N
where Aﬂfﬁ— rm (I Z W /U. Z . /U. )+ vl{'ﬂV n u’nwrljl /U.n-

Moreover, the direct calculation of 4 D(Qﬁ I),f)/dT shows

that D(G*(T7),T) is strictly convex in Te¢(¥(T'),T'). Thus,

the aporoximation strategy leads to the following

algorithm:

Step 1. Set k=1 and Tl=T=§.

Step 2. Solve Problea (5. 1ll), i.e. Linear Probramming
Problem (4. 48) or (4. 49) with z replaced by
l/T and obtain M(T *) and For Te[N( l{),Tk],
P*(T) and G*(T).

Step 3. Set Tk+l=max{5l,M(Tk)}, where %l is defined by

Step 4. Set T' as what is indicated in the rollowing,

accordinz as three exclusive casés: IFf aD(G#(T),T)/

"- P
dT]Tsz_OsO, then T'=T"; If aD(G*(2),T)/dT Iﬁ il g



-

ar=0, "% 1<1®}, where an(g*(T),7)/dr is given

Step 5. Reset T as what attains min{D(G*(T),T),D(g*(1'),T")}.
Step 6. If Tk+l=% then (G*(T),T) is an approximete
solution of (5. 6). Otherwise, set k as k+l and
return to Step 2.
It is to be noted tiat if the right-hand term in (5. 26)
for (5. 31)) for (u*(T'),T') in Step 4 is less than & in
all iterations, then (G*(T),T) is an £ —near-optimal (or
t-optimal) solution of Problem (5. 6). loreover, if these
right-hand terms are not small, then (G*(T)+AG(T),T) will
give a more accurate value to the solution of Problen (5. 6)
then (g*(T),T), where AG(T) is given by (5. 23).
Let us take only those predominant streams of all

phases infto account that are of the first priority. This

is the case discussed by Webster (1958). In this case,

Dn(Gn,T} defined by (5. 4) reduces 1o
. m myy2
(5. 42) D, (G ,1)=AT(1-y,/ £, (G, 1))/ (1-7,)

+ P26, 1)/ (=R (6,,T)),

where predominant stream [n] is invariant with (Gn,T) such
that an[~wn]+ and T2I, and is given by (4. 35). Iloreover,
under Conditions (4. 38) and (4. 39), p*(T) and G*(T) are
given by (4..42) and (4. 43), respectively, with T replaced

vy T, for T>Ty, where T, is zivea by (4. 41). Since
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1 Tl defined by (5. 12) is

identical with Tl. Consequently, it follows from (4. 42),

F%T)zl for T such that ISTsT

(5. 3) and (5. 42) that D(G*(T),T) is twice continuously

S

differentiable in T such that T1=TI<T5T and
™
(5. 43) dD(G*(T),T)/dT=2—%EZl{:\nm—:rnfr-:-ynm(YT—ynT—ynL)/
Ti=
(1-y, ) ¥?r?}-ny2Lo(20-Ye-2L)/(0-5) 2(1-¥r-1)2].

Since as noted in the above, D(G*(T),T) is strictly convex
in T such that §I<Ts%, if a root of dAD(G*(T),T)/dT=0 exists
between %1 and %, then the root 1s Jjust the solution of

the approximation algorithm mentioned above. Since
it is difficult to solve (5. 43), Webster (1950) adopted an
approximate solution of {5. 43) as his optimal setting

of cycle time. His optimal cycle time, however, seems to
be shorter for light traffic and considerably longer for
heavy traffic than the optimal cycle ftime given by the
approximation algorithm,which is the exact solution

preseént

ap
. 43).

Fh
—
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7. 6. Optimol signal setbtings: Overlanpineg

LAESCS
o s vt s P Pt o Pt P s -f"~~~~~~ ~~~~~f\-~

In this section, optimal signal settings are discussed

in which each phase is permitted to be overlapping. T

o

begin with, it is assumed that each phase is composed of

one or more specified stages and each stream, which belongs

ified phase, has a given priority in each stage of

"O"‘

Lan |
o
©
©
w3
[&]
(@]

thz pvhase. Let one cycle of the trafiic light be composed
of I stagog. Denote by 8, (k=1,2,¢++,K) the grecn time of

the ¥l ste~e 2nd by I,. the intergreen pericd between the
a%

't znd the (2(aed.l)+1l)st stages, as menticned in Section 7.3.

Therefor~, Jor X dimensional colwm vector E:(Jl,sz,---,SK),
the signal setiting to de determined is complutel;

represented by (S,T) (see,‘Fig. 1l). Clearly,

I

(6. 1) > 5, =7-I, ;
l‘-=l .ﬂ{

where I-zz I_. ané for all k,

(6. '2) S. z0.

In order to simplify the suffixes used in thiz section, let

W

us number the (n,m') stream as m=‘:E:1i.+m' ané call it the

3=l
mth st-¢-=. Thus the suffix nm used in the precsding
)
seetions reduces to m. Put il= E:ﬁq and delfine p... (m=l,
i ke
=

2yeeuyi, ¥=1,2,...,1L) as one if the mth stream has riznt-

of-way in the kth stape and as zero, otherwise.
n=1 n

for all n and m such that 2> Icli-:ms_z sy
=18 =
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where the last sum is over k such that pmk=1 and P, Ao

nlc4+1~
From (3. 7) it follows that the effective green time of

the mth stream at (3,T), 6,(5,T) can be written as
K
(6. 3) gm(i’T)zééaumkpmksk_va+wm’

where u_,.»0 and v_2z0,.
I Jiak
Consequently, by (2. 5),
K

6. ; J=y T, C 1 .

( 4) IE(E'T’ ym¢’(é§aumkpmksk va Jm)

It can be assumed similarly to (4. 4) that for all m,

(6. 5) O<y.<1l.

mn

Suppose that constraint (4. 3) on T is imposed. Then, in
much the same way as in Section 4, the optiral signal
setting vased upon the criterion of minimizing the degree
of saturation can be obtained by solving the following

problem:

I
(6. 6) may{m&n(égaumkpmksk—vaLWm}/YmT}

T,5
subject to (4. 3), (6. 1) =nd (6. 2).
Denote by %* and (5%,T*) the maximum value and the optimal
solutions of this problem. The minimum value of the
degree of saturation, P¥* is given by’ﬁ*:l/?* except for

abnormal cases that 2*¥< 0. Put X=1/T and §.=85,/T (1=1,2,
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...sK). Then, (6. 6) reduces to the following linear
programming problem:
(6. 7) %?%?% { %}

subject to

i
Wm-c "ym}t * % umkpmkek va (Hl'—‘l, LR ,E‘l) ?

Itvﬁz: 9,=1
=1
l/T:i'Csl/ I

and 0, 20 (k:l,?,"',K).

Since this problem has feasible solutions, (35%,T) and P*

can be obtained by linear programming. Now suppose that

(6. 8) I>K m%x[w /m]}ln{z_. u %

mlf

Denote by %*(1)=1/p*(T) and §%(T) the maximun value and
the optimal solution of the inner maximization problem
defined similarly to (4. 10). That is, for T satisfying
(4. 3),

(6. 9] ngf"r):»-%ip{z WP *‘lk l )/ymTh'me/y;nT_vm/ym} L
vhere S5%(T) satisfies (6. 1) and (6. 2). Since
S&:(T+QI)SﬁCT)/T+6TI/KT (k=1,2,+++,K) satisfy (6. 1) with
T replaced by (T+AT) and (6. 2), from (6. 3) and (4. 9)

it follows that for AT>0,

»* (f+AL,zr1n{2:1Lﬂ'qp”'/Y (T+AT)*W /y (T+4aT)-v /y }
k=1 =
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Thus, under (6. 8), R%(T) is strictly increasing in 7.

Hence, under (6. 8),Problem (6. 7) reduces to:

(6. 10) max-{? }
2%
subject to

™

= 2 '

Yol - ;gi 1Py 8 S W t—Vﬁ (m=1,2,+*+,¥)

W=

Z 6{..1 "

k=1
and 8,20 (k=1,2,--,k),

where ¥T=1/T. In a similar way to (4. 49), the dual

problem of (6. 10) is:

M

6. 11 = ~TT -
( ) 1-[:;%_{“0(1 IT)=+ (w. ‘t v, j}

=

subject to

2:1 T(m'ym=l ’
=
L Mo & T (5=L,2, -~ )

and Tfl_hZO (11‘1=l,2,"',:‘.".),

where‘nO is the dual variable corresponding to the equality
constraint and 7, (m=l,2,--*;M} is the dusl wveriable

L
corresponding to the mth inequality constraint. Theresfore,

if (6. 8) is gsatisfied, then it suffices to solve Linear
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Programming Problem (6. 10) or (6. 11l) in order to solve
Problem (6. 6) or (6. 7).

Let us deal with the optimal signal setting based
on the criterion of minimal overall delay. Put for

Eﬁ§,T) civen by (6. 4),

(6. 12) D (5,T)=A 11~y /P (5,7))°/(1-y ) +p2(5,1)/
(l-fm(ErT))
and
Ul
o my_.9
(6. 13) D(3,T)=x5 ézanm(§,m).

Similarly to (5. 5), j%(g,T) must satisfy
(6. 14) 0<p(s,T)<1.

Assuming constraint (4. 3) on T, the problem to be solved

13

(6. 15) min {D(g,T) }

T,
~

subject to (4. 3), (6. 1), (6. 2) and (6. 14).

This problem can be solved by the method of feagible direciions
(Zoutendijk (1960)) or the gradient projection method (Rosen
(1960)) or seguential unconstrained minimization

technicues (Fiacco and HeCormiek (1968)). 4llsop (1971a)

discussed this problem and developed a method for
solving i5. TIig method is very close to {ths method of

feasivle directions. All of the above methods may talze much
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time to solve Problem (6. 15). Thus it may be worth
developirns o mnethod which supplies a good approximation
of the optimal solutions of Problem (6. 15). The results
in Section 5 suggest that the approximation sthrategy in
the section will supply a good approximation of Problem
(6. 15). Suppose that Condition (6. 8) is satisfied.
The approxination strategy leads to the following

loorithm:

4y}
(i]=]

tep 1. Solve Linear Programming Problem (6. 10) or(6. 11).

[ €8]
L]

If P*21 or <0, then Problem (6. 15) has no feasible

~

B K l =
solutiong. Otherwise, set k=1 and T7=T=T and go

to Step 2.

o

Step 2. Solve (6. 10) or (6. 11) with T replaced by l/Tk
by parametric linear programming and obtain h(Tk)

I 2
defined in Section 5 and for Te[m(T“),TL], £x(T)

and S%(T).

i 1
Step 3. If O<f*(M(Tk))<l and L(Tk)zl, then set Tk+l=H(T£J.

1=T

5
Otherwise, sect pF where Tl is defined by

1?
(5. 12).
3tep 4. Solve

min {D(ﬁ*(T):T)}
T
Subject to THl a7k
and se+ T' as its optimal solution.

Step 5. Reset T as what attains min {D(S*(T),T),D(S*(T‘),T')}

Step 6. If Tk+1=Tl, then (S*¥(T),T) is an approximate
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solution of (6. 15). Otherwise, set k as k+l
and return to Step 2.

Note that the oae dimensional minimization problem in
tep 4 can be solved by direct search or Rosenbrock's
methed (1960) or Powell's method (1964). Although
Condition (6. 8) is assumed in the above algorithm, the
approximation algorithm without (6. 8) is very similar
to the above. This approximation algorithm may be useful,
since 1t ig difficult to apply Webster's method to signal
settings with overlapping phases.

In the above optimal signal settingc have been
dealt with in which each stream belongs to a Tixed phase
composed ol one or zore specified stages. Let us briefly
discuss more general optimal signal settiags, in which
only priority is fixcd for each stream. That is, if the
mth streom is predetermined to be of the first priority,
then it is not obstructed by tie other sireams in its
creen period: if the mbth stream is predstermined o be
the ith {(i=2,3,+-+) priority, then it is not obstructed
by another stream except ones of the higher priorities
in its green period. Note that if in & part o the green
neriod o the mth stream of the ith priority, no streams of
the higher priorities have right-of-way, then the mth stream
becomes in effect of the first priority in the part of

its green period. Let one cycle of the traific light
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begin at the beginning of the green period of the first
stream. Denote by G (m=1,2,-++,M) the length of the
green period of the mth stream and by X (m=1,2,"+,5)
the time from the beginning of the cyele to the beginaing
of the mth smreen period. Let Al (m=1,2,-+-,M) be the
fixed positive length of the amber period of the mth

stream, which follows its green period. Then the signal

—_

setting is completely represented by (G,x,T) for I
dimensional column vectors G=(G1’G2""’GW) and z=(%Xq,%,, "7
~ eil ~

%, (see, Fig. 3). Clearly, Fig.
(6. 16) x=0 and Osx <T (m=2,3,«--,01).

Lioreover,

(6. 17) 0sG_sT~-A_ (m=1,2,---,1).

It follows from the assumption on priority that if the
trajectories of the mth and the £th streams of the same
oriority intersect, then their green periods must not oe
overlapping. Therefore, for all such m aand £ and

suffieiently large R,

xm-x£+Gm+Am$Rzm£,

x{+G¢+A{-xm—TSRzmz,

(6. 18) Xp=x_+Gy +Ay<R(1-2_,),

- TN _fT'l —
I\m*l-Gm-FAm }x‘a J.S.R(l th,}

and sz = 0 or 1.
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These inhibition constraints may be impoged Tor strcams
of different priorities in view of safety. If the mth
stream is of the first priority, then from (3. 8) and

(3. 10), its mean cilective green time gm(g,g,T) at

signal setting (G,x,T) is given by
(6. 19) &G, X, T)=C_+w_.

For the mth stream of the second priocrity on, gm(g?g,T) is
s combination of the form of (3. 1) and that of (3. 5).
Suppose that for some positive constant I, constraint

(4. 3) on T is imposed. Then the optimal signal settiag
based upon the criterion of minimizing the degree of
soturation can be obtained by solving tne following

problem:

(6. 20) max
G am 171

suwoject to (4. 3), (6. 16) through (6. 18) and

gm(G,}:,T) P ymT’z (m=1,2,°°",k).

Hence, if ouly strecams of the first priority are taken
into eccount, then by (6. 19), Problem (6. 20) reduces to

the following mixed integer prograxzming problem:

(6. 21D éfnei;vth {7t

subject to
1/§stsl/1,

0se_<1-A T (m=1,2,+-,4),
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‘§1=O and 05¥m<l (IB:E, SRR 7M) ’
em'l'wm-c"ym.?z-o (m=l, 21 e 11\-3) ’

Eﬂ—§£+em+Aﬁt£RZmL'

§£+ 6{_+J‘L_L'<—6m-l$Rzm,

§£—§m+ee+ﬁit$R(l—zm£),
fm+em+ﬁm'c—§2—1 < R(l-zme) :

and zm&=0 er Ll

where T=1/T, 9w=Gm/T and §_=X /L.V_Finally, the optimal
signal setting based upon the eritesion of minimum overall

delay can bs obtained by solving the following problem:

(6. 22) min {D(g,%,T)}

subject to (4. 3), (6. 16) threugh (6. 18) and
O<f’ Bz, TIKL  (m=l, 2, s~ ,0),

where fm(g,f,T)zymT/gm(g,g,T) and D(G,x,T) is defined by

(6. 12) anéd (6. 13) with j}#g,T) replaced byQPm(g,g,T).

The approximation strategy mentioned in Secticn 5 will supply
a good approximation of optimal solutions of this problem.

B

In particulsr, when only streams o the first priority are

tolen ianto consideration,tihe approximation stratesy leads to the
method that approximates Mixed Integer Vonlinear FProgramming

Problem (6. 22) by combination of Mixed Integer Programming

Problem (6. 21) with € fixed at 1/T and & one dimensional
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minimization problem similar {to that in 3tep 4 mentioned

above.
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T. 7. Concluding romarkg
Nt Pt Pt P s i s i

B L SHOLVES

In Sections 7. 2 and 7. 3, under rather practical
szgumptions, the oriteria for .undorcaturation ¢f the whole
intersection are derived and mean effcetive gréen timez of
gtreams of low priorities are determined. Note
sufficlency of the criterion remaing velIid in cace of
dependent arrivals, because as shown in Chapter 5, Condi-
tion (2. 2) is sufficient for a fixed-cycle traffic light
queue with dependent arrivals to be undersaturated. The
criterion nmay be important in design of iatersections.

In Sections 7. 4 on, the optimal sisnzl settings based
upon the criterion of minimizing the desree of saturation
and that of minimum overall delay are dealt with by use of
results in vections 7. 2 and 7. 3. Note that theses optimal
signal settincs take streanms both of the first priority
and of lower priorities into account. I+t is shown that
the eriterion of minimizing the degree of saturation
leads to thz well-=ltnown rule of thumb and that this
criterion is closely related to the criterion of overall
minimum delay. The approximation algorithms for the
optimal simaal settinsg based upon the criterion of minimum
overall delay are presented, which are combination of
linear programming or mixed integer programming and one-
dimensional minimizetion technigue and are & refinement of

Webster's (1958) method. Conditions for the approximation
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. .
algorithm to supply a good approximation are obtained in
case of nonoverlappins phases. In case of overlapping .
phases, or intersections with complicated layout, these
approximation algorithms will supply a good approximation
in considerably short computation time. It is hoped to
make practical trials of these approximation algorithms.
dote that cll results in Sections 7. 4 oa remain velid with

simple modivication for optimal signal cettiazs with the

constraint CSsGﬁﬁGi (n=1,2,-++,N) or S%sSMgS& (B=d 2,y E)

il

ingtead of the constraint Gq;o (n=l, 2% ,8) or 5,20 (=1,
. O 1 0 ol ;
2,...,X), where G, and G (Sk and §;.) are the maximum and
i pes

. B A
the minimun green times of the nth phase (the kth stegc).

.
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Chapter 8. {Jonelusion
Pt i o e Pt o o ot P

In the past deeade, trufric problems such as air
pollution, traffic congestion, traffic noisc aad traffic
accideuts have begun to #ive not only a tachnological but
slso socioloziesl challense in various couatriss in the
world. The theory of traffiec flow is onc of the main
approcches to the truffic problems. This thesis has been
devoted fo showing many fundamental results for several
basic problems in the theory of traffic flow. 4s stated
in Chapter 1, these problems are classified into the
following main subjects: traffic flow, traffic cuecues and
traffic control. apters ¢ and 3 are councarned with
"traffic flow". In Chapter 2, the low density
inhouoeneous composed Poisson traffic flow on a road
with an iutersection is discussed and various

4.

transforustions betweon distributions of +timo »roces

fi?

thoese ol spoce processes and those of observation
processcs are obtained. In Chapter 3, the sost general
low density iahomogeneous traffic flow iz dealt with and
it is shown that 211 time, space and observation processes
ca:l be expressed in terms of stochastic iate. rals of
initiel processeg, This means that distributions of all
processes are completely determined by the initial

distributions. ILiocrgover this applicaitions to the low

density nomofreneous Foisson traffic flow lezd to resulss

73



.«

for the obscrvation process which were obtainea vy Velss
and Hermwan (1962) and Rényi (1964) and to the well-known
relation between time and space velocity distributions
walch wos derived intuitively. It is %o be noted that
the transformations between initial distributions and
dlstributions of time and space processes sre of
practical importance, because if initial distributioas
are knowi, then daistrivutions of all time amd space

pirocesues can ve deterained. It is eausy to extend the

-

resuits oblaiaed in Chapters 2 and 3 & tracsfic flow

t
o

on & road zetwork in an urdbuwn area. Throughout Chapiers
2 end 3, the interszctions between vehicles are assumed

to be no~iieible. It 1s to be hoped that the nr

[©]

Sent

'

—

digcussion will be oxtended to & mediwi density btraffie

,.
=

flow ia which the interactions between vehicles can nut

Chapters 4, 9 and 6 are concerned with "
gueues". In Chapter 4, it is shown that the
trofiic 17- 1t queue and the vehicle-zctuated onz reduce
to the menevalized model of the GI/G/1 gueuelng process,

s2d necessory and sulficient conditions are Cerived

o
3
o
]
=
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0
ot
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ct

BDesides, the successive approximation method of the
stationary distributions is presented. In Chapter 5

P
=

a

these rosults are extended to the trallic liht quen
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with dcpendent arrivals. MWoreover, the resulits cobizined
in Chapters 4 and 5 are exlended to the trafiic light
gueues with departure headways dependins upon positions
in Chapter 6. It should be noted that this condition on
departure hcadwoys is experimentally Sdb&uﬂuulmtﬂd In
Chapter 6, the stationary oueue length distribution of
the Tixel-cycled traffic lisht gueue iz alsc obtained.
LYV ip hoped vhat this result will be extended to =z
stationery distribution of an actual venicle-actuated
traffic liriat queue.

Chapter 7 is concerned with "traffic control". In
tiae chepter, criteria for undersaturatiocon of the whole
intersection are derived and the optimal si-mzl settings
of the fixed-cycle traific light bascd upon the criterion

of mininizing the degree of saturation of the whole

@

interscection and thot of minimum overall deiay are dealt
with. It is chown that the former criteorica leads to
the well-l.aovm rale of thumb for optimel sprit and the
it ic clogcely releted to the latter criterion. Joreover

asoproxiwation algoritluas for the optiwnal sirmsl setting

hasad upon the latter eritorisn are progensed, whigh zre
a refinezent of Jebster's method. It is hopod to male

- -~ i iy o e S crmyam Ll '
Srcetical btrizls of Lhiese SPRrolmMAatTicn algorithmes. Lur

N L L e~ P ST ~ S 3 P o
Pt shon bz directed to develop cificient
3 L b ol A <L

-y

5 R T Lo
control syshams. For this purpose, results
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obtained for stochastic controls of quouelny systems

(Tov exanple, vine and Ohne (1971 a)) azper to be uszful.
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Consider a traffic flow composed of vehicles with

velocity vy and with wvelocity v Let v, € Ki(i=1,2),

o
for disjoint sets {K.}. Suppose that x(I;) and x(I,)
are independent and E(x(Ii))z)\ier, for 0<a<l,

J%ldF(V,Ii)=a. Therefore, from property (&),
p(z:x(Il,Kl)):p(1+a(z-l);x(ll))
and
p(z::{(12,1{2) )=pl+(1+(1-a)(z-1) ;}C(IE)).
Let I=[0,1), Iiz[—i,—i+l), v;=1 and t=1. It follows

from (2. 9) in Chapter 3 that

13(52311(1:1{1)):?';3 ( 171‘- ))

(ZX\I));D(Z-ZX ) _ITPCZX 0 K)).

By (DE)’ jl dFl(v I)= ali/{a(zl )ﬁlz}. Hence, Fl(v,l)

Iy
cannot satisfy property (E).



APPENDIX TT

The block of the (n,m) stream consists of the '
ma%imum of the time iﬁtervals during which the queues of
the first priority at the beginning of the green period
discharge and the time intervals blpcked by vehicles of
the first priocrity which pass through the intersection
without delay. Denote by béi) and béé) the mean lengths
of the maximum discharge time and of the sum of blocked

time intervals, respectively. Clearly,

i _ wil) w{2)
(4. 1) bnm_ Dnml bnm .

reems of the

e

Let Lhe (n,{ ) stream be one of tha s
first priority which obstruct the (n,m) stream and

denote by tq{ its discharge time in stationazry states

i

~| ™

which 1s measured at ite stop line and by E(+) the
gxpectation of - with respect to the stationary probability

?. From (2. 2) and (3. 1), this means that

(A. 2) Vo, T<CG +c ,~ =8

ne L nd "’

In order to find Q(tnz)’ consider the modified process
which represents the total remaining depariure headway
of the (n,£) gueue under the situation that the signal
would re:zzin indefinitely green after the beginning of

the green reriod. Denote by %ne the discharze time for

this modified process (see, Fig. A). Then
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2 B i s mo - T2
(4. 3) 5(%n£) “ne ynﬂ(r Cp Cn£+L(LnL))+qn£’
where 9 is the stationary mean value of the total
remaining departure headway at the beginning of the

cyele. Consequently,

(4. 4) g(ﬁnﬂ) = {ynz(T_Gn_cni)+an£+qn£}/(l”yntJ'
Since tnﬂ an+ Chy almost surely (a.s.) and if
x< G+ cp,, then P{t , «x} =2{t ,<x},
o0
(A. 5) ;E(tm) = B(% )~ L (X—-Gn-cu)ﬁg{‘u'ms.x}.
n*Cne

On the other hand, in the same way as in (4. 3),

oo @
= - D) %t = -
J; (=0 cni)dﬁ{%nzs‘ I qni+yn£5c +C s
n*Cne ) “n"nl
—Gn-cnz)dfifnzs;x}-
This equation ylelds
m -~
(A. 6) SG (X~Gn-cn£)d§{tn£$.X}: qﬂi/(l_ynL)'
n+cn£

The combination of Equations (A. 4) through (4. 6) leads

to
(a. 7) E(tni)z{ynz(T-Gn_an)+an2}/(l_yn£)'

Since BE(t i) is equal to the mean blocked time of the (n,
~''n
- 3 e = A i "(l)
n) strean by the saturation flow of the (n,f) stream, b
is given by
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(A. 8) béi)= m%x{g(tnzj},

where max is taken over all streams (n,£) of the first
priority that obstruct the (n,m) stream. It is to be

noted that, precisely speaking, b(1)= E{m

o] Eqmax tni} but

P
this exact expression is too complicated to be used in
the analysis of the optimal signal settings. Since the
differences between the mean starting delays or the mean
clearance times of streams of the first priority are
usually negligible, it is legitimate in most casces to

(1)

set the stream which attains qu

as the stream which

attains the maximum y-value. Put
/A e A - Sx4n
(A. 9) Y™ 5% {JHL}

and denote by &__ and & the mean starting delay and
nm nm
the mesn clcarance time of the stream which attains ﬁnm'

Therefore,

‘ (L)_fo (m_p -2 A _a
(4. 10) bnm "‘,["’}nm(l Gn Cnm)+anm}/(l ynm)‘
Notz that § ., & ., and ¢, are constant even if T or G/
varies.
(2) i

In order to find b’ suppose that the (n,m)
vehicle 2t the head of the queue can not move during
the time interval of constant length el ~immediately

vefore any vehicle of the first priority has passed the
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conflict point with the (n,m) stream. TFollowing Oliver
(1962), time intervals longer thﬁn.&hm between successive
arrivals of vehicles of the first priority are called
zaps. Thus the (n,m) vehicle at the head of the gqueue

can not move until the gap appears. This kind of problem
has been discussed as the highway merging problem by many

uthors. Put

(A. 11) Ram =5 Anz

where the sum is over 2ll stireams (n,2) of the first
priority that obstruct the (n,m) stream. According to

Oliver (1962 =), Tanner (1962), Weisg and Leradudin (1962)

and others, the meen intergap headway is given by

(8. 12) exp(Rpyey)/ Ao

Since one intergap headway 1s composed of one gap and
one bloclked time interval, the mean length of the blocked

intervael in each intergap headway is given by

(A. 13) explR, oo )/ Raw= 1 Rpme

Thus, by (A. 12) and (4. 13),

(A. 14) béi)z{l'eXp("inménm}}(Gn+cnm_b;$))'

. ; . I i
Note that this equation 1s correct only when the

srrivals of the vehicles of the Iirst priority are
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Poisson processes. V‘lhen the arrivals are generalized Poisson

processes, as is the present case, A, in (A. 11) should
be replaced theoretically by'xni divided by the mean
member of (n,&) vehicles which arrive simultaneously.

In this paper, howaver, inm is defined by (A. 11),

because the arrival of the group of vehicles raises
actually the bleccked time interval of rather longer length
than the arrival of g single vehicle and (A. 10) is
underestimated. Thus, the combination of (4. 1), (A. 10)

and (A. 14) yields
(A. 15) bnm G +c {I_OXP(_lnmdﬁm /( L—?nmﬂ

+exp( =R e )[?nm nm)/(l ~& vy

A ~ o
s> - ] i i hat & - < s herwlese
In the sbove, it 1s assumed thal &  +k <el nmy OThe 5
the difference betwecen right-hand and left-hand terms is

neclisible.
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