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An Applicarion of the ZTK-llethod for Second-Order
Nonlinear Ordinsry Differential Zguatlons
By Ken-1iti Takahasi
( Tokyo University of Azriculture and Technology)}

81. Introduction. In 1949, :.J.Iighthill [1] prooosed a new

method for nonlinear differential equations known as :LK-method. In
order to construct a uniform representation of the solution of the

initial value problem:

(-3 m d.u o0 m
(1.1) {X-i- 2 P, (ron)}— sa(musr(0+F 2 (xu), (1)
m=4 m dx mei m
over the interval 0 S x &1 for every £ (0 ¢ € 250, 50 >0

being sufficlently small), he substitutes

[~ o0
(1.2) u= 3 €M (8, x=7% +3 £ (5)
ww=0 . m=4
into the equation of Problem (1.1) and determines um(g) and xm(§)
in a suitable manner. In 1966, Y. Sibuya and XK. Takshasi [4]
proved the uniform convergence of the formal solution (1.2) of the
initlal value problem: (x+ €u) du/dx + q(x)u = r(x), u(l) = b.
In 1955, W.A.Wasow mentioned in his paver [3] that Lighthill's
method can be jﬁstified if Ph(x,u) and Bm(x.u) are polynomials of
degree not greater than m with respect to u. In 1967, the author
mentioned in his paper [6] that Lighthill's method can be-justi-
fied for the problem of the form:

S m du s’ m
{x+ Eut 3 € Pm(x.u)} — Ha(x)utr(x)+)] 7R (x,u)=0, u(l)=b
m=2 dx m=4

under some assumptions, even if Em(x,u) and Hm(x.u) are polynomials

of degree greater than m with respect to u . In this paver,
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R A = 7 o= L, an0 3 = 307 18 a positive non-iuteger
3
Tz Thegrems In nrder %o consider this problsm for &= 4,

we sut £ =0 in Troblem (1.3}, then we have
i“v dv

(2.1 1 —=x +qi{x! -— +3{z2)v = r(x}), ¥(l) = b, v (1) =
33 ix
dv

- PO S o ¥ . -3
; h-4 - = g{xiu o~ 3(ESY o+ r{x),
H A
Py A L
(L. 8
i el
i o v .
{ memme oz % AL o= D =2,

(2.3 1= @(x) = fi a x%, v =y (x) = fﬁ b_x"
m=0 m m=0 o

in the neighborhood sf x = 0 Inserting the serles (2.

he equatiocn o7 -rotlem (2.2), we have

r { R - !
- = = 3

f im+q 8, SRR 1A 90, - ,bm;,
(2.4y <

i

f

{ el T — I — -~

9 (_¢~/~2+1 =a,. {(1=20,1,2, ),

3) into

Since we
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assumed that q_ ) O, we can construct a solufisn of the equation

o
of roblem {2 .2} which is ana

hood of x = 0. Since (2.2} is linear, u =9i{x}, v = V¥ (x} 1is
< - z s ir
analytic onn O s X =1 It is evident that Liz., ¥ix) are
< < - . o im o omy x
real-valued cn 0 = x = 1 Ihis the solution of {2.2) is given by
= (xY = 20 0. fxYar =% o it oy
fou o= N EE AT £ ¥ o AE M -
fouo=mu {x) 1 F1iFiHCx e G, (xle P (),

(2.5) A1

(v = vO(x)

it

Clﬁylix)+czx'q01F2(X)+~HV(X),

re ( ) -q ( -q ‘¥ ) -
where ( @,(x),VY;(x}), (z7% Po(x). x7% V,{(x)) is a fundamen
tal system of solutions of the following system of homogeneous

zauations:

dx dx
~ r S - T e Tk T U W or i
and C, and Z. sre constantz sush that ua“ = b, Toiti = L.
- .
1 P

Qur main theorems are stated zs follows:

THEOREM 1. Assume that
(1) polx), a(x}, s(x) and r(x) are resl-valued and analytic
functions of x for 0 $ x & 1;

(II) q_ =q(0) is a opositive non-integer,

o
Then there exist functions x(%,5), u(%.3) and v(g,3) defined by

the power series

x(3,5) = 5+ 3 x (557,
m=4
% m
(2.6) u(.g) = > u (5)s57,
m=0

v, (8) 52

v(g.5) =

iMs

(o]

Such that (a) the power series x(g,;), u(f§,3) and v(£,5) are uniform-
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ly convercent for 0<% 1, 18 , 1870 heing sufficiently small
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with coefficients x (%), u’{é) and v_{%) functions real-valued and

S ) .
< has! S o3

analytic for 0<% = 1; (b) x(1,3)=1, u{l,8)=b', v(1,3)=b;

x(%5, €5 %), u=u(g, €€ "%), v=v(E, €8 %) 1is a para-

(¢) x

1]

metric resresentaticn of the soluticn u(x), vi{x) of the following

“roblem:
du
{x+~£(v+p(x)u)} — 4+ g{x)u + s(x)v = r(x),

(2.7) v dx

- =1u, u(l) =bdb*, v(l) = b.

dx

THEQREN 2. Assume the same assumptions (I} and (II) as in

Theorem 1 Then there exist positive constants § and SO such
that

(1) 1f C,p(0) @,(0) > 0, (a) the function

(2.8) F = x(%, sg‘qo)a,e{v(f. sg'qo)+p<x(§.ag‘%))u(g,sg'qo)}

never vanishes in the interval

<

<
(2.9) (£/8)/9, = 5 =1

for every £ in the interval

(2.10) 0 < £ SE,

A
(b) the equation x(§, €€ %) = 0 has a unique solution E=%5(8)

in the interval (2.9) for every g in the interval (2.10) and

the function _§(£) behaves asymptotically as

1/(q_ +1)
A C,p(0) (0) o
(2.11)  §(€) = al/‘qo*”{( 229 P2 ) +o(1)§,(£->+0),

q, + 1

and, consequently, the value of the solution u(x), v(x) at x =0 1is

—

- b4 o
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given by u( g5 (€)), v(E(€)) fer 0O <& € ; {c) the solution

u({x), vi{x) defined by
(2.12) x=x(%, £5 %), u=u(§, €5 ~95), v=vis, £ & ~%o)

does not have any singular point on the interval O T x

every £ (0< E éﬁo);

~
(11) 1if C,p(0) $,(0) < 0, the function F has a zero ¥ =% (&)

in the interval (2.9) for every £ 1in the interval (2.10), hence

the solution u(x), v(x) defined by (2.12) has a singular point with

respect to ¥ on the interval O Sy 1.

§2. Construction of a Formal Solution of Equation (2.7). Autting

x = §+7,
(3.1) u=%"% (u (%) + u),
v =% % (v, (3) + v )
in (2.7), where u,(3) = gqouo(g). V(%) = g% v,(8), we have
o - _ _ adu
[§+'q_+5 '\?0+Y+p(§+"() ( +a )}][-q( gu -s(3)v + gqor{§)°q°u+§c_1€ ]
, an .
(3.2) +§[q(g+n) (T +a)+s (5+7) (T +7) - dor(s+1)] (1+ E—g—):o,
av _ ) ’ -q
i-é—g = Su+q V+ §(uoy+u) EE » (8= gg o).

In order to satisfy the equation (3.2), it is sufflcient to determine
N W, v such that

an L o }
o Q+§{vo+v+p(§+’t) (@ +ul,

du
§g§=(qo-‘q (3+47))u-s(34+)v-(a(5+1)-a(%) )ﬁo

§
(3.3)

-5 -



~(s(5+1)-s(§))7 + 5 To(r(5+7)-7(3)),

e it ot
g;;= §u o+ qov+(uo+u) [1,\:+5{v0+v*p(;+72_) (uo+u) .

“utting
X m
o3+p)= 2 0, (8M". alz+

ob
s(?ﬂ)=m2=.° s

m

in {3.3), we have

= ( u,v,5%)
;; —-'7[‘*81 5;’?_-‘1;‘7» »

)", r(s+p=

du
(3.8) g;: = (g -q,(§))u~-s (5)v+g,(5.71.0,7,5),

dv ~ N
§E= Su + a v + 25(3.7.0

where -
By = 3T T 3

gy = - éi(ao\»a)qm(g)»f(eo&)sm(g)- gdor_ (3)f 71",

gg = (ﬁ?u)[ ul +S{-‘}o+§+(ﬁoﬂ—i) ?;

$V,5),

m
. b (3)% }] .

t

e want to construet 2 formal solution of Equation (3.4) in the form:

= T E (B, (X,(1)

1

(3.5) 4 u=

IMa Iae

$ﬁm(i)5m, (W, (1)
cv= 3T ()% (7 (D)

i
Denote these series by 5(3,5),

- b -

H
@]
-
H

"
ol
N
S

=0, m=1,2,....).

5(%,5), 5(%.5) and let



= o0
/ a2 = o 7 - - - — s w3
%1&%.3.3.:,5)=2;1*m(¥_.. L U EEEE NI SRR |
- = 0 - - - — — - - st
g,(%,3,8,8,5)= E;1£m(xl""xm'ul""un-l’vl’ T 1),
= = 0 ':—: - - - - - - m
SB(E,S,D,S,S)-- %i‘im(xlr-»txm:ul:---rum_lrvlt--;vm_l)g .

"

4

are polynomials of thelr arguments

1.

’

where the gquantities Hm, =
with coefficients analytic in a2 suitable sector SO in the complex
§ - plane such that the vertex of So is § =0, So contains the

line segment O < $ =1 1in its interior. In particular

By =~Go(sl + ﬁo(i)po(’s').

i)
i

y = - 5®]8, 0 0 (515, (5)- % = @)} |

an

1 =88 {3 + T 8) + 8 (5o ()} .

He W t X_, u. and V
Hence we determine e Uy nd Vo by

dx
§f=(mqo+l)—x‘m+ﬁm(ily .- rvm-l) » im(l)=0'

dum _ - - _
(3.6) §—F={(a+l)a~a, () }h -5 ()7, +H (%y,....7, 1), G_(1)=0,

m‘l) » vm(l)=op(m=172r. . .:j'

m’ .- - = = -
ggg—- gum+(m+l)qovm+ﬁm(xl $+008V
The solution of Problenm (3.6)1(m=1} is given by
g
(3.7) . = g% J t7%™25_ (t)ds,
1 1 1

where Hl(t)= ?b(t) +~ﬁo(t)po(t), snd the integral may be taken
along any vath from t =1 to t =% within the sector Sé. Noti-

cing that( 3% $,(2), £%% V8, (gl 9,(8), g% Y, (E)) 1s

a fundamental system of solutions of the following system:

-7 -
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o an _ _

{ g;g_: = (2qo-qo(§))ulﬂsg(g)v1’
av, _

{ ET—= Bup + 20,7y

we get the following solution of Problem (3.6), 3(m=1):

- 2q : £72% 71y (¢)
(4 =% 0 9,() . e at
Eoem9mi0 (¢)
+3%0 9 ,(£) I at,
2 L W(t)
(3.3)
Vl = 5 o] Wl(g)ji w(t) dat
L a ¥ gl Ql(t)
Ctyo Y,l8) TS at
where

(t) (t) ‘ H, (t) (t)
43’1 20001 W (6)= ‘ i P2

wit) =
Va8 Yl®) |8 ()

g t)  H ()
Vs (t) ’§1<t>

5 ()= - Xy (¢) {ao(t)ql(t)ﬁo(t)sl(t)_tqorl(t)} .

~n
dl(t}s

By (6) =3, (0) { % (6)47 (£)4d, (£)p, (0]

Assuming that we can get the solutions of Problem (3.6)(m=1,‘.,,k_1),§

the solution of (3.6)1(m=k) is given by

: |3
(3.9) 5, = 3%t .5' 75972 g _(t)at,
‘1
“wWhere
I

&
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2 () = (X (0), .,k (8) 8y (), 8y 5.7y 5 (8)),

and then the solutions of FProblem (3.6)2 L(m=k) are given b&ﬁ”

13
"(k"'l)c "lv -
3 (k+1)a , ¢ o7y (%)
rou, =& o ¢ (E)E dat
k 5 1 L W(t) ;
-kq =14
v 5% o,05) gg ET ()
(3.10) ﬁ t uir)
3 t‘(k+1)q -1 (t)
- (k+1)q O *x
v, = o (E)g dt
k=% | A 4! . )
| | B K1y (k)
\ + 5% (5) S k_ at,
5 AL L W(t)
where
ENMCIN AT | 1(t) H (o)
., A i E: 9 i
() = oW (E) = IR
B (8)  Y,(t) | Yae) A le)]
H (8) = B (%) (6) 0. R ()3 () ooy (6), 7, (8) 0wy 4 (8)),

7, (8) = B(E (), E (8) 8 (8) oo By g (8),, (6) 4,7y 4 (£)).

Thus, by mathematical induction, we can get the solutlons of Problem
(3.6).

§‘Q‘ Estimates of the Coefficlents xm(i), um(g) and vm(E). In

this section we shall prove the following lemma:

IEZMMA 1. There exists a positive constant ¥ such that

sup |im(2)| s

M H ,
sup sup [ Hp(3)]

na

sup [a, (3)] gggjvm(iﬂ

w{ sup|T_(5) + )|l .
suz| EHESUREHENO]

PROQF. We shall prove the first inequality, since the others

-9 -
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can be-proved in the same manner. Since the quantities @1(‘5) ,

"972,(g) ,;'\{fl(g),v ’1]/‘2(5) and l’d(%)"l are all bounded on the closure

| of So, there exists a constant C such that N
‘ . : I

' t€3 C C b

Q 1 2 1

where the paths:of integration C.1 and Cz are respectively the line

Crtn .
segment 1,|8| and the circular arc }’s‘l,‘é . On the other hand, we

- can prove the following inequality in the same way as in [s]:

| Scl £7™52 gt | + Ifcztfmqo‘z at| £cr |51 ™0™t in s,

where. C* 1s a sufficilently large constant. This proves our lemma.

& 5. Construction of Majorant.  Since p(3+1), q(§+1).s(5+7%)

and r(¥+7) are analytic for l'ﬂ-ﬁ 50( So > 0 1s sufficlently small)

and % € So' there exists a constant K such that

ESGIRREACTIEES

- |2u® | |ag®) |s | 5p08)] o |mp®)|= 578" . .

Let us consider

, M = MGy (7,u.%),
(5.1)

u

3 = w{cz(q.ﬁ.S)-rGB(vL,fz.S)} .

.

where

_ Ké K1 (2u+2K+1) h
Gy= S (K1) (14 —2 ), G,= izu , |
‘ 50"71 P

: K §
Gy = (K+a) { M+ §(X+u) (1+ ————0—)}

and M  is the constant in ILemma 1. ©Notice that Gl* G2 and G3 are

- 10 -




respectively majorants of 81“52 and 53, uniformly for & in So‘

Equation (5.1) has a solution

1
(5.2)
a

such that S

L]

() = & 5, 5%

il
<l
n
n
p
]
Mg

mn’ Sm z 0 and these series converge for is ‘ §§, if

§7 0 is sufficiently small. Let
Gl(S(S),S(S).S’) = 2 K 37,
. m=
m=

G'Z(S(Q),é(s) 5) + GB(S(S),E(S)'.SF = Z‘Li—im‘»m.

S = Mﬁm,, in particular

It 1s easily seen that Sm =.MKm, -

= MK, = MK(1+K)},

5, = MR, = 2 (1K) {M(1e200+ §_(14m} /5 .

Nexf we shall prove

o = < = 2 = 3 1

(5.3) ;Sé‘é’lxm“j‘)“ Sy ;élglum(i)l , ;ggc}vm(g)ié Sy»(m=t,2, .).

In order to prove (6.3), first of all let us consider the case m=1.

We have ..

sup [£ () |S 0 sup [By ()21 suo [T, (5)48,(5)n (%) |
3€s ¥€s fes,

S MK(14K) = S;.
sup lﬁl(i)|= sup l’?l(z) l-—f M {sup lﬁl(i)l +: sup [?Il(?) l } |
EeSo 3€ So EGSO S&so
= 1 [ sup |7, (9T, (¥ag (8147, () 5y (3)- ¥lor; (32}
EGSO : ’

- 11 -



+ sup [3,05) %, (8)47_(8)+3_(£)o (5} ]
.1
(o]

= ;fz{flﬁ(z(larx) (1+2K)/ 8  + K% (14K) (1+M)}

‘=. ;#’1;{2(14-&) {M(1+2K)+ SO(I-H‘*‘I)} / So .

Assuming that

sup [X, (§)| 2 5,, sup|a (§)| 55, suwp[F,(8)|=8_ . (n=l.....m-1),

3€8 ‘§€SO 3€3
we have

sup|H (8|S Kk, sup|E (&)|+ supl|E (R)|£% .,
sl |F 5, meliols mpEm|iE,
o o o

because Gl'GZ and G3 are respectively majorants of gl.gz and 53.

Therefore from Lemma 1 it follows

suo X, (8) |2 MK, =8

n = Sy suela (B)|, sun|v (9)|2 MK =5

n*

Thus, by mathematical induction, we complete the proof of (5.3).

86. Propertiies of %,(8). In Section 3, we derived the

differential equation of il(i):
' ax, _ )
(6.1) E'(-i-;= (qo+l)xl + :11(3).

whose solution satisfying the initiasl condition Ei(l) =0 1is glven

by

- q +1 E w=q =2
(6.2) x,(3) = g7 51 tT707 H, (t) dt.
Noticing that

5t'qo'2f—{1(t)dt= - ——————-—-[t-qo-lHl(t)] + —-J 1:"%'l ——-l-dt
L q, + 1 1 qo+ 1

-12 -



, 4, (0)
= g_qo'l { - +>o(1)} , (§— +0},
qo+l

we get

_ 1, (0)
(6-3) Xl(g) = - m—— + O(l)s (E_)"'o)-

q, + 1
§ 7. case Czp(O)f?z(O)? 0. Notlce’that Czp(O) 92(0) = Hl(O}g
Substitutin (3.1),(3.5) in the function F defined by (2.8), we get
o0
F=%+ Z_’,i%m(g)sm, where in oarticular
m=

a q_H,(0)
%, (3)= %) (D)8, (%) = _;O—il- + o(1), (3~ +0).
e

Let Ml(él), £, & and & ©be positive constants such that

'QI(E)IgPIl for 0= % 21,

N a_H.(0)

x5 =L —  for 02 5 25 (321,
(7.1) 23]

A

Izzi’?m(i)squigﬁi for 0 £ &
§

q_H,(0)
= Min {Sl, gl N o1 } .
4 iy hMl(qo+l)f
Prom (7.1) 1t follows that if %, S §21,0<8 8 | we get
4 A X A m-2 2
p:il-{lxl(i)ls +f~n§'_:',2 x (3) 3% ’S }
> ‘ a2y 2 e
25 -8 +m 8% 25 - 2m8 o,
< < <
and that if 05§ =5, 0<35 =&, we get
> A RN n > %% (0) 2
FZ 2ol ° - ¥
A Ty s
(o}

v

q H,(0) _
& {-——-——-———0 L - -Ml} :
2(q +1)
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W

- : - <
Since we have the inequality 3 =¢g8 9% = § , we have
2

w82 {-———-—q"ﬁl(m - Mﬁ: 5 { 351 (0 - :gé}
28 (q +1) $ 2(q +1) -
> _;_“’i{ 4% (0) %31(0)}: 50,4, (0)
S 2(q +1) 4(q +1) b3 (q +1) '

provided that § 1is in the interval

(e/85)Y% L N

for a sufficiently small € , which prove the assertion (a) of
Theorém 2. Since El = - Hl(O)/(qo+l) + o(1), (3> +0), the equation

x(%, €£7%) = 0 has a solution § = § (g): ‘

§(E) ={Mg + o(i)}l/(%ﬂ) , (£>+0). |

q,+1 ’ .

Therefore 1if Eo 2 0 1is sufficiently small, we get

A
A

; &
1l for 0< & 0"

(£/86)% = §(e)

Then it is easily seen that the function F 1is positive, namely
dx/d% > 0 for (2.9) and (2.10). Hence x($,€% %) has one and
only one zero there. This completes the proof of the assertion (1)
of Theorem 2.

§3. case Czp(0)<}2(0) < 0. In the same manner as in § 7,
~we can complete the proof of the assertion (11) of Theorem 2.
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