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Introduction
In this note we present a relative version of Kawamata-—
Viehweg's vanishing theorem (cf. [K11, LV1), which can be

viewed as a generalization of Grauert-Riemenschneider s result

LGRI. As a consequence it follows that every (numerically)
log-terminal singularity is rational, Thus our result is an
improvement of Elkik[E]., However, there is no new idea in our

proof., Everything can be found in Elkik’'s paper. We just
erase what is unnecessary to our purpose. Then we need less

assumption and the result become stronger.

§1. Preliminaries

(1.1) Notation and Convention. Basically we use the
customary notation in algebraic geometry. “Variety' means an
irreducible reduced projective scheme over the complex number
field C. "Manifold" means a non-singular variety. Tensor
products of line bundles are denoted additively. Given a
coherent sheaf F and a line bundle L on a scheme S, by
FIL] we denote F®L, where L 1s the invertible sheaf of
sections of L. The pull-back F*L by a given morphism f:
T — S 1s denoted bv LT.

(1.2) A& coherent sheaf F 1s said to be finite if the
support Suppif) of F i1z a finite set., In this case hO(F5

is egual to the length 1(F) of F.
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{1.3) Given a wvariety V, by Diuv(V) we denote the group
of Cartier divisors on V. An element of Diu(V) 8 Q (resp.
Pic(V) 8 Q) is called a Q-Cartier divisor (resp. Q-bundle).
The Q~bundle defired by a Q-Cartier divisor D is denoted by
£DJ, or simply by D when there is no danger of confusion.

(1.4) We define intersection numbers of Q-bundles in the
natural way. They are rational numbers. A Q-bundle L is
said to be numerically semipositive (or nef) if LC 2 0 for
any curve LC in V. L 1is said to be big if there exist a
positive integer m, an effective Cartier divisor E and an
ample divisor A such that mbk = [E + AJ. It is well-known
that a nef Q-bundle L is big if and only if L" > 0, where
n = dim V. )

(1.35) A Q-bundle is said to be effective if L = [D]1 for
some effective Q-Cartier divisor D. L is said to be pseudo-
effective if L + A 1is effective for any ample Q-bundle A.

{(1.6) Proposition. Let L be a pseudo-effective Q-bundle
on a variety V and let A be a linear system on V free
from base points. Then LH is pseudo—effective for any
generic member H of A.

Procf. Take an ample line bundle A on V. For every
positive integer k, we hawve an effective Q-divisor Dk such
that kL + A = [Dk]. Clearly 5 = (H € Al D, = HY is a
proper closed subset of A. So U= A - UkSk # 9. UWe claim

that L is pseudo-effective for any H € U, Indeed, for any

H
ample Q-bundle B on H, kB - AH is effective for some

k >> 0. Since H ¢ Sk’ CklL + A]H = EijH is effective. Hence
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so is LH + B = |<—1

(CkL + A]H + kB - AH). Thus we complete the
proof.

(1.7) Let D = 2 6iDi be the prime decomposition of a
Q-divisor D on a manifold M. UWe say that D 1is negligible
if 0« éi < 1 for the coefficient of each component of D
and i1if the support U Di of D has no singularity other than
normal crossings.

(1.8) The starting point of this paper is the following
theorem of Kawamata-Viehweg (cf. [K13Jd, [V1).

Theorem. Let L be a line bundle on a manifold M.
Suppose that there exists a negligible Q-divisor D such that

. = K -D 1is nef and big, where K denotes the canonical

bundle of M. Then HI(M, L) = 0 for any i > O.

§2. Main results

(2.1) Definition. Let ft M — V be a surjective
morphism from a manifold M onto a variety V. Then, a
Q-bundle L on M 1is said to be f-nef (resp.
f-pseudo—effective) 1f L + F*ﬁ is nef (resp.
pseudo—=ffective) for some Q-bundle & on V. A divisor E
on M is said to be f-exceptional if dim{(f(Supp(E))) ¢
dim V - 2.

(2.2) Lemma. Let f, M, V be as above and let E be an
f-exceptional effective divisor on M. Let L be a line
bundle on M such that - L -0 is f-nef for some negligible
O-diviser D on M. Then f,(QcCL + ED) = 0.

FProof. Ue use the induction on the number r of prime

components of E,  The assertion is trivial if r = 0. So we
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asume r > 0. We claim that there is a component Ej of E
such that the restriction of L + E to Ej is not
f-pseudo—effective.

Assuming the claim, we prouve the lemma as follows. Since

*
(L +E+ f A3 is not pseudo-effective for any ample line

E.
J

bundle A on V, we infer fu(Qg [L + EJ) = 0. On the other
J

hand, we have Ker(QE — QE.) = Coker{]l — ;j) x QE'E—EJ]’
J

where E’~ = E - EJ and I, ;j are the gm—idea1s defining E
and EJ respectively. Hence we get a exact sequence (0 —
F*(QExEL + E7]) — F*(QEEL + E1) — F*(QE'EL + E1) = 0.
Applying the induction hypothesis to E’,Jue complete the
procof.

In order to prowve the claim, we use the induction on m =
dim M. We will derive a contradiction assuming that L[L + E]E.
is f-pseudo-effective for every component EJ of E. Takiné
an ample line bundle A on V and replacing L by L + F*tA
with t >> 0, we may assume that [L + E]E. 1s pseudo-—
effective for any Ej' ’

When m = 2, write E - D =X - Y, where X and Y are
effective Q-divisors without common components. Then Supp(X)
< Supp(E) and X 1i1s f-exceptional. Hence, by the index
theor-em, XEJ { 0 for some component Ej of X. Then
(E + L)EJ < (E -~ D)EJ < XEJ < B, Therefore L[L + EJE. is not

J

pseudo—~effective, a contradiction,

When m > 2 and dim f(E) = 0, take a generic hyperplane
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section N of M. By (1.6), the restriction of L + E to

Ej NN 1is pseudo-effective for every j. Since EN is
FN-exceptional, this is impossible by the induction hypothesis.
When dim f(E) > 0, take a generic hyperplane section H on V
and set N = F*H. Then EN is fN—exceptional. So, by (1.6)
and the induction hypothesis, we obtain a contradiction as
above. Thus we prove the claim in either case.

(2.3) Lemma. Let f, M, V be as in (2.1) and let L be a
line bundle on M. Suppose that dim M = dim V = n and that
L-K-D 1is f-nef for some negligible Q-divisor D on M,
where K denotes the canonical bundle of M. Then

R4 (Q,[LIY = 0 for any q > 0.

M

Proof. Take an ample line bundle A& on V. UWe use the

Leray spectral seguence with EP?9(t) =

2

HP(V, RIF4(QuILT) ® [tAD) converging to HPTI(M, L + tA). By

M
0 for p > 0,

Serre’s vanishing theorem we have E;’q(t)

t >> 0. On the other hand, HI(M, L + tAy)
g’q(t) =0 for g >0, t > 0.

0 for 1 > 0,
t >> 0 by (1.8), Hence E

This implies qu*(gM[L]) = 0 because A 1is ample.

(2.4 Corollary. Let f, M, V, K be as above and let L
be a line bundle on M such that - L - D 1is f-nef for some
negligible @-divisor D on M. Then RqF*(QMEK - L3y =0 for
any a9 » J.

{2.2) Main Theorem. Let f: M — V be a surjective
morehism from a manifold M onto a variety V with dim

M=dimV =n. Let L be a line bundle on M. Suppose that
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*
there exist negligible Q-divisors D, D and an f-exceptional

effective divisor E on M such that L + E - K - DB and

- L - D* are f-nef, where K 1is the canonical bundle of M,
Then qu*(QMEL]) =0 for any a > 0.

Our proof consists of several steps. We use the induction
on n. The assertion is obvious if n = 1. So we assume

n 22 1in the sequel. We take an ample line bundle A on V.

(2.6) Claim. RY = R, (Q,[LD) is a finite sheaf for any
aq > 0.

Proof. Take a general hyperplane section H of V and
set N = F*H‘ By Bertini’s theorem, N 1is a manifold and DN’
D N are negligible @—-divisors on N. Since [K + F*H]N is
the canonical bundle of N, we can apply the induction
hypothesis to LN to obtain RqF*(QNEL]) =0 for g > 0. On
the other hand, we have an exact sequence BqE—H] — gq —

—)Du SO,

RqF*(QNEL]) derived from 0 — QM[~LJ — QM — QN
we 1nfer Supp(gq) NH=¢ by Nakayvama's lemma. Hence gq is

finite because H 1is ample,.

(2.7) Claim. R9F,.(QuLK - L - E]) is finite for any a > 0
and F*(QEEK - L1 = 0.

Proof. Set L".T = K - L - E. Exchanging the role of D
and D*, L* satisfies the same condition as L. So the

argument in (2.6) proves the first assertion. The second

follows from (2.2).

(2.8) Using the long exact sequence of RIf, s of the

exact sequence 0 — QMEK - L -EJ] — QMEK - L] — QEEK - L3
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— 0, we infer from (2.4) that Rf.(QuIK - L - ED) =
Rq_lfw(gEEK - L1)Y for any g 2 1. Moreover; by the second
assertion of (2.7), we have F*(QMEK - L - EJ1]) = F*(QMEK - L.
This sheaf will be denoted by F in the sequel.

(2.9) Claim. h'(V, FI-tAD) = 1(R'1F,QuIK - L - EI)

for any n > i 22, t >> 0. UWhen i <1, hi(y, FI-tAD) = 0.

Proof. We use the Leray spectral sequence with Eg,q =
HP (v, RqF*(gMEK - L -~ EIC-tAJ) converging to
HPT9(M, K = L - E - tA). By (2.7), EZ’9 =0 if p >0 and

2
g > 0. On the other hand, h'(M, K = L - E - tA) =

RVTI(M, L+ E + tA) =0 for j < n by (1.8). Therefore

Eg’o =~ Eg’p_l for each p < n. In particular
Eé’o = Eg’o = 0. This implies the claim.

(2.10) Claim. hl(E, K - L) = ](Rif*(QE[K - L)) =
1RM™e (0 IK - L - ED) for any i 3 0.

For a proof, we use the Leray spectral sequence converging

to hI(E, K - L) and apply (2.7) and (2.8).

(2.11) Claim. RIF,(QLL + ED) = R for any a » 0.

E
Proof. fpplying (2.3) we obtain qu*(gMEL + E1) = 0 for

any g » 0. In wview of the long exact sequence of qu*’s of

the exact sequence (0 — QM[L] — QM[L + E] — QEEL + EJ — 0,

we infer RQF*{Q L + EJ) = §q+1 for any g > 0. Moreowver,

E
using (2.2), we obtain F,(Q-LL + ED = B! = 0.
(2.12) Clsim. h'(E, L + £) = 1R for any i 2 0.

For a proof, Jse ©2.11) and the Leray spectral sequence.
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(2.13) End of the proof of (2.5). For any g 21 and

t >> 0 we have 1(RT) = hH(M, L + tA) (similarly as in (2.3))

= h"7TM, K - L - tA) (by Serre duality)

= h"" WV, FL-tAD) (by (2.4)).
If g 2 n -1, the last term vanishes by (2.9) and we are done.
If g {n - 2, we continue:?

= 1(Rn_q_1f*(gMEK - L - ED) (by (2.9))

= h"T9T2E, K - L) (by (2.10))

= h M lE, L+ B (by Serre duality on E)

= 12 (by (2.12)).
Thus, by the descending induction on g, we prove gq =0 for

any g > 0.

(2.14) Theorem. Let f: M — V be a resolution of
singularities of a normal variety V. Suppose that there exist
a negligible Q-divisor D and an f-exceptional effective
Q-diviscr E on M such that E - K - D is f-nef, where K
is the canonical bundle of M, Then V has only rational
singularities.

Proof. Take a birational morphism #n: M° — M such that

1(D U E) 1s a diwvisor having no other singularity

Supp(R) YV x
than normal crossings, where R 1is the ramification divisor of

. 4
7, Let Z 5iDi be -the prime decomposition of =#n (E - D) + R,

Then éi > -1 for each 1 since D 1is negligible. Hence

*
7 (E-D)+R=E" -D for some negligible Q-divisor D7 and
an effective divisor E° on M. Morecver E° is f -

exceptional, where f = f - @, Let K’ be the canonical
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*
bundle of M. Then K’ = n K + R and hence E° - D - K’ =
*
7# (E - D-K) 1is f'-nef. Now, applying (2.5) by setting
*
L =0y and D =0, we get R0, =0 for any a > 0.

This implies that V has only rational singularities.

(2.135) Corollary (compare C[K21). Every log—terminal
singularity in the sense of Kawamata [K3] is rational.

In fact, in case of log—terminal singularities, we have
Q-divisors D, E as above such that E - K - D 1is the

pul 1-back of a Q-bundle on V.

(2.16) Corollary (compare L[EJ). Every canonical

singularity i1s rational.

§3. Comments
{3.1) By Lefschetz’ principle, the results in §2 are valid

over any field of characteristic zero.

(3.2) Let D be a3 @-Weil divisor on a normal variety V.
Suppose that there is a desingularization f: M — \ together
with a negligible Q-divisor D’ and an f-exceptional effective
Q-diviser E on M such that D = f,0° and K + D - E is
numerically equivalent to F*L for some Q-bundle L on V.

In such a case the pair (V, D) will be said to have only
regligible singularities. By (2.14), V has only rational
singularities in this case,

Bpparently, this 1s a generalization of (2.15). However,

\

as a matter of fact, every negligible singularity is

locg-terminal (in the wider sense in L[K31).
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In order to see this, let f, M, D' be as above and take
an ample line bundle A on V. Then H =K + D" - E + tAM is
nef for t >> 0. Moreover L =H + E 1is a Zariski
decomposition (cf. [F1). Since L - K - D" = tAM is nef and
big, H is semiample by [F; A7]., Take a positive integer m
such that both mD’ and mE are usual divisor and that
Bs|mH|l = ¢. Let 2t M — W be the rational mapping defined by
ImHl. Then, for any curve C in M such that Ff(C) 1is a
point, we have HC = 0 and hence p(C) 1is a point. From this
we infer that o factors through V and mH comes from
PictV), Thus K + D - E 1is the pull-back of a Q-bundle on
V. DObviously this O@-bundle corresponds to the Q-Weil divisor

K

v + D. Thus V¥V has log—terminal singularities only.

(3.3) Let DB be a negligible Q-divisor on a manifold M
with canomical bundle K and suppose that K + D 1is big and
that the graded algebra GG associated to K + D 1is finitely
generated. Then, as we saw in [F; A31, K + D admits a Zariski
decomposition on a birational model M° of M and the
semipositive part H 1s semiample. So we have a birational
morphism Ff: M — W = Proj(G). We claim that (W, f,D0) has
only negligible singularities.

Indeed, if N 1is the negative part of the Zariski

0,y o
HOOM™, £ Qe

X *
decomposition, we haus HO(M', sN + F Qu(t)) =
for any s > 0, t > 0. From this we infer that N 1is

f-exceptional. Now the assertion 1s easy to prove,

Thus, roughly speaking, negligible singularities are the
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singularities which can appear as the singularities of

(K + D)-models with D being a negligible Q-divisor.

(3.4) A negligible singularity is not always log-terminal

in the strong sense in [K2J, namely, not always Q-Gorenstein.

For example, let W be the Segre variety Fl x Pz in P5
and let S =Pl x 1 c U, where 1 is a line on the second
factor F2. Let (V, D) be the affine cone over (W, S).

Then the singularity of (V, D) at the vertex is negligible,
although it is not Q-Gorenstein. It i1s also easy to see that
such a singularity does really appear on a certain
(K + D)-model as in (3.3).

Finally, we remark that the results in [K2] are valid for

varieties having only negligible singularities.
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Note added 1in proof.

(A1) Very recently,

result over non-complete variety toco.

the following

Kawamata and Nakayama have proved our

To be precise, we make

{A2) Definition. Let Fft: X — V be proper morphism of
analytic varieties and let L be a @Q-bundle on X. Then L
is said to be f-nef i1f LC 2 0 for any curve C in X such
that F(C) is a point. L 1is said to be f-big if the
restriction of L to a general fiber of f 1is big.

Remark., If L 1is Ff-nef in the sense (2.1), then L is

obwviously f—-nef in the

is not true in general (

(53) Theorem
morphism from a complex

V., Let L be a

f~nef and f-big for some negligible

{Makayama).

line bundle on

above sense too. However, the conuverse
even 1f f 1is birational).
Let £t M — V be a proper

manifold M

ontc an analytic variety

M such that L - K -0 1is

Q-divisor 0 on M, where
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K 1is the canonical bundle of M. Then quﬁ(g CL1) = 0 for

M
any g » 0.

Outline of proof. We may assume that V 1is Stein and
then M is weakly l-complete in the sense of Nakano. Starting
from his vanishing theorem, we proceed in the same way as we
obtained Kawamata-Viehweg’s uan&shing theorem from Kodaira's.
Then we get HYM, L) = 0, which implies the assertion.

(Ad) Theorem (Kawamata). Let ft M — V be as in (A3)
and let L be a line bundle on M. Suppose that dim M =
dim V and that there is an f-exceptional effective divisor E

.4
and negligible Q-divisors D, D such that L + E - K - D and

*
- L -D are f-nef. Then R7f4(QuIL]) =0 for any q > O.

This is proved similarly as (2.5)., We replace (2.3) by
(A3), and use Grothendieck duality in place of Serre duality.
To do so, some technical reformulations are necessary; for
example, in (2.9), we should replace h*'(M, K - L - E - tA) by
Ext'(gf*(gM[K - L - EI), wu‘) and consider the spectral

sequence with Eg’q = Extp(R-qF*(QMEK - L - EI, ). Details

©y

will be published elsewhere.
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