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Introduction 

In this note we present a relative version of Kawamata-

Viehweg's vanishing theorem (cf. [K1], [VJ), which can be 

viewed as a generalization of Grauert-Riemenschneider/s result 

[GR]. As a consequence it follows that every (numerically) 

log-terminal singularity is rational. Thus our result is an 

improvement of Elkik[EJ. However, there is no new idea in our 

proof. Every七hingcan be found in Elkik.・s paper. We jus七

erase what is unnecessary to our purpose. The・n we need less 

assumption and the result become stronger. 

§1. Preliminaries 

(1.1) Notation and Convention. Basically we use the 

customary notation in algebraic geometry. "'variety" means an 

irreducible reduced pro j ec ti•...Je scheme over the complex number 

field C. "Manifold" means a non-singular variety. Tensor 

produc七s of line bundles are denoted additively, Given a 

coher-ent sheaf F and a line bundle L on a scheme S, by 

FCLJ し,,e denote F 0 L ~ 1.ihere L is the invertible sheaf of 
＊ 

sections of L. The pull-back f L by a given morphism f: 

T → S is denoted by LT・

(1.2) A coher-ent sheaf F is said to be finite if the 

゜suppor-t Supp(F) of F i::, a finite set. In this case h'-'(F) 

is e9コual to the length l(F) of F. 
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(1. 3) G i,.,en a し.)ariet.、>'V, by Diツ(V) 1,.1e denote the group 

of Cartier d i 1v• i sors on V. An element of Oiv(V) c (Q (resp. 

Pic(V) c (Q) is cal led a (Q-Cartier divisor (resp, Q-bundle). 

The cQ-bundle defined by a {;)-Cartier divisor D is denoted by 

[0コ， or simply by ・o when there is no danger of confusion. 

(1.4) We define intersection numbers of'!:)-bundles in the 

natural way. They are rational numbers, A <O-bundle L 1s 

said to be numerically semipositive (or nef) if LC~ 0 for 

any curve C in V. L is said to be big if there exist a 

positive integer m, a.n effective Cartier divisor E and an 

ample divisor A such that ml= CE+ A]. It is well-known 

that a nef IQ-bundle L is big if and only if Ln 〉 OJ where 

n = dim V. 

(1.5) A (Q-bundle is said to be effective if L = [OJ for 
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SO  lS  LH + B = k―1<Ckl + AJH + kB - A出・ Thus we comple七e the 

proof. 

< 1. 7) Let D = 2 6, D, be the prime decomposition of a 
1 1 

(Q-divisor 

゜
on a manifold M. We say that D is negligible 

if O S. 6, < 1 for七he coefficient of each componen七of D 
l 

and if the support u o. 
1 
of D has no singularity other than 

normal crossings. 

(1.8) The starting point of this paper is the fol lowing 

theorem of Kawamata-Viehweg (cf. [Kl], [VJ). 

Theorem. Let L be a line bundle on a manifold M. 

Suppose tha七there exists a negligible (Q-divisor D such that 

l_ - K - D is nef and big, where K denotes the canonical 

bundle ofドI. Then Hi (M, L) = 0 for any i〉 o.

§2. Main results 

(2. 1) Definition. Let f: M → V be a surjective 

morphism from a manifold M onto a variety V, Then, a 

Q-bundle L on M is said to be f-nef (resp, 
＊ 

f-pseudo-effective) if L + f A is nef (resp, 

pseudo-effective) for some Q-bundle A on v. A divisor 

on M is said to be f-exceptional if dim(f(Supp(E))) s. 
dim¥l-2. 

(2.2) Lemma. Let f, Mt V be as above and let E 

f-ex.cept i ona l effectiしJe divisor on M. Let L be a line 

E 

be an 

b口nd 1 e （う「l M ざ，1」ch that - L - D 13  f-nef for some negligible 

し-]-d i<v•i sor- [l on M. Then f-1r(QE[L + EJ) = O. 

F'roof. l,.ie:, use the induction on the number r of prime 

,.:,.:;,mpo「1er,ts of E. The assertion is trivial if r = O. So we 
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asume r > O. We claim that there is a component E. of E 
J 

such that七he res七riction of L + E to E. is not 
J 

f-pseudo-effective. 

Assuming the claim, we pro,.)e the lemma as follows. Since 
＊ 

[L + E + f AJE、is not pseudo-effective for any ample line 
J 

bundle A on V, we infer f*(QE_[L + EJ) = O. On the other 
J 

hand, we have Ker(QE→QE.) ：：： Coker(ょ→ょj)：：：巽［一EjJ,
」

where E' =E-E. and l, i. are the QM-ideals defining E 
J - -J 

and E. respectively, Hence we get a exact sequence 0 → 
J 

ら(gE/[L + E / ])→ら(QE[L+ EJ)→ら(gEj[L + E]) = 0. 

Applying七he induction hypothesis to E', we complete the 

proof, 

In order to pro1.,e the claim, we use the induction on m = 

dim M. We will derive a con七radiction assuming that 

is f-pseudo-effective for e'-.!ery component 
.
J
 

E
 
of 

[L + EJ 
E. 
J 

E. Taking 
＊ 

an ample line bundle A on V and replacing L by L + f tA 

with t>〉 0, we may assume that [L + EJE. is pseudo-
J 

effective for any 

theorem, XE,< 0 
J 

(E + L)E．こ（E
J -

E j. 

When m = 2, write E - D = X - Y, where X and Y are 

effective (Q-divisors without common components. Then Supp(X) 

c Supp(E) and X is f-exceptional, Hence, by the index 

for some compc,ner,t 
、
J
E
 
of x. Then 

D)E i ~ XE i < 0, Therefore [L + EJi::- is not 
J - 」-

J 
pseudo-effectiッe, a contr-adiction. 

When m 〉2 and dim f(E) = 01 take a gener-ic hyperplane 
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section N of M, By (1.6), the restriction of L + E to 

Ei n N is pseudo-effective for every j. Since EN 1s 
J 

fN-exceptional, this is impossible by the induction hypothesis. 

When dim f(E) 〉0, take a generic hyperplane section H on V 
＊ 

and set N = f H. Then EN is fN-exceptional. So, by (1.6) 

and the induction hypothesis, we obtain a contradiction as 

above. Thus we prove the claim in either case, 

(2.3) Lemma, Let f, M, V be as in (2.1) and let L be a 

line bundle on M. Suppose that dim M = dim V = n and that 

L - K - D is f-nef for some negligible Q-divisor D on M, 

where K deno七es the canonical bundle of M. Then 

Rqf*(QM[LJ) = 0 for any q〉 o.

Proof, Take an ample line bundle A on V. We use the 

Leray spectral sequence with E~' q(t) = 
2 

炉（V, R冗(g研LJ) R [tAJ) converging to Hp+q(M, L + tAM). By 

Serre's vanishing七heorem we ha¥Je Ep'q(t) -0 
2 

for p > o, 

t >〉 o. On the other hand, Hi（M, L + tAM) = 0 for 1 〉o,

t〉〉 0 by < 1. 8). Hence EOtq（七）一〇
2 

for q〉 0, t〉〉 0.

This implies Rqら(g研LJ) = 0 because A is ample. 

(2. 4) Coro 1 1 ary. Let f, M, V, K be as above and let L 

be a. line bundle on M 5(.Jch that L - D 1S f-nef for some 

negligible <0-di叶sor D on M. Then Rqら CQM[K - LJ) = 0 

any q > o. 

(2,5) Main Theorem. Let f: M -;. 1,/ be a surjective 

mor-ゃhisrn fr-om a man if o 1 d M on to a variety 1,/ with dim 

for 

M = dim V = n. Let L be a line bundle on M. Suppose that 
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＊ 

there exist negligible (!-divisors D, D and an f-exceptional 

effective divisor E on M such that L + E - K - D and 
＊ 

- L - D are f-nef, where K is the canonical bundle of M. 

Then Rqら(QM[l]) = 0 for any q〉 0.

Our proof con.sists of several steps. We use the induction 

on n. The assertion is obvious if n = 1. So we assume 

n 2 2 in the sequel. We 七ake an ample line bundle A on V. 

(2,6) Claim, ぎ＝ Rqら(QM[LJ) is a finite sheaf for any 

q > 0. 

Proof. Take a general hyperplane section H of V and 
＊ 

set N = f H. By Bertini's theorem, N is a manifold and ON' 
＊ ＊ 

D N are negligible (Q-divisors on N. Since [K + f HJN 1s 

the canonical bundle of N, we can apply the induction 

hypothesis to LN to obtain Rqら(QN[LJ) = 0 for q〉 0. On 

the other hand, we have an exac七 sequence ザ[-H] →ぎ一→

R冗(g研LJ) derived from 0 ―→ gM[-L] -→恥ー→恥→ 0. So, 

1.,._1e infer Supp（ぎ） n H = ¢ by Nakayama's lemma. 

finite because H is ample. 

Hence !sq l s 

(2. 7) Claim. Rqに(QM[K - L - EJ) is finite for any q >。

and f*(QE[K - LJ) = O. 
＊ 

Proof. Set L = K - L - E. Exchanging the role of 0 
＊ ＊ 

and D,  L satisfies the same condition as L. So the 

argument in (2,6) proves 七he first assertion. The second 

fol l ows f r~om (2. 2). 

(2.8) Using the long exact sequence of Rqf*''s of七he

exact sequence 0 →QM[K - L - E] →QM[K - L] →QE[I< - LJ 

-112-



→ 0, we _infer from (2,4) that Rqら(gM[K - L - E］） ：：： 

Rq-1ら(QE[K - LJ) for any q 2 1. Moreover, by the second 

assertion of (2,7), we have f*(QM[K - L - EJ)：：：ら（QMCK - LJ). 

This sheaf will be denoted by F in the sequel. 

(2,9) Claim, 計（V, FC-tAコ） ＝l (Ri-1ら(gM[K - L - E])) 

for any n > i 2 2, t>〉 0, When i ~ 1, 計（V, F[-tAJ) = O, 

Proof. We use the Leray spectral sequence with 

H所V, RqらCQM[K - L - EJ)[-tAJ) converging to 

Ep,q = 
2 

Hp+q(M, K - L - E - tA). By (2,7), Ei'q = 0 if p > 0 and 

q > 0. On the other hand, hJ<M, K - L - E tA) = 

hn-J(M, L + E + tA) = 0 for j < n by (1. 8). Therefore 
Ep,O~EO,p-1 
2 ― 2 

for each P < n, In particular 

E1,o = Eo,o = o. 
2 2 

This implies the claim, 

(2.10) Claim. h1(E. K - L) = l<R冗<QE[K - LJ)) = 

l<Ri+1ち CQM[K - L - EJ)) for any i 2 O. 

For a proof, we use the Leray spectral sequence converging 

to h 1 (E • K - L) and apply (2. 7) and (2. 8). 

(2.11) Claim. Rqら<QE[L + EJ):::Rq+i for any q 2 O. 

Proof, Applying (2.3)we obtain Rqら<QM[L + EJ) = 0 for 

any q > 0. In <.Ji e¥,,1 of the long exact sequence of R咋＊'s of 

the e><:act sequence 0 → g研L] → g研L + E]→gE[L + E] → o, 

ぃe ir,fe1- R冗(QE[L + E]) :::c ~q+l for any q〉 0. Moreover, 

,_1s1ng (2.2), we ob七a.in 1 
ら<QECL + EJ) = Is = 0. 

i+1 
(2.12) Claim. h1(E, L + E) = 1 (fsi'i.) for any i 2 O. 

‘= 

For a proof,,._jse (2.11) and the Leray spectral seqi」ence,
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(2.13) End of the proof of (2,5). For any q 2 1 and 

t >>。 we have 1 （炉）＝戸(M, L + tA) (similarly as in (2.3)) 

= hn-q<M. K - L - tA) (by Serre duality) 

= hn-q(V, F[-tAJ) (by (2.4)). 

If q ~ n - 1, the last term vanishes by (2.9) and we are done. 

If q s_ n - 2, we continue: 

= l <Rn-q-1名<QM[K - L - EJ)) (by (2.9)) 

= hn-q-2<E1 K - L) (by (2.10)) 

= hq+1(E,L + E) (by Serre duality on E) 

= l (5:q+2) (by (2.12)). 

Thus, by the descending induction on q,ぃe prove ＝ 炉＝ 0 for 

any q > o. 

(2.14) Theorem. Let f: M → V be a resolution of 

singularities of a normal variety V. Suppose that there exis七

a negligible IQ-d i •v i sor D and an f-exceptional effective 

(Q-d iv i sor E on M such that E - I<. - D is f-nef- where K 

is the canonical bundle of M, Then V has only rational 

singularities. 

Proof. Take a birational morphism 冗： M' → M such that 

-1 
Supp(R) u 冗 (0 u E) is a diヽ、.Jisor ha,Jing no other singulari七y

than normal crossings, 1,Jhere R is the ramification di,)isor of 
＊ 

冗． Let J.: o.O. be the prime decomposition of 冗 (E - 0) + R. 
l 1 

Then 6. > -1 for・ each 1 S lnce D is negligible, Hence 
1 

＊ 

冗 (E - 0) + R = E'-O' for some negligible (])-diッisor 0 / an,::l 

an effect i..,_,e divisor E'on  M,. Moreover E' is f'-

＇ exceptional, where f:::f.冗． Let K'be七he canonical 
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＊ 

bundle of M,. Then K, =冗 K + R and hence E'- D'- K'= 

＊ 

冗 (E - D K) 18 f'-nef. Now, applying (2.5) by setting 
＊ 

L = QM, and D = OJ we get 炉f'*gM'=0 for any q〉 o.

This implies that V has only rational singularities. 

(2.15) Corollary (compare [K2J). Every log-terminal 

singularity in the sense of Kawamata [K3J is rational. 

In fact, in case of log-terminal singularities, we have 

(Q-d i'visors O, E as above such 七hat E - K - D is the 

pull-back of a <Q-bundle on V. 

(2.16) Corollary (compare [EJ). Every canonical 

singularity is rational. 

§3. Comments 

(3.1) By Lefschetz' principle, the results in §2 are valid 

over any field of characteristic zero. 

(3,2) Let D be a (Q-Weil divisor on a normal variety V. 

Suppose that there is a desingulariza七ion f: M-➔ V together 

し,Jith a negligible IQ-divisor D'and an f-exceptional effective 

(Q-divisor E on M such that D =らD／ and K + D - E lS 
＊ 

numerically equiッalentto f L for some(Q-bundle L on v. 

In such a case the pair (\J~ 0) will be said to have only 

negligible singularities. By (2.14), V has only rational 

singularities in this case. 

Apに・a1~ently, this is a generaliz.ation of (2.15). However, 

as a ma七七er of fact; every negligible singularity 1s 

1:::g-terminal (in the 1..•i der sense in [K3J). 
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In order to see this, let f, M, D' be as above and take 

an ample line bundle A on v. Then H = K + D' - E + tAM 1S 

nef for t >〉 o. Moreo•-.)er L = H + E is a Zariski 

decomposition (cf. [FJ). Since L - K O'= tA 
M 
is nef and 

bigJ H is semiample by [F; A?J. Take a positive integer m 

such that both mO'and mE are usual d i •v i sor and that 

Bs I mH I = ¢. Let p: M ―→ W be the rational mapping defined by 

lmH I, Then, for any curve C in M such that f(C) 1s a 

point, we have HC = 0 and hence p(C) is a point. From this 

we infer that P factors through V and mH comes from 

Pic(V). Thus I<.+ D' - E is the pull-back of a Q-bundle on 

V. Obviously this lD-bundle corresponds to the --0-Weil divisor 

KV+ D ♦ Thus V has log-terminal singularities only. 

(3.3) Let D be a negligible Q-divisor on a manifold M 

with canonical bundle K and suppose that K + D is big and 

that the graded algebra G associated to K + D is finitely 

generated. Then, a弓 we saw in CF; A3], K + D admits a Zariski 

decomposition on a birational model M'of M and the 

semipositive part H is semiample, So (.Je have a birationa1 

morphism f: M' → W = Proj(G). We claim that (W, f*D) has 

only negligible singularities. 

Indeed, if N is the negative part of the Zariski 

；ゴecomposition, we have H゚ (M',sN + f*Qw<七）） ：：：： H゚ (w, f * gw < t)) 
for any s > 0, t〉 O. From this we infer that N 1s 

f-except i ona l. Now the assertion is easy to pr-o<Je. 

Thus, roughly speaking, negligible singularities are the 
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singularities which can appear as the singularities of 

(K + 0)-models with D being a negligible a:!-divisor. 

(3,4) A negligible singularity is not always log-terminal 
1n the strong sense in [K2J, namely, not always (Q-Gorenstein, 

1 2.  5 
For example, let W be 七he Segre variety !P... x IP.... in [p 

1 
and let S = IP~ x l c W, where 1s a line on the second 

2 factor IP.c..., Let (V, 0) be the affine cone over (W, S). 

Then the singularity of (V, 0) at the vertex is negligible, 

although it is not Q-Gorenstein. It is also easy to see that 

such a singularity does really appear on a certain 

(K + D)-model as in (3, 3), 

Finally, we remark that the results in [K2J are valid for 

varieties having only negligible singularities. 
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(A1) Very recently, Kawamata and Nakayama have proved our 

result o,)er non-complete variety too. To be precise, we make 

the following 

(A2) Definition. Let f: X → V be proper morphism of 

analytic varieties and let L be a (Q-bundle on X. Then L 

is said to be f-nef if LC f O for any curve C in X such 

that f(C) is a point. L is said 七o be f-big if the 

restriction of L to a general fiber of f is big. 

Remar~k. If L is f-nef in the sense (2.1), then L 1s 

obviously f-nef in the above sense too. Hoりever, the converse 

1s not true in general (even if f is birational). 

(A3) Theorem (Nakayama). Let f: M -→ V be a proper 

morphism frorn a complex man i fo 1 d M onto an ana 1 y tic •.,i ar i ety 

lJ. Let L be a line bundle on M such that L - K - 0 1s 

f-nef and f-big for some negligible (Q-d i ヽ•i sor D on M, 叫Ihere

-118-



K is the canonical bundle of M. Then Rqら(Q._.[LJ) = 0 for 
=M 

any q > O. 

Outline of proof. We may assume that V is Stein and 

七hen M is weakly 1-complete in the sense of Nakano, S七arting

from his vanishing theorem, we _proceed in the same way as we 

obtained Kawamata-Viehweg's vanishing theorem from Kodaira's, 

Then we get Hq (M, L) = 0, t叶，hich implies the assertion. 

(A4) Theorem (Kawamata). Let f: M ―→ V be as in (A3) 

and let L be a line bundle on M, Suppose that dim M = 

dim V and that七here is an f-exceptional effective divisor 
＊ 

E 

and negligible IQ-d i •v i sors D, D such that L + E - K - D and 
＊ 

Rqら(g研LJ) = O - L - D are f-nef, Then for any q〉 o.

This is proved similarly as (2.5), We replace (2,3) by 

(A3), and use Grothendieck duality in place of Serre duality, 

To do so, some technical reformulations are necessary; for 

example, in (2,9)t we should replace げ (M, K - L - E - tA) by 

Ex七•(~f*<QMCK - L - EJ),(J)v') and consider the spectral 

sequence 1,,.1 i th E~ t q = Extp (R―qち(gM[K - L - E]), {1)V •). Deta i 1 s 

will be published elsewhere. 
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