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A note on reflexive algebras
. Lo = Haruo Miyamoto 7
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Introduction. Let A be an algebra over a field k. Then

the dual coalgebra A° is coreflexive when A is weakly reflexive.
The converse of this proposition is not true in general. In fact,
if A is left almost noetherian, then A° is always coreflexive,

and there exists a left almost noetherian algebra which is not

weakly reflexive. In this paper, we consider the condition uncer
which the conver 1is true.

Further, D. E. Radford showed that a left(or right) almost
noetherian algebra with cofinite Jacobson radical is reflexive if
and only if it is complete with respect to the radical-adic topo-
logy. We will characterize the reflexive algebras with cofinite
Jacobson radical by this proposition.

We use the notations and terminology of [1], [4]1 and [5].
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1. Topology of an algebra. Let A be an algebra over a
fixed field k. Then the set of cofinite (two-sided) ideals forms
a filterbase and we can define a uniform topology on A. In the
following, we suppose that all algebras have the topologies of
this type. In particular, k is a discrete space and so AO is the
set of continuous k--linear mappings of A to>k. By Lemma 6.1.0 in
[4]7, the kernel of the canonical mapping A'—iA**;—ﬁAo*'is the

intersection of all cofinite ideals of A we get'

Lemma 1. A is a proper algebra if and only if A is a
Hausdorff space. Hence for an ideal I of A, A/I is proper if and

only if I is closed.

We denotes the closur of a subset X of A by X. Fof”an ideal
I of AT is the intersection of cofinite ideals containing I and

soT = (It A aH*.

Lemma 2. Let X and Y be subspaces of A. Then

x A 2% = xtn 1% A ¥t A,

- 2 -



-

52

. . o)
where A 1s the wedge of A .
Proof. Let m be the multiplication mapping of A. Then

(@]
xtn 2% A (vt oa)

A 2% ® 2%+ %@ (vha %))

Tl xte At at e v n @ %))

i xte 2t +a¥ @ vh

Flix ® DT A (A @ a¥)

(xy)y=n A,

where the first equality follows by definition and second by

2.3.1. Lemma in [1] and third by Proposition 6.0.3 in [4]. q.e.d.
Corollary 3. X = ((xtn 8% A (Yt A AO))J‘.

Let J denote the Jacobson radical of A. Then we can prove

the following lemma by the simillar way as in [3].

Lemma 4. (1) ;yg (A/Eﬁ)O = AO
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(i1) A% T (lim (A/JM)%)¥* = 1lim (4/J7)0%,
(iii) The diagram

1im A/J0 —s 1im (A/J0)°F
& —

where the above mapping is one induced by the canonical ones A/JD
— (A/J")O* , the left hand side one 1s the isomorphism in

(i1).

2. Main theorem.v Let A be an algebra with cofinite Jacob
: 0 nyL oL n-1,1L o,+
Jacobson radical J. Then J% = ((J*)™n A ) = (A (J—n A7)
by Corollary 3. Hence 1f A 1is locally finite, then JN is cofinite

for all n. Since coreflexive coalgebras are locally finite weget

Proposition 5. Let A be an algebra with cofinite Jacobson
radical. Suppose that the dual coalgebra AO is coreflexive.
Then A is reflexive if and only if the canonical mapping A —2>

%im A/5ﬁ is an isomorphism.
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If J is finitely generated and cofinite, then JO is also
finitely generated and cofinite, and so Eﬁ = Jn, so that the
above proposition implies that A 1s reflexive if and only if A
is J-adically complete.bThis is the cosequence of 4.3.1. Propo-
sition. We will show the converse.

An algebra is called left(or right) almost noetherian if
every cofinite left(or right) ideal is finitely generated and is
célled almost noetherian if it is both left and righr noetherian.
For example, if J is cofinite and finitely generated as a left(
or right) ideal, then A iskleft almost noetherian. For details

see [1].

Theorem. Let A be an algebra with cofinite Jacobson

radical J. Then the following conditions are equivalent.

(1) A is reflexive.

(11) « A is left almost noetherian aﬁd is J-adically
complete.

(iii) A is right almost noetherian and is J-adically
complete.
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(iv) A is almost noetherian and is J-adically complete.

(v) AO is coreflexive and the canonical mapping A —

1im A/JB is an isomorphism.
im

Proof. Suppose that A is reflexive. Then A can be
considered as the dual space of Ao,and so, the weak-¥ closure
and the closure considered coincide with-eéch other. Hence the
sum of finitely many closed subspaces is closed and a finitely
generated left(or right) ideal is closed. Since AO is coreflexive
JN is cofinite for all n. In particular, there exists a finitely.
generated left ideal L such that J =L + 371 We -will show fhat
L=J.

Since-J2 = J(L + J2) S IL+ a3 =T+ e L+ J3,.3 =1+

——

J3.

Inductively, we have Jn = Jh=len + sz c L %igﬁiizyand so,

J =1L+ JO for all n and J = (\Ail(L + 3_3. Since L isfcloséd and
A is linearly compact J = L + (Jg21 Eﬁrby [2]. We must show that
f]nfl o = (0). Since A is proper the commutativity of the diagram
in Lemma 4 (iii) implies this. Thus we get that J = L, and so.

A is left almost noetherian and Lemma U4 (iii)vimplies that A is

J—-adically complete.
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Simillarly, if A is reflexive then J is finitely generaed
as a right ideal,‘and so, A is almost noetherian.

.3.3.3. Theorem and 3.1.2. Remark show that (ii)(or (iii) or

(v)) implies (v). Proposition 5 shows that (v) implies (i). g.e.d.

References

[1] R. Heyneman and D. Radford, Reflexivity and Coalgebra
of finite type, J. Alg. 28, 215-246, 197h4.

(2] H. Leptin, Linear kompakte Moduln und Ringe, Math. Z.
Bd. 62, 241-264, 1955.

(3] H. Miyamoto, A note on coreflexive coalgebras, Hiroshima
Math. J., vol. 5, No. 1,17-22, 1975.

(4] M. Sweedler, Hoph Algebras, Benjamin, Néw York,'1969.

[5] E. Taft, Reflexivity of Algebras and Coalgebras, Amef.

J. Math. 94, 1111-1130.



