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Chapter 1 
General Introduction 

 

1.1 Locomotion Mechanisms 

Locomotion devices such as vehicles and mobile robots are now widely used to transport people 

and goods efficiently. There exist various locomotion mechanisms to meet various applications. 

The wheeled mechanism is the most popular one, which participates in the fields of not only 

industry and logistics [1]–[3] but also other services. Wheeled robots take over hard work in 

agriculture and forestry [4]–[6] and dangerous tasks in a harsh environment with height[7], 

chemicals[8], or outer space[9]. These days, it is also expected to support people in welfare and 

nursing care [10]–[12] and even at home [13]–[15]. 

Another well-known style of locomotion is a legged mechanism similar to humans, animals, 

and insects. Step-by-step walking enables the robots to travel over uneven terrain [16], [17]. This 

mechanism brings harmonization with a human environment, for example, in going up stairs and 

climbing up ladders [18], [19]. In vehicles and mobile robots, the tracked mechanism is also often 

used. Tracks, or crawlers, has such a large ground contacting surface that can run through rough 

terrain [20], [21]. Its excellent traveling performance is useful for rescue [22]–[24]. Recently, 

slithering locomotion of snakes has been studied and several snake-like robots have been 

developed. Their slender forms are very suitable for in-pipe inspection [25], [26]. They are 

engaged in urban search in a disaster situation [27], [28]. The hybrid mechanisms have also been 

proposed: wheel-leg [29], [30], track-wheel [31], leg-track [32], and leg-track-wheel [33]. 

 

This research focuses on the wheeled mechanism. Compared to other mechanisms, wheels have 

advantages in high energy efficiency and high-speed runnability thanks to their simple structure 

and motion [34]. High stability is also achieved just by using three or more wheels. Furthermore, 

control complexity is low in general usage. These characteristics will meet people requirements in 

many situations, which may result in the extremely widespread use of the wheeled mechanisms as 

described above. 

In the wheel mechanisms, however, there exists a disadvantage in mobility when compared to 

other mechanisms. Regarding the legged locomotion, the robots are basically able to move in any 

direction immediately. On the other hand, the wheeled vehicles cannot move sideways unless the 



2 Chapter 1 
 

wheels slip; they need a switchback or a turnabout, which costs extra time and space. This problem 

disrupts efficient motion in places with a limited space or many obstacles . 

 

1.2 Conventional Omnidirectional Wheeled Mechanisms 

To solve the problem in the limited mobility of the wheeled vehicles, omnidirectional wheeled 

mechanisms, which enable the vehicle to move in any direction at any time, have been proposed. A 

primary example is omni wheels [Fig. 1.1(a)]. The omni wheel has a disk shape like a normal 

wheel but has outer rollers around the circumference that rotate passively. When the main body of 

the wheel is driven by a motor, the omni wheel can move actively in one direction. When the omni 

wheel receives a side force, it moves passively in another direction because of the passive rotation 

of the outer rollers. By using three or more omni wheels, an omnidirectional vehicle can be 

constructed [35]–[38]. 

As another example, omnidirectional mobile robots using spherical wheels [Fig. 1.1(b)] have 

been proposed [39]–[42]. The spherical wheel has a ball whose radius is constant in all directions 

and rotates it in the desired direction by using multiple rollers driven by motors. Then, the wheel 

can move actively in an arbitrary direction.  

Caster wheels that move passively are often used in office chairs or handcarts. By driving them 

actively by motors, omnidirectional mobile robots are realized [43]–[46]. The caster wheel [Fig. 

1.1(c)] has two rotation axes, i.e., an axle of the wheel and a steering axis, with an offset between 

them. When the wheel axle is driven, the caster wheel moves in one direction. When the steering 

axis is driven, the caster wheel moves sideways with rotation. By using two or more caster wheels 

and controlling the rotation of these axes appropriately, the robot can move in a desired direction 

at any time. 

 

 

   
(a) (b) (c) 

Fig. 1.1 
Examples of omnidirectional wheeled mechanisms: (a) Omni wheel [37], (b) Spherical wheel [42], and 
(c) Caster wheel [44]. 
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These omnidirectional wheeled mechanisms help locomotion devices to acquire 

omnidirectional mobility equivalent to legged mechanisms. However, some troubles arise resulting 

from their structure. For example, the complicated structure of the omni wheels leads to low load 

capacity and vertical vibration. The redundant motors of the spherical wheels and caster wheels 

cause excessive constraints requiring accurate motor control, otherwise, wheel slippage or 

undesirable force will occur. 

 

1.3 Motors 

Motors play important roles in the performance of wheeled locomotion devices. This is also true in 

various robots and machines. The most popular type of motor is the electromagnetic motor 

combined with a reducer, which can realize high-precision positioning and large torque output. 

However, the conventional reducers that utilize spur gear pairs or planetary gear mechanisms tend 

to be large, because they need multistage gear trains to gain high reduction ratios. This makes the 

entire motor system large, and consequently, the robots and machines  using motors large. In the 

wheeled vehicles, this problem leads to reducing movement efficiency and increasing the risk of 

collisions. 

To address this issue, compact reducer mechanisms, which realize high reduction ratio in a 

single stage, have been developed. For example, a strain wave gearing system [47] [Fig. 1.2(a)] 

and an inscribed planetary gear, or a KHV planetary gear, mechanism [48]–[51] [Fig. 1.2(b)] 

achieve downsizing by using the principle of differential gears. These reducers have an external 

and internal gear pair with a small difference in teeth number and output the relative rotation 

between them. The strain wave gearing system cause the relative rotation by rotating an oval cam 

inside the external gear and deforming the elastic external gear, while the inscribed planetary gear 

does it by revolving either of the external or internal gear. Besides these mechanisms, other 

reducers, including a ball reducer [52] and a cycloidal reducer [53], are proposed. 

 

  
(a) (b) 

Fig. 1.2 
Examples of compact reducer mechanisms: (a) Strain wave gearing system [74] (b) Inscribed planetary 
gear mechanism [85]. 
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Indeed these reducers have a great effect on the downsizing of a reducer mechanism itself. 

Considering the whole motor system, however, its effect is limited because an electromagnetic 

motor is typically as large as the conventional reducers using multistage spur gears. Therefore, a 

progressive solution is still required. 

 

1.4 Aims and Approach 

This research aims to solve the abovementioned problems of wheeled mechanisms and motors. 

Through analyses, syntheses, and experiments, novel omnidirectional mobile mechanisms and 

integrated motor mechanisms are proposed based on the theory of mechanisms and kinematics of 

machinery. 

Regarding the omnidirectional mobile mechanisms, this research offers two types of solutions. 

One approach is the proposition of a novel wheeled mechanism using a normal wheel. Here, an 

omnidirectional wheeled mechanism with a simple structure and non-excessive constraints is 

synthesized through the analysis of the existing wheeled mechanisms. Another approach develops 

new technologies for the wheeled mechanism with outer rollers  to solve its concerns. The wheeled 

mechanism is made advanced in its structure for the sake of low vibration and in the transmission 

mechanism to reduce the number of motors. With respect to the motor mechanisms, the motor 

system miniaturization is achieved by integrating the motor and reducer with the aid of differential 

gears and simultaneous tooth engagement. The effectiveness of each of the proposed mechanisms 

is evaluated through experiments. 

 

1.5 Thesis Overview 

The thesis consists of eight chapters. 

Chapter 1 introduces a background of this research and points out problems in the current 

situation for wheeled locomotion devices. The purpose and strategy of the thesis are described. 

Chapter 2 starts with the analysis of every kind of wheeled mechanisms, and then, the 

generalized kinematic conditions for omnidirectional movement are extracted. By using the 

conditions, a novel wheeled mechanism is synthesized and an omnidirectional mobile robot with it 

is proposed. Through the analysis and experiments, the effectiveness of the proposed mechanism is 

verified. 
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Chapter 3 is for designing a controller to stabilize the mobile robot proposed in Chapter 2. 

Considering the conditions, feedback linearization based on the kinematics is applied. Simulations 

and experiments have been carried out. 

Chapter 4 presents another omnidirectional wheeled mechanism by improving the mechanism 

proposed in the past to overcome the structural problems in vibration and the number of parts. How 

the proposed wheel and the vehicle using it should be designed is discussed with developing the 

prototype. 

Chapter 5 deals with the transmission mechanism for one omnidirectional wheeled mechanism. 

Based on the characteristics of the wheeled mechanism, the transmission mechanism with 

switchable transmission paths is synthesized. The prototype vehicle can move in the longitudinal 

and lateral directions and turn with a smaller number of motors than usual. 

Chapter 6 includes the proposition of a novel reducer-integrated motor using the principle of a 

strain wave gearing system. The prototype is developed based on the condition for avoiding tooth 

tips interference and experimental tests are conducted  to compare several movement patterns. 

Chapter 7 provides another reducer-integrated motor to make the design flexibility higher than 

the motor proposed in Chapter 6. The analysis clarified the design conditions and design algorithm. 

The experiment verifies its effectiveness.  

Chapter 8 is a summarization of the conclusions in each chapter and discussions on the 

perspective in future work. 





Chapter 2 
Wheeled Mechanism Analysis and a 
Novel Omnidirectional Mechanism 
‘Slidable Wheel’ 

 

2.1 Wheeled Mechanisms 

Many kinds of wheeled mechanisms have been developed and used. Here, each of them is 

explained in detail. 

Fixed wheel [Fig. 2.1(a)] is the most standard type of wheel that can rotate around the axle and 

move actively in one direction. It can turn around the ground contact point passively. The structure 

is simple and small. However, its mobility is limited because the wheel cannot move sideways. 

Two fixed wheels cause constraint on the vehicle in general, so they should be arranged in parallel. 

Orientable wheel [Fig. 2.1(b)] has another rotation axis to change its direction actively. This 

function enables the wheel to move in an arbitrary direction . Note that the direction that the wheel 

can move immediately is always limited, so that omnidirectional movement is not achieved. 

Omni wheel [35]–[38] [Fig. 2.1(c)] brings omnidirectional mobility to the mobile robot thanks to 

the outer rollers that can rotate freely. Its structure is so complicated that there are concerns about 

low load capacity and mechanical vibration. The complexity of the control method seems as low as 

that of a fixed wheel. Even three omni wheels never cause overconstraint situation, unlike in the 

 

 
Fig. 2.1 
Varieties of wheel mechanisms. (a) Fixed wheel, where only the wheel itself can rotate around its axle. 
(b) Orientable wheel, where the wheel can both rotate and turn around the steering axis passing through 
the ground contact point. (c) Omni wheel, which can move in a direc tion perpendicular to the wheel 
plane by using free rollers along the circumference.  (d) Sperical wheel, which has a ball-shaped wheel 
that is rotatable in any direction. (e) Caster wheel, which has an offset between the axle of  the wheel 
and the steering axis. 

Wheel

Axle

Outer
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Main
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(a) (b) (c) (d)
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fixed wheels. Singular configuration, where the robot motion becomes uncontrollable, can occur 

depending on the wheel arrangement, e.g., when three or more omni wheels are arranged in 

parallel, but is avoidable. The two-layered structure is often used to compensate the gaps in 

between the outer rollers. The radius of the outer rollers should be smaller than that of the  wheel 

main body. 

Mecanum wheel [54]–[57] has a structure similar to that of the omni wheel, but the axes of the 

outer rollers are tilted away from the wheel plane. This structure expands the flexibility for 

arranging the wheels because the wheels can put in parallel by adjusting the tilting angles of the 

outer rollers. 

Orthogonal wheel [58]–[61] utilizes two parallel sphere-like-shaped rollers rotating actively in 

one direction and passively in the perpendicular direction. Its movement principle is similar to 

those of the omni wheels. The number of parts can be kept smaller but the size becomes larger 

compared to the omni wheel. 

Active Omni Wheel (AOW) [62] has almost the same appearance as the omni wheels, but both of 

the wheel main body and outer rollers can be rotated actively, so that passive joints are eliminated. 

The two degree-of-freedom (DOF) movement is easily decoupled in the motion control. Two 

AOWs cause motor-redundancy and then an overconstraint-like situation occurs where the motors 

have to drive in harmony with high accuracy.  

Spherical wheel [39]–[42] [Fig. 2.1(d)] usually provide two DOF movement as well as the AOW. 

Its isotropy in structure leads to high surmountability in every direction, but also to large 

occupation volume. The rollers driving a ball wheel bring technical challenge because the roller 

should transmit its rotation in one direction but must not in another direction. A spherical wheel 

with one active DOF and one passive DOF has been also proposed  [63], which needs to handle 

singularity. 

Caster wheel [43]–[46] [Fig. 2.1(e)] also has basically two active DOFs because a caster wheel 

with one active DOF causes the unacceptable singular condition [64]. Both structural simplicity 

and superb mobility are established because the omnidirectional movement is achieved with 

normal wheels. Controlling the caster wheel is relatively difficult, and moreover, overconstraint 

occurs in two or more two-DOF caster wheels. 

 

To make the robot attitude stable, three or more wheels are required in principle. With respect 

to climbing steps or running through uneven terrain, it is preferable that all the wheels are actively 

driven. Following the requirement of using three active wheels without overconstraint, the omni, 

Mecanum, orthogonal, and spherical wheels with one active DOF become candidates. However, it 

can be difficult for these wheeled mechanisms to move precisely because resistance as a result of 

friction and viscosity that change depending on the conditions disturbs the passive rotation of the 

rollers in the wheels. Furthermore, these mechanisms are relatively complicated in structure. 
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Another way to avoid the constraint in motor redundancy is to share the motors among the wheels 

with two active DOFs (e.g., in spherical wheels [65] and in caster wheels [66], [67]). However, it 

is accompanied by complicated transmission mechanisms and limited design flexibility. 

According to the aforementioned concerns, the wheeled mechanism with high mobility, simple 

structure, active drive, and fewer constraints will be useful. Based on this situation, the analysis 

and synthesis of wheeled mechanisms are carried out to propose a novel mechanism. 

 

2.2 Analysis and Synthesis of Wheeled Mechanisms 

2.2.1 Kinematic analysis of Wheeled Mechanisms 

First, the existing wheeled mechanisms are analyzed. In order to discuss the kinematics common to 

all types of wheels, including the fixed wheel, orientable wheel, omni wheel, spherical wheel, and 

caster wheel, the motion of a mobile robot with each wheel type  is considered. As shown in Fig. 

2.2(a), the global reference frame O–XIYI is fixed on the floor. The pose of the local reference 

frame P–XRYR in the global frame is represented by a vector , as follows. 

 (2.1) 

In the local reference frame, as shown in Fig. 2.2(b), the wheel of the mobile robot is located at a 

distance  from the origin P and at an angle  from XR. The axis of the wheel is tilted at an angle 

 from a line passing through P and the center of the wheel. Parameters  and  denote the 

velocity of the wheel in the direction parallel to the wheel plane and the direction perpendicular to 

it, respectively. Then, the kinematic equations for these directions are represented as follows: 

 (2.2) 

 (2.3) 

 

 
Fig. 2.2 
Reference frames for kinematic analysis of a mobile robot. (a) Position and orientation of the mobile 
robot in the global reference frame. (b) Position and orientation of the wheel in the local reference 
frame. 
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where the rotation matrix  transforms the vector in the global reference frame to the vector in 

the local frame. 

 (2.4) 

 

When the wheel is a fixed wheel [Fig. 2.1(a)] or an orientable wheel [Fig. 2.1(b)] with radius  

and rotation angle , the kinematic equations of Eqs. (2.2) and (2.3) are given as follows: 

 (2.5) 

 . (2.6) 

The velocity of the wheel is  in Eq. (2.2). Because the rotational velocity  is arbitrary, 

Eq. (2.5) is satisfied at any velocity . On the other hand, the constraint that the wheel does not 

skid leads to  in Eq. (2.3). Then, Eq. (2.6) becomes a nonholonomic constraint, i.e., the 

components of  are subordinate to each other, and the mobile robot is no longer able to move at 

an arbitrary velocity with three-DOF planar motion. Therefore, robots with fixed or orientable 

wheels are nonholonomic, and not omnidirectional.  

In contrast, if both  and  can take arbitrary values, neither Eq. (2.2) nor (2.3) yields 

nonholonomic constraints for . The equations are established at any  by substituting 

appropriate values for  and . A mobile robot whose wheeled mechanisms satisfy these 

conditions and provide three or more active DOFs can be an omnidirectional mobile robot and 

move immediately in an arbitrary direction.  

In the first place, regarding the omnidirectional mobile robot, let us think a robot with omni 

wheels [Fig. 2.1(c)]. Given the radius of the outer rollers  and the rotation angle of the outer 

rollers , the kinematic equations equivalent to Eqs. (2.2) and (2.3) are as follows: 

 (2.7) 

 . (2.8) 

In Eqs. (2.7) and (2.8),  and  are substituted for Eqs. (2.2) and (2.3). The value of 

 is arbitrary because the outer rollers of the omni wheel can rotate freely. Therefore, the 

appropriate values of  and  establish Eqs. (2.7) and (2.8) at any . Thus, a robot with three 

or more omni wheels can be an omnidirectional mobile robot.  

In the Mecanum wheel, the rotation axis of the outer rollers is tilted from the wheel plane. 

Thus, the rotation of the outer rollers produces the velocity which includes the components of both 

the directions parallel to the wheel plane and perpendicular to it. As a result,  includes  and 

, and  includes . In any case, the kinematic equations for the Mecanum wheel are satisfied 
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at any  with the appropriate  and  as in the omni wheel. The orthogonal wheel has the same 

kinematic equations as the omni wheel.  

In the spherical wheel [Fig. 2.1(d)], the kinematic equations are 

 (2.9) 

 . (2.10) 

where  is the rotation angle of the wheel perpendicular to . The same discussion is held as the 

omni wheel, and  can take an arbitrary value. In the case of the spherical wheel with two active 

DOFs, we can choose the value of  arbitrarily because the wheel is completely symmetrical.  

The caster wheel [Fig. 2.1(e)] has an offset distance  between the ground contact point and 

the steering axis. Caster wheels rotate around the vertical axis, and so  is variable. Eqs. (2.2) and 

(2.3) are written specifically as follows [68], [69]: 

 (2.11) 

 . (2.12) 

In comparison with Eqs. (2.2) and (2.3),  and  are given. Because  in  

is a component of ,  is arbitrary in Eqs. (2.11) and (2.12) if the steering angular velocity  is 

arbitrary. 

 

2.2.2 Synthesis of a Slidable Wheel 

As shown in the previous section, the generalized kinematic conditions for omnidirectional 

movement is that  and  can take arbitrary values so that Eqs. (2.2) and (2.3) are established at 

any . In general,  includes  and then  becomes arbitrary whenever the wheel can rotate 

around its axle at an arbitrary velocity. Therefore, the mechanism to allow  to take an arbitrary 

value should be considered. 

The wheeled mechanisms described in the previous section utilize the rotation of outer rollers 

 (in the omni wheel), the rotation of the wheel in another direction  (in the spherical wheel), 

or the rotation around the steering axis  (in the caster wheel) to meet the condition for . This 

research synthesizes a novel wheeled mechanism for omnidirectional movement by adopting other 

parameters as  instead of them. The use of a normal wheel is assumed in order to keep the 

structure simple. Here, one of the two parameters in Fig. 2.2(b),  or , can be used: if  is 

chosen as a variable, however, the effect of  in  will be close to that of  in the caster wheel. 

Then, let us focus on a wheeled mechanism in which  is a variable and  is used for . 

A slidable wheel, whose sliding joint enables  to vary, is proposed. Fig. 2.3 shows the 

schematic structure and parameters for the slidable wheel. The rail of the sliding joint is located at 
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a distance  from P, and tilted at an angle  from XR. The normal wheel can move passively 

along the sliding joint relative to the rail. The wheel is at distance   on the sliding joint from the 

foot of the perpendicular from P. The angle between the wheel axle and the sliding joint rail is , 

whose value is either fixed or changed actively. Then, the kinematic equations equivalent to Eqs. 

(2.2) and (2.3) are as follows: 

 (2.13) 

 . (2.14) 

In Eqs. (2.13) and (2.14),  and  are given. By 

considering  as arbitrary, Eqs. (2.13) and (2.14) are applicable to any  under the condition 

. Omnidirectional mobile robots can be realized by using three or more slidable wheels. 

Note that the condition , namely , corresponds to a singular configuration, 

where Eq. (2.14) causes a nonholonomic constraint for . In this situation, the movement direction 

of the wheel is parallel to the rail of the sliding joint , and the robot no longer can move in the 

direction perpendicular to the wheel plane. This singular configuration restricts the movable 

direction of the robot, but does not make the robot states out of control and  can be decided 

uniquely. In other words, this singular configuration is unfavorable but acceptable to the mobile 

robot. The unacceptable singular configuration will occur if the rails of the slidable wheels in a 

robot are all parallel, but this situation is avoidable in the design.  

 

2.2.3 Comparisons of Wheeled Mechanisms 

The proposed slidable wheel is compared with other wheeled mechanisms. Table 2.1 summarizes 

the characteristics of the wheeled mechanisms as explained above. First of all, the slidable wheel 

can make omnidirectional movement by using a normal wheel, as well as the caster wheel. This 

means that the slidable wheel establishes both superb mobility and structural simplicity. The other 

omnidirectional wheeled mechanisms with two active DOFs, such as the AOW, spherical wheel,  

 
Fig. 2.3 
Proposed wheel mechanism using a sliding joint, slidable wheel, and its parameters.  
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and caster wheel, causes overconstraint-like situation by using at least two wheels, which cannot 

keep the robot standing statically by themselves. On the other hand, three slidable wheels do not 

bring the constraint due to the passive sliding joints. Passive elements may disturb the motion if 

uncontrollable, like in the omni wheel and spherical wheel with one active DOF, but the sliding 

joint movement in the slidable wheel is controllable through steering the wheel actively, as 

described in the next section. To control the sliding joint makes the control system somewhat 

complicated, which is discussed in Chapter 3. The slidable wheel has a singular configuration, bu t 

it is acceptable as explained above, unlike the caster wheel with one active DOF. The structure of 

the slidable wheel is practically the orientable wheel with a slider, so that the structural isotropy is 

inferior to that of the spherical wheel but an advantage in volume remains. By steering the wheel, 

the slidable wheel can face to steps or obstacles and use its maximum radius to surmount them, and 

therefore the low isotropy may not be a serious disadvantage. 

Thus, the slidable wheel assumes characteristics different from those of the other wheeled 

mechanisms, especially in its simple structure and less constraint. 

 

2.3 Kinematic Analysis of Omnidirectional Mobile Robot Using 
Slidable Wheels 

To show the usage of the proposed slidable wheel concretely, a novel omnidirectional mobile robot 

with three slidable wheels is proposed. 

 

2.3.1 Slidable Wheeled Omnidirectional Mobile Robot (SWOM) 

The robot, named slidable-wheeled omnidirectional mobile robot (SWOM), is shown in Fig. 2.4. 

The main body of SWOM consists of a base block and three rails of sliding joints. The three rails 

are fixed to the base block at equal intervals. Each driving unit of SWOM is like an orientable 

wheel with a slider of the sliding joint. The wheel rotates actively around both the axle and the 

ground contact point by the driving motor and the steering motor, respectively. The sliding joint is 

 

 
Fig. 2.4 
Proposed omnidirectional mobile robot, SWOM. 
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a passive joint that moves depending on the driving unit movement, which changes the distance 

between the base block and the driving unit.  

 

Next, the omnidirectional movement of SWOM is considered. Fig. 2.5 schematically shows the 

motion of SWOM: (a) forward translation, (b) right translation, (c) diagonal translation, and (d) 

turning. In this figure, although the direction of each wheel is always perpendicular to the rail of 

the sliding joint, SWOM moves in any direction. Each driving unit using a normal wheel can move 

in a direction parallel to the wheel plane and steer the wheel, but cannot move in the direction  

perpendicular to the wheel plane. However, the relative movements of the sliding joints enable the 

main body to move even in the direction perpendicular to each wheel plane. As a result, the main 

body is capable of three-DOF planar motion by rotating the wheels at appropriate velocities. 

Additionally, the moving direction of the main body can change immediately without adjusting the 

directions of the wheels because the steering angle of each wheel is constant in every movement 

shown in Fig. 2.5. Thus, SWOM achieves omnidirectional movement. 

Another moving situation is shown in Fig. 2.6, in which the steering angles of the wheels are 

changed according to the movement direction of the main body. The movement direction of each 

wheel is the same as that of the main body during the translation, such as in (a) forward  

translation, (b) right translation, and (c) diagonal translation, or the circumference direction of the 

rotation in (d) turning. In this way, SWOM can move in each direction without relative movements 

of the sliding joints. Considering the movements in Fig. 2.5, the omnidirectional movement of 

SWOM basically depends on the relative movements of the sliding joints. Th is means that the 

reachable region of SWOM is limited to the region where the relative movements are feasible, i.e., 

where the sliders of the sliding joints are away from the ends of the rails. On the other hand, in 

Fig. 2.6, the movable range of the sliding joints does not restrict the reachable region of SWOM, 

and so SWOM can continue with movement unlimitedly. Note that SWOM cannot switch the 

motion in Fig. 2.6 immediately because it is necessary to steer the wheels. 

The situation between Fig. 2.5 and Fig. 2.6 should be discussed. It means that the DOFs of 

steering the wheels enables SWOM to manipulate the relative movement of the sliding joints in 

addition to the motion of the main body. Fig. 2.7 shows the case where SWOM is moving forward. 

As shown in Fig. 2.7(a), when the traveling directions of the wheels are set inward to the moving 

direction of the main body (i.e., forward direction), the sliding joints move toward the base block 

while the main body moves forward. In contrast, when the traveling directions of the wheels are set 

outward, as shown in Fig. 2.7(b), the sliding joints move away from the base block. When the 

traveling directions of the wheels agree with the moving direction of the main body, as shown in 

Fig. 2.7(c), the main body moves but the sliding joints do not. Thus, SWOM can control the 

relative position of the sliding joints by steering each wheel appropriately while the main body 
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moves along the desired trajectory. When the relative positions of the sliding joints are controlled 

within a certain range, SWOM can move without restriction, even with finite rail lengths.  

 

2.3.2 Kinematics of SWOM 

Fig. 2.8 shows the coordinate systems for the kinematic analysis of SWOM. The reference frames 

are basically the same as those in Fig. 2.2, except the origin of the local reference frame P is on 

the center of the base block, and XR is parallel to one of the sliding joints. The driving unit in the 

 
Fig. 2.5 
Omnidirectional movement of SWOM using the relative movements of the sliding joints : (a) Forward 
translation. (b) Right translation. (c) Diagonal translation. (d) Turning. The upward direction in the 
figure is the forward direction. 
 

 
Fig. 2.6 
Movement of SWOM when the movement direction of each wheel is changed depending on the 
movement direction of the main body. (a) Forward translation. (b) Right translation. (c) Diagonal 
translation. (d) Turning. The upward direction in the figure is the forward direction.  
 

 
Fig. 2.7 
Differences in the relative movements of the sliding joints depending on the steering angle of each 
wheel when SWOM is moving forward (toward the top of the figure).  (a) Inward slider displacement. 
(b) Outward slider displacement. (c) No slider displacement. 
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sliding joint parallel to XR is assigned as driving unit 1, and the others as driving units 2 and 3 

counterclockwise. 

First, the kinematics is explained by pairing a sliding joint and a driving unit. By substituting 

 in Eqs. (2.13) and (2.14), we obtain the following six conditional expressions, where 

subscript  represents the parameter belonging to driving unit . 

 (2.15) 

  (2.16) 

Here, , , and  are constants. If the rotational velocity of the wheel  

and the relative velocity of the driving unit on the sliding joint  are arbitrary, Eqs. (2.15) and 

(2.16) give zero nonholonomic constraints for  under the condition . This proves 

theoretically that SWOM can move at an arbitrary velocity with regard to three -DOF planar motion 

and can perform as an omnidirectional mobile robot.  

By eliminating  from Eqs. (2.15) and (2.16), the following equation is obtained. 

 (2.17) 

The forward and inverse kinematics are represented by Eqs. (2.18) and (2.19), respectively, when 

the input is the velocities of the driving units and the output is the velocity of the main bod y. Here, 

 is excluded in (2.19). 

 (2.18) 

 (2.19) 

 
Fig. 2.8 
SWOM and reference frames for kinematic analysis.  
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SWOM falls into the singular configuration when the movement direction of the wheel is 

parallel to the rail of the sliding joint, as explained in Section 2.2.2. This is because the motion of 

the driving unit is never transmitted to the main body through the sliding joint. When driving unit 

 causes the singular configuration, , Eq. (2.16) gives a nonholonomic constraint for . 

Every driving unit with  generates this constraint, and reduces the DOFs of the main 

body by one DOF, so that omnidirectional movement is no longer feasible. For example, when 

driving unit 1 is in the singular configuration, the DOFs of SWOM is two: translation in the XR 

direction and rotation around driving unit 1. When two driving units fall into the singular 

configuration at the same time, SWOM motion is only one-DOF rotation around a certain point.  

Thus, the movable direction is restricted in the singular configuration, but SWOM can move in the 

accepted directions. When all the driving units are in the singular configuration,  SWOM cannot 

move at all. However, SWOM can avoid the singular configuration just by steering the driving 

units slightly from . 

 

2.3.3 Reachable Region under Fixed Steering Angles 

The reachable region of SWOM is limited by the movable range of the sliding joints when SWOM 

makes an omnidirectional movement with fixed steering angles. In this section, the reachable 

region is evaluated quantitatively. The analysis target excludes the singular configuration, 

. 

First, the translation without rotation of SWOM is examined. If  is given in Eq. 

(2.16) and the global and local reference frames are in agreement at the initial condition, the 

relative position of the driving unit on the sliding joint  is given as follows: 

 (2.20) 

where  denotes the relative position of driving unit  on the sliding joint at the initial 

condition. When the movable range of the sliding joints is represented by , the 

reachable region of the main body of SWOM is obtained. 

 (2.21) 

Under the conditions  and , the reachable region of the main 

body in translation, represented by the center of the base block, is shown in Fig. 2.9(a). The six 

inequalities of Eq. (2.21) shape the reachable region into a hexagon. The movable range of the 

sliding joint connected with driving unit  defines two boundaries of the region. The boundaries 

are parallel to the wheel plane of driving unit  and apart from the center of the base block by 
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 and . When  and  are varied, as shown in Fig. 2.9(b), a reachable region 

remains in all directions, while the reachable distance depends on the direction. In the case that the 

movement directions of the three wheels match each other, as shown in Fig. 2.9(c), the gradients of 

the six boundaries of Eq. (2.21) are equivalent. As a result, the reachable region becomes open, and 

SWOM can move unlimitedly in the movement direction of the wheel. In the other directions, the 

reachable distance is limited. Thus, in any direction of the wheels, except for the singular 

configuration, a reachable region exists in all directions and SWOM can be translated in any 

direction immediately. 

Next, the reachable region when SWOM rotates around the center of the base block without 

translation is considered. When  is given in Eq. (2.16) and the initial condition 

is the same as in the translation discussed above,  is obtained: 

 . (2.22) 

Therefore, the reachable region of the main body of SWOM is represented by the following 

inequalities. 

 (2.23) 

Eq. (2.23) shows SWOM can rotate in either direction with any steering angle of the wheels except 

for the singular configuration.

 

 
Fig. 2.9 
Reachable region in translation of SWO  with fixed steering angles of the wheels. (a) 

,  (b) , , ,  (c) 
, . 
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2.4 Example of Unlimited Travel: Unlimited Translation 

In the practical use of mobile robots, the reachable range of the robots should not be restricted. 

Then, in this section, how the SWOM can move in an arbitrary direction immediately and 

unlimitedly with handling the relative movements of the sliding joints is discussed. 

 

2.4.1 Fundamental Traveling Strategy 

Based on the discussion in Section 2.3.1, the basic strategy to calculate the trajectories for the 

unlimited travel of SWOM is as follows. SWOM has six-DOF mobility: the three-DOF planar 

motion of the main body and three-DOF relative movements of the sliding joints. Though the 

former planar motion is the main target in traveling, the latter relative movements should be taken 

into account at the same time. The inverse kinematics [Eq. (2.19)] gives the required rotational 

velocities of the wheels  to realize the desired movement of the planar motion  depending on 

the relative position of the sliding joints  and the steering angles of the wheels . Moreover,  

should be kept within its movable range by adjusting  appropriately while SWOM moving. 

Considering the transition from a certain initial condition to a target condition where SWOM 

moves at a certain desired velocity. In the initial condition, , , and  are arbitrary. In the 

target condition, from the perspective of unlimited traveling, the steering angles of the wheels and 

the relative positions of the sliding joints should be fixed at the states where SWOM can move 

unlimitedly, as in Fig. 2.6. The transition process is as follows: First, we accelerate the main body 

for the target velocity by adjusting  according to Eq. (2.19). As shown in Section 2.3.3, the 

reachable region where SWOM can move immediately exists in all dir ections, regardless of the 

values of  (except in the singular configuration). Thus, SWOM can start acceleration 

immediately inside the reachable region. At the same time that SWOM moves, we change  to 

control . The reachable region changes depending on , as shown in Fig. 2.9, but SWOM can 

continue moving by keeping at least the target direction in the reachable region at each instant. 

Finally, SWOM reaches the target condition and can continue moving arbitrarily. In this way, 

SWOM can start moving immediately with arbitrary , , and , and continue moving 

unlimitedly in an arbitrary direction. 

The subsequent sections deal with unlimited translat ion for the sake of analytic solution of the 

trajectories. The state of unlimited translation is defined as the state where the directions of all 

wheels are parallel and SWOM can move in a direction unlimitedly, as in Fig. 2.6(a)–(c). It is 

assumed that the initial condition is the state of unlimited translation in a certain initial direction 

and the target condition is the state of unlimited translation in another  target direction. 
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2.4.2 Analysis and Simulation 

To perform unlimited translation, the trajectories that satisfy the constraints are examined. By 

solving Eq. (2.16),  is obtained. 

 (2.24) 

where  is applied. According to Eq. (2.24),  becomes continuous when , 

, , and  are continuous, because the argument of the arctangent on the right side becomes 

continuous, except for . By using Eq. (2.19), the discontinuous 

condition can be rewritten as follows: 

 . (2.25) 

Thus, SWOM can move continuously when  is in the trajectory where , , , and  are 

continuous and neither  nor  is passed through. Additionally, the steering angle 

is arbitrary when the wheel is stopping, so that  can be passed through when  is 

continuous before and after . The singular configuration  in unlimited translation 

is dealt with in the next section and  is assumed here. 

When Eq. (2.16) is considered as a differential equation with respect to , the integration form 

is as follows. 

 (2.26) 

where  denotes the integral constant. It is impossible to calculate the integration of Eq. (2.26) 

analytically, because the slidable wheels are nonholonomic. As shown in Eqs. (2.20) and (2.22), 

however, we can obtain the analytical solution in the case that the trajectory is either translation or 

rotation only. 

By using the equations derived above, the trajectories of the driving units are obtained thro ugh 

the following process. First, we calculate the target value of  in the target condition by using 

Eq. (2.24). Next, we find the trajectory of  that satisfies the boundary conditions such that , 

, and  are continuous based on Eq. (2.26). Finally,  is given by substituting the calculated 

 and  in Eq. (2.19). Thus, the trajectories of rotation and steering of the wheels between the 

initial and target conditions are provided. The trajectories should be chosen to satisfy the condition 

that SWOM is inside the reachable region, i.e.,  and . 

 

An example of the trajectory generation of unlimited translation is now shown by using the 

expressions obtained above. The process of transition from the initial condition to the target 
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condition is divided into two steps. Additionally to , a part of the boundary conditions 

and the trajectories is given as follows. 

  

  

  

,   

  

  

SWOM takes the initial condition, i.e., the state of unlimited translation in the initial direction for  

, and then switches from moving in the initial direction to changing the direction to the target 

direction at . First, for , the main body accelerates to the target velocity inside the 

reachable region with the steering angles of the wheels fixed. Next, for , the driving 

units change  and control  while keeping the velocity of the main body. Finally, SWOM 

achieves the target condition at  and then continues unlimited translation in the target 

direction. Here,  and  are the velocities of the main body at  and , respectively; 

 and  denote the angles between XI and the initial or target direction, respectively. 

The steering angles of the wheels in the state of unlimited translation,  and , are 

obtained from Eq. (2.24). 

 (2.27) 

The plus/minus signs in Eq. (2.27) correspond to the reverse and forward rotation of the wheels, 

but are not distinguished structurally in SWOM. Then,  or  that satisfies 

 is chosen . Next,  is calculated from Eq. (2.26) by considering the boundary conditions. 

 (2.28) 

where , , and  are constants. As shown in Eq. (2.28), the analytic 

solutions for this trajectory are given when  can be integrated, i.e., when  satisfies 

 for . By considering the continuities of  and  at , 

, the boundary conditions that  should satisfy are the following five expressions. 
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, , ,  

 (2.29) 

The following simulation supposes  is a quartic function satisfying Eq. (2.29). Thus, 

 and  are determined, and then the rotational velocity of the wheels  is obtained 

from Eq. (2.19). 

 

The results of the numerical simulation are shown. The values of the parameters are set as 

follows: s, s, s; mm/s, mm/s; mm, 

mm, mm; mm; and , . The movement velocities 

 and  for  are linear functions that are continuous at . These 

conditions give the trajectories shown in Fig. 2.10. Fig. 2.10(a) shows the paths of the main body 

and three driving units. Fig. 2.10(b) shows the change of  and  over time. 

For – s, by accelerating the wheels while maintaining the initial steering angles, the 

main body of SWOM starts to move in the target direction with the relative movement of the 

sliding joints inside the reachable region. For – s, the directions of the wheels are 

 

 
Fig. 2.10 
Simulation results of movement direction change in unlimited translation of SWOM. (a) Trajectories of 
SWOM with the colored solid lines and markers at -s intervals during the change of the movement 
direction and with the colored dashed lines during unlimited translation in the initial and target 
conditions. (b) Graphs of the relative position of the sliding joints and the steering angles of the driving 
units. Note that  occurs for the entire time. 
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changing. The main body moves at a constant velocity in the target direction with the relative 

positions of the driving units controlled. After s, the directions of the wheels and the 

relative positions of the driving units are all constant; this is the state of unlimited translation in 

the target direction. As a result, although the trajectories of the driving un its are smooth curves, the 

main body moves straight from the beginning of the change of the movement direction. That is, the 

main body moves in the target direction immediately in the initial condition. In this simulation, the 

boundary conditions are also set so that the relative positions of the driving units at the initial and 

target conditions are in agreement. By keeping the driving units as far from the ends of the sliding 

joints as possible, the driving units are likely to stay within the movable rang e of the sliding joints 

in the following movement. 

Thus, it is verified that the appropriate trajectory continuously connects the state of unlimited 

translation in a certain direction with that in another direction.  

 

2.4.3 Singular Configuration in Unlimited Translation 

The singular configuration is explained additionally. When the initial and target conditions are not 

singular in unlimited translation, SWOM can definitely choose trajectories between them that do 

not pass through , and so can avoid the singular configuration. In the following, the case 

that the initial or target condition is in the singular configuration  is considered. 

If the target condition is singular, the same strategy as the nonsingular case is available 

immediately before the target condition, when the movement direction of the main body becomes 

parallel to the sliding joint connected with the driving unit that is singular in the target condition. 

At this point, the relative movement of the sliding joint allows the driving unit to s top temporarily 

without interruption of movement of the main body. Meanwhile, the driving unit can steer the 

wheel to . After that, when the driving unit resumes moving, the target condition is 

achieved. Thus, the singular target condition does not matter because the main body of SWOM can 

move without any problem. 

In the case that the initial condition is in the singular configuration, SWOM cannot move 

immediately in some directions. To move in those directions, it is necessary to change the direct ion 

of the wheel of the driving unit in the singular configuration from . After the driving 

unit avoids the singular configuration, the situation is just nonsingular trajectory generation. The 

arrangements cost extra time to slightly steer the wheel, but it takes only a short time. 

Consequently, the singular configuration does not affect the movement of SWOM except in the 

case of the singular initial condition. Additionally, the singular configuration, , is 

seldom required; it is required only when SWOM moves in the direction parallel to the sliding 

joints, i.e., , , , , , and  from XR. Furthermore, even if the initial condition 
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is singular, SWOM can move by taking some preparatory time to slightly change the direction of 

the wheel, as mentioned above. 

 

2.5 Experiments 

To show that SWOM can really move as described, experiments were conducted to demonstrate 

SWOM movements by using a prototype.

2.5.1 SWOM Prototype 

Fig. 2.11 shows the prototype of SWOM. Each sliding joint consists of two parallel linear guides. 

The driving unit, which has an upper part and a lower part, changes the direction of the wheel by 

turning the lower part relative to the upper part around a vertical axis. The upper part of the 

driving unit is attached to the sliders of the linear guides. Two types o f motors are installed in the 

lower part of the driving unit: one motor turns the lower part relative to the upper part, and the 

other two motors rotate the wheel. Note that two driving motors are installed to increase the power, 

and these motors always rotate at the same velocity, just like using one motor. The specifications 

of the prototype are shown in Table 2.2. 

 

 
Fig. 2.11 
(a) Prototype of SWOM. (b) Structure of the driving unit.  
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The controllers of the motors are independent of each other as in Fig. 2.12. The speed 

commands for each motor are calculated and sent in advance, and then the motors start moving at 

the same time when they receive a start command. This means that the prototype basically has a 

feedforward-control system except for each individual motor. This control system was designed to 

make the hardware and software simple because the purpose of the prototype is to verify the 

mechanism of SWOM. 

 

2.5.2 Experiments of Fundamental Movements 

First, whether SWOM can perform translation or rotation in any direction without steering the 

wheels, as shown in Fig. 2.5, is confirmed. Fig. 2.13 shows the motions of the SWOM prototype. 

Each case starts from mm. Fig. 2.13(a), (b), and (c) show the movement when the steering 

angles of every wheels are fixed at , which corresponds to Fig. 2.5(a), (b), and (c). As a 

result, SWOM achieves each movement: translation in the XI direction, translation in the YI 

direction, and turning. The experiment confirmed that SWOM can make three-DOF planar motion 

independently of the steering angles of the wheels. 

Table 2.2 
Specifications of wheeled mechanisms. 

 
 

 
Fig. 2.12 
Schematic diagram of the system of the SWOM prototype.  
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In Fig. 2.13(d), SWOM shows the state of unlimited translation in the XI direction, where the 

steering angles of the driving units satisfy . Additionally, Fig. 2.13(e) also shows the 

state of unlimited translation in the YI direction, and Fig. 12(c) corresponds to the unlimited 

rotatable state. Each situation represents Fig. 2.6(a), (b), and (d), respectively. In these movements, 

the relative positions of the driving units on the sliding joint rails are kept constant, as expected. 

Actually, the situation of Fig. 2.13(d) is the singular configuration because driving unit 1, the right 

driving unit in the figure, has . However, SWOM certainly moves in the XI direction 

without any problem. 

The above results verify that the prototype of SWOM performed three-DOF planar motion 

according to the theory. 

 

2.5.3 Experiments of Omnidirectional Movements 

Next, an experiment on the omnidirectional movement is conducted. The experiment deals with 

three kinds of motions. One is a translation on a triangular path. The prototype moves in the right 

direction for s at mm/s, in the forward left direction for s at about mm/s, and in 

the backward direction for s at mm/s, in order. During this motion, all driving units keep 

the steering angles fixed at . Second, the prototype moves in the right direction at mm/s 

while rotating clockwise at about rad/s. The steering angles of the driving units are fixed at 

, too. These two motions show the omnidirectional mobility of SWOM under the fixed 

steering angles, as well as the previous section, but several kinds of the movements are combined 

together. Third, the unlimited translation discussed in Section 2.4 is conducted. The conditions are 

basically the same as those in the simulation, but the prototype  continues moving in the steady 

state until s after finishing the change in the movement direction at s. The motion 

 
Fig. 2.13 
Motions of SWOM prototype with fixed steering angles. (a) Translation in XI direction with . (b) 
Translation in YI direction with . (c) Turning with . (d) Translation in XI direction with 

. (e) Translation in YI direction with . The right and depth directions are the XI 
and YI directions, respectively. 
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of the prototype is measured by using the motion capture camera VICON MX (Vicon Motion 

Systems Ltd) with two Bonita 10 cameras and four Bonita 3 cameras to evaluate the movements 

quantitatively. 

 

Fig. 2.14(a), (b), and (c) shows the experimental results of translation on a triangular path, 

translation with rotation, and unlimited translation, respectively. The figure shows that the 

measured motions generally agree with the desired motions. Thus, it is verified that the prototype 

of SWOM performed omnidirectional movement according to the theory derived in the previous 

sections and that the proposed mechanism and movement method are effective fundamentally.  
 

 
Fig. 2.14 
Motions of SWOM prototype. (a) Translation on a triangular path. (b) Translation in XI direction with 
clockwise rotation. (c) Unlimited translation from  to . The main body is 
represented by the Y-shaped object. The blue solid lines are the desired paths of the driving units and 
the center of the base block, or the desired final condition of the main body. The red dashed lines are 
measured paths or the measured final condition.  
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However, by taking a closer look at the result of Fig. 2.14(b), the main body certainly moves in 

the right direction and rotates clockwise, but some motion errors occur. The errors in the results 

are analyzed numerically. Fig. 2.15 shows the errors in the measured paths. The upper graphs 

indicate the errors of the main body in the XI, YI, and  [only in Fig. 2.15(b)] directions over time. 

The lower graphs indicate the errors of the driving units in the sideways directions, i.e., the 

directions perpendicular to each wheel plane.  

In Fig. 2.15(a) and (c), the errors of the main body are so small that the values keep smaller 

than  for the entire time. The assumed reason is that the errors of the driving units do not 

always affect the errors of the main body. Actually, in Fig. 2.15(a), the errors of the driving units 

occasionally change widely and become larger than , especially when the movement direction 

of the main body is nearly parallel to the rail of the driving unit (driving unit 1 for  s 

and driving unit 2 for s). The sideways errors of the driving units cause the relative  

position errors on the rails. According to Eq. (2.19), however, the desired velocities of the driving 

units are independent of  under the condition . Therefore, the errors of the driving units in 

the rail directions do not disturb the translation of the main body. By observing Fig. 2.15(a) and (c) 

in more detail, the errors of the main body become relatively large during acceleration: before and 
 

Fig. 2.15 
Motion errors in experimental results. Upper graphs show the relative errors of the main body in the XI, 
YI, and  directions to the entire desired movement distance over time. Lower graphs shows the 
relative errors of driving units 1, 2, or 3 in the sideways directions to each entire desired movement 
distance over time. (a) Result of the translation on a triangular path. (b) Result of the translation with 
rotation. (c) Result of the unlimited translation. 
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after s in Fig. 2.15(a) and for s in Fig. 2.15(c). The errors might 

be caused partly by the problem of the control system compensating for the rotation angle errors of 

the wheels. 

In Fig. 2.15(b), the errors of the main body become large not only in acceleration but also after 

acceleration. In this case, , the motion of the main body receives the effect of the change of 

, and unfortunately, the errors of the driving units monotonically increase for the entire time. This 

is because the wheels generally tend to deviate in the centrifugal directions in the rotation due to 

the resistance force to the turning of the wheels. The phenomenon also seems to cause the error 

fluctuation in Fig. 2.15(c) when the wheels are steered. It is difficult to pred ict how the wheels 

deviate because the wheels are affected by the friction condition or the load applied to each driving 

unit. However, it is thought that if sensors are installed to measure the positions of the driving 

units on the rails and feedback of their changes is supplied, those errors can be compensated. 

Especially in indoor tasks, where the friction condition does not fluctuate widely, such a feedback 

strategy would be effective. 

Fig. 2.16 shows the speeds of the main body and driving units in the unlimited translation 

shown in Fig. 2.14(c). The speeds are given from the increments of the position vectors at -s 

intervals. The median filter with the size of s is applied to the calculated speeds. The 

measured speeds of the driving units basically match the desired values, but the speeds do not fully 

follow the desired values in large acceleration. To address this problem, the p erformance of the 

motors or the control method needs to be reconsidered. With respect to the speed of the main body, 

the errors are not so large compared to those of driving unit 3 for s. This means that 

 

 
Fig. 2.16 
Measured and desired speeds of the main body and driving units over time in the experimental result of 
unlimited translation. 
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the sliding joints of SWOM do not add together the errors of the driving units in the velocities, as 

well as in the displacement mentioned above.  

 

2.6 Summary 

In order to realize a wheeled mechanism with high mobility, simple structure, active drive, and 

fewer constraints, the analysis and synthesis of wheeled mechanisms were carried out. Kinematic 

analyses and experiments on the robot using the proposed wheeled mechanisms were also 

conducted. Then, the following results were obtained. 

 
The characteristics of existing wheeled mechanisms were compared. Through the analysis 
of these mechanisms, generalized kinematic conditions for omnidirectional movement 

were derived. 

 
Based on the derived conditions, a novel omnidirectional wheeled mechanism, a slidable 
wheel, was proposed which can use a normal wheel and avoid the overconstraint-like 

situation due to the passive sliding joint. 

 
A mobile robot with the slidable wheels named SWOM was proposed and the kinematic 
equations for SWOM were derived. It was proved theoretically that SWOM is able to 

make an omnidirectional movement with respect to three-DOF planar motion. 

 
The reachable region of SWOM was shown by discussing the movable range of the sliding 
joints. The results demonstrated that the reachable region existed in any direction of the 

wheels except in the singular configuration. 

 
A trajectory generation method was offered that enabled SWOM to change its movement 
direction while keeping the reachable region and then to continue omnidirectional 

movement unlimitedly. The simulation showed that the calculated trajectories enabled 

SWOM to make the unlimited translation in an arbitrary direction, as determined 

theoretically. 

 
A prototype of SWOM was developed and demonstrative experiments were conducted. 
The results verified that SWOM was able to make omnidirectional movement and to 

achieve unlimited translation by using the proposed method.  

 





Chapter 3 
Feedback Control of an Omnidirectional 
Mobile Robot with Slidable Wheels 

 

3.1 Introduction 

A slidable wheel and an omnidirectional mobile robot named SWOM has been proposed in Chapter 

2. As a next step, it is needed to construct a control system for SWOM. The fundamental trajectory 

generation method, which is useful for feedforward control, has been already proposed, although 

feedback control is often necessary for practical use to endure noise or other disturbing factors. For 

this reason, this chapter tackles the design of a feedback controller for SWOM. 

The description of SWOM behavior includes nonlinearity resulting from the sliding joints and 

nonholonomic constraints of the wheels. This type of system does not have a generally available 

control method, so designing a controller for the system is difficult. To deal with this task, 

feedback linearization method, which has been used to control a variety of machines including 

conventional wheeled mobile robots with nonholonomic constraints [70], [71], is used to design a 

controller for SWOM. 

This chapter derives the exactly linearized state equation of SWOM using feedback and 

coordinate transformation based on a kinematic model, and then a stabilizing controller for SWOM 

considering singular configurations is designed. A numerical simulation and an experiment are 

conducted to verify its effectiveness. 

 

3.2 Design of control system for SWOM 

In this section, the construction of a controller for SWOM is discussed based on kinematics. 

 

3.2.1 Kinematic Model 

The kinematic equations of SWOM are given by Eqs. (2.15) and (2.16). By transforming these 
equations, the following equations are yielded: 
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 (3.1) 

where 

  

  

 .  

The rotation matrix  is always regular, and the matrix  is also regular under the 

condition . Then, Eq. (3.1) can be rewritten as 

 , (3.2) 

where 

  

 .  

 

3.2.2 Feedback Linearization 

A linearized state equation is derived from the kinematics described in the previous section. The 

time derivative of Eq. (3.2) is given by 

 . (3.3) 

The time derivatives of the matrices in this equation are calculated as follows:  

  

 (3.4) 
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 .  

Then Eq. (3.3) is arranged as 

 

 (3.5) 

where  is the third row vector of . Here, a part of the 

state variables of the system is set as  and the input vector to the 

system as . According to Eq. (3.1),  assumes a function of  and 

. As a result, the following equation is given: 

 (3.6) 

where 

  

 .  

Next, a new input vector  is introduced that satisfies the following condition: 

 . (3.7) 

Using this input, Eq. (3.6) is transformed into 

 . (3.8) 

When  is defined, the linearized state equation with the state  and the input  is 

given as follows: 

 (3.9) 

where 

 .  

This derives the exactly linearized state equation for SWOM. 

Finally, the controller stabilizing the system described by Eq. (3.9) is designed. When the 

desired value of the state  is expressed as , the state feedback is constructed as follows:  

 (3.10) 
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where  is the feedback gain. The system is stabilized by the feedback gain given by 

 (3.11) 

 .  

When this linear controller is used, the input to the original system  is calculated by Eqs. (3.7) 

and (3.10). 

 . (3.12) 

The overall structure of the constructed control system is shown in Fig. 3.1. This feedback 

controller is called the normal controller in the following discussions. 

 

 
 

3.2.3 Singular Configuration Avoidance 

In Eq. (3.12),  is calculated as follows: 

 . (3.13) 

Focusing on the lower three rows of ,  becomes singular for  and the feedback 

input  diverges according to Eqs. (3.12) and (3.13). However, the feedback input , which is 

determined by the upper three rows of , never diverges, so that at least three-DOF motion 

can be controlled even when the configuration is singular as . Thus, let us consider a 

strategy to control the position and orientation of the main body with priority by switching the 

feedback controller to another one neglecting the state values  temporarily near . The 

concrete form of the switching controller  is described below. 

 
Fig. 3.1 
Structure of the feedback controller for SWOM 

SWOM
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When , , and  are set, the first to third rows 

of Eq. (3.6) is rewritten. 

 . (3.14) 

Here, it is considered that  is controlled independently from  and give a new input vector  

for  to satisfy the following condition: 

 . (3.15) 

Then, the input-output relation is given as follows: 

 . (3.16) 

This is the same form as Eq. (3.7), so that the linearized state equation and the stabilizing feedback 

input are derived as well. Specifically, the feedback input is  

 (3.17) 

where  is the feedback gain and  and  are the desired value of  and , 

respectively. Here, the condition that  does not have an inverse matrix in Eq. (3.15) is given 

as . This corresponds to the singular configuration where the traveling direction of the 

wheel is parallel to the sliding joint rail, as explained in Section s 2.3.2. However,  and  are 

determined arbitrarily here. Therefore, SWOM can avoid the singular configuration  by 

using the feedback to make , for example, 

 (3.18) 

where  is the feedback gain. This feedback controller is called the secondary controller. 

 

Here the control strategy explained in this section is summarized. Away from the singular 

configuration , all of the state variables of SWOM, including , are controlled using the 

normal controller constructed in Section 3.2.2. Near , the controller is switched to the 

secondary controller proposed in this section, where the position and orientation of the main body 

are controlled, but  is temporarily neglected. In this situation, there are concerns that the driving 

units move out of the range of the sliding joint rails. However, this does not occur if the driving 

units are placed sufficiently far away from the ends of the sliding joints and the required 

movement after switching the controller is adjusted within a specified region before switching the 

controller. In the secondary controller, there exists the singular configuration , not 

, but it is avoidable because  can be controlled to an arbitrary desired value instead of . Note 
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that in the normal controller, it is unnecessary to avoid  because the system does not 

assume a singular configuration except when . 

 

3.3 Simulation and Experiment 

To verify the effectiveness of the control system constructed as described in the previous section, a 

simulation and an experiment were conducted. 

 

3.3.1 Simulation 

In this simulation, the design parameters were set as follows: , , , 

, , , , , , 

, , and . 

The initial state was 

  

and the desired states at times , , and  were 

at
at
at

 .  

Additionally, the following conditions were given in the simulation. First, the condition of 

switching the controllers was . The former condition 

defines the vicinity of the singular configuration , while the latter condition restricts the 

movement after switching the controller within a sufficiently small region. Next, the limits of the 

rotational speed and acceleration of the driving and steering motors were set as 

if
if
if

, 
if
if
if

  

if
if
if

, 
if
if
if

 .  

The simulation is carried out to verify that SWOM can converge to the desired state without 

difficulty under these conditions. 
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The simulation results are shown in Fig. 3.2. Fig. 3.2(a) is the trajectory of the main body of 

SWOM, where each parameter reaches the desired value at , , and . Fig. 3.2(b) shows 

the time variation of the other parameters. In the upper graph,  repeats convergence to the 

desired value  and deviation. This behavior represents the switching of the controller, 

where the state variables of SWOM, including , are controlled to the halfway point but  is not 

controlled around , , and . However, the values of  are within  for 

the entire simulation. Therefore, if the movable range of the sliding joints covers , 

the driving units do not reach the ends of their sliding joints. With respect to  and  in the 

middle and lower graphs, these values varied continuously within a certain range. For  

especially, the problem of divergence around the singular configuration  did not occur. 

These results show that the control system worked as expected. 

 

 
 

3.3.2 Experiment 

To demonstrate the effectiveness of the developed control system, experiments were conducted 

using the second SWOM prototype pictured in Fig. 3.3. The base block of the prototype is larger 

Fig. 3.2 
Simulation results: (a) Trajectory of the main body of SWOM. The dotted line indicates the desired 
value. (b) Time variation of the parameters of each driving unit—relative position , wheel rotational 
speed , and steering angle . 
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than that of the previous version shown in Fig. 2.11(a), but the fundamental structure is the same. 

Two parallel linear guides placed on the bottom of the main body constitute the sliding joint. The 

driving unit is composed of the upper and lower parts separated by the linear guides. The traveling 

direction of the wheel changes by rotating the lower part around the vertical axis. The upper part 

has a steering motor, and the lower part has a driving motor and a wheel. The output rotation of 

each motor is transmitted through a gear head and timing belts. Th is prototype has six ball casters 

as safety wheels to prevent tipover, but they normally do not affect the motion of the prototype 

because usually, only the three wheels of the driving units contact the ground.  Specifications of the 

SWOM prototype are shown in Table 3.1. 

Fig. 3.4 shows the structure of the control system hardware in the new SWOM prototype. To 

measure the state variables for state feedback, motion capture cameras for the position of the main 

body, linear encoders for the displacement of the linear guides, and rotary encoders for the rotating 

velocity and steering angle/velocity of the wheels are installed. The velocities of the main body 

and the linear guides were estimated using the complementary filters combining the time 

difference of each position and the theoretical velocity calculated by Eq. (3.1). The values 

measured by the sensors were sent to the PC in the prototype, and after calculation, the PC sent 

 
Fig. 3.3 
Second SWOM prototype 
 
Table 3.1 
Specifications of SWOM prototype 

 
 

Driving unit

Linear
guide

Steering 
motor and 
transmissions
(inside)

Wheel

Main bodyPC

Safety wheel
(ball caster)

398.6 mm

340 mm

Driving
motor and
transmissions 128 mm

Whole system Weight 33 kg
Driving unit
(driving / steering)

Maximum speed 9.32 / 10.7 rad/s
Maximum torque 38.0 / 41.7 N·m

Resolution of encoder
1.35 10-5 / 1.54 10-5

rad
Linear guide Movable range 0.122 m ≤ li ≤ 0.314 m
Motion capture Operation period 1,000 Hz
Linear encoder Resolution 0.1 μm
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commands to the motors through the motor drivers. The processing was done in a cycle taking 

about ms. 

An experiment was conducted by making this prototype follow the simulated motion described 

in Section 3.3.1. The results are shown in Fig. 3.5 and Fig. 3.6. Fig. 3.5(a) illustrates the measured 

path of the SWOM prototype and the simulated path. To compare the measured state and the 

desired state at , , and s, the position and orientation of the Y-shaped object in the 

figure indicates the position and orientation of the main body and  the length of each limb indicates 

 (slider position). The result proves that the prototype reached the desired position and 

orientation at , , and s, though the measured path tended to deviate outward compared 

to the simulated path. The sequence of the prototype movement for s is schematically 

shown in Fig. 3.5(b). Each wheel moves along a smooth curve while leading the main body to the 

desired state and keeping the relative position of the sliding joint around the middle of its movable 

range. Fig. 3.6(a) shows the measured trajectories of the main body, and Fig. 3.6(b) shows the 

other state variables. Fig. 3.6(a) demonstrates that the variables , , and  all reach their desired 

values at , , and s. As in the upper plot of Fig. 3.6(b),  was maintained within the 

range where the driving units did not reach the ends of the sliding joint rails. Comparison of  

and  in the middle and lower graphs in Fig. 3.6(b) shows that  did not diverge, even near the 

singular configuration . These results demonstrate that the developed control system works 

effectively. 

 
Fig. 3.4 
Control system hardware for SWOM prototype 
 

Intel NUC5i7RYH
CPU: Intel Core i7-5557U 3.40GHz
Storage: SSD 240GB
Memory: DDR3L-1600 16GB

Maxon EPOS4 50/15 CAN
Maxon EC-4pole 30 200W
Maxon Encoder MR, Type ML, 
500 puls, 3 ch

Schneeberger MN14-350-G1-V1
DACS electronics DACS-1700

Vicon MX Bonita 10 (3 pieces) 
and Bonita 3 (3 pieces)

Maxon EPOS4 50/15 CAN
Maxon EC-4pole 30 200W
Maxon Encoder MR, Type ML, 
500 puls, 3 ch

(44.4 V)

WLAN

USB

Steering

Driving
CAN

(12 V)

On the robot



42 Chapter 3 
 

 

3.3.3 Discussions 

Comparison of Fig. 3.6 and Fig. 3.2 shows that the time variation of  in Fig. 3.6 is larger than 

that in Fig. 3.2. For example,  existed in the range of  in Fig. 3.2, whereas 

 in Fig. 3.6 varied over mainly the range of . This is not because of the 

 
Fig. 3.5 
(a) Path of the main body of the SWOM prototype. The solid line indicates the actual path of the 
experimental result measured by the motion capture cameras. The dashed lines indicate the simulation 
path. The Y-shaped objects show the states of the SWOM at  , , and s, where the solid lines 
indicates the experimental results and the dotted lines describe the desired states. (b) Motion and paths 
of the main body and three wheels for s. 
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divergence of  in the singular configuration  but rather because of the symmetrical 

structure of the driving units. In the driving units of SWOM, chang ing the steering angle of a 

wheel by  is substantially the same as driving the wheel in reverse. Then, the system was 

designed for  to approach the nearest  in Eq. (3.18) regardless of what direction the wheel 

was traveling. Actually, the values of  in Fig. 3.6 and Fig. 3.2 reversed in positivity and 

negativity for , but this phenomenon does not disrupt the motion and control of the 

SWOM. 

When other parameters are compared, the maximum variation of  from the desired value is 

larger in Fig. 3.6 than in Fig. 3.2. Such  peaks do not appear during the secondary controller is 

applied where  is not controlled but during the normal controller is applied where the state 

variables, including , are controlled. This suggests that some difference between the SWOM 

prototype and the model used in the control system affects its stability. Considering that the 

developed control system is based completely on kinematics, the error factors are thought to come 

mainly from dynamical disturbances, such as wheel slippage, sliding joint friction, and drive 

mechanism viscosity. Using a disturbance observer or a dynamics-based controller can address 

these factors and achieve a more stable system. Additionally, the proposed control system handles 

Fig. 3.6 
Experimental results: (a) Trajectory of the main body of SWOM given by the motion capture cameras. 
Dotted lines indicate the desired value. (b) Time variation of the parameters of each driving unit—
relative position , wheel rotational speed , and steering angle  given by the encoders installed in 
the prototype. 
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the condition that the driving units do not get to the ends of the sliding joints, that is,  is limited 

within a certain range, by giving large feedback gains and making  converge as quickly as 

possible when the normal controller is applied. However, this may decrease the efficiency of the 

movement because  can have priority over the position and orientation of the main body in the 

control system. Moreover, this control method does not assure that  values stay away from the 

upper and lower limits. Regarding this issue, a feedback controller based on the inequality 

constraints of , such as a potential method, can be used. 

 

3.4 Summary 

The proposed SWOM needs feedback control for practicality. To address this issue, the controller 

is built by using feedback linearization method and evaluated its effectiveness through a simulation 

and an experiment. The following results were obtained. 

 
Based on the kinematic equations of SWOM, which is described as a nonlinear system 
with nonholonomic constraints, the exactly linearized state equation of SWOM is derived 

using feedback and coordinate transformation. 

 
A controller that stabilizes the linearized SWOM system was designed. The unwanted 
singular configurations in the controller were evaluated and a control strategy to avoid 

them was proposed. 

 
The numerical simulations and experiment demonstrated that SWOM could control its 
state including the position and orientation and the relative positions of the sliding joints 

as expected, which verified the effectiveness of the developed control system. 

 



Chapter 4 
Active Omni Wheel Achieving Seamless 
Periphery and Simple Structure 

 

4.1 Introduction 

In Chapter 2 and 3, a novel omnidirectional wheeled mechanism, a slidable wheel, was proposed 

and its characteristics in an omnidirectional mobile robot were clarified. The slidable wheel has 

advantages mainly in a simple structure and less constraint compared to the other omnidirectional 

wheeled mechanisms with two active DOFs. On the other hand, as shown in Chapter 3, its control 

complexity seems higher than the other mechanisms. This may not be a serious problem for 

automated or semi-automated mobile robots that have enough capability to perform, but 

unfavorable in a certain type of vehicles, such as electric wheelchairs. 

Now let us refer the comparison of the wheeled mechanisms in Section 2.2.3 again and focus 

on the AOW (the omni wheel wit two active DOF). The previously developed AOW and 

omnidirectional vehicle are shown in Fig. 4.1. The AOW has complexity in structure, but 

simplicity in control, just oppositely to the slidable wheel. The main problems of the AOW are 

vertical vibration and a large number of required parts. Vertical vibration of locomotion devices is 

unacceptable in most cases, especially in transporting people, precision instruments, and 

chemicals. A large number of parts can lead to an increase in manufacturing cost, size, and failure 

rate. On the other hand, if these problems are solved, the AOW will become more useful. 

 

 
Fig. 4.1 
Active omni wheel (AOW) and omnidirectional vehicle developed in [62]. 

Main body 
of wheel

Outer roller Active 
omni wheel

Omnidirectional
vehicle
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This chapter proposes a new AOW design improved in the suppression of the vertical vibration 

and reduction of the number of components. The geometry, kinematics, and wheel arrangement of 

the AOW are discussed. Its benefit is evaluated through experiments by using the prototype of the 

AOW and the vehicle with it.  

 

4.2 Proposition of New AOW 

4.2.1 Conventional AOW 

First, the structure and motion of the AOW previously  developed are explained. Its structure is 

shown schematically in Fig. 4.2, where Fig. 4.2(a) is a cross-section of the AOW through the 

rotation axis of the wheel main body and Fig. 4.2(b) is a cross-section parallel to the wheel main 

body. The outer circumference of the AOW consists mainly of outer rollers, like a normal omni 

wheel. Inside the AOW, a differential gear mechanism composed of input and output bevel gears is 

installed. Each input bevel gear is connected to a motor by an input shaft, and the output bevel 

gear is connected to the outer roller drive system by an output shaft. The outer roller drive system 

links the output shaft with the outer rollers to transmit the rotation. All of the outer rollers are 

joined by rotational couplings, and they rotate simultaneously. Bearings are placed between the 

main body of the wheel and the input and output shafts.  

Next, the motion of the AOW is explained. When the two input shafts are rotated by the motors 

at the same speed in the same direction, as shown in Fig. 4.3(a), the output shaft revolves around 

the same rotation axis as the input shafts (axis A), and consequently, the wheel main body also 
 

Fig. 4.2 
Structure of previously developed AOW [62]. (a) Cross-section through the rotation axis of the main 
body of the wheel. (b) Cross-section A-A. 

(a) (b)
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rotates around axis A. Then, the AOW travels in a forward or backward direction. Oppositely, when 

the two input shafts are rotated at the same speed in opposite directions, as shown in Fig. 4.3(b), 

the output shaft rotates around the axis in a radial direction (axis B). It rotates the outer rollers 

around their axes via the outer roller drive system. Then, the AOW travels in a right or left 

direction. Accordingly, when the two input shafts are rotated at different speeds, the output shaft 

rotates around both axes A and B, and both the main body of the wheel and the outer rollers rotate 

at the same time. Then, the AOW travels in a diagonal direction. Thus, the AOW can travel 

actively in an arbitrary direction by appropriate rotations of the input shafts.  

 

The structure of the conventional AOW, however, creates some problems. The outer 

circumference of the AOW consists of outer rollers arranged annularly. To avoid interference 

between neighboring outer rollers, they are separated by spaces. These spaces are also necessary to 

provide structural supports and drive systems for the outer rollers, as shown in Fig. 4.2(b). For 

these reasons, the outer circumference of the AOW does not form a smooth circle. This means that 

the distance between the axle and the ground varies as the main body of the wheel rotates , which 

causes a vibration from this vertical motion as the AOW moves forward, backward, or diagonally. 

To address this issue, the conventional AOW design incorporated as many outer rollers as possible 

to make the gaps smaller, but this led to an increased number of parts although the omni-wheel-like 

structure itself often required many components compared to other wheeled mechanisms . 

 

 
Fig. 4.3 
Motion transmission in differential gear mechanism of AOW [62]. (a) Rotation of input shafts in the 
same direction. (b) Rotation of input shafts in opposite directions.  
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4.2.2 Structure and Motion of New AOW 

To solve the problems in the conventional AOW, a new AOW design is developed, whose structure 

is shown schematically in Fig. 4.4. The new AOW has barrel-shaped outer rollers on both sides of 

the wheel. The figure shows the design where six outer rollers are installed. All outer rollers have 

the same shape with a constant surface curvature. These outer rollers are arranged alternately on 

the left and right sides of the wheel at equal intervals so as to make the circumference of the AOW, 

as seen from the side, form a full smooth circle. This circle is called the main wheel in the 

following discussion. Each outer roller has structural supports at both ends to rotate freely and 

contact a transmission roller in the middle. The drive mechanism of this AOW is basically the same 

as that of the conventional AOW: Rotation of the two input shafts drives a differential gear 

mechanism inside the AOW, which rotates the main body of the wheel and the transmission rollers. 

Next, the motion of the new AOW is explained. When the two input shafts are rotated at the 

same speed in the same direction, the main body of the wheel  rotates as shown in Fig. 4.3(a), and 

the AOW travels in a forward or backward direction. When the two input shafts rotate at the same 

speed in opposite directions, the transmission rollers rotate as shown in Fig. 4.3(b). The rollers 

transmit their rotation to the outer rollers by friction force because they are in contact, as indicated 

in Fig. 4.4. Then, the outer rollers rotate and consequently, the AOW can move to the right or left. 

When the two input shafts rotate at different speeds, both the main body of the wheel and the outer 

rollers rotate, and the AOW can travel diagonally. Thus, the new AOW can actively travel in an 

arbitrary direction just as well as the previous AOW design. 

 

Here, the design concept of the new AOW is discussed in detail. As mentioned above, the 

objectives are summarized into the following two points: to realize seamless periphery for 

vibration suppression and to reduce the number of parts. Regarding the  seamless periphery, the 

barrel-shaped rollers are adopted. By staggering the outer rollers on the left and right sides, the 

 

Fig. 4.4 
New AOW design with seamless periphery. 
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rollers eliminate the gaps created by the structural supports at both ends of each roller. Also, using 

friction instead of gears to drive the rollers eliminates the gaps previously required for the outer 

roller drive systems. Thus, the periphery of the new AOW forms a seamless circle without gaps 

between rollers, and the AOW can travel smoothly without vibration. 

With respect to parts reduction in the AOW, the barrel shape of the outer rollers makes it easier 

to reduce the number of outer rollers because each outer roller can cover the larger range of the 

periphery than in the conventional AOW; actually,  as few as four outer rollers can be employed at 

least in the new AOW. The friction drive with the transmission rollers makes the outer roller drive 

system simpler than the gear-driven system. Additionally, the drive mechanism is shared by the 

outer rollers on both sides. 

Thus, the proposed new AOW can conquer the problems in the conventional design.  

 

4.3 Analysis of New AOW 

In this section, analyses to clarify the structural conditions and kinematical characteristics of the 

new AOW are described. 

 

4.3.1 Geometry 

The barrel-shaped outer rollers of the AOW do not have a constant radius. Here, how this variation 

in radius should be addressed is described. First, the radius at an arbitrary section of the outer 

roller is calculated. According to Fig. 4.5, the radius  of the section at central angle  from the 

section with maximum radius is represented by 

,  , (4.1) 

where  is the maximum radius of the outer roller,  is the radius of the main wheel, and  

is the number of the outer rollers in the AOW. 

 

 
Fig. 4.5 
Geometry of barrel-shaped outer roller. 
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To allow the AOW to travel in a right or left direction, no matter what point of the outer roller 

contacts the ground, the radius of the outer roller needs to be larger than zero at all sections. 

Considering that the minimum radius exists at the ends of the outer rollers, that is, , 

this condition is given by 

 . (4.2) 

In contrast, if the radius is too large, the outer rollers on the same side of the AOW interfere with 

each other. Such interferences occur either when the ends of the outer rollers interfere as in  Fig. 

4.6(a) or when the sections with maximum radius interfere as in Fig. 4.6(b). The condition for 

avoiding these situations is expressed as follows: 

  

 . (4.3) 

Eqs. (4.2) and (4.3) give the fundamental geometrical condition of the outer rollers. 

Based on the conditions derived above, the radius variations of the outer roller  is evaluated. In 

the AOW, the radius of the outer roller varies according to the ground contact point , which causes 

velocity variation in the right or left directions when the outer roller rotates at a constant speed. 

Therefore, to travel in the right or left direction at a constant speed, the rotational speed of the  

outer rollers needs to change according to the ground contact point. It is preferable to keep such 

variations small during operation of the AOW. Then, the minimum to maximum radius ratio of the 

outer roller is defined as 

 , (4.4) 

 

 
Fig. 4.6 
Maximum available space for outer roller radius: (a) Roller end interference. (b) Roller middle 
interference. 

(a) (b)
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and evaluate the available range of  under the conditions of Eqs. (4.2) and (4.3). As  

approaches 1, these variations become smaller. 

The calculation result is shown in Fig. 4.7, where the vertical and horizontal axes represent  

and , respectively. The lower limit of  determined by Eq. (4.2) is  and the upper limit 

of  determined by Eq. (4.3) is indicated by the bold black solid line in the graph. The region 

exceeding this line is no longer a candidate for the AOW design because the outer roller 

interferences occur. At each ,  can assume a value between these limits depending on . 

In the graph, the contour lines describe  for each  and . Note that  is restricted to 

even numbers, but the points are joined to describe contour lines in the graph for clarity. The graph 

shows that the upper limit of  becomes large, that is, the radius variations of the outer ro llers 

becomes small, when  is large: In the region where  is small, the upper limit of  increases 

remarkably according to the increase of , while in the region where  is large, the upper limit 

of  gradually approaches 1. Under the same value of ,  becomes small as  becomes 

large. For example, the schematics on the right illustrate the geometrical relation of the main wheel 

and the outer rollers corresponding to points A and B in the graph, which suggests that the radius 

of the outer rollers becomes large relative to the radius of the main wheel  when  becomes 

small. With respect to the step climbing in the sideways direction, it is preferable to make  as 

large as possible because the capability depends on the roller radius. At the same time, decreasing 

, i.e., decreasing the number of the outer rollers leads to decreasing the number of the parts 

constituting the AOW. In contrast, the small value of  contributes to decreasing the 

horizontal width of the AOW. Therefore, the number and size of outer rollers in the AOW should 

be designed with this tradeoff in mind. 

 

 
Fig. 4.7 
Minimum to maximum radius ratio of the outer roller for each number of outer rollers in the AOW. The 
bold black line indicates the upper limit of the radius ratio. The colored lines show the contour plot s of 
the ratios between the maximum radius of the outer roller and the radius of the main wheel. 
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4.3.2 Kinematics 

This section explains the kinematics of a single AOW. When the velocity of the AOW in the 

forward/backward and right/left directions are set as  and , respectively, and the angular 

velocities input to the two input shafts are  and , respectively, the relation of these velocities 

is given by 

 , (4.5) 

where  represents the reduction ratio between the differential gear mechanism and the outer 

rollers [62]. 

Eq. (4.5) shows that  is proportionate to . As mentioned in Section 4.3.1, the value of  

varies according to the ground contact point. Therefore, the movement of the AOW is affected by 

the radius variation when it travels in the right, left, or diagonal direction. Then, the inputs for the 

AOW to travel at a constant velocity are derived by compensating the variation of . From Eqs. 

(4.1) and (4.5), the input angular velocities  and  to realize certain velocities  and  

are calculated as follows: 

 . (4.6) 

Time differentiation of Eq. (4.6) gives the input angular accelerations  and  as 

 , (4.7) 

where the relation  is used. Considering that the outer roller contacting the ground 

changes as the main wheel rotates,  needs to be replaced to meet  according 

to circumstances, namely, 

,  .  

By using Eqs. (4.6) and (4.7), the inputs needed to drive the AOW at a constant velocity are 

calculated, and the result is shown in Fig. 4.8. Here, the situation is chosen where the AOW travels 

diagonally at a constant velocity with , , , , , 

and . The graphs show that the input angular velocity and acceleration need to be 

changed according to the rotational angle of the main wheel. During diagonal travel, especially, the 
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rotational angle of the main wheel changes over time, and therefore the inputs also must change. 

The graphs indicate that the absolute values of the input angular velocity and acceleration take 

maximums at , when the end of an outer roller contacts the ground. Before and after 

, the angular acceleration input needs to change discontinuously because the outer 

roller contacting the ground changes. 

When the AOW travels at a constant speed in a forward, backward, right, or left direction (but 

not diagonally), Eq. (4.7) gives , and then the input angular velocity becomes constant 

over time. During right or left travel, however, the input rotational velocity needs to be changed 

according to the rotational angle of the main wheel as well as  in Fig. 4.8(a) because  is 

proportionate to . In contrast, forward or backward travel is not affected by the ground contact, 

because  is independent of . 

 

4.3.3 Acceleration Limit 

In the new AOW, the input angular velocity needs to be temporally changed depending on the 

direction of travel, as discussed above. However, motors can generally accelerate their rotation 

only within certain limits, which imposes a restriction on the variation of angular velocity that the 

motors can impart to the input shafts of the AOW. Accordingly, the effect of the input angular 

acceleration limit on the velocity and acceleration of the AOW is evaluated. 

Differentiating Eq. (4.5) by time yields 

 . (4.8) 

Fig. 4.8 
(a) Input angular velocity and (b) acceleration versus rotational angle of the main wheel when the AOW 
moves diagonally at  and . 
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Here, the situation is considered where the AOW travels at the speed  in direction , which is 

defined as  and . When the AOW accelerates with an acceleration  in 

the same direction as the traveling direction, that is,  and , the following 

relations are given: 

 . (4.9) 

Eliminating  from these two equations results in 

 . (4.10) 

Considering the symmetry, the region of  and  is focused on. At this time,  

monotonically increases with respect to . When the upper limits of the input angular 

accelerations are set as  and , that is to say, 

 , (4.11) 

the maximum value of  is calculated as 

if      

if      

if      

 . (4.12) 

By substituting Eq. (4.12) into Eq. (4.10), we obtain the maximum value of acceleration . 

The calculation results of the maximum acceleration at each pair of values for  and  are 

shown in Fig. 4.9. The parameters used were , , , and . The 

maximum input angular velocities were set as . Note that the maximum 

acceleration in the graph is normalized by using the ratio to the value at  for each  to 

compare the effect of the radius variation of the outer rollers on the traveling  acceleration. The 

graph shows that the maximum acceleration monotonically decreases as  increases, except when 

 and . This is because the input angular velocity needs to be changed periodically during 

diagonal travel, as shown in Fig. 4.8, and the required angular velocity becomes larger as  

becomes larger. The value of  when the maximum acceleration is zero represents the maximum 

velocity of the AOW in each direction. The decrease of the maximum acceleration increases as  

approaches . Meanwhile, the maximum acceleration is constant independent of  at  

and  because the input angular velocity does not need to change temporally for non-diagonal 
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travel (forward/backward and right/left). Thus, the maximum velocity and acceleration of the AOW 

are different depending on the direction of travel. Therefore, it is needed to design the AOW so 

that it can travel at the required speed in each direction. Furthermore, it is needed to select motors 

and generate commands that allow the maximum rotational acceleration to vary depending on the 

rotational speed especially under high-speed and high-acceleration conditions. 

 

4.4 Two-wheel-drive Vehicle Using AOW 

The new AOW can be used to realize an omnidirectional vehicle that achieves three-DOF planar 

motion, including arbitrary-directional translation and turns. This section discusses the structure 

and motion of the omnidirectional vehicle.  

The AOW itself has two active DOFs, so that a driving wheel with at least one active DOF is 

necessary in addition to the AOW to make a three-DOF vehicle. The most basic idea is to use two 

AOWs, but it causes the overconstraint-like situation as explained in Section 2.1 and high-accurate 

harmonization of the motors are required. To avoid this situation, the other wheel must have only 

one active DOF. Moreover, for omnidirectional movement, the driving wheel must not impose 

nonholonomic constraints on the vehicle motion. By considering these conditions, a two-wheel-

drive (2WD) vehicle with one AOW and one omni wheel (an omni wheel with one active DOF and 

one passive DOF) is proposed. 

 

Thus the combination of the wheeled mechanisms for an omnidirectional vehicle is determined. 

However, the flexibility of the wheel arrangement is infinite. Then, it is next discussed based on 

kinematics. As shown in Fig. 4.10, each wheel is located at an angle  and distance  from the 

center of the vehicle directed at , where  corresponds to the right direction of the vehicle 

and  corresponds to the situation when the line passing through the centers of the vehicle 

 
Fig. 4.9 
Maximum acceleration of AOW in various different directions when it travels at various speeds in the 
initial direction. The acceleration indicates the ratio to the value at . 
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and the wheel cross the wheel plane at right angles. These nomenclature is the same as in the 

previous chapters. The index  represents the parameters belonging to the AOW, and  

represents the parameters belonging to the omni wheel. When the forward  or backward velocity of 

the vehicle is set as , the right or left velocity as , the angular velocity as , and the forward or 

backward velocity of the omni wheel as , the relation between the velocities of the wheels and 

the vehicle is given as follows based on Eqs. (2.7) and (2.8): 

 (4.13) 

 .  

Eq. (4.13) expresses the kinematics of the proposed omnidirectional vehicle.  

Based on the derived kinematics, the wheel arrangement in the proposed omnidirectional 

vehicle is evaluated. The determinant of the matrix  in Eq. (4.13) is calculated as 

  

 . (4.14) 

When the determinant is zero, namely, 

 (4.15) 

is given, Eq. (4.13) assumes a singular configuration where the forward kinematics is not 

established. At this time, the motion of the vehicle is not determined by any wheel velocity. The 

condition for Eq. (4.15) indicates the situation when the AOW is located in the wheel plane of the 

omni wheel, as shown in Fig. 4.11. In this case, the vehicle cannot control the rotation around the 

AOW at all. Therefore, in the design of the vehicle, the states of or near those shown in Fig. 4.11 

 

 
Fig. 4.10 
Kinematic model for omnidirectional vehicle with one AOW and one omni wheel. 
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must be avoided because the motion becomes unstable. In contrast, arranging the AOW and omni 

wheel in parallel achieves the state farthest from the singular configuration under the designated 

, , , and , and the vehicle is more likely to perform well. Additionally,  expressed 

by Eq. (4.14) is equivalent to the distance between the wheel plane of the omni wheel and the 

center point of the AOW. Then, the parameters , , , and  should be designed to make the 

distance as long as possible. 

 

Based on this result, the wheel arrangement where the AOW and the omni wheel are arranged 

coaxially in parallel is adopted. The vehicle’s omnidirectional movement is shown in Fig. 4.12. 

When both wheels travel forward at the same speed, as shown in Fig. 4.12(a), the vehicle moves 

forward. When the AOW travels to the right, as in Fig. 4.12(b), the omni wheel also travels to the 

right at the same speed because it travels on the passively rotating rollers. As a result, the vehicle 

moves to the right at a speed determined by the AOW. This means that the passive rotation of the 

rollers in the omni wheel can be controlled by the active rotation of the AOW, which makes it easy 

 
Fig. 4.11 
Singular configuration in the omnidirectional vehicle, where the center of the AOW is on the wheel 
plane of the omni wheel. 
 

 
Fig. 4.12 
Omnidirectional movement of the two-wheel-drive (2WD) vehicle using the new AOW and an omni 
wheel. (a) Forward translation. (b) Right translation. (c) Right -forward (diagonal) translation. (d) 
Turning. 
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to compensate the undesired effect of resistance in the passive rollers.  As shown in Fig. 4.12(c), 

when the AOW travels diagonally and the omni wheel travels forward in the forward direction 

component velocity of the AOW, the vehicle performs the diagonal translation. Fig. 4.12(d) shows 

that rotating the AOW and the omni wheel in opposite directions makes the  vehicle turn. Thus, the 

vehicle can realize planar motion in three DOF, omnidirectional movement, by combining these 

movements. 

 

4.5 Development and Experiments 

To verify that the new AOW installed in an omnidirectional vehicle performs as expected, a 

prototype is developed and experiments are conducted. 

 

4.5.1 Design and Development of Prototype 

First, the design specifications of the AOW prototype are explained. Concerning the design 

objectives of the new AOW described in Section 4.2.2, it is aimed to reduce the magnitude of 

vibration caused by the gaps between the outer rollers to smaller than a tenth of that in the 

conventional AOW (Fig. 4.1), and to decrease the number of main parts necessary for the 

fundamental structure and function to the half or less. Besides them, it is intended that the load 

capacity is greater than N, the diameter of the AOW is smaller than m (approximately 

 of the conventional AOW diameter), and the driving force capacity is larger than N. The 

prototype is assumed to be used on a flat ground. Based on these specifications, the AOW  

prototype was designed. 

Fig. 4.13 shows the developed AOW. As shown in Fig. 4.13(a), its structure is basically the 

same as the structure shown in Fig. 4.4. Six outer rollers ( ) are arranged alternately on the 

left and right sides at  intervals. Seen from the side, the arcs of the outer rollers are connected 

smoothly, which creates a circular wheel circumference. The transmission system shown  inside the 

wheel in Fig. 4.13(b) is divided into three paths after the differential gear mechanism, each of 

which rotates the adjacent two transmission rollers. This means that the outer rollers on both sides 

share the same power transmission path because the transmission rollers are located in the same 

plane. Thus, the new AOW has fewer outer rollers, a simpler transmission system, and fewer parts 

than the conventional AOW shown in Fig. 4.1. With respect to the vibration and the number of the 

parts in the AOW, a quantitative evaluation is made in Section 4.5.3. The diameter of the 

developed AOW is m, which meets the design specification. The material, size and shape of 
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each part are designed to satisfy the specifications of the load capacity and the driving force 

capacity. The parameters of the developed AOW are m, m, and . 

Fig. 4.14 shows the 2WD omnidirectional vehicle developed using the new AOW. The right 

driving wheel is the AOW and the left driving wheel is the omni wheel. These wheels are arranged 

in parallel and their axles are in the same vertical plane . The two input shafts of the AOW and the 

one input shaft of the omni wheel are driven independently by three motors. In addition to the 

driving wheels, supporting wheels are attached at the four corners of the vehicle to stabilize it 

horizontally. The supporting wheels are omni wheels whose main body and outer rollers all rotate 

passively. The parameters of the developed vehicle are , m, , , 

m, and . The sizes of other parts are as follows: The height from the ground to the 

seat is m, the total width of the vehicle is m, the radius of the driving omni wheel is 

m, and the radii of the supporting omni wheels are m. 

 
Fig. 4.13 
(a) Developed new AOW. (b) Transmission system inside the AOW. 
 

 
Fig. 4.14 
Developed 2WD omnidirectional vehicle with one new AOW and one omni wheel. 
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Fig. 4.15 shows the structure of the control system hardware of the developed omnidirectional 

vehicle. The vehicle is operated using a three-axis joystick. The tilt and twist angles input with the 

joystick are sent to the controller and converted into the target velocity of the vehicle. The input 

angular velocity for each motor is generated from the target velocity using the inverse kinematics, 

such as Eqs. (4.6) and (4.13). The angular velocity commands are sent to each motor driver. The 

angular velocity commands are restricted not to exceed the limits of the rotational acceleration, as 

discussed in Section 4.3.3. The rotational angle of the main wheel of the AOW is measured by a 

rotary encoder and used in the calculation of the inverse kinematics.  

 

 
 

4.5.2 Experiments 

Mobility testing of the developed vehicle is pictured in Fig. 4.16. In this experiment, a person rode 

on and operated the vehicle. The operator assented after being informed about the experiments 

prior to participation. The figure shows (a) forward translation, (b) right translation, (c) diagonal 

translation, and (d) turning. All of these movements were achieved as expected.  

The input angular velocities of the AOW  and  need to be changed according to the 

changing ground contact point of the outer rollers during diagonal translation, as discussed in 

Section 4.3. To demonstrate that this behavior was actually realized in the developed vehicle, the 

rotational speeds of the motors were measured with the rotary encoder attached to each motor, and 

compared them with the commanded values. Fig. 4.17 shows the measurement result when the 

target velocity was m/s, which is the same movement as in Fig. 4.16(c). The graph 

extracts the region where the velocity became almost constant after a certain period of time from 

the start at s. It shows that the measured and commanded values of  and  agreed with 

each other and verifies that the developed mechanisms work according to the theory.  

 
Fig. 4.15 
Control system hardware for developed omnidirectional vehicle. 
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When the result of Fig. 4.17 is evaluated in detail by focusing on the peaks of  and , the 

measured values seem delayed compared to the commanded values by about ms. Such delays 

cause a difference between the ground contact points of the outer rollers in the calculation and the 

actual state, which leads to errors in the right/left velocity of  the vehicle . Fig. 4.18 shows the 

simulation result of  when  and  are input with a -ms delay. The graph clarifies that  

varies around the target value m/s. In fact, the vehicle operator in the experiment 

perceived lateral vibration when moving diagonally. Regarding this issue, dynamics-based 

feedforward control is thought to be useful for solving the delay problem. 

 

 
Fig. 4.16 
Mobility testing of developed omnidirectional vehicle. (a) Forward translation. (b) Right translation. (c) 
Diagonal translation. (d) Turning. 
 

 
Fig. 4.17 
Measured values of angular velocities  and  compared to values commanded by the AOW 
controller. 
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4.5.3 Comparison of Conventional and New AOWs 

To show the effectiveness of the developed new AOW, it is compared with the conventional AOW 

shown in Fig. 4.1. The problem in the conventional AOW is that it has gaps between the outer 

rollers, which cause vibration during traveling, and it requires a large number of parts to make the 

gaps smaller. The new AOW is designed to solve these problems.  

First, in order to evaluate the traveling vibration, the vertical vibration of the vehicles 

equipped with the conventional and new AOWs (Fig. 4.1 and Fig. 4.14, respectively) was 

measured. An acceleration meter (Cosmic ME Co., Inc., Sorocaba-1) was fixed on the center of the 

upper plane of the vehicles after removing the seats. The sampling range was m/s2, the sampling 

rate was ms, and the sampling number was . The vehicles traveled forward at 

m/s. Fig. 4.19 shows the measurement result of the vibration spectra. In the figure, the dotted 

lines indicate the multiples of the specific frequency  of the vibration resulting from the gaps 

between the outer rollers. Namely,  is given by the following equation. 

 (4.16) 

In the conventional AOW, m and  is applied, and then Hz is supposed. 

In the new AOW, m and  result in Hz. 

Focusing on the vibration at the frequency of , the conventional AOW caused a relatively 

large peak around m/s2, while the amplitude of the new AOW is even smaller than m/s2. 

This result suggests that the new AOW can suppress the vibration caused by the gaps between 

outer rollers as expected, and the design specification is satisfied. In the figure, the recommended 

amplitude limit proposed by Janeway [72] is drawn by a black line as an example of an evaluation 

index. This limit represents the threshold between comfort and discomfort in human reactions to 

 
Fig. 4.18 
Variation in the right/left velocity of the vehicle  when a -ms delay exists between the actual and 
commanded input angular velocities.  
 

0.275

0.276

0.277

0.278

0.279

0.280

9.0 9.5 10.0 10.5 11.0 11.5
Time (s)

Le
ft/

rig
ht

 v
el

oc
ity

, 
(m

/s
)



Active Omni Wheel Achieving Seamless Periphery and Simple Structure 63 
 

vibration. Here, the vibration of the conventional AOW is beyond the limit, which means that the 

vibration may make sensitive persons feel discomfort. The conventional AOW also assumes a peak 

close to the limit at the frequency of . On the other hand, though the vibration of the new AOW 

has a peak at the frequency of , its amplitude reaches no more than  of the limit. It must 

be considered that the fair comparison of these results is difficult because the structures o f the two 

vehicles are different and the factors other than the AOWs may affect the vibrations. Nevertheless, 

the fact that the vehicle with the new AOW can travel with small vibration verifies that the new 

AOW design can avoid the vibration problem of the conventional AOW as expected, and that it can 

be successfully incorporated into an omnidirectional vehicle.  

Next, the number of parts consisting of the AOWs is compared. Table 4.1 shows the numbers of 

main parts, i.e., the rollers, gears, couplings, shafts, outer roller's supports, and the main body in 

each AOW. As the table shows, the number of each part in the new AOW is equal to or less than 

that of the conventional AOW. In total, the new AOW has less than a half of the parts the 

conventional AOW has. Thus, the design specification on the number of parts is satisfied. This is 

 
Fig. 4.19 
Measurement results of vertical vibration in vehicle motion. (a) Vibration of the vehicle with the 
conventional AOW ( Hz). (b) Vibration of the vehicle with the new AOW ( Hz). The 
black line indicates Janeway's recommended amplitude limit [71]. 
 
Table 4.1 
Numbers of parts in the conventional and new AOWs 

 
 

Frequency ( )
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(a) (b)
Frequency ( )

Janeway limit

Conventional 
AOW New AOW

Rollers 32 12
Gears 26 17
Couplings 32 0
Shafts 30 17
Outer roller's supports 20 12
Main body 2 2
Total 142 60
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mainly because the new AOW does not need so many outer rollers to compensate the gaps as the 

conventional AOW does. When the number of the outer rollers i s small, the number of the 

transmission paths in the AOW becomes small, and accordingly, the number of the parts such as 

the gears, shafts, and supports is kept small.  

The above results conclude that the new AOW design proposed in the present research achi eves 

the objectives, that is, to realize seamless periphery for vibration suppression and to reduce the 

number of parts, and that the design is effective to solve the problems of the conventional AOW.  

 

4.6 Summary 

In order to solve the problems of vertical vibration and a large number of parts in the conventional 

AOW, a new AOW design possessing a seamless periphery and simplified structure was developed. 

Through the analysis and experiments of the new AOW and an omnidirectional vehicle using it, the 

following results were obtained: 

 
A new AOW design without gaps between the outer rollers, which are barrel-shaped, 
friction-driven, and arranged alternately on the left and right sides of the wheel, was 

proposed. This structure also contributed to the simplification of the transmission system 

and parts reduction. 

 
The analysis of the proposed AOW clarified the geometric condition of the AOW design 
and the characteristics of kinematic behavior and acceleration limit.  

 
The construction of an omnidirectional vehicle using the proposed AOW was discussed 
based on the characteristics of wheeled mechanisms and a 2WD vehicle with the AOW and 

an omni wheel was proposed. Through the kinematic analysis, a wheel arrangement for the 

stable motion was clarified. 

 
The prototype of the omnidirectional vehicle with the proposed AOW was developed and 
tested. Mobility experiments verified that the developed vehicle could perform 

omnidirectional movement as expected. The comparison with the conventional AOW 

proved the effectiveness of the new AOW in vibration suppression and parts reduction. 

 



Chapter 5 
Transmission Mechanism to Drive Active 
Omni Wheels with Fewer Motors 

 

5.1 Introduction 

The discussion on the improvement of the AOW is continued from a different viewpoint. In 

general, omnidirectional mobile vehicles need a large number of motors to drive the wheels 

compared to other conventional vehicles. Namely, at least three motors are required. This is 

because one motor holds one DOF in the movement of the vehicles  and three DOFs are needed in 

planar motion. However, the large number of motors leads to an increase in the size, weight, and 

manufacturing cost. Therefore, there arises the problem of how the motors can be reduced with 

maintaining the mobility. 

This chapter tackles this problem. Based on the relation between the input from the motor and 

the output of the wheel, a transmission mechanism to drive the AOW with fewer motors is 

proposed. By using the proposed mechanism, several structures of a 2WD vehicle capable of both 

longitudinal (forward and backward) and lateral (right and left) translation are introduced. 

Experiments verify the effectiveness of the proposed mechanism. 

 

5.2 Transmission Mechanism for Fewer Motors 

5.2.1 Basic Concept 

To address the abovementioned problem, let us focus on the simplicity in the control of the AOW. 

In the AOW, its velocities in the longitudinal and lateral directions are decoupled in its mechanism. 

Namely, in Eq. (4.5), the velocity in the longitudinal direction  is always in proportion to the 

sum of the two input angular velocities , while the velocity in the lateral direction  is 

always in proportion to the difference of the two input angular velocities . Here, if the two 

input shafts of the AOW share one motor and the same rotation is input to the two input shafts, the 

AOW always moves in the longitudinal direction. Oppositely, if the two input shafts of the AOW 

share one motor but the rotational direction is contrary to each other, the AOW always moves in 
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the lateral direction. Therefore, if the direction of rotation between the motor and one input shaft 

can be switched in the transmission mechanism, the AOW can achieve both longitudinal and lateral 

movements by using only one motor. 

Fig. 5.1 illustrates this idea. Here, in the AOW, input shaft 1 is a hollow shaft, and input shaft 2 

is a solid shaft that runs through input shaft 1, so that both input shafts are placed on one side of 

the AOW, which is advantageous to the arrangement of the wheel in the vehicle. The drive 

mechanism has three transmission paths between the input shafts and driving shaft 1, which is 

driven by motor 1. Driving shaft 1 and input shaft 1 are connected by one transmission p ath, where 

a gear pair always transmits the rotation of motor 1 to input shaft 1. The other two transmission 

paths connect driving shaft 1 and input shaft 2 via clutches 1 and 2. When clutch 1 is on (in the 

transmitting state) and clutch 2 is off (in the cutting-off state), the rotation of motor 1 is 

transmitted to input shaft 2 by one gear train, which consists of two gears. When clutch 1 is off and 

clutch 2 is on, the rotation of motor 1 is transmitted to input shaft 2 by the other gear train, which 

consists of three gears, including one idler gear. Therefore, when only clutch 1 is on, input shafts 1 

and 2 rotate at the same speed and in the same direction, and then, the AOW moves in the 

longitudinal direction. When only clutch 2 is on, the two input shaft s rotate at the same speed but 

in opposite directions, and the AOW moves in the lateral direction.  

Next, the characteristics of the proposed drive mechanism are explained. As shown in the 

previous chapters, the AOW is driven by two motors in the conventional setup. On the other hand, 

the proposed drive mechanism in Fig. 5.1(a) uses just one motor to drive the AOW in the 

longitudinal and lateral directions. Thus, the number of motors needed to drive the AOW is 

decreased. Note that the AOW driven by the mechanism in Fig. 5.1(a) can move in the longitudinal 

and lateral directions, but, unlike the conventional AOW, cannot move in the diagonal direction  

because the clutches are switched only when the vehicle stops. However, if the transmission paths 

are expanded, the diagonal movement becomes possible as discussed in Section 5.3. 

 

 
Fig. 5.1 
Basic concept of the proposed transmission mechanism driving one AOW by one motor. (a) Concrete 
structure. (b) Conceptual equivalent. 
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The structure of the proposed drive mechanism is described conceptually later herein. For 

example, Fig. 5.1(b) corresponds to the mechanism of Fig. 5.1(a). The dashed line in Fig. 5.1(b) 

represents the transmission path. The rotation of motor 1 (M1) is directly transmitted to input shaft 

1. Two transmission paths from motor 1 to input shaft 2 are switchable by clutches. The rotation is 

transmitted without changing the direction on the path with clutch 1 (C1 ), while reversing the 

direction by the reverse-rotation mechanism (R) on the path with clutch 2 (C2). 

 

5.2.2 Kinematics and Constraints 

The input-output relation and the establishment condition in the vehicle equipped with the 

proposed transmission mechanism are derived based on the kinematics. The kinematic equation of 

the AOW is given by Eq. (4.5). Next, the input-output relation between the motor and the AOW in 

the proposed drive mechanism in Fig. 5.1 is discussed. Here, the on/off state of the clutches is 

represented by 

when clutch 1 is transmitting
when clutch 2 is transmitting . (5.1) 

Specifically, the replacement of  in Eq. (5.1) yields the following equation: 

 . (5.2) 

Two values that can be assigned to  realize two modes of the motion given by Eq. (5.2): a 

mode in which the longitudinal movement with  and  is feasible for , and 

a mode in which the lateral movement with  and  is feasible for . By 

generalizing Eqs. (5.1) and (5.2), the kinematics of the drive mechanisms with other transmission 

paths can be described. 

 

The input-output relation of a vehicle with two parallel driving wheels, as shown in Fig. 5.2, is 

discussed. This wheel arrangement is chosen for the same reason as in Section 4.4, but the type of 

the wheels is not limited, i.e., either AOW or omni wheel is feasible in this chapter. The moving 

velocity of the vehicle body is set as , and the traveling velocities of the two wheels 

are represented by , where  and  are the traveling velocity of the 

right wheel in the right and forward directions, respectively, and  and  are the traveling 

velocity of the left wheel in the right and forward directions, respectively. When the distance 
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between the center of the vehicle body and the wheel is set as both , the input-output velocity 

relation of the vehicle is given as follows:  

 (5.3) 

 .  

With respect to Eq. (5.3), the principle of virtual work 

 (5.4) 

yields the input-output relation of the static force as follows:  

 (5.5) 

where  and  are the force vectors corresponding to  and , respectively. When 

the kernel of the matrix  is calculated, an arbitrary vector  can be represented by 

the following equation with a constant : 

 . (5.6) 

This relation proves that the opposing forces of the two wheels in the lateral direction, i.e., the 

forces pushing/pulling each other, are arbitrary in magnitude. Considering that these forces  

resulting from redundancy just compress/expand the vehicle and never contribute to the vehicle 

motion, the vehicle should move according to the constraint as  

 . (5.7) 

Under the condition for Eq. (5.7), Eq. (5.3) is rewritten as follows: 

 (5.8) 

 .  

 
Fig. 5.2 
Kinematic model of a 2WD vehicle 
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5.3 Synthesis of Two-wheel-drive Vehicles with Fewer Motors 

This section introduces several structures of 2WD vehicles using the proposed transmission 

mechanism that satisfies the condition derived in Section 5.2.2. 

5.3.1 Vehicle with One Motor and Two AOWs 

The vehicle with the mechanism driving two AOWs by one motor is discussed. From Eqs. (4.5) and 

(5.8), the kinematic equation of this vehicle is given by 

 (5.9) 

where 

 (5.10) 

applies  when input shaft  is directly connected to motor 1,  when input shaft  is 

not connected to motor 1, and  when input shaft  is connected to motor 1 through a 

reverse-rotation mechanism. Eq. (5.9) gives various movement modes according to the 

combination of . At this time, the condition for Eq. (5.7) becomes as follows: 

 . (5.11) 

Fig. 5.3 shows the structure of the vehicle with the drive mechanism represented by Eq. (5.11). 

In this mechanism, all of the combinations of  can be realized by switching the on/off states 

of clutches 1 through 11. Note that the transmission path including a reverse-rotation mechanism is 

omitted between motor 1 and one of the input shafts (input shaft 1 in the figure) because the 
 

 
Fig. 5.3 
Structure of the vehicle with a drive mechanism for two AOWs and one motor. 
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motors can generally rotate bidirectionally. Thus,  takes a value of either 1 or 0 here. In order 

to constrain the input shaft from rotating for the case in which the input shaft is not connected to 

motor 1, i.e., , each input shaft can be braked by connecting the shaft to the vehicle body 

through a clutch. 

Table 5.1 shows the possible movement modes of the vehicle in Fig. 5.3 under the condition for 

Eqs. (5.9) through (5.11). This vehicle can realize 13 movement modes by switching the 

transmitting clutches, including three overlapping modes when considering the bidirectional 

rotation of the motor. The other 10 modes cover longitudinal translation, lateral translation, turns, 

and their combinations. In addition, when all input shafts are constra ined from rotating, the vehicle 

brakes. 

 

 
 

5.3.2 Vehicle with Two Motors and Two AOWs 

Next, the vehicle with the mechanism driving two AOWs by two motors is discussed. From Eqs. 

(4.5) and (5.8), the kinematic equation of this vehicle is given by 

Table 5.1 
Movement modes of the vehicle in Fig. 5.3 according to the switching pattern of the clutches. 

 

Transmitting
clutches Vehicle motion

C1, C3, C6, C9 Longitudinal translation

C1, C3, C7, C10 Spin turn

C1, C3, C8, C11 Pivot turn around the left wheel

C1, C4, C6, C10 Lateral translation

C1, C5, C6, C11 Diagonal translation (right front/left rear)

C1, C5, C8, C10 Right/left translation with left/right spin

C2, C3, C8, C9 Diagonal translation (left front/right rear)

C2, C3, C7, C11 Right/left translation with right/left spin

C2, C4, C6, C11 Right/left translation with right/left spin

C2, C4, C8, C10 Diagonal translation (left front/right rear)

C2, C5, C6, C9 Pivot turn around the right wheel

C2, C5, C8, C11 Stop (braking)

C2, C5, C7, C10 Pivot turn around the right wheel
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 (5.12) 

where  represents the transmitting state between input shaft  and motor 2, defined in the same 

manner as Eq. (5.10). Here, two different motors must not drive one input shaft at the same time, 

so that the following condition is necessary:  

 . (5.13) 

The condition for Eq. (5.7) is calculated as 

  

 . (5.14) 

The available solutions for this condition are as follows:  

 . (5.15) 

The first row of Eq. (5.15) corresponds to the situation in which the condition is achieved by 

arranging the transmission paths appropriately, whereas the second and third rows correspond to 

the situation in which the condition is achieved by adjusting the input angular velocities, i.e., 

overconstraint-like situation because of motor redundancy. 

Fig. 5.4 shows the structure of this vehicle. The number of the possible movement modes of 

this mechanism is calculated as follows. When  or  is applied, there are five 

transmission paths to each of input shafts 2 through 4, and then the number of the modes is 

. When  is applied, except in the case of 

, half of the modes come to be the same as the other modes by reversing the 

rotational directions of the motors. Then, the number of modes excluding such overlap is 

. Therefore, the total number of movement modes of this vehicle is 

. However, the constraint on the velocity is given by the second and third rows of Eq. (5.15) 

except for the modes satisfying the condition for the first row.  

 

If not all movement modes are necessary, then the transmission paths other than those used in 

the required motion can be omitted in order to simplify the drive mechanism. Then, let us try to 

simplify the vehicle in Fig. 5.4 as an example. Assuming that Eq. (5.14) is established at any  

and  to avoid the overconstraint, the condition for the first row of Eq. (5.15) should be 
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satisfied. When  and  are set permanently for simplicity, this condition 

becomes 

 . (5.16) 

Under the condition for Eqs. (5.13) and (5.16), the possible combination is 

 or . The simplified structure of the vehicle is shown in Fig. 5.5. Compared to 

Fig. 5.4, 12 transmission paths and 14 clutches are omitted. Table 5.2 shows the movement modes 

of this vehicle. In modes , the vehicle can move in the longitudinal 

direction and turn on the spot. In modes , the vehicle can move in both 

the longitudinal and lateral directions, i.e., the vehicle can perform the arbitrary directional 

translation. 

 
Fig. 5.4 
Structure of the vehicle with the drive mechanism for two AOWs and two motors. 
 

 
Fig. 5.5 
Simplified structure of the vehicle with two AOWs driven by two motors. 
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5.3.3 Vehicle with Two Motors, One AOW, and One Omni Wheel 

A vehicle having a right wheel that is an AOW and a left wheel that is an omni wheel driven by 

two motors is discussed. In the velocity vector of the wheels , the elements  and  

represent the velocity of the AOW, and elements  and  represent the velocity of the omni 

wheel. At this time,  can take an arbitrary value, so that 

 (5.17) 

is always established, and the condition for Eq. (5.7) is satisfied. From Eqs. (4.5), (5.8), and 

(5.17), the kinematic equation of this vehicle is given by 

 . (5.18) 

Fig. 5.6 shows the structure of this vehicle. The total number of possible movement modes is 

calculated as , excluding the overlap resulting from bidirectional 

rotation of the motors. 

The simplified structure of the vehicle in Fig. 5.6 is discussed by considering the example in 

Fig. 5.7. In this vehicle, nine transmission paths and 11 clutches are omitted from the vehicle in 

Fig. 5.6. The condition for Eq. (5.13) is always satisfied because  and 

 are applied permanently. When switching the clutches, the movement modes and the 

movement velocity  are changed as shown in Table 5.3. The vehicle can perform longitudinal 

translation and spin turning in the movement mode of , and lateral translation and pivot 

turning around the right wheel in the movement mode of . Note that pivot turning around 

each of the wheels can be realized in  by combining longitudinal translation and spin 

turning. 

 

As shown above, the proposed transmission mechanism can be designed for various wheel 

combinations and various numbers of motors to construct 2WD vehicles capable of diverse 

movement modes, including longitudinal and lateral translation and turns. In addition, 

Table 5.2 
Movement modes of the vehicle in Fig. 5.5 according to the switching pattern of the clutches. 

 

Transmitting
clutches Vehicle motion

C4, C10 Longitudinal translation and spin turn

C5, C9 Longitudinal and lateral translation
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appropriately omitting the transmission paths in order to simplify the structure of the vehicle can 

be effective as long as the required movement modes are feasible.  

Each of the structures shown in Fig. 5.3 through Fig. 5.7 can be basically realized by 

expanding the fundamental structure shown in Fig. 5.1(a), but its difficulty is varied. For example, 

the structures in Fig. 5.3, Fig. 5.4, and Fig. 5.6 have more than ten clutches and transmission paths, 

so that the difficulty in realization would be relatively high. On the other hand, the structures in 

 
Fig. 5.6 
Structure of the vehicle with the drive mechanism for one  AOW, one omni wheel, and two motors. 
 

 
Fig. 5.7 
Simplified structure of the vehicle with one AOW and one omni wheel driven by two motors. 
 
Table 5.3 
Movement modes of the vehicle in Fig. 5.7 according to the switching pattern of the clutches. 
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C4 Longitudinal translation and spin turn
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Fig. 5.5 and Fig. 5.7 are the simplified structures of those in Fig. 5.4 and Fig. 5.6, respectively. 

Therefore, the difficulty is expected to be low. Accordingly, the structure in Fig. 5.7, which has 

fewer clutches than that in Fig. 5.5, is chosen as an experimental device in the next section.  

 

5.4 Experiments 

In order to demonstrate that the proposed transmission mechanism works as expected, a 2WD 

vehicle is developed, and experiments are conducted. 

 

5.4.1 Developed Two-wheel-drive Vehicle 

Fig. 5.8 shows the developed 2WD vehicle. The right driving wheel is an omni wheel and the left 

driving wheel is an AOW, the outer shapes of which are the same. In addition to two drivin g 

wheels, two supporter omni wheels that move passively are installed thorough air suspensions  at 

the front and back of the vehicle. 

 

 
Fig. 5.8 
Developed vehicle with the proposed transmission mechanism. (a) Overall view. (b) Front view. (c) 
Side view. 
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The transmission mechanism installed in the developed vehicle is shown in Fig. 5.9. This 

mechanism drives one AOW and one omni wheel by two motors. Its structure is basically the same 

as that of the vehicle shown in Fig. 5.7 as mentioned above, but the positions of the AOW and the 

omni wheel are swapped with each other. Motors 1 and 2 (Maxon RE65 250 W) rotate driving 

shafts 1 and 2, respectively, via gear pairs. The structure between driving shaft 1 and input shafts 1 

and 2 of the AOW is identical to that shown in Fig. 5.1(a). Driving shaft 2 and input shaft 3 of the 

omni wheel are always connected through a gear pair. When clutch 1 is on, the movement mode 

allows the vehicle to move in the longitudinal direction and to turn on t he spot. When clutch 2 is 

on, the movement mode allows the vehicle to move in the lateral direction and turn around the 

AOW. For the following discussion, the former is called the longitudinal movement mode and the 

latter is called the lateral movement mode. 

A passenger operates the vehicle with a joystick and a switching button. The moving velocity is 

commanded by tilting the joystick in two directions, and the movement modes are switched  by 

pushing the switching button. In the longitudinal movement mode, forward/backward tilt of the 

joystick is converted into the longitudinal translational velocity and right/left tilt into the spin 

turning velocity, whereas in the lateral movement mode, the former into the pivot turning velocity 
 

 
Fig. 5.9 
Developed transmission mechanism of the vehicle. (a) Top view. (b) Front view. 
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around the AOW and the latter into the lateral translational velocity. The vehicle has an emergency 

stop button for safety. The control system of the developed vehicle is mainly composed of a 

microcomputer (Arduino Micro), motor drivers (Maxon ESCON-70/10), and a relay for 

electromagnetic clutches. The microcomputer gets inputs from the joystick and the switching 

button, calculates the commands, and sends them to the motor drivers and the clutch relay to drive 

the motors and the clutches. It has three batteries of V as a power source. 

The parameters of the developed vehicle are mm, mm, mm, and 

. The dimensions of the entire vehicle are as follows. The total length and total width of the 

vehicle are mm and mm, respectively, the height from the floor to the seat surface and 

the height from the floor to top of the seat are mm and mm, respectively. The diameter of 

the four supporter omni wheels is mm. The maximum speed is km/h in the longitudinal 

direction and km/h in the lateral direction. The vehicle weighs about kg. Note that the 

developed vehicle was designed to confirm the fundamental functions, rather than to reduce its size 

and weight. If smaller clutches are used instead, for example, it can achieve downsizing  and weight 

reduction more effectively. 

 

5.4.2 Experiment on the Transmission Mechanism 

First, an experiment to confirm the movement of the transmission mechanism was conducted. Fig. 

5.10 shows the observation results of the transmission mechanism and the wheels with the vehicle 

lifted from the ground. Fig. 5.10(a) shows the motion when the vehicle was commanded to perform 

the forward movement in the longitudinal movement mode, and Fig. 5.10(b) shows the motion 

when the left movement was commanded in the lateral movement mode. The left side of each 

figure shows a photograph of the transmission mechanism and the right side shows a photograph of 

the AOW at the same time. In order to improve the visibility of the rotation, marking seals are 

attached to the driving shaft, input shafts 1 and 2, and the outer rollers. Four differently colored 

seals are attached to the outer rollers at 90-degree intervals. The colors are yellow, blue, red, and 

green, and are attached in this order. In Fig. 5.10(a), the displacement of the seal on the outer 

rollers indicates that the main body of the AOW rotated but the outer rollers did not. In addition, 

from the photograph of the drive mechanism, it is confirmed that input shafts 1 and 2 rotated in the 

same direction. On the other hand, Fig. 5.10(b) shows that the main body of the AOW did not 

move, and only the outer rollers rotated. In addition, it is confirmed  that input shafts 1 and 2 

rotated in opposite directions. Fig. 5.10(c) shows the motion of the omni wheel when the vehicle 

was commanded to move in the forward direction. The figure shows that only the main body of the 

omni wheel rotated. These results proved that the transmission mechanism performed as expected. 
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5.4.3 Experiment on the Vehicle Motion 

Next, experiments to verify that the developed vehicle could perform the movement in the 

longitudinal and lateral directions and turns with a passenger riding on the vehicle were conducted. 

The passenger operated the vehicle by manipulating the joystick to perform the designated motion. 

The maximum speed is set as km/h in the longitudinal direction and km/h in the lateral 

direction. The passenger assented after being informed about the experiments prior to 

participation. 

Fig. 5.11 shows the motion of the vehicle in the longitudinal movement mode. The forward 

translation shown in Fig. 5.11(a) is the motion when the left and right driving wheels are driven at 

the same angular velocity. The spin turn shown in Fig. 5.11(b) is the motion when the left and right 

driving wheels are driven at the same speed but in  opposite directions, in which case the vehicle 

turns on the spot. When the left and right driving wheels are driven at different speeds, the 

longitudinal translation with turns shown in Fig. 5.11(c) is possible. Thus, it is verified that the 

Fig. 5.10 
Motions of the transmission mechanism and wheels. (a) Forward movement of the AOW. (b) Left 
movement of the AOW. (c) Forward movement of the omni wheel. 
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vehicle can realize two-DOF motion comprising longitudinal translation and spin turning in the 

longitudinal movement mode, just like conventional wheelchairs. Considering the asymmetry of 

the drive mechanism of the left and right wheels in the  developed vehicle, the differences in inertia 

and resistance of the wheels could have affected the motion, but did not actually according to the 

observation. This might be because the motors were controlled based not on torque but on velocity. 

In turning, the limited speed of the wheels might suppress the effect of the difference in side force. 

Fig. 5.12 shows the motion of the vehicle in the lateral movement mode. In the right translation 

shown in Fig. 5.12(a), the outer rollers of the AOW are rotated actively and the free rollers of the 

omni wheel are rotated passively. In the right pivot turn shown in Fig. 5.12(b), the rotation 

pivoting on the AOW is achieved by driving only the omni wheel while the outer rollers of the 

AOW are not rotated. When the AOW is driven in the right direction and the omni wheel is driven 

in the forward direction, the right translation with turns shown in Fig. 5.12(c) is possible. Thus, it 

is verified that the vehicle can realize two-DOF motion comprising lateral translation and pivot 

turning in the lateral movement mode. 

Based on the above results, it was demonstrated that the developed 2WD vehicle with the 

proposed transmission mechanism performed as expected. 

 

 
Fig. 5.11 
Motion in the longitudinal movement mode. (a) Forward translation. (b) Spin turn. (c) Forward 
translation with right spin. 

(a) (b) (c)
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5.5 Summary 

To achieve omnidirectional mobility, a large number of motors are required, whereas it is desirable 

to reduce the number of motors with respect to the size, weight, and manufacturing cost . Then, a 

transmission mechanism was proposed to meet both superb mobility and fewer motors by driving 

AOWs with a small number of motors. As a result of analyses and experiments, the following 

results were obtained. 

 
A transmission mechanism that could switch the transmission paths by clutches and drive 
the AOW and omni wheel by just one or two motors was proposed.  

 
The kinematic analysis of a 2WD vehicle with the proposed transmission mechanism was 
carried out, and the input-output velocity relation and the establishment condition were 

derived. 

 
Fig. 5.12 
Motion in the lateral movement mode: (a) Right translation, (b) Right pivot turn around the left wheel, 
and (c) Right translation with pivoting 

(a) (b) (c)
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The structures of vehicles satisfying the derived condition and the possible movement 
modes of each vehicle were shown. The simplified structures of the vehicles were also 

suggested by omitting transmission paths.  

 
A 2WD vehicle with the proposed mechanism was developed. Experiments proved that the 
vehicle could perform the longitudinal and lateral movements and turns as expected.  

 





Chapter 6 
Reducer-Integrated Motor Using Strain 
Wave Gearing System 

 

6.1 Introduction 

Motors, usually electromagnetic motors, are conventionally used combined with reducers to gain 

high-precision positioning and large torque output because the motors themselves have high-speed 

and low-torque output. However, the size of the reducer makes the entire motor system large, 

especially in the axial direction. Such large motor systems prevent the wheeled locomotion devises 

from achieving compact design. Small-sized motors will also be useful for industrial robots and 

other machines. 

To miniaturize the entire motor system, reducer-integrated motors, such as a cycloid motor [73] 

and a wobble motor [74], have been proposed. This type of the reducer-integrated motor is mainly 

composed of an external gear rotating around the axle, an internal gear meshing with the external 

gear and revolving around it without rotation, and linear actuators to revolve the internal gear by 

pushing it from the outside to the center. There is a small tooth number difference between the 

external and internal gears. Accordingly, when the internal gear revolves around the external gear, 

the external gear rotates by the difference in teeth number from the internal gear. Thus, the 

proposed reducer-integrated motors can output reduced rotation directly from the input of the 

linear actuators and external reducers are no longer unnecessary. It leads the advantage in the 

downsizing of motors over conventional motor systems that have separate electromagnetic motors 

and reducers. 

In the structure of the reducer-integrated motor, however, there exists a concern about load-

supporting capacity and stiffness. The load torque applied to the output part of the motor, i.e., the 

external gear, brings circumferential force to the linear actuators through the internal gear. 

Although the linear actuators are suitable to output force in the radial direction, it is difficult for 

them to support a large force in the circumferential direction. It is also difficult to in crease the 

stiffness in the circumferential direction, and so high-precision positioning becomes a challenge 

when a large torque is required. 

This chapter proposes a new reducer-integrated motor with the aim to establish the small size, 

high load-supporting capacity, and high stiffness. The principle of a strain wave gearing system 
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and simultaneous engagement of multiple gear pairs are focused on to meet these requirements. 

The design condition of the motor is derived and a motor prototype is actually developed to 

demonstrate its operation. 

 

6.2 Reducer-Integrated Motor 

6.2.1 Principle of a Strain Wave Gearing System 

The proposed reducer-integrated motor uses the principle of a strain wave gearing system. Fig. 6.1 

illustrates its structure and motion. The strain wave gearing system [47] has a flexspline (F/S), a 

circular spline (C/S), and a wave generator (W/G). The F/S is an elastic and flexible external gear  

shaped like a thin cylinder, the C/S is a rigid internal gear, and the W/G is an oval cam with thin-

raced ball bearing. The C/S has two more teeth than the F/S, in general. When the W/G is put 

inside the F/S, the F/S is deformed into an oval. Then, the teeth of the F/S and C/S mesh each other 

near the long axis of the oval and do not near the short axis.  

When the rotation of the F/S is fixed and a motor rotates the cum of the W/G, the long axis of 

the F/S moves as the W/G rotates, and the contact point between the F/S and C/S also moves. 

While the W/G turns around clockwise once, the C/S rotates clockwise by the difference in teeth 

number from the F/S, because the rotation of the F/S is fixed. When the rotation of the W/G is set 

as the input and the rotation of the C/S as the output, the reduction ratio  is given as follows 

[75]: 

 (6.1) 

where  is the teeth number of the F/S and  is the teeth number of the C/S. Eq. (6.1) 

suggests that  gets large when  becomes large. Therefore, the strain wave gearing system can 

realize a high reduction ratio even in a single stage. 

 

 
Fig. 6.1 
Movement of a strain wave gearing system. 

Flexspline, F/S

Circular spline, C/S (output)

Wave generator, W/G (input)
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6.2.2 Proposed Reducer-Integrated Motor 

A novel reducer-integrated motor is proposed using the principle of a strain wave gearing system. 

Fig. 6.2 shows the schematic structure of the proposed motor. As shown in Fig. 6.2(a), which is the 

disassembling view of the main components, one F/S engages simultaneously with two kinds of 

C/Ss: one C/S-S and two C/S-Ds. The C/S-S has two more teeth than the F/S, and the two C/S-Ds 

have the same teeth number as the F/S. As shown in Fig. 6.2(b), which illustrates the sectional 

views, one C/S-D is fixed on the base directly and the other is done through a supporting part, not 

to rotate. The C/S-Ds are placed coaxially on both sides of the C/S-S. The C/S-S connected with 

the rotor can rotate around the central axis. Inside the F/S, linear actuators are arranged radially 

and symmetrically with the central axis, instead of the W/G in the normal strain wave gearing 

system. Each linear actuator, e.g., a linear solenoid, can actively elongate and shrink. The figure 

shows the case where twelve linear actuators are arranged at equal intervals. 

Next, the movement of the proposed reducer-integrated motor is explained. When one pair of 

the opposite linear actuators is operated, it pushes the F/S. The F/S is deformed into an oval shape 

whose long axis agrees with the central line of the operating linear actuators. Then, the deformed 

 

 
Fig. 6.2 
Structure of the proposed reducer-integrated motor. (a) Disassembling view. (b) Sectional views.  
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F/S contacts the C/S-Ds and C/S-S simultaneously near the long axis, but does not near the short 

axis. When the operating linear actuators are switched clockwise, as shown in Fig. 6.3, the long 

axis of the F/S moves clockwise. Accordingly, the contact points between the F/S and the C/Ss also 

move clockwise, which is the same process as the rotation of the W/G in the strain wave gearing 

system. The teeth number of the F/S is the same as those of the C/S-Ds fixed on the base, so that 

the F/S does not rotate. Then, only the C/S-S rotates clockwise by the difference in the teeth 

number from the F/S in one cycle of switching the operating linear actuators  following the 

principle of the strain wave gearing system. When the switch of operating linear actuators is set as 

the input and the rotation of the C/S-S as the output, the reduction ratio  is represented by the 

same equation as Eq. (6.1). When the number of linear actuators is set as  and the switching 

interval of the operating linear actuators as , the average rotational speed of the C/S-S  is 

calculated as follows: 

 . (6.2) 

 

The characteristics of the proposed motor are discussed. First, the motor can be smaller than 

the conventional motor systems because the linear actuators are installed inside the reducer. 

Second, in the proposed motor, the load torque applied to the C/S-S is supported by the C/S-Ds 

fixed on the base through the F/S, so that the linear actuators do not receive the circumferential 

force directly. In other words, C/S-Ds can not only prevent the F/S from rotating but also receive 

the load torque instead of the linear actuators. Therefore, the proposed motor is expected to 

support higher load torque and gain higher stiffness than the existing reducer -integrated motors. 

Additionally, because the C/S-Ds are put on both sides of the C/S-S unlike conventional strain 

wave gearing systems, the torque on the F/S from the C/S-S and C/S-Ds become symmetrical in the 

 

 
Fig. 6.3 
Movement of the proposed reducer-integrated motor. The circular spline S (C/S-S) rotates as the contact 
point moves. 

C/S-S
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axial direction as shown in Fig. 6.4. These symmetrical torques are thought to suppress the tilt and 

torsion of the F/S and increase the stiffness of the motor. From the above, the proposed reducer-

integrated motor is expected to establish downsizing, high load-supporting capacity, and high 

stiffness at the same time. Additionally to this, the motor may hold the advantages of the strain 

wave gearing system, e.g., backlashes are unnecessary and the pitch error is flattened due to a large 

number of the teeth in simultaneous engagement.  

 

 
 

6.3 Tooth Tip Interference Analysis 

In the proposed reducer-integrated motor, the F/S is deformed by operating the linear actuators 

arranged at intervals, not by the rotation of the W/G in the conventional strain wave gearing 

system. Here, some design conditions should be satisfied in the number and arrangement of linear 

actuators. This section discusses the conditions. 

 

6.3.1 Problem Definition 

In the proposed motor, at least one pair of linear actuators must be operated to support the load 

torque, otherwise, the F/S will be restored to a cylindrical shape and the tooth engagement with the 

C/S-Ds and C/S-S will be lost. When the operating pair of the linear actuators  is switched as in 

Fig. 6.3, for example, the next pair must be operated to keep the tooth engagement before the 

precedent pair loses the power and the F/S escapes from the C/Ss. At this time, if the interval 

between the pairs of the linear actuators is too large, the positional relation between the teeth of 

the F/S and C/Ss may be inappropriate at the point where the next pair of the linear actuators 

deforms the F/S. This leads to tooth tip interference and failure in the tooth engagement. Based on 

this concern, the positions of the teeth in engagement is simulated and the positional relations 

 
Fig. 6.4 
Torque applied to the flexspline (F/S) by the C/S-S and circular spline D (C/S-D). 

Reaction torque
of C/S-D's

Load torque
of C/S-S F/S
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between the teeth of the F/S deformed into an oval and the teeth of the C/S-Ds and C/S-S are 

analyzed. Then, the condition for avoiding the tooth tip interference in the deformation of the F/S 

is clarified. 

The following conditions are assumed for the simulation. 
Though the tooth profiles of the F/S and C/Ss in the commercial strain wave ge aring 
systems have a specialized form combining multiple curves [76]–[78], they approximate 

trapezoids based on the measurement result of an actual strain wave gearing system 

(Harmonic Drive Systems Inc., FR-50-80-2-G). Fig. 6.5(a) and (b) shows the length of 

each part of the approximated trapezoidal teeth of the C/S-Ds and F/S when a pitch on the 

base circle of the C/S-Ds  is assumed to be , respectively. 
The pitch on the base circle of the C/S-S is the product of  times . The base circle 

diameter and the length of each part of the teeth of the C/S-S is the same as those of the 

C/S-Ds. 

The base circle of the F/S deformed into an oval by one pair of opposite linear actuators 
shapes an ellipse expressed as a conic curve. In the analysis model o f the F/S, each of the 

trapezoidal teeth shown in Fig. 6.5(b) contacts the ellipse at the center of the base line and 

arranged at regular intervals on the ellipse circumference.  

The teeth of the F/S meshes with those of the C/S-Ds and C/S-S to the deepest part on the 
long axis. The long diameter of the F/S is longer than the short diameter by the 2.2 times 

as long as the teeth height of the C/S-Ds and C/S-S. The magnitude of 2.2 times is 

determined by measuring the counterparts when the F/S is deformed by the W/G in the 

aforementioned actual strain wave gearing system.  

 

When the reduction ratio  of the analyzed strain wave gearing system is determined, the 

teeth number of the F/S and C/S-Ds  and that of the C/S-S  are calculated by Eq. (6.1). 

 (6.3) 

Given the base circle diameter , the pitch on the base circle of the C/S-Ds  is equivalent to 

the circumference divided by the teeth number.  

 

 
Fig. 6.5 
Length of each part of the approximated trapezoidal teeth of (a) C/S-Ds and (b) F/S, when a pitch on 
the base circle of the C/S-Ds  is 1. 
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 (6.4) 

From the proportion shown in Fig. 6.5 and the abovementioned assumptions, the long and short 

diameters of the F/S,  and , respectively, are determined. 

 (6.5) 

By using these calculations, the positions of the teeth of the F/S, C/S-D, and C/S-S are determined. 

Fig. 6.6 shows the simulation result under the condition for . In the figure, the teeth and 

base circle of the F/S (red), C/S-D (light blue), and C/S-S (blue) are drawn. Fig. 6.6(a), (c), and (b) 

is the enlarged view in the vicinity of the short axis, long axis, and intermediate between them, 

respectively. Note that the C/S-D almost disappears in Fig. 6.6(c) because its teeth are overlapped 

with those of the C/S-S.

 

 
 

6.3.2 Numerical Analysis 

In order to evaluate the simulation result, some parameters are prepared. First, the number of each 

tooth is set as shown in Fig. 6.7. The 0th tooth of the F/S is the tooth on the long axis of the 

deformed F/S, which meshes with the teeth of the C/S-D or C/S-S to the deepest part. The tooth of 

the C/S-D or C/S-S neighboring the 0th tooth of the F/S in the clockwise direction is defined as the 

0th tooth of the C/S-D or C/S-S. The numbers of the teeth get , , ,  in the counterclockwise 

direction. Next, the variables , , and  are introduced to represent the positional 

relations between the teeth of the F/S, C/S-Ds, and C/S-S:  is the distance in the radial 

direction between the th tooth tip of the F/S and the tip circle of the C/S-D or C/S-S, which is 

 
Fig. 6.6 
Simulation result of the teeth positions of the F/S, C/S-S, and C/S-D. 
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positive when the tooth tip of the F/S is inside the tip circle of the C/S -D or C/S-S and negative 

when outside;  is the angle between the line passing through the central axis and the center 

of the th tooth tip of the F/S and the line passing through the central axis and the center of the 

th tooth tip of the C/S-S; and  is the angle between the line passing through the 

central axis and the center of the th tooth tip of the F/S and the line passing through the cen tral 

axis and the center of the th tooth tip of the C/S-D. The parameters  [or ] corresponds 

to the distance between the teeth of the F/S and the C/S-S [or C/S-D] in the circumferential 

direction. Additionally, the angle between the line passing through the central axis and the center 

of the th tooth tip of the F/S and the long axis of the F/S is set as  to represent 

the position of the teeth on the F/S. 

 

The analysis was carried out under the condition where  and mm. After 

calculating the values of , , and  at each , the ratio of  to the tooth height of 

the F/S  is plotted in Fig. 6.8(a). Similarly, the ratio of  to  and the ratio of  

to  are plotted in Fig. 6.8(b). These graphs cover the range of , i.e., 

, considering the symmetricity. In Fig. 6.8(a), the radial distance changes from negative 

to positive at the point where  is around . As explained above, when the distance is positive, 

the tooth tip of the F/S exists inside the tip circle of the C/S-Ds or C/S-S. This means that the teeth 

of the F/S completely escape from the C/S-Ds or C/S-S in the region near the short axis where  

becomes larger than . Therefore, an interfere between the teeth of the F/S and the C/S-Ds or 

C/S-S may occur when the linear actuators push the F/S, depending on the distances between the 

teeth of the F/S and C/Ss in the circumferential direction . 

Fig. 6.8(b) shows that the teeth of the F/S are closest to the teeth of the C/S-D near  in 

the circumferential direction, while closest to the  teeth of the C/S-S near . Now the 

relation between the tooth tip interference and the circumferential distance of the teeth is discussed 

 
Fig. 6.7 
Parameters for an analysis of the positional relations between F/S and C/Ss. 
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by using the model shown in Fig. 6.9. As in Fig. 6.9(a), the situation where a tooth tip of the C/S-D 

or C/S-S is on the line passing through the central axis and the corner of the tooth tip of the F/S  is 

set as the criterion. Then, the following cases are considered: when the circumferential distance 

between the teeth of the F/S and C/S-D or C/S-S is larger than that in the criterion [Fig. 6.9(b)], 

and when it is smaller [Fig. 6.9(c)]. Supposing that a point on the F/S moves in the radial direction 

when the F/S is pushed and deformed by the linear actuators, for simplicity, in the case of Fig. 

6.9(b), the tooth surface of the F/S will contacts that of the C/S-Ds and C/S-S, so that the tooth 

engagement will be achieved. In the case of Fig. 6.9(c), on the other hand, the tooth tip of the F/S 

will interfere with that of the C/S-Ds or C/S-S, and then, the tooth engagement will not be 

achieved. Based on this model, the region where the interference could occur similarly to the 

situation in Fig. 6.9(c) is calculated, which was expressed as a shaded region in Fig. 6.8(b). The 

 
Fig. 6.8 
(a) Radial distance and (b) circumferential distance between the tooth tips of F/S and C/S's over the 
position of the tooth of F/S when the reduction ratio  is 81. 
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figure suggests that the 31st and later teeth of the F/S are likely to interfere with the C/S-S. 

Actually, in the simulation result shown in Fig. 6.9(d), the corner of the 30th tooth tip of the F/S is 

slightly apart from that of the 31st tooth of the C/S-S in the circumferential direction, while the 

corner of the 31st tooth tip of the F/S faces to the 32nd tooth tip of the C/S-S. 

 

Additionally to the analysis for  shown in the above, the same analysis for , 

, , , , and  was conducted. The results were almost the same as the result for 

, namely, the values of  where the radial distance changes from negative to positive 

shown in Fig. 6.8(a) and where the tooth tip interference may occur in Fig. 6.8(b) were almost the 

same. Therefore, the result shown in Fig. 6.8 can be used in any case. 

 

6.3.3 Structural Condition for Actuators 

Based on the analytical results, the arrangement of the linear actuators to deform the F/S 

appropriately without tooth tip interference in the proposed reducer-integrated motor is discussed. 

As explained in the previous section, the tooth tip of the F/S can interfere with the tooth tip of the 

C/S-Ds or C/S-S when the pair of the linear actuators to operate next pushes and deforms the F/S at 

the point where either of , , or  is in the shaded region of Fig. 

 
Fig. 6.9 
Possibility of tooth tips interference between F/S and C/S's. (a) Criterion of interference possibility. (b) 
Proper distance. (c) Too close distance. (d) Interference possibility poin ts in simulation result. 
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6.8(a) or (b). Hence, in order to avoid the interference, the next pair of the linear actuators sho uld 

push the F/S in the region of , where all of the indices are out of the shaded region. In 

other words, the condition is that the next pair of the linear actuators must locate at the interval of 

smaller than  from the operating pair of the linear actuators. 

When the linear actuators are arranged at regular intervals, the intervals become smaller than 

 if the number of linear actuators is six or lager. Additionally, the number of the linear 

actuators must be an even number because two linear actuators opposite in between the central axis 

are operated at the same time to deform the F/S. From the above, the number of the linear actuators 

should be six or larger even number. According to Fig. 6.8, the interference possibility becomes 

smaller as the number of the linear actuators is larger because the pair of the linear actuators to 

operate next push the F/S at the point of smaller . At the same time, the resolution of the output 

rotation will be improved since the position of the long axis of the F/S can be adjusted more finely. 

However, the size and weight of the motor will be increased when many linear actuators are 

installed. The number of the linear actuators should be chosen with considering these conditions. 

 

6.4 Input-Output Relation Analysis 

It was assumed that the deformed F/S shaped an ellipse expressed as a conic curve in Section 6.3. 

However, the deformation of the F/S actually depends on the pushing force of the linear actuators, 

and its shape is not always an ellipse. Then, the deformation of the F/S is described based on the 

theory of material mechanics and derive the fundamental input-output relation of the proposed 

reducer-integrated motor. 

The model for deformation analysis is shown in Fig. 6.10. The F/S is assumed to be a circular 

curved beam put on the xy-plane whose curvature radius is . The pushing force of the linear 

actuators is thought to be  in y-direction. Here, the axial force  and the bending moment  

at an angle  from the x-axis are calculated as follows ( ) [79]: 

 

 
Fig. 6.10 
Deformation model of the F/S. 
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 (6.6) 

 . (6.7) 

In addition, when the deflection in x- and y-directions of the point  at  is set as 

 and , they are given as follows [79]: 

 (6.8) 

 (6.9) 

where  and  are the deflection at ,  is the longitudinal elasticity modulus,  is 

the section module, and  is the cross section of the beam, respectively. When Eqs. (6.6) and 

(6.7) are substituted into Eqs. (6.8) and (6.9) and the boundary conditions are taken into account, 

the deflection are finally calculated as follows:  

 (6.10) 

 . (6.11) 

From these equations, the deflection in the radial direction  is obtained. 

 (6.12) 

If the beam is assumed to be thin, i.e., , Eq. (6.12) is rewritten as follows: 

 (6.13) 

where  is the sectional secondary moment. 

By using this equation, the deformation of the F/S can be simulated. For example, if the two 

pairs of the linear actuators are operating at the same time and the F/S and C/Ss contact each other 

at an angle  from the y-axis, the following two conditions should be satisfied.  

 (6.14) 

 (6.15) 
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Here,  and  are the pushing force of each pair of the linear actuators,  is the total 

number of the linear actuators, and  is the difference in the radii of the F/S and C/Ss. When 

, , and  are set, whose values are based on the measurement 

result of the actual strain wave gearing system used in Section 6.3.1, the relationship between , 

, and  is given as Fig. 6.11(a). For another example, the case where three pairs of the linear 

actuators are operated can be solved in a similar way. The required conditions are  

 (6.16) 

 . (6.17) 

When the condition  is added, as one example, the result of the analysis is as in Fig. 

6.11(b). Thus, the required input force and deformation of the F/S at any output rotation angle can 

be calculated in various input patterns, i.e., how many linear actuators are used under what 

conditions. 

 

The same analysis of the tooth tip interference as in Section 6.3 was also carried out by using 

the deformation of the F/S calculated above instead of the approximation as an ellipse. As a result, 

 

 
Fig. 6.11 
Relationship between the contact point of the F/S and C/Ss and the pushing force  of the linear 
actuators. (a) Operation by two pairs of the linear actuators. (b) Operation by three pairs of the linear 
actuators. 
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the condition for the arrangement of the linear actuators was moderate compared to Fig. 6.8. Then, 

the condition derived in the previous section should be followed in the design of the proposed 

reducer-integrated motor. 

 

6.5 Experiments 

To verify that the proposed reducer-integrated motor works as expected, the prototype is developed 

and experiments are conducted. 

 

6.5.1 Proposed Motor Prototype 

The overview and properties of the developed prototype are shown in Fig. 6.12 and Table 6.1. In 

Fig. 6.12(a), the C/S-S is exposed by removing one of the two C/S-Ds to show the internal 

structure. The basic structure of the prototype is the same as that in Fig. 6.2, and 12 linear 

actuators are installed. Though linear solenoids were used as the linear actuators to gain large force 

output in order to confirm the movement in this prototype, the linear solenoids are put outside the 

gears because of their size. Hence, as shown in Fig. 6.13, the output of the linear solenoids is 

transmitted to the F/S through the connecting parts,  which are supported by the linear guides to 

 

 
Fig. 6.12 
Overview of the proposed reducer-integrated motor prototype. (a) Internal structure. (b) Laser 
displacement sensor. (c) Reflecting plate for the laser displacement sensor.  
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move in the radial direction, and the pushing parts, which have a semi -cylindrical shape and 

contact the F/S directly. The number of the linear solenoids is determined based on the conclusion 

of the analyses. 

The operation of the prototype is controlled by a programmable logic controller (PLC). The 

prototype can switch the linear solenoids on and off instantly (i.e., less than 10 ms) by opening or 

closing the relays between the DC power source and the linear solenoids at the designated timing. 

Because it is connected to the laser displacement sensor, the PLC can measure the rotation angle of 

the output part. In the measurement of the rotation angle, the distance is measured between the 

laser displacement sensor fixed on the base (Fig. 6.12(b)) and the reflecting plate fixed on the C/S-

S and moving in the circumferential direction with the output part rotation ( Fig. 6.12(c)). The 

displacement of the reflecting plate from the initial position in the progressing direction of the 

laser is converted into the rotation angle.  

 

Table 6.1 
Properties of the proposed reducer-integrated motor prototype. 

 
 

 
Fig. 6.13 
Force transmission from the linear solenoids to the F/S through the l inear guides, connecting parts, and 
pushing parts. 
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Inner diameter of F/S 122.4 mm
Reduction ratio 81
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KEYENCE Corporation, LK-G150
Resolution 1 μm
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6.5.2 Experiments 

First, the qualitative experiments were conducted by observing the tooth engagement. In the 

proposed reduce-integrated motor, various input patterns of the linear solenoids, other than in Fig. 

6.3, are feasible as demonstrated in Section 6.4. Concerning this characteristics, four input patterns 

were tested and compared. Fig. 6.14 illustrates the four input patterns and their observation results 

at each of the first four steps. The pictures show the tooth engagement between the F/S and C/S-S 

seen through a stereomicroscope. Pattern 1 is the same movement as in Fig. 6.3, where only one 

pair of linear solenoids is used at the same time. The observation results showed the prototype 

moved without any problem. In Pattern 2, the number of pairs of the working linear solenoids 

alternates between one and two. The pushing force when two pairs are operated is half of the 

power when one pair is operated. According to the observation, the rotation angle of the C/S -S 

seemed to delay in the steps when two pairs were operated. In Pattern 3, two pairs  of the linear 

solenoids always push the F/S. The observation verified that the prototype rotated basically 

without any problem as well as Pattern 1 except small delay. In Pattern 4, two pairs of the linear 

solenoids are used at the odd-numbered steps and three pairs are used at the even-numbered steps. 

When three pairs are operated, the power of the pairs on the sides is half of that of the pair in the 

middle. The result of the observation was similar to that of Pattern 2: the rotation angles at the 

even-numbered steps were delayed. Fig. 6.14 picked up only the first four steps, but the motor 

prototype successfully continued rotating after them in every input pattern. From the above, though 

some rotational delays occur in certain situations, the proposed reducer-integrated motor achieved 

the tooth engagement between the F/S and C/Ss appropriately and output rotation as expected in 

 

 
Fig. 6.14 
Four input patterns and rotation of the C/S-S observed by the stereomicroscope. The yellow dot is 
marked on a certain tooth of the C/S-S. The red dashed line indicates the desired path of the yellow dot 
based on the position at the first step. 

5 mm

Pattern 1 Pattern 2 Pattern 3 Pattern 4
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every input patterns. This result verifies the effectiveness of the design condition derived in 

Section 6.3. 

 

To evaluate and compare each input pattern quantitatively, the output rotation was measured by 

using the laser displacement sensor. Fig. 6.15 shows the measured and theoretical rotation angle in 

each input patterns with -ms intervals of steps. At this time, the average rotational speed is 

 according to Eq. (6.2). The graphs basically support the 

results given from the observation in Fig. 6.14. The measurement results, as well as the 

observation results, suggest that the input patterns where the constant number of the pairs of the 

linear solenoids are operated such as Pattern 1 or 3 are favorable. In Pattern 3, however, there were 

certain errors between the measured and theoretical rotation angle in Fig. 6.15. The cause of this 

error is thought to be mainly the error in the initial state due to a defect of the teeth contact or a 

backlash for excessive deformation, because the errors at the second step or later are almost 

constant. On the other hand, relatively large errors occurred in Pattern 2 and 4. This might be 

because hysteresis effects on the deformation of the F/S, friction effects  between the teeth of the 

F/S and C/Ss, or the output force disturbance of the linear solenoids caused problem in the rotation 

of the C/S-S between the odd- and even-numbered steps, when the power distribution of the linear 

solenoids is changed. 

Next, the experimental results are evaluated in another situation. Fig. 6.16 shows the graphs of 

the measurement results when the load torque  was applied to the output part of the 

prototype in a counter direction of the rotation. In Fig. 6.16, the measured rotation angle in Pattern 

1 and 3 nearly agree with the theoretical values for the entire time. On the other hand, in Pattern 2 

and 4, the measured angle deviated sharply from the theoretical values, espe cially in the even-

numbered steps. These results basically match those in Fig. 6.14 and Fig. 6.15, when the load 

torque was not applied. 
 

 

Fig. 6.15 
Measured rotation angle for the experiments in Fig. 6.14. The blue solid line indicates the measured 
rotation angle and the red dashed line indicates the theoretical rotation angle.  
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6.5.3 Discussion 

Based on the numerical results, which of the four input patterns is optimal is discussed. Here, the 

average step angle errors are compared. The step angle error is the difference between the 

theoretical and measured values in the rotation angle of the C/S-S at each step. The theoretical step 

angle is  in Pattern 1 and 3, and  in Pattern 2 and 4. When the average value of the 

step angle errors in 130 steps to the theoretical step angles is taken in each pattern, the results are 

shown in Fig. 6.17. Obviously, the errors in Pattern 2 and 4 are larger than those in Pattern 1 and 3 

as discussed above. Compared to Pattern 3, Pattern 1 causes a smaller error when the load torque is 

not applied, whereas larger error when the load torque is applied. The main reason is thought to be 

the torque omission. In Pattern 1, no linear solenoids may work on switching the linear solenoids, 

so that the F/S returns to the circular shape and teeth engagement between the F/S and C/Ss is no 

longer kept. Actually, in Fig. 6.16, the measured rotation angle reverses instantly on switching the 

linear solenoids because of the load torque. In contrast, the errors in Pattern 2 and 3 when the load 

Fig. 6.16 
Experimental results of the rotation when the load torque  is applied. The blue solid line 
indicates the measured rotation angle and the red dashed line indicates the theoretical rotation angle.  
 

 
Fig. 6.17 
Average step angle errors in the experimental results.  
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torque is applied are smaller than the errors without load torque. It might be because  the load 

torque pushed back the linear solenoids and the excessive deformation of the F/S was resolved. 

From the above, it is concluded that the optimal input pattern in practical use would be Pattern 3.  

 

6.6 Summary 

For the purpose of downsizing of the motor system, a novel reducer-integrated motor using the 

principle of a strain wave gearing system was proposed. The proposed motor has the potential to 

gain small size, high load-supporting capacity, and high stiffness. The analyses and experiments 

were carried out and the following results were obtained. 

 
The proposed reducer-integrated motor can achieve downsizing by installing the linear 
actuators inside the reducer part. Using a strain wave gearing system and supporting the 

output part symmetrically contribute to increasing of load-supporting capacity and 

stiffness. 

 
The tooth interference in the F/S deformed by the linear actuators  was analyzed. The 
simulation of the positional relations of the teeth derived the condition of the linear 

actuator arrangement to avoid the interference. 

 
The theoretical input-output relation in the proposed motor is derived with a focus on the 
elastic deformation of the F/S. The result gave the pushing force of the linear actuators for 

the motor to output an arbitrary rotation angle. 

 
The experiments were conducted by using the proposed motor prototype. Observations of 
the tooth engagement verified that the proposed motor actually worked as expected. The 

comparison of the four input patterns based on the measurement result sugges ted an 

optimal input pattern. 

 





Chapter 7 
Reducer-Integrated Motor Using 
Inscribed Planetary Gear Mechanism 

 

7.1 Introduction 

To realize the miniaturized motor system, a reducer-integrated motor using the principle of a strain 

wave gearing system was proposed in Chapter 6. The proposed motor can achieve downsizing 

because the actuators are all installed inside the reducer part.  Additionally to this, it is also 

expected to have the high load-supporting capacity and high stiffness because the load torque 

applied to the output part is supported by two internal gears fixed on the base. 

However, the strain wave gearing system used in the motor requires a special gear, the F/S, 

which is an elastic and flexible ringed metal external gear difficult to produce. To address this 

issue, a new reducer-integrated motor using only rigid gears is proposed to make it easier to 

produce in this chapter. The proposed motor utilizes the differential gear mechanism in which the 

gear pair with a small difference in teeth number and the gear pairs with no difference in teeth 

number engage simultaneously. This gear mechanism realizes a high reduction ratio and the motor 

achieves downsizing similarly to the existing reducer-integrated motors. At the same time, the 

internal gears fixed on the base support the load torque, and then  the motor can gain high load-

supporting capacity and high stiffness, as well as the previously proposed motor. 

In this chapter, the structure and movement of the new proposed motor are explained first. 

Next, the geometrical conditions for the simultaneous  engagement of two gear pairs are clarified. 

Through the discussion on the strength of the gears, a design method and algorithm is proposed. 

The experiment is conducted by using the prototype and verifies the  effectiveness of the proposed 

motor. 
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7.2 New Reducer-Integrated Motor 

7.2.1 Principle of an Inscribed Planetary Gear 

The new reducer-integrated motor uses an inscribed planetary gear mechanism [48]–[51] as the 

reducer part. Fig. 7.1 illustrates the structure and motion of the gear mechanism. The inscribed 

planetary gear, or a KHV planetary gear, consists of an external and internal gear pair with one or a 

few differences in teeth number and a crankshaft revolving the external gear. When the motor 

rotates the crankshaft, the external gear revolves around the internal circumference of the internal 

gear with tooth engagement. The external gear rotates relative  to the internal gear by the difference 

in teeth number per one revolution. By using this relative rotation as output, the reducer realizes a 

high reduction ratio in a single stage. 

 

 
 

7.2.2 Proposed New Reducer-Integrated Motor 

Fig. 7.2(a) and (b) shows the structure of the proposed new reducer-integrated motor. The 

fundamental mechanism is the same as the motor proposed in Chapter 6: the external gear 

corresponds to the F/S, the internal A gear to the C/S-S, and the internal B gears to the C/S-Ds. 

However, the external gear in this motor is a ringed rigid gear, while the F/S is an elastic and 

flexible gear. As shown in Fig. 7.2(b), linear actuators are arranged radially at equal intervals and 

fixed on the base inside the external gear. The external gear can rotate and move in the radial 

direction freely. The internal A gear is supported to rotate around the central axis. The two internal 

B gears are fixed on the base and do not rotate.  

Next, the movement of the proposed reducer-integrated motor is explained. When the linear 

actuators are operated and push the external gear, the external gear moves in the radial direction 

and engages with the internal A and B gears. Here, the situation where the neighboring two l inear 

actuators are operated at the same time and switched clockwise  is considered, as shown in Fig. 7.3. 

The teeth number of the external gear is the same as those of the internal B gears fixed on the base, 

 
Fig. 7.1 
Movement of an inscribed planetary gear mechanism. 

Internal gear External gear

Crankshaft
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so that the external gear does not rotate but revolves around the internal circumferences of the 

internal gears. When the external gear revolves, the relative rotation to the internal A gear occurs 

according to the same principle of the inscribed planetary gear. Because the ext ernal gear does not 

rotate, only internal A gear rotates. Every clockwise revolution of the external gear, that is, every 

cycle of switching the operating linear actuators, causes rotation of internal A gear by the 

difference in teeth number from the external gear. The revolution of the external gear by switching 

linear actuators is set as the input and the rotation of the internal A gear is set as the output, and 

the reduction ratio  is represented by Eq. (7.1). 

 (7.1) 

Here,  is the teeth number of the external gear and the internal B gears, and  is the teeth 

number of the internal A gear. The difference in teeth number  is a constant having a small 

 
Fig. 7.2 
Structure of the proposed new reducer-integrated motor. (a) One external gear, one internal A gear, and 
two internal B gears. (b) Sectional views of the motor.  
 

 
Fig. 7.3 
Rotation of the internal A gear by the revolution of the external gear.  
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value (e.g., 1 or 2). For the constant ,  becomes large in proportion to . This means 

that the proposed motor can directly output a sufficiently reduced rotation. The average rotational 

speed of the internal A gear is calculated by Eq. (6.2). 

 

The proposed reducer-integrated motor has characteristics similar to the previous reducer-

integrated motor. The entire motor can be miniaturized because the linear actuators are installed 

inside the reducer. The load torque applied to the internal A gear is supported by the internal B 

gears fixed on the base through the external gear, so that the motor  can support high load torque 

and gain high stiffness. In the external gear, the load torque from the internal A gear and the 

reaction torque from the internal B gears become symmetrical in the axial direction , which 

expected to suppress the tilt and torsion of the external gear and increase the stiffness of the motor. 

Hence, the proposed reducer-integrated motor can realize downsizing, high load-supporting 

capacity, and high stiffness. 

Furthermore, the proposed reducer-integrated motor consists of rigid external and internal 

gears, as seen in common geared reducers. The motor does not need special gears, such as elastic 

gears or complicated transmission mechanisms, and so it is relatively easy to produce the reducer 

of the motor. This characteristic contributes to high design flexibility, as well as increased 

practicality and reliability. 

 

7.3 Conditions for Engagement of Gear Pairs 

The proposed reducer-integrated motor utilizes two kinds of external and internal gear pairs: one 

with a small difference in teeth number and the other with no difference in teeth number. Here, 

how the reducer of the motor is designed should be considered. Each gear pair has to satisfy a 

variety of geometrical conditions for tooth engagement. The proposed motor needs to meet the 

conditions that the gear pairs with a small difference in teeth number and those with no difference 

in teeth number share the external gear and its revolution. Thus, the gear pairs of the reducer must 

satisfy many conditions. Because it is not easy to design the gears, a design method is required. 

This section clarifies the geometrical conditions required for the gear pairs with small and no 

differences in teeth number to share the external gear. Based on the conditions, a design method 

for the reducer is constructed in the next section. 
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7.3.1 Engagement Equations for Two Kinds of External and Internal Gear Pairs  

The engagement equations for the external gear and the internal A and B  gears are shown. 

Here, the teeth of the external gear and internal A and B gears are assumed to have an involute 

profile. According to the theory on the engagement of the involute internal and external gears with 

a difference in teeth number [80], the engagement equation for the external gear and the internal A 

gear is represented as follows: 

 (7.2) 

 (7.3) 

where  denotes the center distance between the external gear and the internal A gear,  

denotes the module of the gears,  denotes the reference pressure angle,  denotes the working 

pressure angle, and  denote the vertical profile shift coefficient of the external gear and the 

internal A gear, respectively. The lateral profile shift coefficient and the backlash are assumed to 

be zero for simplicity. The profile shift coefficient in the following discussions is the vertical 

coefficient. The function  is the involute function defined by the following equation.  

 (7.4) 

Next, the engagement equation for the external gear and the internal B gears is discussed. The 

theory on the engagement of the involute external and internal gear having no difference in teeth 

number gives the equation as follows [81]: 

 (7.5) 

where  denotes the center distance between the external gear and the internal B gears, and  

denotes the profile shift coefficient of the internal B gears. The variables on the external gear are 

the same as those in the equations for the external gear and the internal A gear, because the 

external gear is shared. 

In the proposed reducer-integrated motor, the external gear has to engage simultaneously with 

the internal A and B gears. When internal A and B gears are arranged coaxially, the engagement 

condition is given by 

 . (7.6) 

In the following discussion,  is set. 
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7.3.2 Conditions for Tooth Engagement of Each Gear Pair 

Next, the conditions for the engagement in each gear pair of the external gear and the internal A 

and B gears are discussed. As the variables concerning the external gear, internal A gear and B 

gears, the reference circle diameters , the tip circle diameters , the base 

circle diameters , and the tip pressure angles  are given as follows, 

respectively: 

 (7.7) 

 (7.8) 

 (7.9) 

 (7.10) 

 (7.11) 

 (7.12) 

 (7.13) 

 (7.14) 

 (7.15) 

 . (7.16) 

Here,  are the addendum coefficients, which are the values of the addendum 

divided by the module . 

 

Comparison between the tip circle diameter and the base circle diameter in the internal gears. 

From Eqs. (7.10)–(7.13), the following conditions are required for  and . 

 (7.17) 

 (7.18) 

 

Positional condition of the tooth tips in the gear pair with a difference in teeth number . In the 

engagement of the external gear and the internal A gear, in one area the teeth are in engagement 
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(e.g., the upper region in Fig. 7.2(b)) and in another area the teeth are separate from each other 

(e.g., the lower region in Fig. 7.2(b)). Therefore, the tooth tips of the external gear in the 

engagement area have to be outside the tooth tip of the internal A gear, and the tooth tip of the 

external gear in the separate area has to be inside the tooth tip of the internal A gear. These 

conditions are represented by the following equation.  

  

 (7.19) 

Avoidance of sharp tooth tips. The width of the top land of the external gear and the internal A 

and B gears has to be positive. The condition is given as follows [82]: 

 (7.20) 

 (7.21) 

 . (7.22) 

 

Contact ratio higher than 1. To transmit the rotation of gears appropriately, the contact ratio has 

to be higher than 1. When the contact ratio between the external gear and the internal A gear is  

and that between the external gear and the internal B gears is , they are calculated by the 

following equations [51]. 

 (7.23) 

 (7.24) 

In general, it is preferable for the contact ratios to be larger with respect to the strength and the 

noise. 

 

Avoidance of involute interference. The engagement of the external and internal gears might 

cause involute interference, in which the tooth root of the external gear interferes with the tooth tip 

of the internal gear and the rotation of the gears is interrupted. The condition that involute 

interference does not occur between the external gear and the inte rnal A and B gears is represented 

by Eqs. (7.25) and (7.26), respectively [83], [81]. 
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  (7.25) 

 (7.26) 

 

Avoidance of trochoid interference. The engagement of the external and internal gear might 

cause trochoid interference, in which the tooth tip of the external gear interferes with that of the 

internal gear when moving out of the tooth space and the rotation of the gears is interrupted. The 

condition that trochoid interference does not occur between the external gear and the internal A 

gear is as follows [51]: 

  

 . (7.27) 

For the external gear and the internal B gears with no difference in teeth number, trochoid 

interference never occurs [84]. 

 

Existence of clearance. When the external and internal gears are in engagement at the deepest 

part, clearance must exist between the tooth bottom of the external gear and the tooth tip of the 

internal gear, and between the tooth tip of the external gear and the tooth bottom of the internal 

gear. When the root circle diameters of the external gear and the internal A and B gears are given 

as , respectively, the conditions for clearance are as follows: 

 (7.28) 

 (7.29) 

 . (7.30) 
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7.4 Design Method for the Reducer Part 

In this section, as mentioned in the introduction of Section 7.3, a design method for the reducer to 

satisfy a variety of geometrical conditions clarified in the previous section  is constructed. First, the 

basic policy of the design is decided based on the movement principle of the proposed motor by 

discussing which variables should be mainly treated in the design. Then, by using the 

characteristics of the set of design solutions satisfying the conditions, a method to acquire the 

available design solutions from graphs is proposed. Next, the strength o f the gears corresponding 

to those design solutions is examined, and the design solutions realizing excellent strength are 

shown. Finally, the design algorithm for the reducer is constructed according to these discussions.  

 

7.4.1 Design Policy 

One of the indicators of the optimal design for the proposed reducer-integrated motor is to make 

the center distance between the external and internal gears as small as possible. When linear 

solenoids, which have a quick response and large force output, are used as the line ar actuators of 

the proposed motor, the output force exponentially decreases with the strokes. Thus, it is preferable 

to minimize the strokes for efficient operation. The required strokes depend on the eccentricity 

between the external and internal gear, so that the strokes become small when the center distance is 

small. Not only with linear solenoids but also with other kinds of linear actuators, it thought to be 

better to keep the center distance small.  

Let us discuss the parameters determining the center distance . From the engagement 

equations (7.2), (7.3), and (7.5),  is determined by the parameters of the reference pressure 

angle , the difference in teeth number , the module , and the differences in profile 

shift coefficients  and . The smaller that each parameter becomes, the smaller 

that  becomes. Reference pressure angle  has a certain degree of design freedom, but the 

value chosen in standard usage is limited and an extremely small value cannot be used. With 

respect to , the value is considered to be a small constant in this research. If  

is chosen, for example, the value achieves the minimum. The value of  affects the size of the 

gears, so that the possible alternatives are limited. As discussed above, making , ,  

small is limited. On the other hand,  and  can be small as far as the engagement 

of each gear pair is established. It is favorable to set these parameters at the center of the 

discussion in the design. Therefore, it is mainly aim to make  small by keeping the differences 

in the profile shift coefficient as small as possible. Note that  and  are not 

independent of each other, but one is determined dependently on the other from Eq. (7.5). 
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Based on the discussion above, the situation where the values of , , , and  are 

given and  is assumed to be a certain value  is considered. In this situation, Eqs. (7.17), 

(7.19), (7.23), (7.25), and (7.27) become inequalities using  and  as 

variables. A graph where the horizontal axis is  and the vertical axis is  is 

proposed in order to make the solution region for the conditions easy to understand. As an 

example, Fig. 7.4 shows the graph of the solution region when , , , 

, and . By picking out a point inside the region on the graph, the solution for 

 and  satisfies the conditions. Additionally, the value of  can be small as 

far as the available solution exists on the graph. 

As the next step, the situation where the values of , , , , , , and 

 are given is considered. As mentioned above, when  is given,  is 

determined subordinately. If the values of  and  are decided additionally to these 

values, the profile shift coefficients and addendum coefficients of all gears are determined. Here, a 

graph with the horizontal axis  and the vertical axis  is proposed in order to visually 

show the solution region at this step. The conditions that constrain these variables are Eqs. (7.18), 

(7.20)–(7.22), (7.24), and (7.26), and then the solution region is given by describing these 

inequalities on the proposed graph. Fig. 7.5 shows the graph when  and 

 are selected from Fig. 7.4. 

Once , , , , , and  are determined by using Figs. 5 and 6, the values 

of the root circle diameters , , and  can be easily chosen, because Eqs. (7.28)–(7.30) 

give the conditions for these parameters explicitly.  

From the above, the parameters of each gear satisfying all conditions clarified in Section 7.3 

are determined, that is, the reducer is designed. 

 

 
Fig. 7.4 
Region for  and  satisfying the conditions under a certain value of . The 
arrows indicate the direction in which each inequality is satisfied.  
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7.4.2 Strength Analysis 

In Section 7.4.1, the design method based on the geometrical conditions for the gears of the 

reducer is clarified. On the other hand, the strength of the gears is also an important indicator in 

the design. The gears used in the proposed motor especially tend to have special tooth shapes 

different from the shapes of regular gears, because of the conditions that the gear pairs with small 

and no differences in teeth number share the external gear. Therefore, the effect of the tooth shapes 

on the strength should be taken into consideration in the design. In this section, by examining the 

strength of the gears corresponding to the design solutions satisfying the geometrical conditions, 

the regions of the design solution that not only satisfy the geometrical conditions but also realize 

excellent strength are clarified. 

A strength analysis is carried out with the K-H-V differential Gear Design System (AMTEC 

INC.). In this software, the tooth root bending stress  is calculated based on the Japan Gear 

Manufacturers Association (JGMA) method (JGMA 401-01). The formula is as follows [85]: 

 (7.31) 

where  is the nominal circumferential force on the reference circle,  is the tooth shape 

coefficient,  is the load distribution coefficient (the inverse of the contact ratio),  is the helix 

angle coefficient  is the facewidth,  is the dynamic load coefficient,  is the overload 

coefficient,  is the life coefficient,  is the size coefficient to the tooth root stress, and  is 

the safety factor for tooth breakage. The analysis sets 

. Other conditions are as follows: the torque applied to the external gear is N∙m, the 

 
Fig. 7.5 
Region for  and  satisfying the conditions under a certain value of 

. The arrows indicate the direction in which each inequality is satisfied.  
 

Eqs. (7.18),
(7.26)

Eq.(7.21)

Available
solution

Eq.(7.20)

Eq.(7.22)

Eq.(7.24)
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revolution speed is min-1, the facewidth of the external gear is mm, the facewidth of the 

internal A gear is mm, the total facewidth of the two internal B gears is mm, the root circle 

diameter of the external gear is the maximum value in Eq. (7.28), and the root circle diameters of 

the internal A and B gears are the minimum values in Eqs. (7.29), (7.30), respectively. The material 

of the gears is assumed to be induction-hardened S45C steel with HV as the core hardness and 

HV as the surface hardness. The allowable bending stress is MPa. 

Not only the bending stress but also the contact stress, Hertzian stress, was calculate d and 

taken into consideration (JGMA 402-01 [85]). As a result of the analysis, however, the bending 

stress always reached its maximum allowable value before the Hertzian stress did. Therefore, the 

bending strength of the teeth is focused on, with the aim to construct the design method.  

 

Fig. 7.6 shows the result of the bending strength analysis for each gear corresponding to the 

solution region in Fig. 7.5. Fig. 7.6 indicates the ratio of the allowable bending stress to the tooth 

root bending stress, which becomes higher when the strength is higher. Note that the bending 

strength is calculated on each node of the region in Fig. 7.6, and the graphs are filled by linear 

interpolation among the nodes. The upper graphs in Fig. 7.6 show the strength of the engagement 

of the external gear and the internal A gear. The strength of the external gear becomes higher when 

 becomes smaller. This could be because the arm length of the moment applied to the tooth 

root by the force on the tooth tip becomes short when the addendum is small, and then the bending 

stress becomes small. The strength of the internal A gear is constant over the entire region. The 

reason is that the bending stress on the internal A gear becomes constant under the condition in 
 

 
Fig. 7.6 
Results of strength analysis on bending strength of the external gear and internal gears in Fig. 7.5. 
Upper graphs show the result of the engagement between the external gear and internal A gear. Lower 
graphs show the result of the engagement between the external gear and inter nal B gear. 
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Fig. 7.5 that the values of , , , , , , and  are determined. For 

the result of the engagement of the external gear and the internal B gear in the lower graphs in Fig. 

7.6, the strength of the internal B gears becomes higher in the upper-right region. This distribution 

is similar to that of the contact ratio given by Eq. (7.24), possibly because the bending stress is 

distributed on some teeth of the internal B gears under the higher contact ratio. The strength  of the 

external gear becomes higher in the upper region. The following two points are thought as the 

reason: the moment on the tooth root becomes small in the left region because the addendum gets 

smaller, as in the engagement with the internal A gear, and the loads are distributed in the upper-

right region with the increase of the contact ratio, as in the internal B gears. The analyses with 

other conditions give results similar to those in Fig. 7.6. From the above, in the design using Fig. 

7.5, a point should be chosen from the upper-left of the solution region, especially from the point 

where  is small when the strength of the gear pairs including the internal A gear is prior, or 

from the point where  is large when the strength of the gear pairs including the internal B 

gears is prior. 

Next, the analysis result of the solution region in Fig. 7.4 is shown in Fig. 7.7. In the analysis, 

it is assumed that the point where  becomes maximum is selected at the step of the design 

using Fig. 7.5. Fig. 7.7 shows that the strength of the external gear, and the internal A and B gears 

becomes higher in the upper-left region. This distribution is the same as that of the contact ratio 

given by Eq. (7.23), and so the load distribution in the higher contact ratio could contribute to 

increasing the strength. Under other conditions, the results are similar. Therefore, in the design 

 

 
Fig. 7.7 
Results of strength analysis on bending strength of the external gear and internal gears in Fig. 7.4. 
Upper graphs show the result of the engagement between the external gear and internal A gear. Lower 
graphs show the result of the engagement between the external gear and internal B gear.  
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using Fig. 7.4, the point for the highest contact ratio in the upper left of the solution region 

satisfying the geometrical conditions should be picked out. 

In the way explained above, the best solution for the strength can be given in the design using 

Fig. 7.4 and Fig. 7.5. 

 

7.4.3 Design Algorithm 

Based on the discussions in Sections 7.4.1 and 7.4.2, a design process for the gear pairs used in the 

proposed reducer-integrated motor is next organized. Fig. 7.8 shows the flowchart of the entire 

design algorithm. First, the module , the reference pressure angle , and the teeth numbers  

and  are determined according to the requirements for the size of the motor or the reduction 

ratio. Then, the initial value of  is set as 0 and draw the graph for the conditions using 

 and  as variables, as shown in Fig. 7.4. We check whether the solution 

satisfying the conditions exists in this graph. If no solution exists, we increase the value of  and 

redraw the graph. After obtaining the solution region satisfying the conditions, we choose the 

upper-left point as the solution for  and . By using these values, we draw the 

graph for the conditions using  and  as variables, as in Fig. 7.5. Similarly to the 

previous step, we again increase  and select parameters if the solution for the conditions is not 

given. After obtaining the solution region satisfying the conditions, we pick out a point from the 

upper-left region as the solution for  and . Up to this point, six parameters of , 

, , , , and  are determined. By substituting each 

parameter, the profile shift coefficients , , and , and the addendum coefficients , 

, and  are given. From Eqs. (7.28)–(7.30) assigning the given values, we determine the 

root circle diameters , , and . Thus, the variables concerning the external gear, the 

internal A and B gears satisfying the all conditions are decided. Next, the strength analysis on each 

selected gear pair is carried out by providing the condition of use, such as the effective facewidth 

and load torque. Here, we check whether the tooth root bending stress is smaller than the allowable 

bending stress in each gear; if the strength condition is not satisfied, we again incre ase  and 

repeat the above steps. From the above process, the design of the gear pairs for the reducer of the 

proposed motor is completed. However, in the loop of calculations with increasing , it is 

impossible to increase  unlimitedly. Therefore, if the conditions on the selection are not satisfied 

even with the maximum , no feasible gear pair exists with the designated module , reference 

pressure angle , and teeth numbers  and . In this case, it is necessary to reconsider the 

requirements given first (e.g., to increase ). 
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7.5 Experiments 

In order to show the proposed reducer-integrated motor performs as expected, experiments are 

conducted using the prototype. 

 

Fig. 7.8 
Flow chart for designing the gears of the reducer used in the proposed reducer-integrated motor 
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with Eqs. (7.17), (7.19), (7.23), (7.25), and (7.27)

Solution exists
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7.5.1 Proposed Motor Prototype 

The overview of the prototype is shown in Fig. 7.9. In fact, the motor developed in Chapter 6 is 

used as the fundamental structure of this motor. Then, twelve linear solenoids are installed, whose 

pushing force is transmitted to the external gear through the connecting parts and pushing parts as 

described in Fig. 6.13. The specifications of the produced gears are shown in Table 7.1. These 

gears are designed according to the method proposed in Section 7.4 and satisfy all the conditions 

clarified in Section 7.3. Fig. 7.10 shows the tooth shapes of the gears calculated by the 

abovementioned software with the chosen parameters. The gears are made of NAK55 steel and 

processed by wire cut. 

 

 
 

 
Fig. 7.9 
Overview of the proposed reducer-integrated motor prototype. (a) Overview. (b) Internal structure, in 
which the internal A gear is exposed by removing one of the two int ernal B gears and the external gear.  
 
Table 7.1 
Specifications of the gears used in the proposed reducer-integrated motor prototype. 

 

Output part

(a)

Pushing parts

Connecting parts

(b)

Internal
A gear

Linear solenoids

External gear Internal A gear Internal B gear
Module 3
Reference pressure angle ( ) 20
Teeth number 43 44 43
Profile shift coefficient -1.21 -0.91 0.7687
Addendum  coefficient 0.60 0.35 2.0
Root circle diameter (mm) 115.14 132 132
Facewidth (mm) 52 26 12.5 2
Inner diameter (mm) 110.4 - -
Outer diameter (mm) - 170 170
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7.5.2 Experimental Results and Discussion 

In the experiment, the linear solenoids are operated in the same way as in Fig. 7.3 and the internal 

A gear is rotated. The switching of the operating linear solenoids makes one cycle in the forward 

direction (clockwise) and one cycle in the reverse direction at -ms intervals per step. By 

substituting , , and s in Eq. (6.2), the theoretical value of the average 

rotational speed  is given as s . According to visual observation of the 

movement of the output part, it was verified that the motor could rotate without any prob lem. 

Fig. 7.11 shows the measurement result of the rotation angle of the output part. In the figure, 

the blue solid line indicates the measured rotation angle and the red dashed line indicates the 

theoretical rotation angle. Note that the results are offset so that the theoretical and measured 

values match at the initial time. The graph shows that the measured values nearly agree with the 

theoretical values for the entire time. This result verifies that the proposed reducer -integrated 

motor works as expected, and that the design method for the gears of the reducer proposed in 

Section 7.4 is effective fundamentally. 

By taking a closer look at the graph in Fig. 7.11, small differences are seen between the 

theoretical and measured values. These differences are discussed by using the step angle errors. 

 
Fig. 7.10 
Calculated result of the tooth shapes of the gears for the experiment.  (a) External gear. (b) Internal A 
gear. (c) Internal B gear. 
 

 
Fig. 7.11 
Experimental result of output rotation angle over time. 
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The step angle error is the difference between the theoretical and measured values in the step 

angle, that is, in the rotation angle of the internal A gear at each step. The theoretical step angle is 

. The same experiments shown in Fig. 7.11 were repeated ten times. Fig. 7.12 

shows a box plot of the result of the step angle errors at each step. In this figure, the maximum 

length of the whiskers is restricted to 1.5 times the length of the boxes, and the data outside the 

regions are treated as the outliers, designated by + markers. The upper and lower fences s how the 

maximum and minimum values of the data except for the outliers. The horizontal axis indicates the 

step of switching the operating linear solenoids. As in Fig. 7.11, the former 12 steps are in the 

forward rotation, and the latter 12 steps are in the reverse rotation.  

The result shows that even though errors of outliers exist, the distributions of the errors in a 

certain step between the trials are smaller than the distributions of the errors in a certain trial 

between the steps. This means that almost the same errors occurred in ten trials of the experiments. 

This result suggests that the errors in the experiments are mainly caused by stationary factors, such 

as manufacturing errors or assembling errors. Additionally, in these experiments, the pair of two 

operating linear solenoids are the same at the -th step in the forward rotation and the -th 

step in the reverse rotation ( ). However, the distribution of the step angle errors in 

Fig. 7.12 does not show the correlation between the errors in the forward and reverse rotations, and 

so the errors might be caused by gear shape errors or pitch errors of the manufactured gears. These 

errors could be suppressed by confirming the precision of the processed gears. 

 

 
 

7.5.3 Evaluation of the Load-Supporting Capacity 

Based on the strength analysis procedure used in Section 7.4.2, the load-supporting capacity of the 

proposed motor is numerically evaluated in this section. The parameters of the analyzed gear pairs 

 
Fig. 7.12 
Step angle errors in the experimental result. 
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are the same as those of the produced gear pairs shown in Table 7.1, but their material is assumed 

to be induction-hardened S45C instead of NAK55 steel because sufficient data on NAK55  steel 

was not obtained. The result of the analysis showed that the weakest point was in the engagement 

between the external gear and the internal B gear, and the maximum supportable torque is N∙m 

in terms of gear strength. In the proposed motor, the linear solenoids scarcely receive the 

circumferential force, so that the load-supporting capacity is thought to be determined by the 

strength of the gears. Therefore, the load-supporting capacity of the developed motor, i.e., the 

maximum supportable load torque applied to the output part, is calculated as 

N∙m. 

If the linear solenoids need to support such load torque like the conventional reducer -integrated 

motors, the circumferential force applied to each linear solenoid is estimated to be 

N. This is almost as large as the pushing force of the linear solenoids. 

Considering that linear solenoids are originally not designed to support lateral force, the estimated 

circumferential force should be beyond the capacity of the linear solenoids. In this way, the 

structure of the proposed motor leads to higher load-supporting capacity than that of the 

conventional reducer-integrated motors. 

 

7.6 Summary 

There is a concern that the reducer-integrated motor proposed in Chapter 6 has insufficient design 

flexibility because of the specialized gear in its reducer part. To solve this problem, a new reducer-

integrated motor, in which two kinds of conventional gear pairs engage simultaneously, is 

proposed. The analyses and experiments were conducted, and the following results were obtained. 

 
A new reducer-integrated motor established not only downsizing, high load-supporting 
capacity, and high stiffness, but also high design flexibility due to the rigid gears easy to 

produce. 

 
The geometrical conditions for the gear pairs with small and no differences in teeth 
number sharing the external gear were clarified. The design method was proposed to 

acquire design solutions that satisfy the conditions from the graphs.  

 
The strength of the gears corresponding to the design solutions was calculated and 
graphed. Solution regions realizing excellent strength were derived.  

 
Based on the discussions on the geometrical conditions and the strength, a design 
algorithm for the gears of the reducer was constructed. 
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The experiments were conducted by using the prototype of the proposed reducer-
integrated motor. The results verified that the prototype worked as expected and that the 

proposed design method was effective fundamentally.  

 



Chapter 8 
Conclusions and Future Work 

 

8.1 Conclusions 

Locomotion devices with wheeled mechanisms are widely used due to high energy efficiency, high-

speed runnability, and high stability resulting from simple structure and motion.  In order to make 

their movement more efficient in time and space, omnidirectional mobility is now required. This 

thesis approached this problem by synthesizing a novel wheeled mechanism that  brings 

omnidirectional mobility and introducing the technologies for another omnidirectional wheeled 

mechanism to get advanced in its structure and transmission mechanism. 

Chapter 2 and 3 focused on the development of an unprecedented wheeled mechanism. First, 

through the analysis of the existing wheeled mechanisms, generalized kinematic conditions for 

omnidirectional wheeled mechanisms were derived. Based on the conditions, a novel 

omnidirectional wheeled mechanism using a passive sliding joint, a slidable wheel, was 

synthesized. The slidable wheel has simple structure thanks to a normal wheel and avoids the 

overconstraint-like situation that other mechanisms have encountered. Then, a mobile robot using 

three slidable wheels, which was named SWOM, was proposed. The kinematic analyses of SWOM 

were conducted and its characteristics necessary to the movement were clarified, such as the input-

output relation, reachable region, and trajectory generation strategy. The research proceeded to 

construct the feedback control system of SWOM for further practicality. To handle its nonlinear 

system with nonholonomic constraints, feedback linearization method was adapted and a controller 

that stabilizes SWOM system was designed in taking account of unwanted singular configurations. 

Through the simulations and experiments, the effectiveness of the proposed mechanisms and 

theories was verified. 

In Chapter 4, the possibilities of another wheeled mechanism to accomplish the objective  were 

discussed. Here, the AOW was focused on, which is the omnidirectional wheel proposed in the 

past, and it was tried to improve the usefulness in suppressing vertical vibration and reducing the 

number of components. As a result, a new AOW design possessing a seamless periphery and 

simplified structure was developed. Through the analysis, the geometric condition of the AOW 

design and the characteristics of its kinematic behavior were clarified. Additionally, an 

omnidirectional 2WD vehicle using the proposed AOW was constructed. The prototype of the 
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AOW and the omnidirectional vehicle was developed and the effectiveness in its design objective 

was proved. 

Chapter 5 tackled the reduction in the number of motors to drive the AOW because the 

omnidirectional mobile vehicles usually use a large number of motors . Then, the problem was 

defined as consistency with fewer motors and higher mobility, and proposed a transmission 

mechanism to meet both requirements by driving AOWs with switchable transmission paths. This 

mechanism allows 2WD vehicles with the AOW to move in both the longitudinal and lateral 

direction, as well as to turn, by using only one or two motors. The kinematic analysis of the 

vehicle with the proposed transmission mechanism brought the input-output relation and the 

establishment condition. Then, the 2WD vehicle was developed and it is confirmed that the 

prototype performed as expected in the experiments. 

 

The most important elements of wheeled locomotion devices besides wheels will be motors. 

Actually, motors are now widely used not only in the wheeled locomotion devices but also in every 

kind of machine. Such motors need high precision, large torque, and small size. The conventional 

reducers can fulfill the high-precision positioning and large torque output, but make the whole 

motor system large in contrast with the requirement . Then, small-sized motors are awaited. This 

thesis addressed this problem by considering the integrated motor mechanism.  

Chapter 6 and 7 were spent to develop reducer-integrated motors for the purpose of 

miniaturizing the whole motor system. The proposed motor has its actuators inside the reducer and 

outputs the reduced rotation directly, so that downsizing of the motor system is achieved. At the 

same time, simultaneous engagement of three gear pairs contributes to increasing the load-

supporting capacity and stiffness. First, the reducer-integrated motor using the principle of a strain 

wave gearing system was developed. The tooth tip interference in the deformation of the gear is 

analyzed and the condition for the actuator arrangement to avoid the interference is derived. After 

that, another reducer-integrated motor is developed, which utilized the principle of an inscribed 

planetary gear mechanism, for the sake of higher design flexibility. The geometrical conditions for 

the tooth engagement were clarified and tooth strength analysis was carried out. Based on these 

discussions, a design algorithm for the gears of the proposed motor was constructed. The 

experiments were conducted by using each of the proposed motor prototypes. From the qualitative 

and quantitative evaluation, it was verified that the prototype worked as expected. 

 

For a summary of this thesis, this research proposed novel mechanisms, such as the wheeled 

mechanism, transmission mechanism, and driving mechanism, to  solve the limited mobility of the 

locomotion devices and unsuppressed size of the motors, designed these mechanisms based on the 

kinematic analyses, and evaluated their effectiveness through the experiments. The mechanisms 

brought by this work will be useful for the vehicles and robots working in the real world. 
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8.2 Future Work 

In future research, the following perspectives should be explored: 

 
With respect to the slidable wheel and SWOM, a more robust and efficient controller 
should be constructed. In the experimental results, some deviation from the simulation 

was observed, whose main factor was considered to be dynamical disturbances, such as 

wheel slippage, sliding joint friction, drive mechanism viscosity, and changes in load 

distribution. A disturbance observer or a dynamics-based controller can address these 

factors and achieve a more stable system. Additionally, SWOM needs to balance both the 

movement of the main body and the relative movements of the sliding joints in control; if 

the balance is broken, the stability or efficiency in the movement will be lost. Regarding 

this issue, a feedback controller based on inequality constraints, such as a potential 

method, can be used. 

 
In the new AOW, it is planned to analyze and evaluate slippage between the transmission 
roller and outer roller for the sake of practicality, because the AOW utilizes friction drive 

mechanism. The AOWs, as well as the omni wheels, originally have anisotropy in the radii 

of the main wheel and outer rollers. It may affect the s tep-climbing capability, which 

should also be discussed considering the characteristics of the proposed mechanism. The 

proposed transmission mechanism with fewer motors actually worked as expected, but 

there remained a potential to make the vehicle even smaller. It is also planned to conduct 

experimental investigations such as the measurement of errors in following target paths 

under more practical conditions and evaluation of operability in the living environment. 

 
Regarding the reducer-integrated motor, further downsizing will be carried out so that the 
linear actuators are installed inside the F/S as sketched by using appropriate-sized linear 

solenoids. At the same time, a position/force control system for the linear actuators needs 

implementing, which may enable the motor to rotate not only discretely but also 

continuously. This will lead to an increase in the efficiency and usability of the proposed 

motor. 

 

It is also important to generalize the research results; to construct the design methodology for 

the locomotion mechanism according to the purpose of use from the viewpoint of the industrial 

world, and also to arrange the rules to operate the novel mobility devices for society. 
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