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Smooth Sl-action and bordism

Akio Hattori

This talk is based on a work which is done‘in part jointly
with H. Taniguchi. Details will appear elsewhere.

Let G be a compact Lie group and F and %' be families
of subgroups of G such that %'c % . Following Conner-Floyd
I call an effective action of G on a manifold M (F, %F')-free
if GX € % 7 for all x €M and Gx € %' for all x € 3M. When
F' = ¢ then 9M must be empty. The bordism group ,Qn(G; Fo F')
of all orientation preserving (%, %')-free smooth G-actions on
compact smooth manifolds is defined as follows. M, v') and
(M', ') are bordant iff there is (W, q') such that

QWOMU-M, V|M=1vy, M =y,

WV is F -free and \I/]-'QW- MuUM') is F'-free. There is an

exact sequence

, i, Ik . COR
C—> 0 G 3 =0 G F) R G F, F) —>
Similarly the U-bordism group &,S(G; %, %') is defined where

we consider U-manifolds and U-structure preserving actions.

Now consider the case G = Sl. We set

95;={zk|ks!;} ~and 3}:“:3.& U«{sl},

Theorem. The sequences
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; 3
0 = alsh Fpp S alesh g B aleh 3, g, o

0 =, b 5y D > .6 E) = 26N 5 F,) o

are split exact (1< [).

Geometrical contents of the theorem are as follows. For the
sake of simplicity hereafter I restrict myself only to U-cases.
Consider a triple (X, V, 1/«) where

X 1is a compact U-manifolds,

V 1is a complex vector bundle over X,

\j/ is an effective sl-action on V by isomorphisinsn
Let

1 : v ,
H={g|ges, VPEx-=x x e X}.

If H # Sl then H = &, for some £ . We say that the action
\}1 is of order ;e . In that case there 1s a unique Sl-action
ﬁo on X such that

)
Y= = () x.

Definition. 1 is strictly g.j-free (L>1), iff

1) ‘{’ is of order 4 ,

2) the action (f (as above) is %{-free,

-free.

3) Y restricted on V-X is ¥4

If (X, V, ) is strictly %,-free then (D(V), Y) s

+ + 4 , “ .
(}L, '}L__l‘) free hence (}I/, },L_l)-free where D(V) 1is the
disk bundle of V. The bordism group Bg(Sl; ;.2’) - {1z, v, 1}

is defined in an obvious way where *f’ is strictly }I—free and



dim X + 2 dimc V =n.

Proposition.

U,.1 +, o aUcl, L+ +
Bn(S ; 371,) = Qn(s > ‘%l’ 31_1)

in a natural way.

Moreover the homomorphism j, is transformed into the "fixed
point homomorphism for 2"
2l 3 — Bl w5 D
in the following sense.
Let (M, QI) be an 3%+-free action. Then there are 2 kinds
among the components X of the fixed point set of %(Ze).
1st kind: GX =12, for some x € X.

S1 for all x e X.

2nd kind: G
X

Proposition. is transformed into the homomorphism given

Jx

by

[M, \P] > Z[Xi’ Vi’ '\‘}']

where Xi runs over the components of the 1st kind of the fixed

point set of (Z,) and V, is the normal bundle of X, in M.
¢ = i - i

In the rest of this talk I shall give a splitting
U, .1 + U, .1 +
By(STs §,) —> a5 5, 24,
which looks very simple.

First consider the case A = 2. Since '%’ is free on V-X,
S(V)/Y/ = PY(V) is a smooth manifold. Let WY’ be the disk bundle
of S(V) -——”PY’(V) and

[PY(V x €) = D(V) U Wy
3



33

Clearly the action ‘\f' extends on RPY,(V X €). The fixed point
get of \{’(ZL) equals
X Vv IP\,,(V)
where X 1is of the 1lst kind and [P‘I‘(V) is of the 2ndlkind. Hence
BUGsT ) — 16N 30
[X, V, p1 > [By(Vx C), ]

is a splitting for j,.

For general 4 we construct a strictly };éf{ree Sl.~a'ctian
-.." on V which covers ?2 and commutes with '\’J as follows.
The group ZI. acts on V by automorphism (via \}' ).‘ Hence it
gives a decomposition

Ve ZV(L
where
L, ,
Yv=g'v, gez, vev(d).
The integer 'ei is determined modulo A so that we may assume
0<f <L,
since Y is strictly %, -free. I shall write this as
V@ = y@ ', gez, on VL),

where ‘\{»'(g) is scalar multiplication. Consider the Sl-action |
on V(,ei) given by _ y
e Y V' E L.

There is a unique '\f" on V(“e'i) éuc_:h that y
vt - v v @

'\F' covers T and hence can be summed up: -

4
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“I)"(g) Zvi = Z\}J"(g)vi,, Vi € V(’ei)' '
Define

¥, = @Y (8

\%1 commutes with V’ . Set
{ [PY(V) = S(V)/V/l
IP\I((VXQ:) =D(V) U W‘P
as before. Y/ is extended over PY(V X €).

~The following lemma can be checked by calculations.

Lemma. The action \k on PY(V X €) is }::l-free outside
of X. )

It follows that
P : B*U(Sl; 9',;) — ﬂf(sl; '9’:;)
X, v, YI — [(P\},(v Xe€), yl]
is a splitting for j,.

Corollary.

2lsh = a6 3h e 3 el 7.
)

I want call PY(V) and PY(V X €) twisted complex projective

space bundle although they are not bundles in the usual sense.

Let me remark the following:

Proposition. Let dimCV = k. F = Fix ? C X.

There is a map

T : (P.{,(V) —> X/T
which is

_a__CPk-l-bund'le on F = F/? - X/? ,



gr_llRPZk-l-bundle on X/? - F.

This construction [P‘/’(V X €) can be used to give an

elementary proof

of Kooniowski's and Atiyah-Singer's formula.
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