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ABSTRACT. We give sufficient conditions for the vector-valued Kurokawa-Mizumoto con-
gruence related to the Klingen-Fisenstein series to hold. We also give a reinterpretation of
differential operators on automorphic forms from the perspective of representation theory.

1. INTRODUCTION

Let k, v be even integers, and f(z) = >, ., a(n, f)e(nz) be a (degree 1) normalized Hecke
eigenform of weight k + v. Here e(x) := €™ for x € C. Then, it is conjectured that for a
sufficiently large prime ideal p of Hecke field Q(f) for f associated with the special value of
the L-function L(k—1, f, St), there is some degree 2 Siegel cusp form F of weight det” ®Sym”
and that the following congruence holds:

Ar(p) = (1+p"?)alp, f) mod p’,

where A\p(p) is the eigenvalue of the Hecke operator T'(p) on F, and p’ is a prime ideal of
Q(f, F) = Q(f)-Q(F) lying above p. Let [f]*+*) be a Klingen-Eisenstein lift of f to a degree
2, weight det” ®Sym". Since A = (14 2)a(p, f) due to Arakawa [2], this congruence
is between a Klingen-Eisenstein lift and another Siegel modular form. Congruences of this
type are proved initially by Kurokawa [23] for £ = 20,v = 0, then by Mizumoto [25] for
k =22 v =0, and by Satoh [28] for v = 2, and sufficient conditions examined by Katsurada-
Mizumoto [18] for v = 0. Following Dummigan-Heim-Rendina [11], we call the congruences
of this type Kurokawa-Mizumoto congruences. Also, for example, [3] treat the congruence
for the vector-valued Klingen-Eisenstein series.

We give sufficient conditions for the vector-valued Kurokawa-Mizumoto congruence. This
result proves Conjecture 10.6 of Bergstrom, Faber and van der Geer [5].

Theorem (Theorem 5.9). Let k,v be positive even integers with k > 6, fi1 = f,..., fia
(resp. far,..., foa,) be a basis of Spyn (I'n) (resp. Sty (I'2)) consisting of normalized
Hecke eigenforms, p be a prime number of Q and A € Hy(Z)s¢ be a half-integral positive
definite matriz of degree 2. Suppose that A and p satisfy the following conditions:

(1) ord,(L(k —1, f,St)) =1 a > 0,
(2) ordy(Cak(f)a(A, [f]*+M)) =0,
(3) p>2(k+v)—3.
Then, there is a Hecke eigenform G € My, 5)(I's) such that G is not a scalar multiple of

[f](k-‘rl/,k) and

(6 =, G mod p
1
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for some prime ideal p | p of Q(G). If ord,(y1) = 0, Condition (3) can be changed to
Condition (3)’:
(3) p > max {2k, k + v — 2}.
If moreover k > 6 and p satisfy the following conditions:
(4) ord,(L(k —1, f1;,5t)) <0 (2<i<d),
(5) p is coprime with every A(f.;) (1 <r <2, 1<i<d,),
there is a Hecke eigenform G € S(gyvk)(I'2) such that G is not a scalar multiple of
and

[f]FR)

/%0 =, G mod p°
for some prime ideal p | p of Q(G).

The former part of the proof of this theorem follows Atobe-Chida-Ibukiyama-Katsurada-
Yamauchi’s method [3], and the key to the proof of the main theorem is the following lemma
[3, Lemma 6.10].

Lemma (Lemma 3.5). Let Fy,..., Fy be Hecke eigenforms in My(T',) linearly independent
over C. Let K be the composite field Q(Fy),...,Q(Fy), O the ring of integers in K and p a
prime ideal of K. Let G(Z) € (M,,(I'y) ® Vox)(Oy) and assume the following conditions

(1) G is expressed as
d
G(2) = ZCiFi(Z)
i=1

with ¢; € mG.
(2) cra(A, Fy) € (Vk @ Vox)(K) and ordy(cra(A, F1)) < 0 for some A € H,(Z).
Then there exists i # 1 such that

F;, =., F1 mod p.

The latter part of the proof of the main theorem is due to Katsurada-Mizumoto’s method
[18].

To obtain the main theorem, we take as G(Z) in this corollary a function constructed
from the Siegel-Eisenstein series E, x(Z, s) and using the pullback formula (Theorem 4.16),
we show that a decomposition of G(Z) that satisfies the conditions of the corollary can be
obtained. We also showed in Theorem 5.13, using Galois representations, the conditions
under which G in Theorem 5.9 can be taken as a cusp form.

In the course of the proof, we will discuss using differential operators that preserve the
automorphic properties, which are deeply investigated by Ibukiyama [14, 15]. In this paper,
we also reinterpreted this differential operator by using Howe duality in representation theory.
The proof is given using Ban’s method [4].

Theorem (Theorem 4.12). Let F' be a holomorphic automorphic form of weight %]ln for
Iy, and D € A,y be a Young diagram such that [(D) < min{ny,...,nq}. We put 0z =

(%%) . We denote by Res the restriction of a function on H,, to H,, x---xH, . Then we
57

K’
d d Ok d
have Res (®,(07)F) € @1Mms%k(D)(Fns) for any h € (( ®1Y)n5,k(D)> ® < ® U:ns,k(D)>> )

=1



KUROKAWA-MIZUMOTO CONGRUENCE AND DIFFERENTIAL OPERATORS 3

This paper is organized as follows: In Section 2, we explain the Siegel modular form, the
Hecke operator, and the terminology used in this paper. In Section 3, we define the Siegel
operator and Klingen-Eisenstein series that raise and lower the degree of Siegel modular
forms and review their properties. In Section 4, we state the results of differential operators
that preserve the automorphic properties and give an interpretation by representation theory
of the differential operator. Then, we explain the Pullback formula, which is the key to the
proof of the main theorem. In Section 5, we prove the main theorem. In Section 6, we
consider the conditions that appear in the main theorem (Theorem 5.9). In Section 7, we
give explicit examples of Kurokawa-Mizumoto congruences.

Notation. For a commutative ring R, we denote by R* the unit group of R. We denote
by M., »(R) the set of m x n matrices with entries in R. In particular, we denote M, (R) =
M, n(R). Let GL,(R) C M,(R) be a general linear group of degree n. For an element
X € M,(R), we denote by X > 0 (resp. X > 0) that X is a positive definite matrix (resp.
a non-negative definite matrix). For a subset S C M, (R), we denote by Ss¢ (resp. Sx¢)
the subset of positive definite (resp. non-negative definite) matrices in S. Let det® be the
1 dimensional representation of multiplying the k-th power of the determinant for GL,(C),
and Sym” be the degree v symmetric tensor product representation of GLy(C).

Let K be an algebraic field, and p be a prime ideal of K. We denote by K, a p-adic
completion of K and by Ok the integer ring of K. We denote by ord,(-) the additive
valuation of K, normalized so that ord,(w) = 1 for a prime element w of K,. Let p, be the
prime number such that p,Z = Z N p.

If a group G acts on a set V, then we denote by V¢ the G-invariant subspace of V.

For a representation (7,U), we denote by (7%,U*) the contragredient representation of
(1,0).

2. SIEGEL MODULAR FORMS

Let H,, be the Siegel upper half space of degree n, that is
H,={Z¢e€ M,(C)|Z="7=X++-1Y, XY € M,(R), Y > 0}.

We put T',, = Sp,,(Z) = {M € GLy,(Z)|M J,'M = J,}, where J, = (?In én)

Let (p, V') be a polynomial representation of GL,(C) on a finite-dimensional complex vector
space V', and take a Hermitian inner product on V such that

(p(g)v,w) = (v, p(‘Gw).

A B) ey, put j(9,72) =CZ+ D, and

For a V-valued function F' on H,,, and g = ( c D

Flolgl(Z) = p(i(9. 2)) " F((AZ + B)(CZ + D)™") (Z € H,).

We say that F'is a (level 1 holomorphic) Siegel modular form of weight p if F' is a holomorphic
V-valued function on H,, and F|,[g] = F' for all g € I',,. (When n = 1, another holomorphic
condition is also needed.)
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Let H,,(Z)>o (resp. H,(Z)=o) be the set of half-integral non-negative definite (resp. positive
definite) matrices of degree n. A modular form F' € M, (I',)) has the Fourier expansion

F(Z)= Y a(FTe(tx(TZ)),

TEHA(Z)>o

where a(F,T) € V, e(z) = exp(2mv/—12), and tr is the trace of M, (C). If a(F,T) = 0 unless
T is positive definite, we say that F' is a (level 1 holomorphic) Siegel cusp form of weight
(p,V). We denote by M, (I';) (resp. S,(I'y)) a complex vector space of all modular (resp.
cusp) forms of weight p. For F,G € M, (I',), we can define the Petersson inner product as

(F.6) = [ (pVTIF(2), p(VT)G(2) der(y) iz,

2
where Y = (Z), VY is a positive definite symmetric matrix such that v/Y~ =Y, and D is
a Siegel domain on Hl, for I';,. This integral converges if either F' or G is a cusp form.

We fix a basis {v1,...v,} of the representation space V' such that (p|ar,(z), ®i—,Zv;) is a
representation of GL,(Z), and we write V(Z) = @&]_,Zv;. For a subring R of C, we write
V(R) = V(Z) ®z R. We denote M, (I';) (R) by the set of all modular forms F € M, (I',)
which Fourier coefficients a(F,T) of F are in V(R), and S, (I',) (R) is defined in the same
way.

Let K be a number field and O be the ring of integers in K. For a prime ideal p of O and
a=>_,av; € V(R), we define the order ord,(a) of a with respect to p as

.....

We say that p divides a if ordy(a) > 0 and write pla. This order does not change when
changing the basis by GL,(Z).

We call a sequence of non-negative integers k = (kq, ko, ...) a dominant integral weight if
k; > k;iyq for all 4, and k; = 0 for almost all ¢, and the biggest integer m such that k,, # 0
a depth (k) of k. The set of dominant integral weights with depth less than or equal to
n corresponds bijectively to the set of irreducible polynomial representations of GL,,(C).
We denote the representation of GL,(C) corresponds to a dominant integral weight k by
(Pnx: Vax), and write My (') = M, (T'y) and Sk (I'y) = S, (I'n). Whenk = (k,k,... k)
(ie. px = det®), we also write My, (T,) = My (T,)) and S (I'y) = Sk (I',). For a dominant
integral weight k = (kq,...,k,) associated to a representation of GL,(C) we define strong
depth s-I(k) of k as the biggest integer m such that k,, > k,. If k = (k,... k), set s-l(k) = 0.

Let H,, be the Hecke algebra over Z associated to the pair (I',,, GSP,,(Q) N My, (Z)). For
a subring R of C we write H,(R) = H,, ®z R. We define the action of Hecke algebra #,(C)
on My (I',) as

ok _n(nt])
T(F) =v(ght =573 "F, .0

=1
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for a modular ' € My (') and an element T' = T',gI',, = | |\_, I',g; (cosets decomposition)
€ H,(C), where v(g) € Q is a similitude factor of g € GSP,(Q). Note that this definition
does not depend on the representatives and it is well-defined.
For a positive rational number a and a positive integer m, we define a Hecke operator
[a,, T'(m) € H, as
[aln = T(a - 1,)Ty,

T(m)= Y Tydiag(dy,... dn,e1,. . e,)Tn

dildit1, eit1les
diei:m

Then, H,(Q) is generated over Q by T(p), T(p?), and [p~'], for all prime p, and H,, is
generated over Z by T'(p) and T'(p?) for all prime p.

We say that a modular form F' € M (I',,) is Hecke eigenform if F'is a common eigenfunction
of all Hecke operators T € H,,(C). For a Hecke eigenform F' € My (I',,) we call the field Q(F)
generated by all Hecke eigenvalues over Q the Hecke field of F. It is well known that Q(F")
is a finite totally real algebraic field. For ease, we write Q(F},..., F,) = Q(Fy)---Q(F,)
for Fy,..., F,, € My (T,).

Definition 2.1. Let F,G € M (I',,) be Hecke eigenforms, and p be prime ideal in Q(F, G).
If Ap(T) = A\a(T) mod p for all T € H,, we say that F' and G are Hecke congruent, and
denote F'=., G mod p.

Let FF € My (I',) be a Hecke eigenform, and for a prime number p we take the Satake
p-parameters ag(p), a1 (p), - . ., an(p) of F' so that

O‘0<p)2041 (p) e ~Ozn(p) = pk1+"'+kn*n(n+1)/2.

We define standard L-function L(s, F',St) by

Ls, F.8t) =[] ((1 —ap ] TI - aol)an ) air<p>p-s>> .

P r=11<i; <-<ip<n
For a Hecke eigenform F' € Si(T',,), we define LL(s, F,St) by

s, F, St
L(s, F,St) = HFC (s +k— ((FF>).

Proposition 2.2 ([26, Appendix A]). Let F be a Hecke eigenform in Si (I';) (Q(F)). We set
ng =3 ifn >5 withn =4 and ng = 1 otherwise. Let m be a positive integer ng < m < k—n
such that m =n mod 2. Then L(m, F,St) € Q(F).

3. SIEGEL OPERATOR AND KLINGEN-EISENSTEIN SERIES

In this section, let k = (kq, ko, ...) be a dominant integral weight with depth m and strong
depth m/, and n > r > 0 be positive integers such that n > m and r > m’. In addition, put
k' = (ky,..., k).
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For a modular form F' € My (I',,) and we define the Siegel operator & = @7 as

B(F)(2) = lim F <<201 _1y0. LH)) - Y (F (70’1 8)) e(te(T1 21)).

Ty GHT‘(Z)ZO

Then, ®(F') belongs to My (I',).
Let A, , be the subgroup of I',, defined by

* x
ATLJ B { <On—7‘,n+r *) < Fn} '

We define the Klingen-Eisenstein series [F|*(Z, s) = [F]X,(Z, s) of F € My (T,) as

F29- Y () For(@) (ZeHuseo)

(&3 n
AT det (prr(
n _ (4 Zp .
where pr'(Z) = Z; for Z = ty o with Z, € H,,Z, € H,,_,, Z12 € M,,,—,(C) and
12 42

define the Siegel-Eisenstein series E, x(Z, s) of weight k with respect to I',, as

En(Zs)= > (detS(2))*|,, .9 (Z€H,,seC).

QEA'IL,O\Fn

The holomorphy of the Klingen-Eisenstein series and the Siegel-Eisenstein series holds as
follows, which is due to Shimura [29] and [3, Proposition 2.1.].

Proposition 3.1 ([3, Proposition 2.1.]). Let k be a positive even integer.

1 2 3
(1) Suppose that k > nt and that neither k = = te_ 2 mod 4 nor k = n—21—

mod 4. Then E, 1 (Z) = E,x(Z,0) belongs to M (T',,).
(2) Letk = (k+v,....k+v,k,..., k) such that v > 0 and k > 3—m+1 and let f be a
S ——— 2

~
m n—m

Hecke eigenform in Sy, (I'y,). Then [f]¥(Z,s) can be continued meromorphically to

the whole s-plane as a function of s, and holomorphic at s = 0. Moreover suppose

that k > ”*Tm”’ Then [f]5(Z) = [f]“(2.0) belongs to Mi(T).

=2

Consider the case n = 2, » = 1. In this case, the correspondence between the Siegel oper-
ator and the Klingen-Eisenstein series has been investigated by Andrianov [1] and Arakawa

[2].
Let N(pyvr)(I'2) be the orthogonal complement of Sy (I'2) in Mgy, (I'2) for the Pe-
tersson inner product. Then, the following isomorphism holds.

Proposition 3.2 ([2, Proposition 1.3.]). Let k, v be even integers with k > 4, v > 0.
Then the space Ny (L'2) is isomorphic to Sy, (I'1), and the isomorphism is given via
the Siegel operator ®2 and the Klingen-FEisenstein series | - |(FHF),

The following facts about the Hecke eigenvalues are known.
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Proposition 3.3 ([2, Proposition 3.2.]). Let F' € Ny p)(I'2) and put ®(F)(2) = f(2) €
Skiv(T'1). Then, F is a Hecke eigenform for Hso, if and only if f is a common eigenform for
H,.

In this situation, set T(m)F = Ap(m)F and T(m)f = X¢(m)f (m =1,2,...). Then, for
any prime p, we have

{ Ar(p) = (L+1"2)As(p),
Ap(p?) = (L4 P72+ p A (0% + (p = Dp?

Now we will state the conjecture about Kurokawa-Mizumoto congruence.

Conjecture 3.4. Let k, v be even integers with k > 4, v > 0.

Let f(2) = ,-pa(n, fle(nz) € Sk, (I'1) be a normalized Hecke eigenform (i.e. a Hecke
eigenform with a(1, f) = 1), and suppose that a large prime p of Q divides L(k — 1, f, St).
Then, there exists a Hecke eigenform F' € Sgiyp)(I'2), and a prime ideal p'lp in Q(F) such
that

F =, [f]*™" mody'.

In particular, for all primes p
Ap(p) Zeo (L+ 1" )As(p) mod p'.

The key to the proof of the main theorem is the following lemma [3, Lemma 6.10], which
is proved in the same way as [20, Lemma 5.1].

Lemma 3.5. Let Fi,..., Fy be Hecke eigenforms in My(L',,) linearly independent over C.
Let K be the composite field Q(Fy),...,Q(Fy), O the ring of integers of K and p a prime
ideal of K. Let G(Z) € (M,,(I';)) ® Vox)(Oy) and assume the following conditions

(1) G is expressed as

with C; € mG.
(2) cra(A, Fy) € (Vox @ Vo) (K) and ordy(cia(A, Fr)) < 0 for some A € H,(Z).
Then there exists i # 1 such that

F,=., i mod p.

4. DIFFERENTIAL OPERATORS

Let n = ny + -+ + ng > 2 be a positive integer with ng > --- > ny > 1. We embed
H,, x --- x H,, in H, and embed I',,, x --- x I',, in I, diagonally. Let k be a dominant
integral weight with (k) < n; and (p,,x, Vi) be the irreducible representation of GL,,(C)
associated to k. For irreducible representations (p;, Vi) of GL,,(C), a Vi ® - -+ ® Vy-valued

function f(Zi,...,Z4) on H,, x --- x H,,, and g; = (C- D») € Sp,,(R), we put
Flpomopalgts - 9a) = pr(C121 + D1) 7' @ -+ @ pa(CaZa + Da) ' f(1 21, - - ., 9aZa).-

We consider Vi n, . ny, = Vi, ® -+ @ Vi p,-valued differential operators D on scalar-valued
functions of H.,, satisfying Condition (A) below on automorphic properties:
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Condition (A). We fix k and k. For any holomorphic function F on H,, and any (g1, ..., g94) €
Sp,,, (R) x -+ x Sp,, (R) C Sp,(R), the operator D satisfies

RQS(D(F|k[(91, s 7gd)])) = (RGS ]D)(F))’detk pn17k®~--®detk Pny.k [917 s >gd]

where Res means the restriction of a function on H,, to H,,, x --- x H,, .

This Condition (A) corresponds to Case (I) in [14]. The other Case (II) in [14] is a gener-
alization of the Rankin-Cohen operators in [9], and representation-theoretic reinterpretation
was given by Ban [4]. Using the method of Ban, we give representation-theoretic interpreta-
tion of the differential operators satisfying Condition (A) in this section.

4.1. Howe duality. Let G, = Sp,(R) = {M € GLy,(Z)|M J,,'M = J,} be the symplectic
group and G, = Mp,, (R) be the metaplectic group, which is the double cover of G,,. G,, acts
on H, in the same way that I', does. Let K, be the stabilizer of /—1 € H,, in G,,. Then,

K, is a maximal compact subgroup of G,, and isomorphic to the unitary group U, (C), which
B

is given by (_AB A) — A — +/—1B. We take a maximal compact subgroup ]?; of a; by
the inverse image of ,[S” to CTn .

We put g, = Lie(G,,), ¢, = Lie(K,) and let g, = &, & p,, be the Cartan decomposition.
We put

€i,j 0 -1 + 0 €ij + € 1 — 0 0 -1
Kii=c¢| c m=¢ ’ S and m . =c¢ ¢
s ( 0 —ej,z‘) o 0 0 ’ " €ijtei 0)°

1 1 v—1 . .
V2 (\/—_1 1 > € My, (C) and e;; € M, ,(C) is the matrix whose only non-

zero entry is 1 in (4, j)-component. {k;;} is a basis of ¢, c. Let p; (resp. p;) be the C-span
of {7T:—j (resp. {WZ_]}) in g,c. Then p} & p, =pnc.

where ¢ =

Definition 4.1. Let L, ;, = C[M,, x] be the space of polynomials in the entries of (n, k)-matrix
X = (XZ,]) over C.

(1) we define the (g,.c, f(\;)—module structure [, , on L, j as follows:

: ok
lnk(Kij) = Z Xi,saT + 551',3‘,
s=1 1,8

k
ln,k(ﬂ'z‘fj) =V -1 ZXi,sz,m
s=1

_  ~

For (g,¢) € U,(C) =2 K,, (g € U,(C),e € {£1}) and f(X) € L, x, we define

ln,k((gv 6))f(X) = Ekf(th)
(2) we define the left action of the orthogonal group Oy on L, by the right translation.
This representation (I, x, Ly x) is well-defined and we call it the Weil representation.
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For a representation (A, V3) in the unitary dual @ of Oy, we put L, x(\) = Homo, (V, Ly, 1)
and induce (g, c, K, ) module structure from that of L,, ; to it. We denote by L(7) the unitary
lowest weight (gn’(c,K )-module with lowest K,-type 7. Let (1,U,) be the highest weight

module of [?n with highest weight 7 and (A, V)) be the highest weight module of O with
highest weight .

Remark 4.2.

e Note that sometimes we identify the irreducible representation of K, = U(n) (resp.
K, = U(n)) with the finite dimensional irreducible representation of GL,(C) (resp.
GLA(C)).

e (A, V) is not always uniquely determined by the highest weight alone. The specific
expression follows from Howe [13, §3.6.2].

The following symbols are provided to represent the decomposition of L, j.

Definition 4.3. Let A, be the set of Young diagrams D = (p, pi2, . ..) whose depth (D)
satisfies {(D) < min{n, k} and if [(D) > k/2 then p; =1 (k — (D) < j < I(D)). We put
1,=(1,...,1)and @ = (0,---,0) € A, x. For D € A,, 1, we define

——

n

(1, - pr—ipy)  (I(D) > k/2)
Theorem 4.4. (1) We have L, ;(X) # 0 if and only if X = A\i(D) for some D € A, .
(2) The lowest K,-type of Ly k(Ae(D)) is Ty (D).
(3) Under the joint action of (gn.c, Kn) X O, we have

nk— @ LTnk g‘/,\k(D)

DEAn k

Tn,k(-D) = (Ml +§77,un+ g)a

These results are proved by Kashiwara-Vergne [17], and Howe [13]. From this, we get
correspondence between the highest weights of GL,(C) and those of Oy, which is called
Howe duality.

We fix positive integers ni,...,ng and set n =n; +--- + ng. We embed Gn1 ce X é;;
(resp. Gn,.c B D Gnycs Kpy X -0 X Knd) d1agonally into G, (resp. gnc, K,). We denote

its image by G, (resp. g, K!). We denote by X the indeterminates of L,,,. Then, we can
easily check that the C-isomorphism

d
® Lns,k = Ln,k
s=1

given by Xi(:;) — X +otng 141 18 the isomorphism as (g, Ifz’) x Op-module. We identify
®§:1<lns:k7 ank) with (ln,ka Ln,k>‘
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4.2. Pluriharmonic polynomials.

Definition 4.5. If polynomial f(X) € L, satisfies

)= Z@Xwans =0 forany i,5 € {1,...,n},

we say that f(X) is pluriharmonic polynomial for Oy.
We denote the set of all pluriharmonic polynomials for Oy, in L, ; by $, k-
The following proposition is given by Kashiwara-Vergne [17].

Proposition 4.6. (1) Lpg = LS”; k-
(2) LS”;C is the subspace C[Z™)] of polynomials in the entries of (n,n)-symmetric matriz
Zm = X'X.
(3) Under the joint action of K, x O, we have

e = @ Us, () XV, (D)

DEAn’k

We denote by $,, (D) the subspace of ), corresponding to Us, «(p) X Vy(py under this
isomorphism.

Lemma 4.7.

d d Ok d K
o (00.1610) = ((.40) 0 (£05.m))

Proof. We note that L, () = Lg’,: >~ L(%1,) by Theorem 4.4. We have

d d
tom o ( & LD L) = & Hom, ) (Ll s(D). Lo

s=1

d
~ 8§1HomK (Un. (D) o)
d
- §1HomK ( o (D) gk (D ))

12

d . K
5§1 <ﬁns’k( ) ® UTna k(D))

d d :
= {@9nD))@| QUL )| -

Restricting to the Og-invariant subspace gives the desired isomorphism. 0

There is a natural injection
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d Ok d d Ok d
<S§1ﬁns,k(D)> ® <s§1UTnS,k(D)) — (flens,/c(D)) ® (E’lUTns,k(D)>

SI% e e&Ur
k‘ s—1 Tns’lﬂ(D)

~ (n) L J—
= ClZz™]® SGEIU%,C(D) :

s=1

d Ox d
We denote the image of h € <® Nn, k(D)) ® (@ ur (D)) by ®,(Z™).
s=1 ’ s:k

4.3. Holomorphic automorphic forms.

Definition 4.8. Let (7,U;) be an irreducible unitary representation of K, and T, be a
discrete subgroup of G Then, a holomorphic automorphic form of type 7 for f; is a U’-
valued C'*°-function ¢ on @; which satisfies the following conditions:

(1) d(ygh) = (k)" $(g) for k € K, and 7 € T,

(2) ¢ is annihilated by the right derivation of p—,

(3) ¢ is of moderate growth.

We denote the space of moderate growth C'-functions on G which are invariant under left
translation by I, by €% ([,\G,) and the space consisting of all holomorphic automorphic

. Note that Homgz (U e (T n\@;)) =

Kn,p
forms of type 7 for I', by [ > (D\Gn) ® Uj_‘]

[ (T n\G ) ® UT*} . We can obtain the following well-known isomorphism.

Proposition 4.9. We have

Hom, . (1), Ca(T\Go)) = [CaTAG 0 17] ™"

Under this isomorphism, we denote by /p € Hom, (L(T) C (T n\G )) the cor-

Knp~=0 .
responding homomorphism of F € [ (T n\G ) ® U;f} . Let I” be the image of

fnv1 X e X /1:,; in @;
Theorem 4.10. Let F be a holomorphic automorphic form of type k]l f0r T, and D € Ap ke
be a Young diagram such that (D) < min{ny, .. nd} We put 7T+ = (m;) € M, (p ) We

denote by Res the pullback of the functions on G by the diagonal embeddmg Gn1 cee X

Ns» p =0
G, = G,. Then we have Res (9,(71)F) € X%, [ % (T \Gn.) ® ur k(D):| for

0 K
d F d
any h € (( G_§>1ﬁns7k(D)> (® U k(D)>) '
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Proof. We fix an isomorphism U; = C. Let Ir : L(51,) — CX (T,\G.) be the corre-

od
5]1’” jast

sponding (gn.c, E)—homomorphism of holomorphic automorphic form F. Multiplying the

isomorphism U; = C by a non-zero constant if necessarily, we assume that /(1) = F. We
2ln

d Ok d
h = Z h’L ® /LU,;k h/@ c (®lﬁns,k(D)) ’ w;k € @IU:ns,k(D) :

Then, we denote by I, : @”_, L(7,,, k(D)) — L(%1,) the corresponding (g¢, K' )-homomorphism
of h in the isomorphism of Lemma 4.7. For w € ®°_, U, WD) C Q% L(7n, (D)), we have

ns,

put

d O
w) = Ytwwh € (§9,,4(0)) © L8 = L1

On the other hand, by the definition of Weil representation, we have
h; = q)hi(Z(n)) = q)hi<_ \Z _171-:{) 1= (_ \Z _1)mq)hi(ﬂ.;r> -1

where m is a degree of ®;,. (Note that nonzero elements of £, (D) consist of the same
degree homogeneous polynomial.)
Therefore,

Ipoly(w) = Ip (3 {w,wi)h;)

—V=1)" g (3 (w, w) P, (1)) - 1)
)" 2w, wi) @, () - I (1)
)™ 2w, wi) @ (my) - F

w, (=V=1)" (3w} @ ®y,) (1)) - F)
w, (—vV/=1)"®y(x}) - F).

Under the isomorphism of Proposition 4.9, the (g;7C,I?;l)—honlon1orphism Res o Ip o Iy :
L(th (D)) — C (f’\@) corresponds to Res ((—v/=1)™®(m,") - F'), which is an element

I

o~ o~~~
|
i
— —

mod

— e K’ﬂs 7p7:0
of ®;l:1 [C&ood(rns\(}ns) ® U:ns,k(D)] . From the above, we have that Res (&, (7)) F)
. d NG frep =0
1S 1n ®$:1 [Cglood(rns\Gns) ® U:ns,k(D)i| -

We define the action of @; on Hi, to be through G,, and we also denote the complexification
of the representation 7 of I?; = ﬁ/n by the same symbol.

For a representation (7, U,) of K,, we define the representation (7', U, (= U,)) by 7'(g) =
7(*¢~1). There is an isomorphism 7% = 7’ as representations. For f € M, (T,,), we define a
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U-valued C*°-function ¢; on G, by

61(9) = (flo9)(V=1) = 7("j(g.V=D)f(g - V=1) for g€G,.
Proposition 4.11 (e.g. [4]). The above correspondence f +— ¢ gives the isomorphism

Knp~=0

MT(FH) % mod( H\G ) ® UT'

By the above isomorphism and Theorem 4.10, we have the following theorem, which can
be proved in the same way as Ban [4, Theorem 4.2.5].

Theorem 4.12. Let F be a holomorphic automorphic form of weight gﬂn for Ty, and D €
A, be a Young diagram such that (D) < min{ns,...,nq}. We put 05 = <1+—5i’ji>.

2 821'7]'
We denote by Res the restriction of a function on H, to H,, x --- x H,,. Then we hgve
d O d -

Before the proof, we provide some notations and a lemma. Note that the definition of
j(g, 2z) in this paper is different from that in [4].

—~

Definition 4.13. For a holomorphic function f on H, and a representation (r,U,) of Uy,
we define the function f on G, and the representation (7, U,) of G, as follows:

f9)=flg-vV=1) geG,,
7'((g0,€)) = 7((5(90. V=1),€))  go € Ga, € € {£1}.

VY XVY

For Z = X ++/—1Y € H,, we put (n) _
9z, 0 \/?1

) € G,,. We define the section

ofazlagr—)g-\/—léHnby

We have
<9Z07V ) \/_ g(Zn)V_ =Z.

For D = (1, pio, - . .) € Ay g, we denote by p,, p the representation of G L, (C) with a dominant
integral weight D. (Then, 7, (D) = det? ®pn.D-)

Lemma 4.14 (Ban [4]). For a holomorphic function f on H, and a representation (r,U.)
of Uy, we have

() (g9) = 4(@(9) - 92f(9) - (9))iss
(7)) = —V=17(g) - dr((es; +e50) - B(g) - (g)),
where @ (g) ='j(go, vV=1)" for g = (go.€) € G.
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In particular, for Z = X ++/—1Y, we have
(m5/)9z) = ANY -0zf(92) - VY,
(m57)(92) = —vV=17"(gz) - d7((ei; + €;i))-

Proof of Theorem 4.12. From Theorem 4.10,
d

Res (CIDh( ). ¢F) ®[ mod (I ns\Gns)®U* k(D)

s=1

][?;»PZO

By applying Proposition 4.11 to each factor in the tensor product, there exists

d
re@o
s=1
such that ¢ = Res (®y(7) - ¢p). Since

Sr(go, ... gqe)) = <® det(y/Y;)

[STES

(Pre b (WY f(Z1 ... Za),

we have

F(Zo, o Za) = (& det(v/Yo) "5 ot (Vo)) Res (@ (x) - o) (9520, g52).

s=1
Now we consider ;s action on ¢p. Note that ¢p(g) = (detg - F)(g) using the notations
above. . -

Under the isomorphism H,, x K, = G,, we regard the function ¢r as the function in
Z = X++/—=1Y € H,, VY and k € K,,. We can easily check that dr((e;; +ej7i)-@_1~d)(g))
is invariant under the left translation by g for any 7/ € H,, and this could be regarded as a
function on K Since the right derivations by 7r - commutes with the left translation by g,

the derived function of dr((e; ; + €;;) wD(g)_l : dz(g)) could also be regarded as a function on
K,.
From the Lemma 4.14, we can easily check that the highest degree part of @ () - ¢r in

VY is 4™ det(VY)2 @h(\/_az\/_) ¢r, where m is a degree of Op.

’

Oy K
d d
Since h € (( ® ﬁns’k(D)> ® (® U, k(D))> , we have
s=1 s=1 s

Res(4™ det(VY) - &1,(VY07V/Y) - 6r) = 47(& det(v/V0)% (pu. n(v/V0)) Res(@1(07) - o).

[NIES

Thus we may denote Res (®,,(7") - ¢r) by

Ve

Res (®n(7y) - ér) (91,---,9n)=4m(5§> det(v/Y2)? (pn,,n(v/Y5)))Res(®4(9z) - 6r)

+ (& det(y/Y)

s=1

MBS

)R,



KUROKAWA-MIZUMOTO CONGRUENCE AND DIFFERENTIAL OPERATORS 15

where R = R(Zy,...,Zq,VY1,...,VYa, k1,...,kq) is a polynomial with a degree strictly
d
lower than that of ® p,. p(v/Ys) in (v/Y1,...,v/Ys). Then we have,
s=1

f = 4" Res(@1(02) - 6r) + (& po..o(/V0) )R

On the other hand, since f is a holomorphic function, R = 0. Therefore, Res(®,(0z) - ¢r) =
4=™f is an element of ®;l:1 M, .0)([n,). O

Proposition 4.15 (Ibukiyama [14]). If d = 2 and 4k > n = ny + ngy, then there exists a
differential operator satisfying condition (A) and it is unique up to a constant.

A more detailed algorithm for the construction of the differential operators is examined by
Ibukiyama [15].

4.4. Pullback formula. Let k, v, ny, and ny be positive integers such that k,v are even.
We take a differential operator Dy = Dy, », on H, satisfying Condition (A) for £ and
det® Prik @ det® Pny k- For a fixed dominant integral weight k and an integer r such that
I(k) < r, we define p, = det” p, 1. For a Hecke eigenform f € S, (T',), we define D(s, f) by

D(s, f) =((s)? H C(2s — 20)) ' L(s —r, f, St).

Let {f.1,..., fra.} be an orthogonal basis of S, (I';) consisting of Hecke eigenforms for a
positive integer 7. By Taylor [30, Lemma 2.1], we can assume that f,1,..., f.q. are elements
in 5, (I))(Z).

The following theorem is well known as the pullback formula.

Theorem 4.16 (pullback formula). Let k be a integer such that k > ny +ng + 1. Then we
have

min{ni,n2}
Z O k f?“ n n
Dk,nl,ann1+n2,k (O W) — Z Crkz f y f j) fﬁj]p ! (Z) [fr’j]p 2 (W)
—1 rgyJr

for some constant c, x.

This constant ¢, is specifically given by Ibukiyama [16]. The weight k£ can be made
a smaller value, but the value of the constants ¢, at that time has not been specifically
calculated. For more details on the pullback formula, see for example [6, 12, 16, 22].

4.5. The case of I(k) = 1. the case k = (1,0,0,...) (i.e. [(k) = 1) has been investigated by
Bocherer-Satoh-Yamazaki 7], Ibukiyama [16] and others. We describe their results for later
sections.

Definition 4.17. We define the polynomial P, (s, m) by

1
(1 — 2st + mt2)@-2)/ Zpd”sm

These polynomials are called Gegenbauer polynomlals.
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The Gegenbauer polynomial Py, (s,m) can be written concretely as follows:

[v/2] B
Fau(s,m) = Z(_l)u%@s)ywm“,

where (z), =x(x+1)---(r+p—1) and [ - ] is the Gauss symbol.

L2 (7 € My, 2y € By, Zip € My, (C)) and
Z12 Z2 7

I = (ZZ(T)), Zig = (2(142)). We define the n,, X n,, matrix of partial differential operator

27‘7
o (146, 0
02y 2 9,

1,J

For 7 € H,, we write Z =

9y
oz, Y

and the n; X ny matrix of partial differential operator

b
0215

9 (10
8Z12_ 2821(22) '

Proposition 4.18 ([7], [16]). Let k = (v,0,0,...) be a dominant integral weight and k be a
non-negative integer. We take w = (uy, ..., Uy, ) and v = (v1,...,v,,) to be the variables in
the representation spaces of pn, x and pp,x as the symmetric tensor representations. Then,

_ d 9, d 4
Dy, = Pok, (uaZ12 v, <U8Z1 u) (11822 v))

satisfies Condition (A) for det® and det” p,, x ® det” pp, .
We put ¢, = ¢k By using exact pullback formula given by Ibukiyama [16], we have
Chwa = 24(k), (2k — 1)1 -,

k s(k’)u (2k— 1)1/—2 3
(—1)22 PR e

5. KUROKAWA-MIZUMOTO CONGRUENCE

Ckp2 =

Let k, v, ny, and ns be positive integers such that k,v are even and 1 < ny < ny, < 2.
For a dominant integral weight k = (v,0,0,...), we define p,, = det® Pnx and ¢, as in the
previous chapters. Let {f.1,..., frq4.} be an orthogonal basis of S, (I',) consisting of Hecke
eigenforms in S, (I',)(Z) for a positive integer r.

Now we define the functions as follows:

[n/2]
Z(nk) = C(1—k) []¢(1+2)—2k),

J=1

Eox(Z) = Z(n.k)Euw(Z),

. Z; O
E(Zla ZQ) = gk,l/,nl,nz(Zh ZQ) = V!(Qﬂ-\/ _]-) ]D)V,nl,annl—i-ng,k‘ (Ol ZQ) .
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For f € Si(I'1), we put

L(s, f,8t) = Fc(S)Fc(s+k—1)%,

ot = 20 )

For F' € Siyv)(I'2), we put

L(s, F, St
L(s,F,St) = Tc(s)le(s+k+v—1Ic(s+k— 2)@7
(F,F)
Z(m, s)
Z(4,s)
Proposition 5.1 (Kozima [21]). Let k,v € 2Z>q and k > 2n+2. Let f € Syuk ggymr (In)(Q(f))
be an Hecke eigenform. Let m € Z be such that 1 < m < k—mn and m = n mod 2. We

assume that n =3 mod 4 if m = 1. Then we have
L(m, f, St)
okt m{n D -n(nt D/2( f ) € Q(f).

Cons(F) L(s — 2, F, St).

By Proposition 2.2 and Proposition 5.1, we obtain the following corollary.
Corollary 5.2. (1) For a Hecke eigenform f € Si(I'1)(Q(f)), we have
Car(f) € Q(S)-
(2) For a Hecke eigenform F' € Suiyi)(I'2)(Q(f)) with k > 6, we have
Can(F) € Q(F).
From the above theorem, the following proposition follows.

Proposition 5.3. Let 1 <ny <ny <2 and k > 4. Then

min{ni,n2} d,
Exwmims(Z0:72) = Y W > Conmak(frg) g™ (Z0) [fri) (Z2),
r=1 j=1

where 7, is a p-unit rational number for r = 1,2 and any prime p with p > 2(k + v) — 3.

Proof. We only need to determine the -, for r = 1,2. we have

D(k.fig) _ CO-RCB=2%) Lk =1 /15, 5)
(fig fr)) C(k)C2k—2) ™™ (fuy fig)
Te(k)Te(2k — 2)
Te(k — Dle(2k + v —2) Bt Lk =1, /15, 5%)
(k = D)(=1)"/* 1 (2m) !

= V'Lk_]-’ A7t'
Qktv—g), et LE LGS

Ck%lZ(Q, k‘)

_ (_1)k/2+1

Therefore, we may take v, as



18 NOBUKI TAKEDA

L, (k=) (=) (2m)n !
= |. _ v,
" vl (2mv/—1) 2kt v —3), * Clo1
k—1),01(2k—1),
— (_1)U0)/24193 !( +1
(=1) YT kv —2),,

By the same calculation, we have

1 = (—1yr/2igo B = D2k = Doy

(2]{? +v— 4)1/—1
Thus, the proposition follows from Theorem 4.16. OJ
We write (74, Zs) as
g(Zlsz) = Z g((27137n1’n2)7N(Zl)e(tr(NZQ)).
N€Hn, (Z)0
Then, gy = gézly)nl )N € My, (T'ny) ® Viy . From the proposition, we get the following
corollary.

Corollary 5.4. For N € H,,(Z)so and 1 <ny <ny <2, we have

min{ni,n2}

Q?VI(ZI) - Z ’WZCnH—mk frj frj]pnl (Zl) ( >[fr,j]pn2)‘

About the rationality of these functions, the following propositions hold. These can be
proved in the same way as [3].

Corollary 5.5. We have

ey (Z1) € (M, (D) @ Vi 1) (Q).

Moreover, if p > max {2k, k + v — 2}, then
gé;},,),nhnz),]v(zl) < (Mpnl (Tny) ® Vi 1) (Zp))-

Proposition 5.6. If f € Sk, (I1)(Q), then [f]*"") € M) (T2)(Q).

Now we define the integral ideal ( f) of Q(f) for a Hecke eigenform f € S, ) (I'n)(Q(f))
with k, > n + 1 and state the integrality lemma in [27, 24].

We put V = @_Cf7, where 7 runs over all embeddings of Q(f) into C. Let V* be the
orthogonal complement of V' in Si(I',,). Let v(f) (resp. x(f)) be the exponent of the finite
abelian group Si(I',)(Z)/(V(Z) ® VH(Z)) (vesp. Oqp)/ZNs(T)|T € Hy)). we put

A(Sf) = w(Hv(HQ),
where 9(Q(f)) is the different of Q(f)/Q.
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Lemma 5.7 (Integrality lemma [27]). Let f € Sp(I')(Q(f)) be a Hecke eigenform with
n € Z~q and even integer k such that k > %(n +1). Suppose that f has a Fourier coefficient
which is equal to 1. Let K be an algebraic number field. Then for any g € Si(I',)(Ok) we

have
—E]fc % € A(f)™" - Ora)

Using the integrality lemma (Lemma 5.7) for a normalized Hecke eigenform f € Sy, (I'7)

and pr(g((;?um)’N(Zl)), where pr : My, (I') = Sk (') be the orthogonal projection, we

have the following proposition.

Proposition 5.8. Let k, v be positive even integers with k > 6, f € Sk, (I'1) be a normalized
Hecke eigenform. For any prime p with p > max {2k, k + v — 2} and A € Hy(Z)~o, we have

P2 Z(47 k) —1 .

(4. 117) € Vo () 2
Theorem 5.9. Let k,v be positive even integers with k > 6, fi1 = f,..., fia, (resp.
fors--s faa,) be a basis of Sy, (1) (resp. Sty (I2)) consisting of normalized Hecke
eigenforms, p be a prime number of Q and A € Hy(Z)o be a half-integral positive definite
matrix of degree 2. Suppose that A and p satisfy the following conditions:

(1) ord,(L(k —1, f,St)) =1 a > 0,

(2) ordy(Car(f)a(A, [f]*)) =0,

(3) p=>2(k+v)—3.
Then, there is a Hecke eigenform G € M1y 5)(I'2) such that G is not a scalar multiple of

A and

%7 =, ¢ mod p
for some prime ideal p | p of Q(G). If ord,(y1) = 0, Condition (3) can be changed to
Condition (3)’:
(3) p > max {2k, k + v — 2}.
If moreover k > 6 and p satisfy the following conditions:
(4) ord,(L(k — 1, f1,,5t)) <0 (2 <i<d),
(5) p is coprime with every A(f.;) (1 <r <2,1<i<d,),
there is a Hecke eigenform G € Sgiw i) (I'2) such that G is not a scalar multiple of [k
and
[f]*9 =, G mod p
for some prime ideal p | p of Q(G).

Remark 5.10. Before the proof, We make a few comments on the theorem.

e the condition (3) in the main theorem could be loosened a bit more. In fact, when
(k,v) = (6,12) and p = 13, numerical calculations estimate that there will be a
congruence.

e Whether conditions (1) and (2) are valid when there is a congruence is a delicate
question. It has been suggested that this question is connected to the Bloch-Kato
conjecture and is not easily proven.
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e It is known by Katsurada-Mizumoto [18] that there is an example in the case of
scalar values where the congruence disappears when conditions (2) do not hold, even
if conditions (1) and (3) hold. It is unknown if there are similar examples for vector
valued cases.

e The second half of the theorem shows a congruence modulo power of prime, but we
have yet to find a numerical example where the latter part of the theorem is effective.
(Theorem 7.2 is an example of the congruence of prime modulo power of prime, but
this can be shown only with the first half part of the main theorem.)

Proof. From the assumptions,

ordp (C(?) - Qk) M C4,k(f)a<A, [f](k+y’k)>a(A, [f](k—l-l/,k)))

(k+v,k)y (k+v,k)
_ ord, (W(a,k(f)a(A? ) oottt >> .

On the other hand, by the von Staudt-Clausen theorem, ord, (¢(3 — 2k)) = ord, (%) > 0.
Thus, the Lemma 3.5, Corollary 5.4 and Corollary 5.5 give the first part of the theorem.

From Corollary 5.4 and Corollary 5.5, we have

2 d,
Z%" ZC‘l:k(fT:j) [fT,j]pZ (Zl>a(A7 [fr,j]m) =0 mod Z(p)

Here the congruence is understood to be the system of congruences for Fourier coefficients.
Under the conditions (4)-(5), by using Proposition 5.8 , we can calculate as above to obtain

1Cuk(frg) [f15]7 (Z1)a(A, [f1,]7) =0 mod Zg,.
for any integer ¢+ with 2 < j < d;. Thus we have

(1) nCuk(H) 7 (Z0)a (A1) +72 ) Canlfog) foi(Z1)a(A, fo5) =0 mod Zg).

j=1
Let {v1,...,v,41} be a fixed basis of V3 (4 and put
CL(A, f2,j) = G;1V1 + -+ Aj+1Up+1,

where a;; € Q. Multiplying each f5; by an element of Q* and renumbering the subscripts if
necessary, we can assume that

{@j,l =1 (1<j<d),
=0

a1 (d+1<j<d).
and
(2) ordg (12Cax(f2.1)a(A, f2,1)?) = ordg(12Cak(f21)) < —«
since

da
Ol“dp <’YQ ZC4,k(f2,j)a<Aa f2,j)2> = Ordp (71 C47k(f)a(A, [f]pQ)Q) =~
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We note that Cyp(fa;)a(A, fo;)* remains unchanged if fs; is replaced by ~fs; with any
v e C.
For any T' € H,, we apply T" — Ajs1e2(T') to both sides of (1), we have

da
H(Zy) =7 Y (A, (T) = M2 (1) Cae(fo)) foi(Z1)a(A, foy) =0 mod Zy),
j=1
since T preserve the p-integrality of the Fourier coefficients. By [30], we can take a p-unit u
such that
uH € S(k-JrV,k-)(].—‘Q)(Z)

Lemma 5.11. Let F' € S (I'2)(Q(F)) be a Hecke eigenform. Suppose that F has a
Fourier coefficient a(N, F) = ajvy + -+ + ay410,41 with a; = 1 for some i. Then for any
G € Stv)(L2)(Z), we have

(£, G)

(F.F) e A(F).

Proof. This proof can be done in the same way as for the scalar valued case [27]. O

Applying Lemma 5.11 with F' = fo;, G = uH, we have

w2 (Ao (T) = A2 (1)) Cap(fon)a(A, fon) € A(fon) ™
Therefore (2) gives
Ao (T) = Mgz (T) - mod p®
for any prime p | p in Q(f21) since A(f21) is coprime by the condition (5). This completes
the proof of the main theorem. 0

In the rest of this chapter, we will examine the conditions that the G' in Theorem 5.9 is a
cusp form by using Chenevier-Lannes’s method [8].

Let O be the ring of integers in an algebraic number field K, and we take p be a maximal
ideal of O. Let A, be a Grothendieck ring of finite-dimensional continuous representations
of Gal(Q/Q) with coefficients in O/p unramified outside p. Let S be the set of isomorphism
classes of the simple representations of A,. For H = ¢ sngS (ng € Z), we set

IH| = Ing| dim S.
Ses
Let x, : Gal(Q/Q) — GL;(K,) be the cyclotomic character and Y, be the mod p represen-
tation of x,. The subscript p may be omitted if there is no confusion.

Lemma 5.12. Let j be an integer. If an element H € A, satisfies (1+x')H =0, then i| H||
is divisible by (py, — 1).

Proof. This lemma for i = 1 has been proved by Chenevier and Lannes [8]. The general case
can be proved in the same way, but for readers’ convenience we give a proof.

Let Cy be a cyclic subgroup of A generated by X. For S € S, we denote by Q(S) the
orbit of S under the action of Cy, and let m;(S) be the least integer £ > 1 such that we have
kS = 8.
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We fix an element S € S. we put d = m(S)/m;(S) € Z. We consider 1 + X' as
an endomorphism in End(Z[Q2(5)]). It is easy to see that when m;(S) is odd, we have
Ker(1 + X') = 0, and when m;(S) is even, Ker(1 + X) is generated by {(1 — X'+ --- —
Xy § };Zgil. Let S; be the subset of S consisting of an element S € S such that
m;(S) is even.

From the above discussion, if (1 + X*)H = 0, then H can be denoted as

d
H= Z Z nSJ(l - T 4+ = y(mi(S)ﬂ)i)XjS,

SeS; j=1
where ng; € Z. By the definition, we have

d d

1H] = 3" Insylymi(S) dim S.

j=1 j=1
On the other hand, m;(S) dim S is divisible by (p, — 1). In fact, we have

det S = det((x")™) ) = xmi(9)dimS et §
and the order of ¥ € A is p, — 1. Therefore, we have i||H| is divisible by (p, — 1). O

Theorem 5.13. We consider under the conditions (1) ~ (3) of Theorem 5.9. If f € Sk, (I'1)
is not Hecke congruent with f1,; (i =2,...,dy) respectively, and if 4(k — 2) is not divided by
(p —1), then G in Theorem 5.9 is a cusp form in Sk (L2).

Proof. From Proposition 3.2, it is enough to show that if [ f,] ") =, [f,]* ")

Hecke eigenforms f1, fo € Sk4,(I'1), then f1 =, fo mod p.
Let py, : Gal(Q/Q) — GL2(Q,) be the Galois representation attached to the spin L

functions of fi; and py; be the mod p representation of py . If [fl](k+”’k) = [fQ](k+”’k)
mod p, we have

mod p for

1+ X" = 1 +x“)og,
in A, by Proposition 3.3. Hence, applying Lemma 5.12 to ¢ = k — 2 and H = py;, — py,, we
see that py, = pp,, since ||H|| = 4 or 0. This implies that As, (p) = A, (p) mod ¢ for any
prime ¢ # p. This congruence is obviously true for ¢ = p. OJ

6. APPLICATIONS

In this section, we consider the conditions that appear in Theorem 5.9. We give a way
to compute the special value L(k — 1, f,St) of L-function appearing in condition (1) by the
Petersson inner product and give the necessary conditions for condition (2).

6.1. Condition (1). For r, N € Z>, we define H(r, N) by

¢(1—2r) (N =0)
H(T7N):{ L(l—r,(ﬂ)) (N >0, N=0,3 mod 4)

as in [9]. Let Py, (t,m) be the Gegenbauer polynomial defined in Definition 4.17.
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Theorem 6.1 (Cohen [9], Theorem 6.2). Let r, k be positive integers such that 3 <r < k—1,
r s odd and k is even, and set

Cro(2) =D | D Prvosraa(t/2,m)H(r,4m — ) | ¢" (2 € Hy).
m=0 teZ

t2<4m
Then, Cy, € My(I'1). Moreover, if r <k —1, Cy, € Sp(I'1).

Petersson inner product of Cj,(z) and other Hecke eigenform holds information on the
special value of the L-function, which has been investigated by Zagier [31].

Theorem 6.2 (Zagier [31], Theorem 2). Let r, k be positive integers such that 3 <r < k—1,
r is odd and k is even. For any Hecke eigenform f € Sip(I'1),

(r+k—2)(k—2)! 1
(f, Crr) = = (k—r—1) ' 4r+k—27r2r+k—1L<T’ f,5t).
Thus, for a Hecke eigenform f € Sk, (I'y),
2k +v—=3)(k+v—2) 1
(f; Criwir-1) = = o - g bk — LES),
and we find
L(k—1,f,St) =Tc(k — 1D)Ic(2k + v — 2)L(k — L /,5Y)
(f, f)
. V'(k B 2)| L ok+v-3 (f7 CkJrV,kfl)
(k+v—2) (f. )

6.2. Condition (2). We define a Hecke operator T™ for m = p; ---p, (prime decomposi-
tion) by
T = T(py)---T(py).
Note that if p, ..., p, are different from each other, T(™) = T'(m). We write
an(2) = gloniny (D) = D eru(n, N)q",
n€Z>0

and
gn| T (2) = 3 exu(m.n, N)g".

n€Z>0
Let {f; };l:l be a basis of Sk, (I'1) consisting of normalized Hecke eigenforms, and we set

fi| Tt = \;,,.f;. By Corollary 5.4, we get the following proposition.
Proposition 6.3. We have

d
o (m,n, N) =7 D7 NunCau(f)aln, £)a(N, [£]4479).
j=1

Note that Cyx(f) = ((3 — 2k)Csx(f), the following propositions follow by a simple calcu-
lation.
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Proposition 6.4. For N € Hy(Z)~o, we define e,, = €,(m,1,N). Let fi=f,..., fs be
a basis of Ski, (I'1) consisting of Hecke eigenforms. For my,...,mq € Z~q, we set A =
A(my,...,mq) = det(N\j;). Then,

€m, )\27m1 Ce /\d,m1
AYCyr(f)a(N, [f]P2) = C(3 — 2k) :

€my /\27md )‘d,md

Corollary 6.5. Assume that a prime ideal p of Q satisfies p > max {2k, k + v — 2} and v is
6m1 )\27m1 e Ad,m1
p-integer. Suppose that p divides neither ((3 — 2k) nor | : : : |. Then

€my )\27md )\d,md

ord; (Cos(£)a(N.[I)) < 0.

Proof. 1t follows from Proposition 6.4 since A and v are p-integers. OJ

Fourier coefficients a(T, E, ;) of the Siegel-Eisenstein Series F, ;(Z) are considered by
Katsurada [19]. The remaining part of this chapter will summarize the results of the study.

We define x,(a) and a polynomial v,(B,X) for a € Q' and a nondegenerate matrix
B € H,(Z,) by

1 (Q(Va) = Q)
Xpla) = -1 (Q,(+v/a)/Q, is quadratic unramified) |,
0 (Q,(va)/Q, is quadratic ramified)

[ U= XTI - XA = (12 det B) X) 0 (s even)
W)= {(1—X>H§";”/2<1—p%X2> (n i odd)

For B € H,(Z) with n even, let 0 be the discriminant of Q(y/(—1)*2det B)/Q and xp =
(28) be the Kronecker character.

Let b,(B, s) be the local Siegel series for an element B € H,,(Z,). We define the polynomial
F,(B,X) € Z]X] with constant term 1 by

bp(B, s) = (B, p ") Fp(B,p~°).
For T' € H,(Z,)\ {0} (resp. T € H,(Z)>o\{0}), there exists a nondegenerate matrix
T € H,(Z,) (resp. T € H,(Z)>o) such that T is similar to (g g) over Z, (resp. Z).

Using this 7', define F*(T, X) € Z[X] for a matrix T’ € H,(Z,) by F(T,X) = F,(T, X), and
X for T'€ H,(Z)~¢ with even rank by x& = x4.
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Proposition 6.6. Let k € 2Z. Assume that k > (n+1)/2 and that neither k = (n+2)/2 = 2
mod 4 nor k= (n+3)/2=2 mod 4. Then for T € H,(Z)>o of rank m, we have

(T, EBry) = 20002 [ Fo(r,pm )

p| det(27)
Hgi/mm 0y1 C(1+20 = 2k)L(1L+m/2 — k,x7) (m is even)
X
T2 C(L+ 20 — 2K) (m is odd)

Here we make the convention F(T,pF~™=') =1 and L(1+m/2—k,x%) = ((1—k) if m = 0.

We take variables z,y of pgivp) = det® ®Sym”. (Then, {2V, 2" 'y,...,y"} is a basis of
det” ®Sym”.) We put v = (z,%), and r(n, N, R) = rank (tRT;Q R]\/[2> € {2,3}. We can
easily find the following proposition.

Proposition 6.7.

erp(n, N)(v) = Z a (T(mN,R), E;;) - Py, (R/2 - v,n'vNv),

ReMy2(Z)

where T(, N gy = (tRT;2 R]\/[2) and Py, 1s the Gegenbauer polynomial.

7. EXAMPLES
7.1. (]{I,V) = (14, 2) It is known that dim 516(F1> = dim 5(16’14)<F2) = 1, and we take
normalized Hecke eigenforms Ag € S16(I'1) and Asg14 € S(i6,2)(I'2). We can calculate that
220.34.373
- .
Therefore 373 is the only prime that satisfies the condition (3) in Theorem 5.9. Let n =

1 0
1I,N = (0 1),We get

€142 (1, (é ?)) ((é)) — 5291173154072 £ 0 mod 373,

01
Y = T3lamasseag 7 0 Mmed 373

By Theorem 5.9 we prove the following theorem.

L(13, Alﬁ, St) -

Theorem 7.1.
Ai1614 Zev [Aw](lﬁ’m) mod 373.

In particular,
)\A16,14 (p) = (1 +p12>)\A16 (p) mod 373.
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7.2. (k,v) = (8,8). Asin the previous subsection, dim S15(I'1) = dimS( ) (I'2) = 1, and we
take normalized Hecke eigenforms Ags € S(168)(I'2). We can calculate that

215 . 93

11-13°

Therefore 23 is the only prime that satisfies the condition (3) in Theorem 5.9. Let n =1, N =

10 "
0 1) Weee
10 1
€8,8 (1, (O 1)) (<1>) = —46666368 # 0 mod 23,

945945
Y = “3lazasseas 7 0 mod 23

Noting that dim Sis(I';) = 1, by a simple improvement of Lemma 3.5 and the first half of
Theorem 5.9, we can prove the following theorem without using the second half of Theo-
rem 5.9.

L(7, Agg, St) =

Theorem 7.2.
A8 Zev [Aw](m’s) mod 232.

In particular,
)‘Aw,s (p) = (1 +p6)/\A16 (p) mod 232

Remark 7.3. We remark that the values L(7, A6, St) and L(13, A, St) have been given
also by Dummigan [10].
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