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In the present short communication, we
shall study soversl effocts of diffwsion on
the concentration Swctvations i & system
wadar chemical reactions, Far from egul-
librium situation is comcersed throwghont.
In perticular, we ahall give a cloar anawer
t0°the current controversial preblem on the
limit of l)puublhty ohle Einstein fxmule

@ m
»

Lald
X, ﬁX.... @

whare i+4 indicaies ane of the cells edje-
cent to the i-th cell; the nember of thess
adjscent calls hea been demsied s s which
we hove put into the definition of the ki
vethe comstant. The repested applications
of () yinlds the difusrion ts romete calls.
We ars considering mesrly perfoct chomical
guer. Then, for suficiently short fime
intarval, the nasvanishing tramsition proba-
bilities per wnit tinse are b AM, kX" and
3-'DX; for the processes (X,-X,+1),
(X2 Xi~2) and X3 X -1, Xiog=9 Kooy
4+1), reapeciivaly. From thoss, ene may
readily derive the moster cquation for the

dimtribution PUIX), 0. The

o the .
slightly extended form of the msual
stochastic model is needed for our purposes.
Lat us tahe sn example:¥®

A+M-.0'X+M.

x5 24D, )

Supposs that the whols spmen is filled wp
with the imagiaary swbic alls sach with
side L. Hereafter, such a call will be
sometimes abbreviated as “the regiom L”.
Lot wa now exprese the above resctions
taking place inwide the inth cell by amign-
ing the saffix ¢ to each compument, Oone
wmay view, than, that the gquaatities, e.g.,
X, sod X, {oc it are as if diffevent chem.
ical species. The number of the molecules
of X, will simply be denoted a2 X, We
chooee & sct of varisbles {X} as the state
variables. The conceatrstion of the other
components are sseumed to be comstant in
time aad wniform in spece; they form a
fixed bowndary condition, Then, the numi-
ber of the molecules of A, will be dencted
as A and w0 on. Let ws introduce the
diffunion procsss which we segesd s &
kind of chemical reacdons and exprews B

mhidhd-gmbvandu-mu
from this type of the master equation is
given in Ref 2). Auoming that X1
sad that the cemulants higher than the
second are negligible, onc fnde st the
stendy state

Xy 2 (XDt Gk AMY 2R (0]
and
aX,+4,~'D
X pum b A
g€y
whers X, i » spatial Fomrier compoment

mon 10 2 wide clasm of open chemical sy».
terms, which we shall discuse below. For
sulbciently large D, enc has (X X_ Dy X,
if g i not too ymall; the wavenumber.
deprndence of the mean square fuctustioa
sppesrs only for very small ¢, and in this
senss we have & very loog.-range coherence,
Under the sme condition, one finde {(X,
=~ X=Xy and (X=X Xy~ Xph)u
=0 (%7}, This implice that, if the moi

scules diffuse sufficieatly rapidly, the loul
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concentration flectuation in the region L
obeys the Einstein fonmula as in the ther-
mal equilibrism:*

P(Xyocexp (-;'5)

9

N7 R
which is pothing but the asympiotic form
(X>00) of the Polwou distribution for
randomly distributed particles. We have
Bow to examine this point in rsore detail.
The condition under which (5) hoids i
roughly gives by

DlkX 2. )
The left-hand side can be interprsted aa
the catio 1,/ry of the two time scales char.
sctorising the resction and the diffusicn
srocesees, respectively. Nammly, £, ia the
mean free timo with respect to the reactive
collisions, and 7z is the mean time during
which & molecwle remain within the sce
csll. Thus, one arrives at the following
picture:  If the diffusion is repid enough
for 2 molecule 1o experience s large num.
bar of calls over its lifrtime ©,, then the
concentration fiuctuation in each cell obeys
the Einstein formuls. Furthermore, the
foctusticns ja the differeat cells are mearly
iadupendent of each other; the semall cor
relations between them sre sttributed to
the snemalows behavier of the very fong-
wavelength flwctuations. Thus, the cober.
enoe Joangth is very lsree, stilt the local
fuctuations behave aimost in the sme way
ss for a perfect gas st thermal equilidrium.
With the aid of our pleture, the inequality
(6) muy also be expressed as L&L', where
L7 reprasenta the net distancs ceversd by
» molecule over the liketiome r,. On the oth-
er hand, one hes ¢ relation L'l 77T,
whate I, ane T, are the mean free peth
snd the mesn free time, respectively, both

A4 KN4

with reypact to the Bonrssctive (or elastic)
cellisions, snd wee is made of the yeowrally
sccepted fact that r,.Pr,” Takiog into
account that each cell must contain s large
puxber of molecules, the condition that
the Einsieia formuls holds ke the con-
ocentration §nctastion in the region L is
finally given by

PO o

whare £ ia the mean intermoleculsr distence.
‘This reswit doss pot contain awy parametar
depanding om the spatific type of the cherm.
ical veactions, and hence i expected to
Dave & wide spplieadility. It should b
remarked, howwver, xhtfl)iuhnﬁm
conditien and not the secesssry one. In
fact, it onn be proved that the Elaasein
formuls is always valid ia the case of wni
molecnigr reactioes. When the comdition
(7} is fulfilled, the dymamical bebavior of
the Suctuation in the region L is alw
dominated by the diffusioa procesecs. The
normal mode saslysie® around the steady
sate for any chemical reaction will prove
this directly. Thus, the breakdown of the
detailed balance” in some auio-catalytic
and erom-catalytic reactions will oceur caly
in those macreecopic regions for which (7)
ia not fulfilled.

The avthoc l)nnh Dl H Teuiu of
Kyoto University for

1) G. Nicolis and 1. Prigogine. Proc. Natl
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n Y Km Prog. Tiwoe. Phys 49

asm), 1

3 P GhM and L. Prigogine, Therme.
drwamics of Sorwcturs, Stability and Pluc:
tuations (Wileydnterscience, New York,
).
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o Chomical Instabilities kinetic equations parturbation; caly the real past of
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Yoshiki KURAMOTO and
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Kywsha Unvorsity, Fabuobs 312
July 5, 19%¢

The desctiption of the growth of uastable
nodes 2nd the W murua d
the 4 (7

librhmlmnhnmldbm&:hm-
parvat § owe eould find mear and above
the instahility thresbobd- a highly reduced
form of the origlasl XKisetlc squitions. In
hydrodynamics, such equations have been
derived by Segel’’ and generslised later by
Newsll and Whitshend® ja ecdsr to stedy
the post-critical Bésard comvection. The
methiod muployed by them is the so-called

bation® In this h,
the existence of some small is

8,YmBX—-X0Y+DJ Y,

whete D, and D, wre the diffwion com-
stants and r donotos the space coerdimets.
Thees equations admit & steady state soiu-
tion .

X,wA, Y mB/A. w

Pustting X=X, 4z and YmY,+y, one pets
the parturbation equations

@~ BT~ D f ) s Aty 49 (8.5),
@+ A~Df Myym—Bz~-9(x5), @&
whare
F(%J)"%-l‘-l-uzv-f-"’

Thlhmutblmr&earyddhudﬁ"
dbere. Ooe may sssue

emential, and the equation for the slowly

varylog (in spece and tiase) wmplitede of

umumuw&um
dition that the neal

be solyed ioeratively. The purposs of lht
presant note is to show that the same tech-
aica can easily be appiied to the dissipative
siructures in chemically rescting wystace.
As an exsmple, we study hete Prigogine-
Lafever-Nicolis mode]:*

AaX,

2X+Y-13X,

B+X-2Y+D,

XK.
For the mke of simplicity, we put all the
Tate cbastaals equal $o waity, and comsider
the one-dimensional medim with periodie
bowsdary condition. When the spathl

0 Prosent address. Dq-n-—k Physica,
Fnh-(ﬁ-m,‘ﬂbhudmvhﬂ

thmmdsndyn
be exp(wesikr). Thea the limearisation
of (2) yields the dispecsion equation

4 (A 4184 (D4 D) Me

+A* Q4 D& + (-~ B) DM+ DDA
-q,

On jncsensing the valwg of B with »
fized value of A, cae has two pomibilities
for the occurrence of fnstability:

Cum L B,m(14 Ay}, where y={(D,/D,)",
At BmB, the stesdy state (1)
cesses to be steble uguinst the

nember k= & (A/ D)W, where D
= (D,D,Y"; both the tesl and the
imaginery perts of w for kwmk,
vanish at this point. The new
phase ia of the spatially noswni-
form and frosen patters,

Case IL B,m1+ A% At BBy, the stendy

'muﬁm for W(R,T).
“formation 9,0, 4a'dp, V7, W+ g and

* ey yreyatetyd o

The Rew phase is repressnted by
the itmlt cycle n the 2y pase.

Wik wl these instabilities is reslisable
o detormined by the relative magmitudes

.ok the twy critical valnes of B. Namely,
i .

FAHA+AY—1}, @

mh-mm;mofimwny and
vics verm.
Tbmbdwhﬁdhuth
gost-critical equations for slowly verylng
amplitudes sre almost parsiiel to Newall
wnd Whiteheed's® Let us now start with

- the nesual solutions:

Cese T 5y W(R TV tec,
Yo = Aty (14 Ay) (Weke 4 00),
Care I 5= W(R, T) o tcc,
nw _(1- .A.)lw-+u
Here R ead T arn the sosbed cvecdinates,
which we have found it sppropeiete to pet
Rwer, T:t‘(
o (B-8,) )l.-

Whﬁub‘nhk“ﬂih“lh
Making the trans.

axpsoding the variebles sa smexy o7z
., we fod from (%)
the balance equation for asck order i ¢,
The lowest ordar- balance equationa yleld

‘the semrel solweion. The second order

balance equations togetber with the aewtral
petution determine x, 3nd y,. The seutral

‘wolvution end &, end 3, thue obtained sre
‘aubetitwted into the third order balance
“squations. Requiring the solvability condi.
tioa, one finds fnally

BW 144 D
O L gr=Tep © " THAD =¥

274 K5

R [l o0
Con It -,,.-“" Wk (D, =iAD.)
XP oW _[(Z-C-A‘ _Hl—'IA'-G-‘A)

X{WPW, (O]

L whare

Dyw (D, D).

Seversl comments on the ﬁml muln
Equation (§) quite resembles Newell -and
Whitahesd's equation for the Bénard prob-
lem. The only differesce i that in our
care the cosficient FY4,7) B not always
positive.  In fact, we find 5 region in pA
plane ia whith the fmequilities (9 and
L0 arw simaltancosely satisSed. In such
regios, the wivtion of (4) diverges a
T-#, henice the breshdown of our pertur-
bative appresch. Let xs now look iato
(5). This equatien liss complex coefficients.
Az T-»oe, W makes a0 andamped cocllier
tion. This ecillation gives rise to 2 fre-
quancy shilt of order ¢* in the iy orbital

motion, Both the equiticns (4) and ()

are axtended to the pre-cxitical case BB,
by changing the sign of the fret term of
the respective right-hand sids, Further
amiysis will be reported elsewhere.

19 L. A. Segel, 3. Phid Mock 14 (1960, %7
n (1968), 3.
A.C.MM} A Whinbesd, J.
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