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Abstract. In [LY?24a], Lee and the author proved that any K-semistable polarized smooth toric
variety (X, L) with the vanishing Futaki-Ono invariant (which is an obstruction for (X, L) to
be asymptotically Chow semistable) is asymptotically Chow polytable. Hence, this gives a
complete solution for proving [Yotl8, Theorem 2.1] under an assumption that (X, L) is K-
semistable which is a weaker concept than uniform K-stability. In contrast, this note aims to
clarify the relation between uniform K-stability and asymptotic Chow polystability for polar-
ized toric surfaces following the author’s original view point (the Euler-Maclaurin formula)
which was discussed in [ Yot18].

1. INTRODUCTION

In this note, we shall give a proof of the following theorem using the Euler-Maclaurin
formura.

Theorem 1.1. Let (X, L) be a uniformly K-stable polarized toric surface with the vanishing
Futaki-Ono invariants. Then, (X, L) is asymptotically Chow polystable.

See Section 2 for more detailed description and terminology. As in Remark 3.2, the proof
in this note (Section 3) has not been completed yet, so something more ingenious is required.
However, the idea of a proof itself was developed in the nicest form through Zhou and the
author’s work in [YZ19], and hence I decide to write up the entire picture of the proof in this
note, which should be retained for record.

We remark that the statement of Theorem 1.1 is correct and moreover, it can be generalized
as follows.

Theorem 1.2 ([LY24a], Corollary 1.5). Let (X, L) be a K-semistable polarized toric manifold
with the vanishing Futaki-Ono invariants. Then, (X, L) is asymptotically Chow polystable.

In fact, uniform K-stability implies K-semistability by definitions. Hence, Lee and the
author’s result in Theorem 1.2 genralizes Theorem 1.1 into higher dimensional cases ~ with
a weaker assumption. A complete proof of Thereom 1.2 is given in [LY?24a, Section 4], where
we used a special type of triangulations (called a type F traiangulation) of the associated
moment polytope A. In a sequel to [LY24a], we show the blow-up formula of the Chow
weights of a polarized toric manifold exploiting the symplectic cuts of A [LY?24b].

The key to prove Theorem 1.2 is that we find a way of estimating the integral of a convex
function u : A — R by the discrete summands of the weights. More specifically, let p be a
vertex of a lattice polytope A, and let

Cp):={p+tlx—p)|zecAtec Ry}
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be its vertex cone. Then we have the natural decomposition

R
(1.1) A= Cp)

j=1
where V(A) = {p1,...,pr } denotes the set of vertices of A. Fo a positive integer 7, the
decomposition (1.1) naturally yields that

R
iA = 1 Clip;)
j=1
with C'(p;) = C(ip;)—(i—1)p; := {& — (i — 1)p, | © € C(ip;) }. Thus, each cone shares the
same triangulation of A. Recall that a simplex triangulation of A is an integral triangulation
of A such that every simplex is isomorphic to the standard simplex. We denote a simplex
triangulation of C'(ip;) by T'(C(ip;)).

Definition 1.3. A type F triangulation of C(p;) is a simplex triangulation 7'(C(p;)) satisfying
the following two conditions.
(i) T(C(pj)) = T(C(ip;)) for any positive integer i; and
(ii) there exist finitely many simplices Si, . . ., Sas such that for any simplex S € T'(C'(p;)),
we have a vector ¢ € Z" satisfying

S—CZSk
forsome 1 < k< M.

Here and hereafter, we suppose that an n-dimensional lattice polytope A has a type F
triangulation 7'(C'(p;)) of C'(p;) for each vertex p; € V(A).

Let C's, and c* be the constants determined in [LY24a, Corollary 2.13 (2.5)]. Then we
define the constants C' and c¢,, given by

(1.2) C:= max Cg, and Cn = max ck
1<k<M 1<k<M

Fixing a vertex p; € V(A) and a positive integer ¢ € Z-, we denote a type F triangulation of
the vertex cone C'(ip;) by T'(C(ip;)). Then we define the function n;; by
N - C(k‘pz) NZ" Z
w w
g—# {5 € T(C(ip;)) | Sisasimplex touching ¢ } .

We set n;(¢) = max;<;j<gn;;(q). The following lemma was given in [LY24a, Lemma 2.18]
for estimating the integration [, u(x)dv by 3 ixnzn w(p)-

Lemma 1.4. For a fixed positive integer i, let u : iA — R be a non-negative convex function.
Then we have the inequality

/D u(x) dv < Z ni(p)u(p) + CRCH max_u(py),

ISR

where C' and c,, are constants defined in (1.2).

Meanwhile in this note, we consider a completely different approach for comparing the
integral of a convex (piecewise linear) function and the discrete summands of the weights.
Namely, for a two dimensional lattice polytope A, we use the Euler-Maclaurin formula

Z u(a) :iZ/Au(m) dv+;/8 u(zx)do + ay,

acAN(Z/i)? A



and estimate the constant oy in terms of [, u(x)dv and [, u(x)do. Here OA denotes the
boundary of A and do is the associated Lebesgue measure of 0A. See Lemma 3.1 and Section
4, for more precise statement and its proof.

This paper is organized as follows. Section 2 introduces notation and convention used in
this paper. We give an (incomplete) proof of Theorem 1.1 in Section 3. In the appendix
(Section 4), we shall prove Lemma 3.1 which gives explicit bounds on coefficients of the
Ehrhart polynomial of a two dimensional lattice polytope.
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2. PRELIMINARY

2.1. Set up and Notation. Let M be a free abelian group of rank n such that M = Z". Let
A be an n-dimensional convex lattice polytope in Mr := M ® R = R". We denote the
associated polarized toric variety by (Xa, La). See [CLS11] for a reference of toric varieties.
We usually consider the discrete summands of weights given by

1
Y ey
acAN(Z/i)" aciANZLY
Let E(t) be the Ehrhart polynomial of A which is written in the form of

Ea(t) = vol(A)t" + %Mtnfl + O ?), and

Ea(i) =# Y a| =dimH(X, LY

acAN(Z/i)"

for any positive integer i. Let Aut’(X ) denote the identity component of the automorphism
group of X . Then there is a maximal torus 7 = (C*)™ < Aut®(X,) by Demazure’s structure
theorem. Denoting the normalizer of 7' in Aut’(Xa) by N(T'), we define the Weyl group
W(Xa) :=N(T)/T.

2.2. The Futaki-Ono invariant of (XA, LY"). Let (Xa, La) be a polarized toric variety with
the moment polytope A C Mg. We fix any i € Z~. Let (2, %) — P! be any T-equivariant
test configuration of (X, LY') (see, [Don02]).

Theorem 2.1 (Theorem 1.1 [Onol3], Corollary 2.7, [LLSWI19]). In the above, the Chow
weight for the degeneration (2", ) — P! is given by

@.1) Qalg:i) == Eali) /A gdo—vol(d) Y gla)

acAN(Z/i)™

where g is the corresponding rational piecewise linear concave function over A. In particular,
(Xa, LY") is Chow polystable iff Qa(g;i) > 0 holds for any Weyl group invariant concave
piecewise linear function

g9 € PL(A;i)V8) = {g € PL(A;i) | g(w - ) = g(x) Ywe W},
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and equality holds when and only when g is an affine linear.
Applying (2.1) to linear functions, one can see the following.

Corollary 2.2 (Corollary 4.7 [Ono13]). If (Xa, L") is Chow semistable fori € 7., then

(2.2) FOA (1) := EA(i)/Aa:dv—vol(A) Y a

acAN(Z/i)™

vanishes identically. In short, the equality

2.3) Y a= fﬁ(% /A z dv

a€AN(Z/i)"

holds.

We call FO(x;4) in (2.2) the the Futaki-Ono invariant of (Xa, LY"). By the equality
(2.3), one can see that QA (g; ) is invariant when adding an affine linear function to g, and is
homogeneous with respect to g.

Proof of Theorem 2.1. Since Qa(g;1) is invariant under adding a constant, we may assume
g > 0. Let (27,.%) — P! be a T-equivariant toric test configuration of (X, LY') and g be
the corresponding piecewise linear function. Hence 2" is an (n + 1)-dimensional toric variety
with the moment polytope

Qg ={(x,\) eR"xR5, | 0< X< g(x) }

‘We observe that

(2.4) vol(Q,) = /A g(z)dv,  Eq,(i)—Ea(i)= > gla)

acAN(Z/i)"

In the proof of Proposition 4.2.1 in [Don02], the weight of C*-action on A“2™ HO(2;, £&m
is given by

%)

wy, = dim H*(Zg,, £5") — dim H° (XA, LY™)
= Eq,(m) — Ea(m)

= A1 ()M + an(D)m" + ...
where
ap(i) = appi™ + Qg "+
Note that there are asymptotic expansions

Eq,(m) = vol(Q,)m"*! + O(m"), Ea(m) = vol(A)m™ + O(m"™ )



by the Ehrhart theorem. As in [RT07], the Chow weight for the degeneration (2", %) — P!

is given by the normalized leading coefficient of a,, (%), we compute

Wy

Wy, — MEA(M) Fal)

Eq, (i) — Ea(i)
Ea(i)

Eq, (1) — Ea(1)
Ea(i)

= m"t! /Ag dv — VOI(A,) Z g(a) | +O(m")

EA(Z) acAN(Z/i)"

Here we used (2.4) in the last equality. The assertion is verified. O

= (Eq,(m) — Ea(m)) — mEx(m)

= vol(Q,)m" ™ — vol(A) m" + O(m")

2.3. Uniform K-stability. It is crucial to see the coercivity of the K-energy map when we
consider the existence problem of constant scalar curvature Kédhler metrics on a certain polar-
ized manifold (X, L). It has been conjectured that the coercivity property of the K-energy map
is corresponding to uniform K-stability of (X, ). In [His20], this conjecture was justified in
the case where (X, L) is a polarized toric manifold. The toric reduction of uniform K-stability
is the following.

Definition 2.3 (Hisamoto, [His20]). Let (X, La) be a polarized toric variety with the mo-
ment polytope A C Mpy. For a rational piecewise linear convex function u over A, we define

La(u) :—/(muda—\;ooll((aAA))/Audv.

Then (Xa, La) is said to be uniformly K-stable in the toric sense if there exists a constant
dOa > 0 such that

(2.5) La(u) = 0a ull,

where ||u| ; is the J-norm defined as

lull, ::irzlf{VO&A)/A(u+€)dv—n1Ain{u+€}},

and ¢ runs over all the affine functions.

3. A CONVEX ANALYTICAL APPROACH FOR PROVING THEOREM 1.1 USING THE
EULER-MACLAURIN FORMULA

3.1. Approach. One can see that Qa(g;7) = 0 for affine linear functions by our assumption
in Theorem 1.1 and [LY?24a, Proposition 4.3]. Hence it suffices to show that for i > 0,
Qa(g;1) > 0when g € PL(A;4)V(Xa) is NOT affine linear, in order to prove Theorem 1.1.

3.2. Proof of Theorem 1.1. We prove Theorem 1.1 in this section. Since QA (g;7) is invari-
ant when adding an affine linear function to g, we may assume that © = —g is a rational
piecewise linear convex function normalized at 0 in the sense that inf e u(z) = u(0) = 0,
and [, udo = 1.

The key lemma below is an improvement of Lemma 3.3 of [ZZ08], not only it has estimates
on the coefficients but also it holds for general rational piecewise linear functions. The proof
is presented in Appendix (Section 4).
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Lemma 3.1 (Euler-Maclaurin Formula). Assume A is a two dimensional convex lattice poly-
tope and u is a nonnegative continuous function on . Then, we have

3.1 Z u(a) = iz/ u(zx) dv + Z/ u(x) do + ap
. A 2 Jon
acAN(Z/1)?

where

3.2) ap > —Ca ( /d ul@)do + /A u() dv)

for some constant Ca > 0 depending only on A.

Proof of Theorem 1.1. Let

n

Ea(i) = exi".
k=0
By Jensen’s inequality, we remark that

/u(:c) dv}u(/mdv) > infu = 0.
A A A

Let A* be the union of the interior of A and the interior of its co-dimension one faces. Denote

Clz{u

Observe that there is a constant C' > 0 which is independent of w satisfying

u 1s convex on A* and/ u<oo}.
Joaa

(3.3) /udU<C wdo, uel
A [oJAN

where
C~1 = {U S C1

By Lemma 3.1 and (3.3), we have

ar > —Chopon ( /d ul@) do+ /A (@) dv)

inf u(@) = u(0) = o} .

3.4
Z = 'r/z,k;A/ u(a:) do.
A
Setting u = —¢g and ayp, = — ) in Lemma 3.1, we have
Qstig) = Est) [ g@)do—volld) 3 gla)
A a€AN(Z/i)"
1 A n—2
= (VO](A)Z'" + Mi”ﬂ + Zekik) / g(x) dv
2 k=0 A
Z.n71 n—2
—vol(A) i"/ g(x) dv + / g(x) do + Zﬁkik
A 2 Joa =0

_ VOl;A)EA(u)i"l—&-:zj (oekvol(A)—ek /A u(z) dv> i*.




Since we assumed uniform K-polystability in the toric sense, (2.5) and (3.4) imply that

vol(A)
2

n—1

Qali,g) >

Oa [[ull ;2

Z(VOI nkA/(aAu(:c)daJrek/Au(m)dU) &

Since we have the inequality
[+ t@y v > [ win(ula) + @)} ao
: — Vol(&) - min { u(e) + ()},
this yields
/(u+€)dv —vol(A) - min {u + }
§ > VOI(A)-m&n{u—l—f}—vol(A)-mL\i‘n{u—l-E}:0.
Then the following Lemma 3.3 shows that

/(u+€)dv—vol(A)-mAin{u+f}>O.

This yields |Ju|| , > 0 for any u € C,. Remark that

(5AV01(A>

Qali,g) ~ THUHJ

for a sufficiently large i > 0. Therefore, there exists ig € Z~, such that Qa (7, g) > 0 when

1 2 19. The theorem has been proved.

Remark 3.2. However, the above integer ¢, in the proof depends on the choice of a concave
function ¢ = —u. Therefore, our proof is incomplete and something more ingenious is re-
quired. In fact, Chow polystability of (X, LY') is determined by taking various concave
functions ¢ for a fixed . In particular, the Euler-Maclaurin formula for an n-dimensional

lattice polytope A,
i 1 n—2
=" d d -
Zhu(a) Z/A ()v+ 5 /9Au(m) U+Zakz,
acAN(Z/i)" k=0
where

ak>—Ck</ u(w)da+/u(w)dv>, k=0,....,n—2
EN A

does not have good invariance under scaling of domain (cf. [Yot18, Remark 3.4}V]). Thus, we
need to estimate each coefficient oy, (0 < k& < n — 2) in the form of oy, > —CY, where Cj,

doesn’t depend on [, u(x)do.

Lemma 3.3. We assume that FOa(x;1) = 0 for i > 0. Then

/(U—Fﬁ)dv—vol(A)-mAin{u+£} £ 0.
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Proof. We shall show the contraposition of the statement. Then our assumption is
(3.5) /(u+€)dv—vol(A)-mAin{u+€}:O.
A

In order to use the contradiction, we suppose FOa (x;7) = 0. Using (3.5) and putting u + ¢ to
be the coordinate function x, we have

(3.6) / x dv = / (u+£) dv=vol(A) -min{u+ ¢} =Cvol(A)
A A A

for some constant C'. Then FO (z;7) = 0 and (3.6) yields

S|

FOa(z;i) = Ea(i)- Cvol(A) —vol(A) )

a€AN(Z)i)"

= vol(A){ Ea(i)-C— ) ap=0.

acAN(Z/i)™

However this means that R-valued degree n polynomial Ex (i) equals to R™-valued degree n

polynomial Z a up to constants, a contradiction. U
acAN(Z/i)™

4. APPENDIX: BOUNDS ON COEFFICIENTS OF EHRHART POLYNOMIAL AND THEIR
APPLICATIONS

In this appendix, we discuss some application of the bounds on coefficients of Ehrhart
polynomial. Some key idea was already written in [ Yot18, Section 3], and this section aims to
give a complete proof of the Main Lemma (Lemma 4.3) concerning a two dimensional convex
lattice polygon A.

First, we recall some useful results on Ehrhart polynomial

n

(4.1 Ea(i) =) ei®.
k=0
Recall that one has
1(OA
en =vVvol(A), e,1 = Yo (2 ),eo =1.

No geometric meaning is known for the rest coefficients. However, the upper and lower
bounds for them have been established by [BM85, HT09], respectively. We conclude them
as follows

Theorem 4.1. Let A be an n-dimensional lattice polytope and ey, are given by (4.1). Then

(D

ex < (1) Fa(n, Kvol(a) 4 DT 80n kA1)

(n—1)! ’
where s, ;. denotes the Stirling numbers of the first kind which can be defined via the
identity
n—1 n
[1G =k =>"s(n k).
k=0 k=1

8



2) If n = 3, then fork =1,....,n — 1, we have

e = % [(=1)"*s(n+ 1,k + 1) + (nlvol(A) — 1) My,] .

Here My, is given by
Mk,n:min{C’,?’j:léjgan},
where Cy. ; is the k-th coefficient of the polynomial
(4 )E+i—1) (24— (n—1))
with variable z.
The following fact will be frequently used later.

Lemma 4.2. If A is an n-dimensional lattice polytope, then
1

4.2) vol(A) > —.
n!

Now we prove the lemma used in Section 3. Since a general nonnegative continuous func-
tion can be approximated by nonnegative rational piecewise linear function, then Lemma 3.1
follows by an approximation argument and the following lemma.

Lemma 4.3. Assume A is a two dimensional convex lattice polytope and u is a nonnegative
rational piecewise linear function. Then we have the equality

)
4.3) u(a —z'z/udv—l-/ udo + ap,
Z ) (@) A 2 Jon ’

a€AN(Z /i)

where

(4.4) ag = —Ca (/ uda+/ udv>,
OA A

for some Cx > 0 depending on A.

Proof. Assume A = | J'_, A, such that u is linear on A;. We also assume that each A is
lattice polytope. Otherwise, it suffices to consider a dilation of A.

Let { F, }'_, be all the one dimensional walls (line segments) which are obtained by the
intersection A, N A, for s # s'. We also define inductively the set of all the lattice points
{v; }§:1 which are obtained by the intersection of distinct walls . N F» N F,.». Observe that

p L

4.5) Ea(i) =Y  Ea(i) =Y Er(i)+ Y Ey(i)

s=1 j=1

by the inclusion-exclusion principle. Let us denote

D = {(z,t) eR"™ | z2€A0<t<ul=x)},

D, = {(z.t) eR"™ | zeA,0<t<u(®)}, s=1,....p,
Fo = {@t)eR™ | 2eF0<t<u(@)}, r=1,...4q,
G = {(x,t) eR™ 0<t <ulvy)}, j=1,...,0

Furthermore, we assume all D; are lattice polytopes. Otherwise, we consider an ipu for some
19 € Z since (4.3) is homogeneous with respect to u. Hence u is a rational linear function on
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each A;. We further assume that v is an integral linear function on any A, by taking 7ju for
sufficiently large i(, € Z. The straightforward computation with (4.5) shows that

S e =Y ulafi)
acAN(Z/i)? aciANZ?
= L(Eoi) - Eai))

(Z Ep, (i) — Z Er, (i) + Z Eg, (i)>
_% (Z Ea (i)=Y Er(i)+> B, (i)>

S =

(4.6) + (Eg,(i) - E,, (z‘))) :

j=1

Applying the Ehrhart theorem to each polytope Dy, A,, F,, F}., G; and v;, we have

2
Ep.(i) = 2’3/ wdv + = </ udo + 2\*01(A3)> + sl + 1,
As 2 \Joa,

Ea () = i%vol(A,) —l—%vol(aAs) L1

Er (i) = 12/ udo + a,i + 1,

Erp. (i) = vol(F,)i+1,
Eg, (i) = wu(v;)i+1, and E,, (i) = 1.

Substituting these into (4.6), we have

S ula) = g{iQ/Asudv—i—;/aAsuda—k(as—;Vol(aﬁs))}

acAN(Z/i)2

where
p q 14

s=1 r:l j=1



Now we estimate . Firstly we remark that

1 1
4.7 / udv > —, / udo > —, vol(Ay) >
A, 3! 3 21

by Lemma 4.2. Then the inequality (2) in Theorem 4.1 and (4.7) yield

o ;{(42) <3!/Asudv—1)Ml,3}.

One can readily see that §(4,2) = 11 by definition of s(n, k) in Theorem 4.1. Similarly the
inequality (1) in Theorem 4.1 and (4.7) imply

vol(F,) > 1.

N =

%wﬂ(fms) < (=1) 5(2, 1)vol(Ay) +5(2,2)
= (=1)*vol(A,) + 1,
{/8ASUdO+2V01(AS)} < (—1)s(3,2) /Asudv+ 5(3,3)

N —

1
(4.8) = 3/ udv 4+ — \3/ udv + vol(Ay),
A, 2! A,

a, < (—1)s(2,1)vol(F,) +
= (-1

= /uda—i—lé/udo—&—vol(ﬂ).
J Fy J Fy

>vol(F,) + 1

In particular,
&, — vol(F}) < / udo

holds from the last inequality. Hence it follows

(e — %vol(aAS))

M=

s=1

\Y%
NE

|:/A udvt 11_37{%13 — (vol(A,) + 1)]

1

@
Il

I
M=

{/ wdv — vol(Ay) + 5_”[13}
JA, 6

s=1

= /udv—vol(A)—HD
A

where we used M; 3 = —1 in the last equality. On the other hand, we see that the inequality

(4.8) gives
/ udo < 6/ u dv.
A As
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This yields
q q
> (@ = vol(F,)) < Z/ udo
r=1 r=1Fr

(S
= - udo — uwdo
2(2 A A

1 & (n(n+1) 1 1
B 1 (2/Asudv+n!—vol(As)> —2/6Auda

N

VAN
N —
D
=
VR
S
N
QL
o
N——
|
S~
>
Iy
I
Q

Since a function u is normalized at 0, we conclude that
p q

00 = Y (0n — Swol(@A) — 3 (@, — vol(F)

s=1 r=1

1
/udv—vol(A)—kp— <3/udv—/ uda)
A Ja 2 Jon
1
= pvol(A)Z/udv+/ udo
A 2 Joa

> —Co(/ uda—l—/udv),
oA A

where Cy > 0 is some constant only depending on A. The assertion is verified. O

WV

Remark 4.4. It is natural to ask whether Theorem 1.1 can be generalized to higher dimen-
sional case n > 3 after solving the problem in Remark 3.2. However, there is anothr technical
difficulty to compute (4.5) in Lemma 4.3 by the inclusion-exclusion principle for general set-
ting.
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