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A COMBINATORIAL APPROACH TO CHOW STABILITY OF UNIFORMLY 
K-STABLE TORIC SURFACES 

N aoto Yotsutani 

Kagawa University 

Abstract. In [LY24a], Lee and the author proved that any K-semistable polarized smooth toric 
variety (X, L) with the vanishing Futaki-Ono invariant (which is an obstruction for (X, L) to 
be asymptotically Chow semistable) is asymptotically Chow polytable. Hence, this gives a 
complete solution for proving [Yotl8, Theorem 2.1] under an assumption that (X, L) is K-
semistable which is a weaker concept than uniform K-stability. In contrast, this note aims to 
clarify the relation between uniform K-stability and asymptotic Chow polystability for polar-
ized toric surfaces following the author's original view point (the Euler-Maclaurin formula) 
which was discussed in [Yot18]. 

1. INTRODUCTION 

In this note, we shall give a proof of the following theorem using the Euler-Maclaurin 
formura. 

Theorem 1.1. Let (X, L) be a unifonnly K-stable polarized toric surface with the vanishing 
Futaki-Ono invariants. Then, (X, L) is asymptotically Chow polystable. 

See Section 2 for more detailed description and terminology. As in Remark 3.2, the proof 
in this note (Section 3) has not been completed yet, so something more ingenious is required. 
However, the idea of a proof itself was developed in the nicest form through Zhou and the 
author's work in [YZ19], and hence I decide to write up the entire picture of the proof in this 
note, which should be retained for record. 
We remark that the statement of Theorem 1.1 is correct and moreover, it can be generalized 
as follows. 

Theorem 1.2 ([LY24a], Corollary 1.5). Let (X, L) be a K-semistable polarized toric manifold 
with the vanishing Futaki-Ono invariants. Then, (X, L) is asymptotically Chow polystable. 

In fact, uniform K-stability implies K-semistability by definitions. Hence, Lee and the 
author's result in Theorem 1.2 genralizes Theorem 1.1 into higher dimensional cases with 
a weaker assumption. A complete proof ofThereom 1.2 is given in [LY24a, Section 4], where 
we used a special type of triangulations (called a type F traiangulation) of the associated 
moment polytope△.In a sequel to [LY24a], we show the blow-up formula of the Chow 
weights of a polarized toric manifold exploiting the symplectic cuts of△[LY24b]. 
The key to prove Theorem 1.2 is that we find a way of estimating the integral of a convex 
function u :△ →良bythe discrete summands of the weights. More specifically, let p be a 
vertex of a lattice polytope△,and let 

C(p) := {p+t(x-p) Ix E△,t €恥o}
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be its vertex cone. Then we have the natural decomposition 

R 

(1.1) △=n  C(pj), 
j=l 

where V（△） ＝ ｛P1,..., p R } denotes the set of vertices of△.Fo a positive integer i, the 
decomposition (1.1) naturally yields that 

R 

心＝nC(ipj) 
j=l 

with C(pj) = C(ipリー(i-l)pj:= { := {x-(i-l)pj Ix E C(ipj) }. Thus,eachconesharesthe 
same triangulation of△.Recall that a simplex triangulation of△is an integral triangulation 
of△such that every simplex is isomorphic to the standard simplex. We denote a simplex 
triangulation of C(ipj) by T(C(ipj)). 

Definition 1.3. A type F triangulation of C (pj) is a simplex triangulation T (C (pj)) satisfying 
the following two conditions. 

(i) T(C(pj)) = T(C(ipj)) £ or any positive integer i; and 
(ii) there exist finitely many simplices S1,..., SM such that for any simplex S E T(C(pj)), 
we have a vector c E冗 satisfying

s-c = sk 
for some 1 ~ k ~ M. 

Here and hereafter, we suppose that an n-dimensional lattice polytope△has a type F 
triangulation T(C(pj)) of C(pj) for each vertex pj EV（△）． 
Let C and csk be the Sk constants determined in [LY24a, Corollary 2.13 (2.5)]. Then we 
define the constants C and伍 givenby 

(1.2) C:= max C 
l<k<M Sk 

and Cn := max c Sk n l<k<M 

Fixing a vertex Pi E V（△） and a positive integer i E Z>o, we denote a type F triangulation of 
the vertex cone C(ipi) by T(C(ipi)). Then we define the function nj,i by 

巧，i:C(kpi) n zn ~ Z 
U) U) 

q1 、＃{SET(C(ipi)) I Sis a simplex touching q}. 

We set几(q)= max区廷R叩 (q).The following lemma was given in [LY24a, Lemma 2.18] 

for estimating the integration,[;△u（尤）dvby冗pEi△nznu(p). 

Lemma 1.4. For a fixed positive integer i, let u : i△ →股bea non-negative convex function. 
Then we have the inequality 

JD u(x) dv ~ ど］：位＋c[％堺唸u(pk),
pEi△nzn 

where C and Cn are constants defined in (1.2). 

Meanwhile in this note, we consider a completely different approach for comparing the 
integral of a convex (piecewise linear) function and the discrete summands of the weights. 
Namely, for a two dimensional lattice polytope△,we use the Euler-Maclaurin formula 

ぷ/i)2u(a) = i21△心）dv+1l△u(x)da+ CYo, 
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and estimate the constant a。interms of J△u(x) dv and fa△u（尤）d(J"．Here狐 denotesthe 
boundary of△and dO" is the associated Lebesgue measure of 8△.See Lemma 3.1 and Section 
4, for more precise statement and its proof. 
This paper is organized as follows. Section 2 introduces notation and convention used in 
this paper. We give an (incomplete) proof of Theorem 1.1 in Section 3. In the appendix 
(Section 4), we shall prove Lemma 3.1 which gives explicit bounds on coefficients of the 
Ehrhart polynomial of a two dimensional lattice polytope. 
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him an opportunity to publish this note. I am particularly grateful to Professor B. Zhou for 
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from 2017 to 2018. This work was partially supported by JSPS KAKENHI Grant Number 
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2. PRELIMINARY 

2.1. Set up and Notation. Let M be a free abelian group of rank n such that M 竺宣． Let
△be an n-dimensional convex lattice polytope in Mi艮：＝ MR罠竺町． Wedenote the 
associated polarized toric variety by (X△人）． See[CLSl 1] for a reference oftoric varieties. 
We usually consider the discrete summands of weights given by 

と
1 

a=-
1, 
La. 

aE△n(Z/i)n aEi△nzn 

Let広 (t)be the Ehrhart polynomial of△which is written in the form of 

恥 t)= vol（△）tn+ 
vol(8△) 

tn-1 

2 
+ O(tn-2), and 

恥 (i）→（こ a)=dimH°(X△,L誓）
aE△n(Z/i)n 

for any positive integer i. Let Aut0(X凶denotethe identity component of the automorphism 
groupofX△.Then there is a maximal torus T = (C x) n < A ut0 (X凶byDemazure's structure 
theorem. Denoting the normalizer of T in Aut0(X凶 byN(T), we define the Wey! group 
W(X凶：＝ N(T)/T.

2.2 .2. The Futaki-Ono invariant of (X砂 !i).Let (X△，い）bea polarized toric variety with 
the moment polytope△C M賊． Wefix any i E Z>□・ Let（究，ダ） →戸 beany T-equivariant 
test configuration of (X△,L!i) (see, [Don02]). 

Theorem 2.1 (Theorem 1.1 [Ono13], Corollary 2.7, [LLSW19]). In the above, the Chow 
weight for the degeneration（究，2)→]ID1 is given by 

(2.1) 偽 (g;i)：＝恥(i)f g dv -vol（△）区 g(a)
△ aE△n(Z/i)n 

where g is the corresponding rational piecewise linear concave function over△.In particular, 
(X△,L誓） isChow polystable iff偽 (g;．)2:O holds fi ; i) 2: 0 holds for any Wey! group invariant concave 
piecewise linear function 

g E PL（△；i)W(X△) = ｛g E PL（△；i)lg(w・x)=g(x)'iwEW}, 
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and equality holds when and only when g is an affine linear. 

Applying (2.1) to linear functions, one can see the following. 

Corollary 2.2 (Corollary 4.7 [Ono13]). If (X• ,L~') is Chow semistablefori E Z>o, then 

(2.2) FO立；i）：＝恥(i)i x dv -vol（△）〉 a
△ 

aE△n(Z/i)n 

vanishes identically. In short, the equality 

(2.3) ~,,_a ＝広（t）J 
aE△n(Z/i)n vol（△） △ 

x dv 

holds. 

We call FO心；i)in (2.2) the the Futaki-Ono invariant of (X△,L勾）． Bythe equality 
(2.3), one can see that Q△(g; i) is invariant when adding an affine linear function to g, and is 
homogeneous with respect tog. 

Proof of Theorem 2.1. Since仏 (g;i) is invariant under adding a constant, we may assume 
g? 0. Let（勿，ダ） →JPl1 be a T-equivariant toric test configuration of (X△,L図） andg be 
the corresponding piecewise linear function. Hence免 isan (n + 1)-dimensional toric variety 
with the moment polytope 

Qg := { (x，入） €恥n X政：：：：o| 0 <入'.Sg（尤）｝

We observe that 

(2.4) vol(Q9) = f g(x) dv, 
△ 

底，（i）ー恥(i)＝ L g(a) 
aE△n(Z/i)n 

In the proof of Proposition 4.2.1 in [Don02], the weight ofCCx-action on/¥恥 (m)Ho（劣ふダRmい。）
is given by 

where 

叫＝ dimH0（松，；雰，;")-dimH0(X△,L図門

= EQ9(m)ー恥(m)

= an+1(i)mn+l + an(i)叩＋．．．

叫i)= aknin + ak,n-1戸＋．．．

Note that there are asymptotic expansions 

EQ9(m) = vol(Q9)mn+l + O(m門， 恥 (m)= vol（△）mn + O(mn-l) 
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by the Ehrhart theorem. As in [RT07], the Chow weight for the degeneration（究，.!£')→ lP'1 
is given by the normalized leading coefficient of an+l (i), we compute 

叫
叫— m広(m)

恥 (i)

= (EQ9(m) —応(m)) -m応 (m)
EQ9 (i) —恥(i)

応 (i)

恥 (i)-E△(i) 
= vol(Q9)mn+l -vol（△） mn+1 + 0(m門

恥 (i)

= mn+1 (J△gdv-~ac△苔/>)"g(a)) + O(m門
Here we used (2.4) in the last equality. The assertion is verified. 口

2.3. Uniform K-stability. It is crucial to see the coercivity of the K-energy map when we 
consider the existence problem of constant scalar curvature K狛lermetrics on a certain polar-
ized manifold (X, L). It has been conjectured that the coercivity property of the K-energy map 
is corresponding to uniform K-stability of (X, L). In [His20], this conjecture was justified in 
the case where (X, L) is a polarized toric manifold. The toric reduction of uniform K-stability 
is the following. 

Definition 2.3 (His皿 oto,[His20]). Let (X△,L幻bea polarized toric variety with the mo-
ment polytope△ C M艮． Fora rational piecewise linear convex function u over△,we define 

vol(8△) 
ら (u):=［△u do - vol（△） J△u dv. 

Then (X△, L刈issaid to be unifonnly K-stable in the toric sense if there exists a constant 
心＞ 0such that 

(2.5) ら（u)~心 ||u||J

where llullJ is the J-norm defined as 

llullJ :=叩｛vol［△）J△(u+ £) dv -mln { u + £ } }, 
and £ runs over all the affine functions. 

3. A CONVEX ANALYTICAL APPROACH FOR PROVING THEOREM 1.1 USING THE 
EULER-MACLAURIN FORMULA 

3.1. Approach. One can see that伍 (g;i) = 0 for affine linear functions by our assumption 
in Theorem 1.1 and [LY24a, Proposition 4.3]. Hence it suffices to show that for i ≫ 0, 
仏 (g;i) > 0 when g E PL（△；i)W(X△)is NOT affine linear, in order to prove Theorem 1.1. 

3.2. Proof of Theorem 1.1. We prove Theorem 1.1 in this section. Since伍 (g;i) is invari— 

ant when adding an affine linear function to g, we may assume that u = -g is a rational 
piecewise linear convex function normalized at O in the sense that inf:vE△u(x) = u(O) = 0, 

and f8△ud(J" ＝1. 
The key lemma below is an improvement of Lemma 3.3 of [ZZ08], not only it has estimates 
on the coefficients but also it holds for general rational piecewise linear functions. The proof 
is presented in Appendix (Section 4). 
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Lemma 3.1 (Euler-Maclaurin Formula). Assume△is a two dimensional convex lattice poly-
tope and u is a nonnegative continuous function on△.Then, we have 

(3.1) ぷ i)2u(a) = i21△u(x)dv+lfu△u(x)da+a。

where 

(3.2) a。;::-C△(la△心）do+J△u(x)dv) 
for some constant瓜＞ 0depending only on△. 

Proof of Theorem 1.1. Let 

恥 i)＝こ叫
k=O 

By Jensen's inequality, we remark that 

J△u(x) dv ~ u (1△①dv) ~ i告＝0.
Let△*be the union of the interior of△and the interior of its co-dimension one faces. Denote 

C1 = { u I u is convex on△*and la△u<oo}. 
Observe that there is a constant C > 0 which is independent of u satisfying 

(3.3) 

where 

J△u dv:::::; C la△u da, u E C1 

C1 = { U E C1 凰心） ＝u(O) = 0} ・ 

By Lemma 3.1 and (3.3), we have 

(3.4) 
CXk ~ -Cn,k；△仏心） do+ J△心） dv)

~ -cぃJ心）drI.
8△ 

Setting u = -g and心＝ー(3kinLemma 3.1, we have 

伽 (i,g) ＝応(i)l g(x) dv -vol（△）こ g(a)
△ aE△n(Z/i)n 

(vol（△）炉十 vol(：△）戸＋ドり J△g(x)dv 

•n-1 n-2 

-vol（△） （i" 1△g(x) dv + ;:'1△g(x) do十と(3Ktk)
vol（△） 

n-2 

2 ら (u)戸＋こ（位vol（△）ー ekJ△u(x)dv)抄
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Since we assumed uniform K-polystability in the toric sense, (2.5) and (3.4) imply that 

偽 (i,g) ~ 
vol（△） 
2 
心llullJin-l 

n-2 

一t(vol（△）いJ8△u(x)dcr+ek1△u(x)dv)l 
Since we have the inequality 

J心）＋£(x))dv ~ 
△ 

J min{u(X) ＋f（尤）｝dv 
△ ”E△ 

vol(•). m_i~{ u（叫＋f(尤）｝， 
xE△ 

this yields 

i (u + £) dv -vol（△）．min{u+f} 
△ △ 

~ vol（△）．m.in { u + £} -vol（△）．min{u + l} ＝ 0. 
△ △ 

Then the following Lemma 3.3 shows that 

J位十£)dv -vol（△）．mJn { u + £} > 0. 
△ △ 

This yields llullJ > 0 for any u E C1. Remark that 

Q△(i, g) f'V 

心vol（△）
2 llullJ 

for a sufficiently large i ≫ 0. Therefore, there exists i。EZ>o, such that伍 (i,g) > 0 when 
i ~ i0. The theorem has been proved. ロ

Remark 3.2. However, the above integer i。inthe proof depends on the choice of a concave 
function g = -u. Therefore, our proof is incomplete and something more ingenious is re-
quired. In fact, Chow polystability of (X△, L誓） isdetermined by taking various concave 
functions g for a fixed i. In particular, the Euler-Maclaurin formula for an n-dimensional 
lattice polytope△, 

区 u(a) = in 1心）dv+ on 2 l f心）d(j十団亨，
aE△n(Z/i)n △ 8△ k=O 

where 

O:k ~ -Ck (la△u(x) d/J + 1△心）dv), k = 0,..., n -2 
does not have good invariance under scaling of domain (cf. [Yot18, Remark 3.4]). Thus, we 

need to estimate each coefficientぽ (0:(k (; n -2) in the form of 0:k ~ -Ck, where Ck 
doesn't depend on fa△u(x)d/J. 

Lemma 3.3. We assume that FO心；i)三 0for i ≫ 0. Then 

i (u + £) dv -vol（△）．mJn{u+£}-/= 0. 
△ △ 
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Proof We shall show the contraposition of the statement. Then our assumption is 

(3.5) 1げ十C)dv -vol（△）．mln{u+C} =0. 
△ △ 

In order to use the contradiction, we suppose FO△（尤；i)三 0.Using (3.5) and putting u + C to 
be the coordinate function x, we have 

(3.6) 1△①  dv = J△(u + £) dv = vol（△）．mln { u + C} = Cvol（△） 
for some constant C. Then FO立；i)三 0and (3.6) yields 

FO立；i) ＝広(i)・ Cvol（△）一vol（△） L a 
a€• n(Z/i)n 

vol（△） ｛広(i)・ C-"'△苔h)na}三 0
However this means that応 valueddegree n polynomial E△(i) equals to罠凡valueddegree n 

polynomial L a up to constants, a contradiction. ロ
aE△n(Z/i)n 

4. APPENDIX: BOUNDS ON COEFFICIENTS OF EHRHART POLYNOMIAL AND THEIR 
APPLICATIONS 

In this appendix, we discuss some application of the bounds on coefficients of Ehrhart 
polynomial. Some key idea was already written in [Yot18, Section 3], and this section aims to 
give a complete proof of the Main Lemma (Lemma 4.3) concerning a two dimensional convex 
lattice polygon△. 
First, we recall some useful results on Ehrhart polynomial 

n 

(4.1) 恥 i)＝こ心．
k=O 

Recall that one has 
vol(fJ△) 

en= vol（△）， en-1 = ~,eo = 1. 
2 

No geometric meaning is known for the rest coefficients. However, the upper and lower 
bounds for them have been established by [BM85, HT09], respectively. We conclude them 
as follows 

Theorem 4.1. Let△be an n-dimensional lattice polytope and ek are given by (4.1). Then 

(1) 

ek ~ (-1r-ks(n, k)vol（△） ＋ ，  
(-1r-k-1s(n, k + 1) 

(n -1)! 

where Sn,k denotes the Stirling numbers of the first kind which can be defined via the 
identity 

n-1 

II(z-K)＝Ls(n, k)zk. 
k=O k=l 

8 
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(2) If n;::: 3, then fork= I,…,n -I, we have 

ek:;::: ; [(-1r-k.s(n + 1, k +I)+ (n!vol（△）ー l)Mぃ].
n! 

Here Mk,n is given by 

Mk,n = min{ Cら： l~j~n-2},

where CJ:,j is the k-th coefficient of the polynomial 

(z + j)(z + j -I).. • (z + j -(n -1)) 

with variable z. 

The following fact will be frequently used later. 

Lemma 4.2. If△is an n-dimensional lattice polytope, then 

(4.2) vol(△) > -． 
n! 

Now we prove the lemma used in Section 3. Since a general nonnegative continuous func-
tion can be approximated by nonnegative rational piecewise linear function, then Lemma 3.1 
follows by an approximation argument and the following lemma. 

Lemma 4.3. Assume△is a two dimensional convex lattice polytope and u is a nonnegative 
rational piecewise linear function. Then we have the equality 

(4.3）と u（a)＝ i2Judv + :Juda+a。,
aE△n(Z/i)2 △ 8△ 

where 

(4.4) a。~ -C△ (Judぴ＋J udv), 
8△ △ 

for some応＞ 0depending on△. 

Proof. Assume △ = Uい△ssuch thatuis linearon • s•'Y'~ also assume that eachふ is
lattice polytope. Otherwise, it suffices to consider a dilation of△・ 
Let { Fr };=1 be all the one dimensional walls (line segments) which are obtained by the 
intersection△s n△s'for s -=J s'. We also define inductively the set of all the lattice points 
{ v1 } :=, which are obtained by the intersection of distinct walls Fr n Fr, n Fr". Observe that J J j=l 

P q l 

(4.5) 広(i) ＝ど鯰（t) —ど E叫）＋どEいi)
s=l r=l j=l 

by the inclusion-exclusion principle. Let us denote 

D = { (x, t) E股n+1| X E △,0 ~ t ~ u(x)}, 

'Ds = { (x, t) E罠n+lI X E ~s, 0 ~ t ~ U（x)}, s=l,...,p, 

五＝｛（x, t) E罠n+lI X E Fr, 0 ~ t ~ U（尤）｝， r =I,...,q, 

gj = { (x, t) E股n+lIO~ t ~ u(v1)}, j = 1,...,£. 

Furthermore, we assume all'D s are lattice polytopes. Otherwise, we consider an i。ufor some 
i0 E Z since (4.3) is homogeneous with respect to u. Hence u is a rational linear function on 
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eachふ． Wefurther assume that u is an integral linear function on any△s by taking i~ u for 
sufficiently large i~ E Z. The straightforward computation with (4.5) shows that 

L u(a) ＝ L u(a/i) 
aE△n(Z/i)2 aEi△nz2 

(4.6) 

1 
＝刊恥(i)-E△(i)) 
t 

＝ ： （〗屁(i) -,苫翫 (i) ＋苫丘~))

1 s=1 q r=1 ]=1)  
-； （t恥（i)一文屁(i)+t仇 (i)

。(P= ~ I L(E叫i)-E叫））一 L(EFr(i)-EFr(i)) 
s=l r=l 

t 

＋苫心(i)-EV3(i)）) • 
Applying the Ehrhart theorem to each polytope'Ds,△s,互， Fr,砧andvj, we have 

底 (i) = i31ふ udv+~(la• s ud(l＋2vol（ふ）） ＋0'.8i + 1, 

E叫i) = i2vol（ふ） ＋ーvol(8ふ） ＋1, 
2 

EFr(i) 

E叫i)

位 (i)

i2J ud(l十ふi+ 1, 
Fr 

= vol(Fr)i + 1, 

u(v1)i + 1, and 仇（i)三 1.

Substituting these into (4.6), we have 

L u(a) 
aE△n(Z/i)2 

where 

= t, {i21△s u dv + ~［ふ ud<J + (as -~vol（吟））｝

一言{ifFru do十ふーvol(F0)}＋苫u(Vj)

= t2tf△s udv+;(tl△. u doー 2言JEu dび） ＋ a。
= i21△u dv+：J8△u d<J + a。,
p q £ 
1 

a。＝ L(as――――
2 
vol(8△』)〉仇 vol(Fr))+Lu（叫

s=l r=l j=l 
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Now we estimate o:。.Firstlywe remark that 

(4.7) 
，
 
．
 

1
-
2
 

＞／ びd
 
u
 

I
ム，
 
．
 

1
-
3
 

＞／ ＞
 
d
 
u
 L
 

1 
vol（△s）>五'vol(Fr)?,: 1. 

by Lemma 4.2. Then the inequality (2) in Theorem 4.1 and (4.7) yield 

as >嵐 {,s(4,2)＋いJふ udv-1) M1,3} 
One can readily see that,s(4, 2) = 11 by definition of,s(n, k) in Theorem 4.1. Similarly the 
inequality (1) in Theorem 4.1 and (4.7) imply 

1 
-vol(O△』~ (-l),s(2,l)vol（ふ）＋,s(2,2) 
2 

= (-1)2vol（ふ）＋1, 

; {lふ uda+ 2vol（△s)} ~ (-l),s(3,2) 1ふ udv十玉,s(3,3)
(4.8) = 31△ udv十嵐<3Jふ udv+ vol（△s), 

D'.r ~ (-l),s(2,l)vol（五） ＋ 
,s(2,2) 

(2 -1)! 

(-1)2vol（互） ＋ 1 

JFtudo+ 1< J凡uda + vol(Fr)-

In particular, 

ふーvol(Fr)~ i_ u da 
Fr 

holds from the last inequality. Hence it follows 

立s-此。1（吟））
2 

s=l 

>と [Judv+11-M1,3-（vol（ふ）＋ I)
ふ 3! 

s=l 
］ 

と[Judv-vol（ふ）十 5-9,3
]• ;u[~• s-vol（△）＋P ] 

where we used M1,3 = -1 in the last equality. On the other hand, we see that the inequality 
(4.8) gives 

J8△s uda <6J•• udv. 
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This yields 

立r-vol(Fr)) :,:; 幻uda
r=1 E r=l 

； （言しudu-[△udu)
< t t (n(n2+ 1) !△. udv +嘉ーvol（△s))-t la△uda 
< ： ｛6言(Jふ udv)-1△udu}

1 
3J△udv - ~ la△udrY. 

Since a function u is normalized at 0, we conclude that 
q 

a。~ t(as - ~ --vol(Oふ））一区（心一 vol(Fr))
2 

s=l r=l 

> J△udv -vol（△） ＋p-いJ△udvー：［△udcr)
p-vol（△）ー 2J△udv+ l la△udcr 
> -C。(［△udcr＋い），

where C,。>0is some constant only depending on△.The assertion is verified. ロ

Remark 4.4. It is natural to ask whether Theorem 1.1 can be generalized to higher dimen-

sional case n ;?: 3 after solving the problem in Remark 3.2. However, there is anothr technical 

difficulty to compute (4.5) in Lemma 4.3 by the inclusion-exclusion principle for general set-

ting. 
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