MAXIMAL EDGE-TRAVERSAL TIME IN FIRST PASSAGE PERCOLATION

SHUTA NAKAJIMA

ABSTRACT. In this paper, we study the maximal edge-traversal time (simply we call maximal
weight hereafter) on the optimal paths in the first passage percolation for several edge distribu-
tions, including the Pareto and Weibull distributions. It is known to be unbounded when the
edge distribution has unbounded support [J. van den Berg and H. Kesten. Inequalities for the
time constant in first-passage percolation. Ann. Appl. Probab. 56-80, 1993]. We determine the
order of the growth depending on the tail of the edge distribution.

1. INTRODUCTION

First Passage Percolation (FPP) is a model of the spread of a fluid through a random medium
which was first introduced by Hammersley and Welsh in 1965. In FPP, a graph with random
weights is given and we consider the optimization problem of the passage time between two fixed
vertices. The minimum value is called the first passage time and it represents the time when the
fluid reaches from one point to the other. From the viewpoint of an optimization problem, prop-
erties of optimal paths that attain the minimum value are also of interest. Theoretical physicists
predicted that the front of spread in FPP asymptotically satisfies KPZ-equation [4] in some sense.
Moreover, they have found the relationship between the fluctuation of surface and the deviation
of optimal paths, the so-called scaling relation [5]. Over 50 years, as mathematical techniques
have been developed for these problems, there has been a significant progress especially about the
asymptotics and fluctuation of the first passage time and the surface growth. On the other hand,
not much is known about the properties of optimal paths. The above-mentioned scaling relation
concerns the geometry of optimal paths but it has not been proved fully rigorously. This paper
studies the maximal weight of edges on optimal paths aiming to provide a better understanding of
how the medium along optimal paths looks. For more on the background and known results about
FPP, we refer the reader to [1].

1.1. The setting of the model. In this paper, we consider the first passage percolation on Z%.
The model is defined as follows. An element of Z¢ is called a vertex. Denote by E? the set of
non-oriented edges of the lattice Z<:

E? = {{v,w)] v,w € Z4, v —w|; =1},

where |u|; = Z?:l |u;| for u € Z%. We say that v and w are adjacent if [v — w|; = 1. With a
slight abuse of notation, an edge e = (v, w) is considered as a subset of Z¢ such as e = {v,w}. We
assign a non-negative random variable 7. on each edge e. Assume that the collection 7 = {7¢}.cga
is independent and identically distributed with common distribution F. Let (Q,F,P) be the
probability space and denote by E the expectation. A path T' is a finite sequence (xg, - ,x;) of
7% such that for any 1 < i <[, z; and z;_; are adjacent. If zg = v and x; = w for a path
I'=(xg, -+ ,x), we write I : v — w and then T is said to be a path from v to w. It is sometimes
convenient to regard a path T' = (zg, - -+ , ;) as a sequence of edges such as ((zg, 1), - {(zj_1,21)).
Thus we will use the convention with some abuse of notation.
Given a finite path I', we define the passage time of I as

tr) =Y 7

ecl’

Date: December 3, 2018.
2010 Mathematics Subject Classification. Primary 60K37; secondary 60K35; 82A51; 82D30.
Key words and phrases. random environment, first passage percolation, maximal edge-traversal time.

1



2 SHUTA NAKAJIMA

Given two vertices v, w € Z%, we define the first passage time from v to w by
t(v,w) = _inf T,
Tv—w

where the infimum is take over all paths from v to w. We say that I : v — w is an optimal path if
t(T') = t(v,w). Denote by O(v, w) the set of optimal paths from v to w:

O(v,w) ={T : v = w| ¢(T) = t(v,w)}.

It is easy to see that t : Z¢ x Z¢ — R>¢ is pseudometric. Hence optimal paths are sometimes called
geodesics. Given a path I', we set the mazimal weight of I as

M(T') = max 7.
eel

An edge e is said to be a maximal edge for IT" if e belongs to I' and it attains the maximal weight
of I'. In this paper, we investigate the growth rate of the maximum weight of optimal paths.

1.2. Overview. Van den Berg and Kesten proved in [3] that maximal weight of optimal paths
goes to infinity as the endpoint goes to infinity if the distribution F' is unbounded, as a special case
of more general theorem. Then the problem of the speed of the divergence is natural to consider
and appears in [1] as Open problem 2.

Since the formulation of our results will be a bit complicated, we state some illustrative conse-
quence first when the distribution is continuous, i.e., P(7. = a) = 0 for any a € R. (See Thoerem 1
and Remark 1.) If 1 — F(t) = exp{—t""°(M} with > 0 for any sufficiently large ¢ € R, then for
any = € Z%, the following occurs with high probability: for any optimal path I' from 0 to ,

oglal) Wit r <d—1
(log |z[1) , :
. = og|x|1)d td—1<r<
(1.1) M(D) = { (log |z|)a oM, ifd—1 d,
(log ||y )=o), ifd<r.

It should be noted that if, in addition, we remove o(1) in the above assumptions, we get the same
results without o(1) except when r =d or r =d — 1. And, if 51t7* <1 — F(t) < Bot~ for any
sufficiently large ¢ > 0 with some constants « > 2 and 1, 82 > 0, then the order becomes

log |x

M(r) = osleh

log log |1

These transitions itself are interesting and closely related to that of the large deviation of the first
passage time [2].

In the proofs, one can see that different geometric pictures around the maximal edge appear. It
would be interesting if there is a transition of some quantity about the configurations around the
maximal edge, such as the average weight around the maximal edge.

1.3. Main results. We only consider the optimal paths from 0 to Nej, though all of the results
also hold for any direction. For the sake of the simplicity, we write Oy = O(0, Ney). We set

far(N) as

(log N)(loglog N)~1 ifr=0

(logN)lir ifo<r<d—1
(1.2) far(N) = (logN)f(loglogN) %fr =d—1

(log N)d, ifd—1<r<d

(log N)a(loglog N)~a, ifr=d

(log N7, ifd<r.

First we state the upper bound for maximal weight.
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Theorem 1. Let d > 2. Suppose that there exist constants r € (0,00), b, b > 0 such that for
t>0,
(1.3) P(r, > t) < e,

and F(0) < p.(d). Then, there exists a positive constant C such that
i I < =1.
A}gnOO]P (FHE%);;V M) < Cfd,r(N))

Theorem 2. Let d > 2. Suppose that ET2 < oo and F(0) < p.(d). Then, there exists a positive
constant C' such that

lim P <max M(T) < Cfd,o(N)> =1

N—o00 I'eOn

Next we move on to the lower bound. Let us restrict our attention to the following useful
distributions, which is introduced in [3]. Note that if F' is continuous, then F is useful.

Definition 1. Given a distribution F with supp(F) (= support of F) C [0,00), let F~ be the
infimum of the support. We say that F is useful if either holds:
(1) F~ =0 and F(0) < p(d) or (2) F~ >0 and F(F™) < p.(d),

where p.(d) and p.(d) stand for the critical probabilities for d dimensional percolation and oriented
percolation model, respectively.
Theorem 3. Let d > 2. Suppose that the following three hold:

(i) F is useful,

(i) for any positive integer m, E[7'] < oo,

(iil) there exist r € (0,00), a, B,k > 0 and v > 1 such that for any t > &,

P(t < 7. < ~t) > Be .

Then, there exists a positive constant ¢ such that

lim P ( min M(T) > cfd,r(N)) = 1.

N— o0 I'eOn

Remark 1. Let us comment how to deduce the lower bound of (1.1). We now consider a weaker
assumption that v depends on ¢ such that v = t° with 6 > 0. Essentially the same proof yields
the following result: for any e > 0, there exists 6 > 0 such that under the above condition (i)-(iii)
with v = ¢9,

i 1 > . 1—e = 1.
ngnoo P (re%lﬁ}v M) > cfar(N) ) 1

Note that if 1 — F(t) = exp (—t"1°(1), then it is easy to check that for any § > 0,

_¢rtoe(1)
)

P(t <7, <t'H0) >e

for sufficiently large ¢ and that the other conditions hold. Therefore, the lower bound of (1.1)
follows.
Theorem 4. Let d > 2. Suppose that the following three hold:

(i) F is useful,

(i) E[r2] < oo,

iii) there exist o, B,k > 0 and v > 1 such that for any t > k,
Y Y

P(t < 7. <t) > Bt

Then, there exists a positive constant ¢ such that

N—oo TeOn

lim P < min M(T) > cfd@(N)) =1.
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Remark 2. If we consider a Box-to-Box first passage time ¢(D(0), D(Ne;)) where D(z) = x +
[~Ly,Ly]? for 2 € R and Ly will be specified below, instead of #(0, Ne;) and the maximal
weight of corresponding optimal paths, the above four results hold not only in probability, but
with probability one. More precisely, the following results hold:

Proposition 1. Let Ly =log N. Under the condition of Theorem 1, the following happens with
probability one: there exists a positive constant C such that for any N € N,

(1.4) M(mn) < Cfar(N).

max
7N €O(D(0),D(Ney))
If only we assume the condition of Theorem 2, (1.4) holds with r = 0.

Proposition 2. Take a positive constant k and set Ly = (log N)'**. Under the condition of
Theorem 3, the following happens with probability one: there ezists a positive constant ¢ such that
for any N € N,

1.5 M y o
(1.5) N €0(D(0) D(Ne1)) (mn) > cfar(N)

If we assume the condition of Theorem 4 instead, (1.5) holds with r = 0.
Remark 4 and 5 explain the necessary modifications to show the almost surely results.

Remark 3. In order to get the exact order of the growth of the maximal weight, in general, we
need the assumption of the distribution such as 1 — F(¢t) ~ exp{—f(t)}, where f(¢) is regularly
varying function, as we do for an extreme value problem of independent and identical distributed
random variables. Therefore, our assumption on distributions is natural one.

1.4. Notation and terminology. This subsection introduces useful notations and terminologies
for the proof.

e Given two vertices v,w € Z% and a subset D C Z%, we set the restricted first passage time
as

tD (Uv ’LU) = FHleD t(r)7

where the infimum is over all paths I' from v to w and I' C D. If such a path does not
exist, we set the infinity instead.

e We use ¢ and C for positive constants. They may change from line to line. Typically, c is
used for a small constant and C' for a large one.

e [] is a floor function, i.e. [z] is the greatest integer less than or equal to x.

e Given z,y € R? denote by dp(-,-) the p-norm. We only use p =1 or p = oo in this article.
It is useful to extend the definition as

dy(A, B) = inf{d,(z,y)| x € A, y € B} for A,B C R%

When A = {z}, we write d,(z, B).

e Given a set D of Z%, let us define the inner boundary of D as 9D = {v € Z%| v €
D and 3w ¢ D such that |[v — w|; = 1}. We define +(D) = D\0D.

e Given another configuration 7* = {7*}.cgae, we denote the corresponding first passage
time and the set of optimal paths by t*(v,w) and O*(v,w), respectively. Define £(v,w)
and Oy similarly for another configuration 7 = {Te}eerd

e Given a set D C Z% and z,y € D, we write & ~p y if there exists a path from a to b

which lies only on D. Let us denote the connected component of D containing of a as
Conn(z,D) ={y € D| = ~p y}.

1.5. Reader’s guide.

For the proof of the upper bound, to each edge, we will consider a condition, where if the edge
has a large weight and a path passes through it, then one can make a detour from this path to
get a smaller passage time. Then we will check that all edges related to optimal paths satisfy
this condition with high probability, and thus optimal paths do not have too large weights. This
condition appears in Lemma 2. The easiest case for the upper bound is r = 1 and proved in
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Subsection 2.1.

For the proof of the lower bound, we will use the resampling argument introduced in [3]. Then
we resample the local configurations to make the optimal paths pass through this region and take
a sufficiently large weight. (See the conditions A;—Ajs in Definitions 6, 8, 9 and Propositions 5,
7, 10.) It needs the detailed information of optimal paths near the maximal edge, which heavily
depends on the tail of distributions. The easiest case for the lower bound is 0 < r < d — 1 and
proved in Subsection 3.1 and 3.2.

2. PROOF FOR THE UPPER BOUND

2.1. Upper bound for r < 1. Given an edge e = (v,w), we define v, € e such that |v.]; =
min{|v|1, |wl1} (such v, is uniquely determined) and denote the k—th boundary and the set of its

edges by C’,ie) and C’,Ee) (See Figure 1):

C,ie) ={2€Z%: |v.— 2|00 = k},

C',(:) ={(z,y) 1 z,y € C,(:) and |z —y|; = 1}.

Note that C’,ge) N C’,(Cf) = if k # k' and each face is the square with size 2k + 1 and the dimension
d — 1. Thus there exists C(d) > 0 which depends only on the dimension d such that

(2.1) v ez ve ) < i
In fact we can take C(d) = 49d since §{v € Z| v € C,(f)} < 2d(2k + 1)4-1.

Definition 2. We say that e is good if there exists 1 < k < fq,.(N) such that for any v,w € C,ge),

t o (v,w) <2M fq . (N),

ct®
where M will be chosen later.

It will be proved in Lemma 2 that for any path I', if e € I and 7. > 2M fq (), the goodness
of e van make I'" detour with a smaller passage time.

First, we prove the case r = 1. Then f;,(N) = y/logN and there exists o > 0 such that
Ee®™ < oo. In this case, we take
(2.2) M = a ' max{8d, 8d* log Ee®™ 2a}.

Given two vertices v, w € C,(:), we take a path 7Y : v — w lying on C,ie) whose length is at most
4d?f4,.(N) = 4d?\/log N. To calculate the probability that e is good, fix v,w € C’,(:). Then by

cl®
o
oy
e | TN € OptN
| O
0
FIGURE 1

Left: The figure of C,(:) and C’,(:).
Right: We make a better path from the original one.
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(2.2), we have

P Z Ty > My/log N | < exp(—aM+/logN) H Ee*™

neYy neyy

(2.3)
< exp (—aM+/log N) (IE]eC”e)Ald2 Vieg N
< exp (—aM+/log N/2).

Note that if k # k', {7e} @ and {7e} .5 are independent. It follows that by (2.1) and (2.2),
k k!
for sufficiently large NN,

P (e is not good) < H P | there exist v, w € C,ge) such that Z Ty > M+/log N

k<yTog N e
2.4
= < II c@?dogny*? max P > 7> My/log N
k<vTog N v weC,” neyw
Viog N
< (exp (—%M logN)> < N—24,

Next, we define the following boxes.

Definition 3. Given K > 0, we define

By = [-KN,KN]*nz,
D(0) = [=M?f4r(N), M? fa,(N)]* N Z°,

D(Nej) = (Ney + [-M?fy . (N), M2 f4,.(N)%) Nz

Lemma 1. Suppose Et2 < oo and F(0) < p.(d). Then there exist C, K > 0 such that for any
N e N,

(2.5) P U #n | n(Brn)#0 | <ON

TN EON

Proof. From Proposition 5.8 in [6], there exist Cy,Cq, C5 > 0 such that for any r > 0
(2.6) P (3 self avoiding path I' from 0 with [I'| > r and ¢(T") < Cir) < Cyexp (—C3r).

We take Ky > 2E[r.]/Cy. Then for any s > K,

P (3" € Oy such that |T'| > sN)
(2.7) <P (3r € Oy such that [T'| > sN and ¢(0, Ne;) < C1sN) + P (¢(0, Ney) > C1sN)
< Cyexp(—C3sN) +P(t(0,Ney) > C1sN).

where we have used (2.6) in the second inequality. Now we consider 2d disjoint paths {r;}??; from
0 to Ne; so that

max{|r;|]|i=1,---,2d} <N +8
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as in [6, p 135]. By the Chebyshev inequality, we have that there exists Cy = Cy(d, F,C1) > 0
such that

-y

P (¢(0, Ney) > C1sN) < | | P(¢t(r;) > C1sN)

@
I
-

2d
(28) < [[P (It(r:) — Elt(rs)]| > C15N/2)
2d
< [T ((CasN/2)72(N + B)E[7Z])
< C748_4dl\f_2d.

Thus we have for s > Ky,
P (Irn € Op such that |7rx| > sN) < 20, s 4 N—24,

Let K = 2K;. Then since (UerecoN 7rN) N (Bgn)¢ # 0 implies max, coy fmy > N2,

(2.9) P (J #vn(Ben)#0) <27+ cN2

TN EOQON

We take K > 0 as in Lemma 1. We define three events as
Ay = {Ve € E? with e N Bgn # 0, e is good},
(2.10) Ay ={Vry € On, mn C Brn},
As = {Ve € E? with e N (D(0) U D(Ney)) # 0, 7o < M+/log N'}.
Then by the union bound, we have

]P(Al NAsN Ag)
3
1 B
=1

>1-2d(2KN)*- N724 — CN~2% — 2d4(D(0) U D(Ney))b' exp (—b(M+/log N))
>1— (294K + C)N~% — 2dM (log N)le=oMVlos N,

(2.11)

and limy 00 P(41 N A2 N A3) = 1. Combining it with the following lemma, we complete the proof
of the case r = 1.

Lemma 2. On the event Ay N As N Az, for any optimal path 1y € On and any edge e € Ty,

Te < M+/log N.

Proof. Take an arbitrary optimal path 7y and write 7xy = {z1,---,2zx}. Suppose that there
exists 1 <t < K — 1 such that 74, .,y > MylogN. We set e = (w4, 2441). Let xp,, and
x; be the first and final intersecting point between 7y and C,ge): m = inf{s| x5 € C’]ie)} and
I =sup{s: zs € C,ge)}. Since e is good, there exists k < y/log N such that for any v, w € C’,ie),
there exists a path £: v — w on C,ie) such that

> 7 < My/logN.

nel

We take such a k. Then due to the definition of Az, e N (D(0) U D(Ney)) = @, in particular
0 <l<t<m<oo. Thus we have ¢(z,,, ;) < M+/log N, which is a contradiction. O
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Next we consider the case 0 < r < 1. Then, by (4.2) of [8], (2.3) is replaced by

(2.12) P Z Ty > Mf (N) | < e~ M far(N)"

nevy

with some constant ¢ > 0 that depends only on the distribution F'. The rest is the same as before.

Finally, suppose only E72 < oco. In this case, e is said to be good if there exists 1 < k < M fq0(N)
such that for any v, w € C,(:),
tc,l(:) (’U, w) S 8d2M2fd70(N),

We consider 2(d — 1) disjoint paths {ri}?gfl) from v to w on C’,ge) so that
max{|r;|| i =1,--,2(d — 1)} < 4d*M f4,0(N)
as in [6, p 135]. Then the Markov inequality yields that for any ¢ € {1---,2(d — 1)},

2
(2.13) P (Z Te > 4d2M2fd,0(N)> < (2d*°M? fa0(N))’E (Z(Te - ETe))

ecr; ecr;
<M fao(N)7

Thus we have

P(t o (v, w) > 4d” M f40(N)) < M 47D £y 6 (V)@=

cle

Fix an arbitrary vertex vy, € C,(:) for k € N. Then for any v,w € C,(:), t(yy) < t(ver) +t(ven)-

Thus, if there exist v,w € C,(:) such that £ (v, w) > 8d?M faq0(N), there exists w € C,(:) such
k

that 32, 7 > 4d°Mfao(N). Note that if k < Mfao(N), HCL < O(d)(M f40(N))?L. As in

the proof of (2.4), if M is sufficiently large, we have

(2.14)

P (e is not good) < H P | there exists w € C{”) such that Z 7y > 4d° M2 f40(N)
k<M a0 neve,

< ] C@?(Mfao(N)*—1 max P| Y 7, > 4d> M f40(N)

k<M fao weclge) e,
< fao(N)~@=DMlfao(N)]
< N—Qd.
Recall that D(0) = [—M2fy0(N), M2f40(N)]4 N Z% and D(Ney) = Nej + D(0). If there exist

an optimal path 7y and an edge e € my N D(0) such that 7. > 4d*M* f;0(N), then there exists
v € dD(0) such that t(0,v) > 4d>M* f;0(N). On the other hand, as in (2.14), we obtain

P (3v € D(0) such that t(0,v) > 4d*M* f40(N)) < 4d*(4M? f4,0(N))* ! fa0(N) 2%,
A similar result holds for D(Ne;). We define
Al = {Vv € dD(0), t(0,v) < 4d*M* f10(N) and Yv € D(Ney), t(v, Ney) < 4d*M* f40(N)}.

It follows that P(A5) — 1 as N — oco. Then with A; N Ay N A%, Lemma 2 and (2.11) hold by the
similar argument of the previous proofs and thus the proof is completed.

Remark 4. Let us comment on how to prove Proposition 1. Then we replace Ay N A N A3 by
A; N As. Indeed, Lemma 2 can be proved by the exactly same argument. Moreover, (2.11) yields
that P(4;1 N Ag) > 1 — CN~% and the Borel-Cantelli lemma leads us to the conclusion.
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2.2. Upper bound for r > 1. When r > d, the upper bound is rather trivial, since P(A5) — 0
and for sufficiently large M,
P ( 3e € E* such that e C [-KN,KN] and 7. > M fy,(N)) < N2,
where K is in Lemma 1.
Next, we will show the upper bound when 1 < r < d. Note that in the above argument, the
estimates of P(e is not good) rely on simple (sub-)exponential large deviation bounds for fixed

paths, see (2.3)—(2.4) for example. It turns out that when 1 < r < d we need the following
super-exponential tail estimates on the passage time.

Proposition 3. Let d > 1. Suppose that the condition of Theorem 1 holds with v > 1. For any
My > 0 there exists My > 0 such that for any L >1,0< L; < 2L+ 1 and v,w € [0, L1]%,

(2.15) P (to, 1,74 (v, w) > MyL) < exp (—g(r,d, L, L1) M),
where
L ifl<r<d
o ifr=d
(2.16) g(r,d, L, L) = { (og L)~
L ifre(d,d+1)

LAY ifr=d+1.

A similar result for » > d > 2 or r = d = 2 were proved in [2] and the above is a kind of
generalization of their results. This will be proved in the next subsection.

We apply the above proposition with the dimension d — 1 because each face of C,(:) has the
dimension d — 1. Assuming this proposition, we first complete the proof. We take sufficiently large
M; > 0 and My so that Proposition 3 holds. By (2.1), with some constant C(d), we have

P (Elv, w e C,ie) such that ¢ (v,w) > MQfdm(N))
k

(2.17) <Ok sup P (tcff) (v,w) > MZfd,'r'(N)) .

v,wGCl(:‘)

To bound the supremum above, fix v,w € C,ie). Considering a shortest path from v to w, one
can see that there exist v(0) = v,v(1),--- ,v(l) = w € C’,ie) with some [ < 2d such that for any
1 <i <1 v(i) and v(i — 1) are on the same face of C’,ge) and for any 1 <7 <1 —1, v(4) lies on
at least two faces. Let W; be the face which contains v(i) and v(i — 1). Since each face of C’,ge) is
congruent with [0,2k + 1]4=1, Proposition 3 with L = [f4,(N)] and Ly = 2k + 1 leads to

P (tcl@ (v, w) > 2d Mo fdJ(N))
(2.18) <P (1 <3 <1 such that tw, (v(i —1),0(i)) > Mafg,(N))
<2dexp(—g(r,d — 1, far(N), k)M).

An edge e is said to be good if there exists 1 < k < fg,.(N) such that for any v,w € C’,ie),
toe (v,w) < 2dMs fa,-(N). Then for any sufficiently large N € N,
k

P (e is not good) < H P (Hv,w € C’,(Ce) such that , ) (v, w) > Mfd’T(N))
1K< a0 (N) '
(fa,r(N)]

< (2dC(d)* far(NP*HterNMexp | = [ g(d—1, far(N), k)M,
k=1

(2.19)

—2d
< N7,
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where when r = d, we have used the following fact:

[fa,r(N)] 1
— loglog V.
k 2 loglog

\ —

The rest is the same as before.

2.3. Large deviation bound for the first passage time. In (2.4) and (2.12) for r < 1, in order
to estimate P(t[y 4 (v, w) < M fq,(N)), we followed the strategy to consider a path 72 on [0, k]
and use the large deviation bound for . yw Ter The same strategy would prove exp{—cL} bound
instead of Proposition 3 but it is not sufficient for our purpose. To make the estimate sharper, we
need to take into account that t g« (v, w) is the infimum taken over many paths. To this end, we
will construct the tree-like structure, which is similar to the so-called Generalized Random Energy
Model, from the FPP and then we apply the arguments in [2]. This construction will be done in
(2.20).

We start with the large deviation bound for e; direction. For k € N and v, w € Z%, we set

(v, w0) = tjo pyx [0,k /2001 (U, W).

Proposition 4. Let d > 1 and r € (1,d + 1]. Suppose that the condition of Theorem 1 holds. For
any My > 0 there exists Ms > 0 such that for any m < 2L+ 1 €N,

P(™(0,me1) > MyL) < exp (—g(r,d, L,m)My).
Proof. If m < 12d, by considering the straight line from 0 to me;, we have
P(™(0,me1) > MoL) < 12dP(7. > M2L/(12d)),

and in this case, it is trivial. Let 12d < m and n = [log, (m/6d)]. Our first goal is to define the
following family of the set of edges:

(220) {Eil’m ’i.f’j}il’_,, ,i;€{0,1}9-11<j<n and EO’O

which satisfies the following conditions:

(B-1) Zrtid 0 hnd = @ unless j = jiand iy =iy, iy =1

(E2) Forany 1 < j <n,ec =4 e C[0,m/3] x [0,m/2]¢!

(E-3) #{e € Zhriiid} < 2iFd+L

(E-4) For any iy,--- ,i, € {0,1}7, there exists a path from 0 to (d2"+', 37" 2"77%14;), which
is a subset of Uj<;<, 24 UELY,

To construct this, for any v = (v, -+ ,v4) € N, we define the sequence v(i) for i € {0,1,---,}
as follows: let v(0) = v. When i < 22?:2 vj, we take k < d so that 22; G5 <1< 2Zj 1505

and let
i—QZI’L v
v(i) = <v1 +[(i+1)/2],2vq, -, 20k, Vg1 + Q%H] S Ukao, ,vd> .

0.0

=0,0.2

=1,0.2

=1,1,2

FIGURE 2
A schematic picture of = and v used in the proof of Proposition 4.
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When 2 2?22 v; <, let v(i) = (v1 +i— 2?22 v}, 202, -+ ,2v4). Given a vertex v € Z%, we define
d
B0 = ¢ (wy,wa) | wi,wy € v+ Y aje;|a; €{0,1} 5, lwy —waly =1 ¢,
j=2

and for 1 <k €N,

=vk = fw(i),v(i+ 1)) i € {1,2, - } with v(i + 1) € [0,d2¥] x Z41} U= @).0,
where ¢*(v) = max{¢ € N| v({) € [0,d2¥+1] x Z4~1}. Then we define
E(ko 1 Zk 2k75is),k.

=i, ik k

Note that = has the hierarchical structure, and

(2.21) gt sink| < ghtdtl apq (200] < ¢+,

Moreover, Z is our suitable object.

Lemma 3. {247}, i and 2°0 satisfies the above four conditions.
The proof is postponed by Appendix.

Lemma 4. Let {X;}ien be independent and have identical distribution F'. There exist C1,Cs >0
such that for any L € N and t > C}.

L
P <Z X; > Lt) < exp (—Cyt"L).

i=1
Proof. The proof is based on the Chernoff bound. For any A > 0,

L

P (Z X; > Lt> < exp (=ML)Efexp (A X1)]F

(2.22) i=1 )
< exp (—=AtL) {/0 b’ Xexp (A\s) exp (—bsT)ds} .

By Young’s inequality, we have

(2.23)

It follows from the fact Aexp (C’)\T/(T D) < exp (CA/=1) with some C’ > 0 independent of A
that

Xexp (As) exp (—bs") < exp (CX/=Y — ps7 /2).
Thus, (2.22) is further bounded from above by

(2.24) Ol exp (=MtL) exp (CLA/ ("),

Since A > 0 is arbitrary, we take the infimum over A\ > 0. Since —ALt + CLX"/("=1) is taken the
r—1 _

infimum at A = t(%l) , which equals —Lr—" (%)T ! t", we have that there exists Cy > 0

such that for sufficiently large ¢t > 0,

L
P <Z X; > Lt) < Ctexp (iIAlf(—)\Lt + LA/ (DY)

i=1

(2.25) _1\"!
=Clexp | —Lr (r c 1) t"

< exp (—CyLt").
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Let

Vo = Z 7. and V), = Z Z Te.

ec=0,0 i1, i, €{0,1}9-1 ecEi1> " oik

The following lemmas correspond to Lemmas 3.3 and 3.4 in [2], respectively.

Lemma 5. There exist C, My > 0 such that for any M > My, 0 < k <n and x > 2F,

P (v;c > M2(d_1)kx> < exp (—M (2%) 2‘““).

Proof. Applying Lemma 4 with L = 29+3+1 and t = Ma /2441 we have

2dk+d+1

Pl Xz M2k | <exp (—Cpa @ (1) o),

i=1
Because of the condition (Z-3) of (2% +%) and P (7, > 0) = 1, the proof is completed. O
Lemma 6. there exists Ms > 0 such that for any M > Mo,
P (Z 9~ (d=Dky, > 2ML> < exp (—g(r,d, L,m)M).
k=0

Proof. Let Wy, = V2= W=Dk poany. I S0 Wi < ML, then by 2"+ = m/3d < L, we have

zn: 9~ (d=Dky, < zn:(Wk + M2F)

(2.26) k=0 k=0
< ML+ M2"+!

<2ML.
Therefore, Y ,_, 2~ @~VFV, > 2M L implies > )_, Wi > M L. Thus, for any A > 0,

P (Z o-(d=Dky, > 2ML> <P (Z W, > ML)

k=0 k=0

(2.27) < exp (=AM L) [ ] Elexp (AWy,)]
k=0

<exp(-AML) [] A / exp (At — Mt"20d=k) gy
k=0 “0
where we have used Lemma 5 in the last inequality. Since there exist C, Co > 0 such that for any

t>0,

ro(d—r)k
\ o Mt 2l < CyAT/ (=D g=(d=r)k/(r=1)

and
(2.28) | exp-aaera@ i < 2 [ e (e p2) < 2,
0 0

it is further bounded from above by

27/ X exp (AML + ON DN g (A= <T1>>

k=0
(2:29) Cexp (Cn?)exp (—AML + CX"/(r=1) if r < d,
< < Cexp (Cn?)exp (—/\ML + C)\T/(T_l)n) if r=d,

Cexp (Cn?)exp (—AML + CA/(r=H2=(d=nn/(r=1)) if r € (d,d + 1].
Taking the infimum over A > 0, by 2" < m < k < 2L + 1, we have
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22 (d=Dky, > 2ML>
k=0

(2.30) exp (Cn?) exp (—M —1)/C)"~1L") if r <d,
exp (Cn?) exp (~M"r~"((r — 1)/C)""*L"n'"") if r =d,
eXp( Hexp (~M"r7"((r — 1)/C)r—1Lm2W=In)if r € (d,d + 1],
g(r,d, Lym)M).

0

Let Z be a uniformly distributed random variable on ({0,1}¢71)" and independent of 7. We
write Z = (21, , 2,) and denote the probability and expectation with respect to Z by P and E.
The following lemma corresponds to Corollary 3.2 in [2].

Lemma 7.

P(Vy+ Z Z T, > 10271:2—@—1)% < % P-a.s.

k=1ee=1, 2k k k=0

Proof. Since E (Vo4 D ry S eemmn ok Te] = Dopo2 —(@=Dky, by Markov inequality, we have
that for any R > 0,

(VO+Z Z Te>R§n:2_(d_1)ka>

k=1ecZE?1" k=0

(2.31) n
<|RY 27“VRMVL ) E (Vo + Z Z Te
k=0 k=1e€E=1+
<1/R.
Thus, taking R = 10, the claim holds. O

Let G, = {3/, 2" 7*h] 4; € {0,1}471, § = 1,--- ,n} C Z%¥ 1. We write (vy,0) =
(v1,v2,- - ,vq). Then, the above lemma yields that

P (ﬁ{v € G| (0, (d2",5) < 20M L} < 1902((1—1)n)

s d— 1 n (d 1)n
<P [#{ (i1, ,in) € ({0,1} |V+Z Z Te<20ML <10
(2.32) k=1 cemit-

where we have used the condition (£—4) in the first inequality, Lemma 7 in the second inequality
and Lemma 6 in the last inequality. Similarly,

(2.33) P (ﬂ{v € G| t™((m — d2™,7), me;) < 2M2L} < 1%2@“)”) < exp (—g(r,d, L,m)M).

Let v5 be a straight path from (d2",v) to (m — d2", ), i.e.

ve = {(k+d2",0)| k=0,--- ,m—d2""'}.
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Then for sufficiently large M, with C5 in Lemma 4, it follows that
P (£™(0,me;) > 10M*L)

<P (ﬁ{@ € Gn| t(ys) < 2M°L} < ;2“‘””) +2exp (—g(r,d, L,m)M)

%2(d—1)n
5

(2.34) < 21¢:(P (t(y,) > 2M>2L)) +2exp (—g(r,d, L,m)M)

n(d—1)
<2?

4
exp (—BCQ(QMZL/m)TmQ(dl)") +2exp (—g(r,d, L,m)M)
< 3 €xXp (_g(T, da La m)M)’
where we have applied Lemma 4 in the third inequality, and the proof is completed. O

Proof of Proposition 3. Let v(0) = v and v(i) = (w1, ,W;, Viy1,Vit2, " * ,Vq). Then we have
d

(2.35) P (t,1,) (v, w) > dMyL) <Y Pltpg 4 (v(i — 1), 0(4)) > MaL).

i=1
We first consider ¢ = 1. Let m = |v; —w;| = |v(1) —v(0)|;. Without loss of generality, we suppose
that v1 < w; and v + [0,m] x [0,m/2]¢ C [0, L1]¢. Then from Proposition 4,
yasy Floas(0(0),0(1) > MaL) < B (0,04 mey) > MaL)
( ' ) Sexp(_g(radaLvm)Ml) SeXp(-g(?”,d,L,Ll)Ml).

Considering the rotation, other cases can be treated the same way and we have

(2.37) P (to,r,ye(v,w) > dMaL) < dexp (—g(r,d, L, L1)My).

3. PROOF FOR THE LOWER BOUND

3.1. From the means to the lower bound. Suppose that the condition of Theorem 3 holds.
We take 7, such that if 7. < ¢fq,(N) — 1, 7= = 7. and otherwise, 7. = 7. + 1. The following
statement will be proved in the next subsections.

Lemma 8. For any 6 > 0, there exists ¢ > 0 such that

(3.1) E| min #{e € mn| 7o > cfar(N)}| > N2,
TnEON
Since
t(0, Ney) > t(0, Ney) + min #{e € nn| e > cfar(N)},
mn€EON
this lemma yields
(3.2) Et(0, Ne;) + cN' =% < Ei(0, Ney).

We introduce the following concentration inequality.
Lemma 9. Suppose ET2 < co. There exists C > 0 such that for any sufficiently large N,
(3.3) P (|t(0, Ney) — Et(0, Ney)| > N1=20) < N~(1749),

(3.4) P (|i(0, Ney) — Ei(0, Ney)| > N1-20) < N—(1-49),

Proof. The proof of this lemma follows from Theorem 3.1 in [1] which was first proved in [7].
Indeed, since Er2, E72 < C with some constant C € (0, 00) independent of N, Theorem 3.1 in [1]
shows that

(35) IE[(t(O, Nel) - Et(O, Nel))Q] < CN7

(3.6) E[(£(0, Ne;) — E£(0, Ne;))?] < ON,
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with some constant C' > 0. Then, we have
P (|t(0, Ne1) — Et(0, Ney)| > N'=2%) < N=20-20E[(+(0, Ne;) — Et(0, Ney))?]
(3.7)
< CN—(1—46)7

which yields (3.3). The same argument proves (3.4). O

If 6 > 0 is sufficiently small, by (3.2), this lemma leads us to
P (t(0, Ney) = (0, Ney))
(3.8) <P ([t(0,Ne1) — Et(0, Ne;)| > N'=2°) + P (|{(0, Ne;) — E£(0, Ney)| > N'~29)
< 20N/,
Since ming, M(7y) < c¢fa,(N) — 1 implies ¢(0, Ne;) = £(0, Ne; ), we have Theorem 3. Similarly

under the condition of Theorem 4, (3.1) holds with » = 0 (see subsection 3.3). This yields Theorem
4 by the same argument as above.

Remark 5. Let us comment on how to prove Proposition 1. The proofs of (3.1) can be applied
in this case and Theorem 2 in [9] yields the better concentration bounds:

Lemma 10. Suppose E[12] < co. Then for any m and § < 1/4, there exists Ny such that for any
N > NO;

(3.9) P (|¢(D(0), D(Ne1)) — E¢(D(0), D(Ney))| > N'=%) <N 7™,
(3.10) P (|{(D(0), D(Ney)) — E{(D(0), D(Ney))| > N'72) < N—™.

Combining with the previous arguments and the Borel-Cantelli lemma, we have the desired
conclusion.

3.2. Lower bound for 0 < r < d—1 or r = 1. Our goal is to prove (3.1). The proof is based on
the argument in [3], but the choice of box size and configurations inside of the box are considerably
more complicated. The following lemma appears in Lemma 5.5 in [3].

Lemma 11. There exist 61, > 0 and K > 0 such that for any v,w € Z2,
P (t(v,w) < (F~ +d11)|v — wly) < e Klv=vl,

We fix 4117 > 0 which satisfies Lemma 11. Note that Lemma 11 also holds with 7 since 7. > 7.
Remark that the usefulness of F' is used only in Lemma 11 to prove (3.1). Since 7 satisfies the
condition of Theorem 3 with the same r and some new constants instead of «, g, -+, which are
independent of N, it suffices to show (3.1) for 7, i.e.

(3.11) E| min #{e € x| 7e > cfar(N)}| > N0

mnEON
We take M > 0 sufficiently large and sufficiently small positive number s > 0 to be chosen later.
Set n = [far(N)] and n1 = [sfar(N)], where [] is a floor function. We define three kinds of
box whose notation are the same as in [3] (see Figure 3). First, define the hypercubes S(I;n), for
1 €7 by

Slin)={vez:nl; <v; <n(l; +1), 1 <i<d}.
We call these hypercubes n-cubes. Second, we define the large n—cubes T'(I;n), for | € Z¢, by
T(n)={veZ :nlj —n<v; <n(l; +2), 1 <i<d}.

Finally, we define the n-boxes B7(I;n), for [ € Z% and j € {£1,--- ,£d}, as

Bi(l;n) = T(1;m) N T + 2sgn(j)ey s ),

and its inner boundary 9B’ (l;n) as
OB’ (I;n) = {v € B?(l;n)| there exists w ¢ B’(l;n) such that [v —w|; = 1}.
Note that S(I;n) C T(I;n) and B7(l;n) is a closed box of size 3n X -+ x 3n X n X 3n--- x 3n. Let
DI(I;n) = {v € BI(l;n)| doo(v, B (I;n)°) > ny, v € 12},
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C/(l;n) = {v+ke;| v+ ke; € B'(in), k€ Z, i €{l,-- ,d},ve D/ (n)}.
CI(l;n) = {{v,w)| v,w € C¥(I;n), |v —w|; = 1}.
Definition 4. An n-box B’ (I,n) is black if the following two hold:

(Black—1) For any v,w € B’ (I;n) with v —w|; > n,
t(v,w) > (F~ + 011)|v — wly,
where 11 > 0 is the constant in Lemma 11.
(Black-2) For any v € OB (l;n), there exist w € CI(I,n) N OB’ (I;n) and a path 7 from v to w
such that |v — w|; < 2dny, t(r) < Mny and 7 passes only on OB (l;n).
An n-cube S(l,n) is said to be black if each of its surrounding n-bozes is black.

We change configurations inside B’(I;n) so that the optimal path passes through C7(I;n) with
small passage times. Note that |C7(l;n)| < C(s)fa(N) with some constant C(s) which depends
only on s and d.

Lemma 12. If we take M sufficiently large,
P (B?(l;n) is black ) — 1 as n — oo.
Proof. By Lemma 11,
P(B?(I;n) does not satisfy (Black-1))
(3.12) < 2d4 B (I;n)? max{P(t(v,w) < (F~ + 8)|v — w|y)| v,w € B/ (I;n), |[v—w|; > n}
< 2d(3n)*? exp (—Kn),

and thus (Black—1) holds with high probability. Since E[r?] < oo, there exists C' > 0 such that
for any v € 9B, there exists w € dB7(I;n) N CY(l;n) such that |v — w|; < 2dn; and by the same

argument of the proof of Theorem 2, P (taBj(l;n)(U, w) > 4dn1ET€) < Can(dfl). Note that there
exists C(s) > 0 such that §{0B7(I;n)NCY(l;n)] < C(s). Therefore, by the union bound, (Black-2)
also holds with high probability. O

Combining the previous lemma with a similar argument (Peierls argument) of (5.2) in [3] shows
the following lemma. We skip the details.

Bi(l;n)
Bi(l;n) - — ® Di(l;n)
oo Py | Ci(l;n)
S(l;n) .
T(l;n) s o ¢

FIGURE 3
Left: The figure of S(I;n), T7(l;n) and B’ (l;n).
right: The figure of C(I;n) and D’(I;n)
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Lemma 13. There exist €, D > 0 such that for any N € N,

eN N
—— distinct black n-cubes | < exp <—D>.
fd,r(N) ) fd,r(N)

A path which starts in S(l;n) and ends outside of T'(I;n) must have a segment which lies
entirely in one of the surrounding n-boxes, and which connects the two opposite large faces of that
n-box. This means that this path crosses the n-box in the short direction (see Figure 3). Hereafter
“crossing an n-box” means crossing in the short direction. From this and Lemma 13, we have

S eN
o 2fd,r(N) ’

P <3F € Oy wvisiting at most

E[#{distinct black n-box B’(I;n) such that 3T € Oy crossing B’ (I;n)}]

For the main step, we set
(3.13) EV(I;n) = {{v,w)| ve C¥(;n)\dB?(I;n) and w ¢ C? (1;n)\dB’(I;n)}.
It is easy to see that there exists C'(s) > 0 such that
(3.14) GO, B (1m)| < C(s) far(N).
Fix some small constant ¢ > 0 depending on s.

Definition 5. An n-box B’(l;n) is said to be good if for any mn € Qy, there exists e € my such
that both vertices of e are in BI(l;n) and 7o > cfqr(N).

Definition 6. We say that the collection 7 = {Tc}ocpa Satisfies Aj—condition if

cfir(N) < 7o < yefar(N) when e € Ei(l;n)
Te<F~+c¢ wheneeé’j(l;n)\Ej(l;n),
where vy is in Theorem 3. If T satisfies Aj—condition, we write T € Aj.

A resampled configuration 7* = {7}}._ga is taken to be 77 = 7, if e ¢ C’(Il;n) U E?(I;n) and
independent copy of 7. if e € C7(I;n) U E7(I;n). We enlarge the probability space so that it can
measure the event both for 7 and 7* and we still denote the measure by P. Denote by ¢*(I') the
passage time of a path I for 7*. Let A be an event defined as

(3.15) A= {r* € A} n{B’(I;n) is black for 7} N {I7x € Oy crosses B’(l;n)}.

Proposition 5. If we take s sufficiently small depending on M and c sufficiently small depending
on s, except when 0 € B (I;n) or Ney € Bi(l;n), we can estimate of goodness of an n-box from

Bi(l;n)

BI(l;n) n
7.r*
\ N € OptN -

7N

FIGURE 4
Left: Opn crosses a n-box in the short direction.
Right: How to construct a new path from Q.
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below as
P (n-boz B (l;n) is good for )
(3.16) =P (n-boz B’(I;n) is good for T*)
> P(A).
Proof. Since the equality is trivial, we will only give a proof of the inequality. Assume that the

event A occurs. We take an arbitrary optimal path 7 € QOp. To prove (3.16), it suffices to show
that

(317) t* (0, 91) < t(O,el).
In fact, since we change configurations only on Ci (I;m) and Ej(l;n), mx has to pass through

CI(I;n) U EJ(I;n) at least one time. Moreover, in order to enter C7(I;n), 7% has to pass through
EJ(I;n). Therefore B7(l;n) is good for 7*. This yields (3.16).

We construct a new path 7* from 7y to prove (3.17) as follows (see also Figure 3). Let v and w
be the first intersecting point and the last point between 7x and B (I;n), respectively. Under the
assumption that B7(I;n) is black, we take v, w; € 9B (l;n)NCY(I;n) and a path 7} : v — vy and
5wy — won dBY(l;n) such that max{t(x}), t(x5)} < Mny and max{|v—wv1|1, [w—w1 |1} < 2dn;.
Note that 7 and 7* are the same on dB7(l;n). We take a path 7% C C7(I;n) U E7(I;n) from v; to
wy such that 73 has two edges of E7(I;n) and at most |v; —w; |1 + 4n; edges of C7(I;n). Finally,
we connect TN |o—y, T}, T4, Th, TN|w— Ne, i1 this order and we construct =*. Note that since my
crosses BY(l;n), the number of edges of max{|z —y|1| z,y € 1y N B(I;n)} > n. Therefore, on the
event A,

t(v,w) > (F~ +011)(Jv —w|1 Vn)
> (F~ +611/2)|v —w|y + 611n/2,
and by |v; — w1|; < 3dn and §r5 < |v; — w1| + 4dny < |v — w|; + 8dny, we obtain
t* (7)) + t" (7)) + t*(x5) < Mny + 2y¢fa(N) + (F~ +¢)(Jv — w|y + 8dny) + Mny
< F7lv—w|; +4Mn;.
It follows that on the event A, if s is sufficiently small depending on M,
t(0,Ney) —t*(x*) > (F~ 4+ 611/2)|v — wly + 611n/2 — F~jv —w|; — 4Mn,
> 011n/4.

We take an arbitrary optimal path from 0 to Ne; for 7 and write 7}. Then, it follows that

t(0,Ney) =t(ny) > t*(x") + 011n/4 > t*(nxy) + 611n/4 =t*(0, Ney) + d11n/4.

(3.18)

(3.19)

(3.20)

O
By (3.14), if we take ¢ to be sufficiently small depending on s again, for sufficiently large NV,

- _r N IEl A
P(T* c Al) > {Befac (logN)T‘H} P(Te* < F~ —|—C)|C|

(3.21)
> N
Thus (3.16) is further bounded from below by
(3.22) NP (B(l;n) is black for 7 and 3ry € Oy crosses B (I;n)).

From this, we have

E| inf #{e € my such that 7. > cfq,(N)}

TN EON

1 . .
(3.23) > ﬁN*‘SE[ﬁ{distinct black n-box B’(l;n) such that Imy €Op crosses B’ (I;n)}]

i €N176
~4d far(N)’
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where 2d appears because of the overlap of n-boxes. Therefore the proof is completed.

3.3. Lower bound for r = 0. Let n = [sfs0(N)] and ny = [s'+24 f;(N)], and other definitions
be the same as before. Then the same arguments as in subsection 3.2 work to prove Lemma 12
and Proposition 5. Moreover since #£7(I;n) < 2d(3n/n1)*1(3n) < s'/2f40(N), if s is sufficiently
small, for any § > 0 the probability that 7* satisfies A;—condition can be bounded from below by

(3.24) P e e
loglog N Te - '

The rest is the same as before.

3.4. Lower bound for » > d—1. We take M > 0 sufficiently large and sufficiently small positive
number s > 0 depending on M > 0 specified later and define s; = s'75. Set n = [sfar(N)] and
ny = 2[s1 far(IN)]. Here we have defined n; to be even for convenience. We use the same definitions
of Ci(l;n), Ci(l;n), and D7 (I;n) as above. We change the definitions of E7(I;n) and E7(l;n) (See
Figure 5) as

Ei(l;n) = {v € C?(l;n)| 3w € C?(I;n)} such that |[v —w|; = n1/2 = [s1far(N)]},

Ei(I;n) = {(v,w)|v € B (l;n),w=v+e € Ci(l;n),ic{l---,d}}.
Given a € C7(I;n)\E7(l;n), let W, be the connected component of C7(I;n)\E?(I;n) containing a,
i.e. W, = Conn(a,C?(l;n)\E’(l;n)). We list the basic properties of W, and C7(I;n).

Lemma 14.

(i) For any a € CI(l;n)\E’(l;n) and b € W,, there exists a path ™ = (wg,--- ,x;) from a to
b which lies only on CJ(I;n)\E?(l;n) and | = |a — b|;.

(i) For any a,b € CI(I;n) with |a—b|y < n1/4, there exists a path © = (zo,- -+ , ;) from a to
b which lies only on C(I;n) and | = |a — b|;.

(iii) For any a € dB’(l;n) and b € CJ(l;n) with |a — bly < ny/4, there exists a path m =
(20, ,21) from a to b which lies only on CI(I;n) UOBI (I;n) and | = |a — b|;.

(iv) Ifla=bly < n1/4 and W, # Wy, there exists (y1,y2) € Ej(l;n) such that la—y1|1, [b—y1]1 <
n1/4+ 1 and a line L including both y1 and yo also includes both a and b.

Proof. (i) Tt is easy to see that for any connected component, namely W,, there exists © €
(Di(l;n) UABI(I;n)) N W, such that

W, C{x+kej|ie{l,---,d}, keZ}.

Bi(l;n)
BI(l;n)
® D/(l;n)
) m\ Tpy
| c (l, TL) Lqo )
Y Ei(l;n) Zqy
’ mx € Opty

/ Tar  \
Tpa

FIGURE 5
Left: The figure of C7(l;n), D/ (I;n), E4(l;n) .
Right: The figure in the proof of Proposition 10.
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This yields (i).
(ii) Fix a € C7(l;n). If there exists x € DJ(l;n) such that |a — z|; < ny/4, then since

{yeCl(l:n)| la -yl <ni/4} C {x+ke)|ie{l,---,d}, k ez},

the claim holds. Otherwise, there exists j € {1,--- ,d} such that di(a;,n1Z) > ni/4 and a; € nZ
for i # j. Since CI(I;n) C {v € Z% 35 € {1,--- ,d} such that if i # j, v; € n;Z}, we have

{y e C(L;n)] |a—yh <n1/4} C {a+ ke;| k € Z},
and since {y € C7(I;n)| |a — y|1 < n1/4} is connected, (ii) holds.
(iii),(iv) They follows from the construction of C7(I;n) directly. O

Given z € Z4, we define ¢(z) = inf{|z — y|1| vy € E/(I;n)} and given e = (z,y) € E¢, {(e) =
inf{f(z), £(y)}-

Lemma 15. There exists C(s) > 0 such that for any 0 < ¢ < 2dn;,

(3.25) t{e € B b(e) =} < C(s) (£ +1)47 1.
If € > 2dn;,
(3.26) t{e € B l(e) = ¢, e C Bi(l;n)} = 0.

Proof. Since there exists C(s) > 0 such that $E£7(I;n) < C4(s),
(327) tH{x € 29 {(x) = 0} < #{x € Z% Ty € E(I;n) such that |z — y|; = £}
< Ci(s)f{x € 27 |zl = £}
By #{z € Z4| |z|; = ¢} < d*(¢ +1)%, we have
t{x € 29 () = 0} < d?Ci(s)(L + 1)47 L.

In particular, we get #{e € E¢| l(e) = ¢} < 2d9T1C1(s)(£ 4+ 1)?71 as desired. If k > 2dny, (3.26) is
trivial due to the way of construction.
O

Definition 7. An n-box B’ (l,n) is black if the following hold:

(Black—1) For any v,w € BI(l;n) with |v —w|; > n,
t(v,w) = (F~ +611)|v — wlr.
(Black-2) For any v,w € dBI(l;n), there exists a path T from v to w such that t(r) < M(Jv —
wly V (log N)Y/847) and 7 passes only on OB (I;n).
(Black-3) For any edge e C OB (I;n), 7. < (log N)sar .

Lemma 16.
P(B?(l;n) is black ) — 1 as n — oo.

Proof. The same proof of Lemma 12 yields that (Black-1) holds with high probability. Next, we
consider (Black-2). Since ET2™ < oo with m = 2[16d?r], by the same argument of Theorem 2, for
any v,w € OB (l;n), we have

(3.28) P (taBj(lm)(v,w) > M(jv —w|y V (logN)S%)) < (logN)_S%r < (1ogN)_2d.

By 0B’ (l;n) < C(d) fa-(N)4~1 < C(d)(log N)4~! with some constant C(d) > 0, (Black—2) holds
with high probability. A simple calculation shows that (Black—3) holds with high probability. O
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Definition 8. We say that the collection T = {T.}ecpa satisfies Az—condition if

A far(N) < 1o <y far(N), ifec€ Ei(l;n)

Te < F~ + ¢, if e € CI(I;n)\E (I;n)
Te > C{é’)‘ij\{) v M2 ife C u(B(I;n)) and e ¢ CI(I;n)
7o > (log N) 2, if eNOBI (l;n) # 0, eN (B (l;n) # 0, e ¢ CI (L),

where recall that «(B) = B\OB. Then we write 7 € As.

A resampled configuration 7% = {77}, ga is taken to be 77 = 7. if e N «(BI(l;n)) = ) and
independent copy of 7. if e N ¢(B7(l;n)) # (. We define the event A as

(3.29) A= {1" € A} n{B’(l;n) is black for 7} N {3nx € QOp crosses B’ (I;n)}.
Proposition 6. For any § > 0, if s > 0 is sufficiently small depending on M and ¢ > 0 is

sufficiently small depending on s,
P(r € Ay) > N7°.

Proof. By the fact P (7. > aVb) > P (7. > a)P (7. > b) for a,b > 0,

r Bl ~ 2dn, _fefa ()T C(s)kd?!
P(re As) > (5670‘62 far(N) ) P(re <F~ + cz)ICI (1 A B)24IBI H <e N >
k=1

P (Te > M2)2d|B‘ (5efa(log N)l/(2d))2d|5B|

2dni+1

log N L(N)”

> exp (—6 (;% ) exp <—aC’(s) E CTW) exp (—4daM? n?)
k=1

> exp(—dlog N) > N9,
where we have used M?"n? < ﬁ log N if s is sufficiently small, because of r > d — 1. O
Proposition 7. When {0, Nei} N B/(I;n) = 0, if c is sufficiently small, on the event A, any
nn € Q% does not touch BI(I;n)\ (0B’ (I;n) U CI(I;n)) and passes on E7(1;n).

Proof. By the same as in the case r < d — 1, we have t(0,Ne;) > t*(0, Ne), and also any
mn € O% has to enter the inside of B/(I;n). We take an arbitrary optimal path 7% € Q%
and write 7§ = {z1,--- ,zx}. By assuming that there exists k € {1,---, K} such that z €
(B (I;n)\(0B?(I;n) UCI(l;n))), we shall derive a contradiction.

We define p = max{l < k|z; € B?(l;n)UCY(I;n)} and ¢ = min{l > k| x; € B (l;n)UC? (I;n)}.
Note that ¢ —p > 1. Set a = x4, and b = z,,. Define C(s) > 0 so that $E7(l;n) < C(s) for any
7, 0,n.

Step 1 (a,b € CJ(l;n)): First suppose that a € dB(I;n). Since mh|a—p has to pass on an edge
1/2dr

whose weight is at least (log V) at least one time and passes only on B’(l;n)\(0B(l;n) U
CY(Il;n)) except for the starting and ending points, we have
(3.30) t*(a,b) > (log N)Y @) 4 (g — b, — 1) M2,
If |a — bl; < n1/4, there also exists a path 7* : @ — b on dB?(l;n) U CY(I;n) such that
t*(r*) < M(log N)Y/®4) L Mla — b|; < t*(a,b).

On the other hand, if |a — b] > nj/4, there also exists a path 7* : @ — b on dB’(l;n) U CI(I;n)
such that

t*(m*) < M(log N)Y/ ) 1 Mla — by + C(s)c*vfar (N)
(3.31) < (log N)Y/C™) 4 (|a = bl — 1) M
< t*(a,b).
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These are all contradiction if ¢ is sufficiently small depending on s. Thus, we have a € C7(I;n).
Similarly, we get b € C7(I;n).

Step 2 (la — b|; < n1/4): Note that by the same reason of (3.30), t*(a,b) > |a — bl; M?. Take a
path 7* : a — b on CY(l;n) such that t*(7*) < (F~ + ¢®)(la — bl1 + 4n1) + C(s)yc2 far(N). It
follows that

M?a — b|; < t*(a,b)

(3.32) ! o >
= ZT<$1‘,I1‘+1> < (F +c )(|CL - b|1 + 4”1) + C(S)’)/C fd77‘(N)7
i=p

which leads to ( 2) o(s) 2 )
4(F~ +c*)ni + C(s)ve® far (N
la — by < R ny.

If we take M > 0 sufficiently large, it follows that |a — by < ny/4.

Step 3 (W, # W3): When a and b belong to the same connected component, i.e. W, = Wy, by
Lemma 14—(i), we can take a path 7* : @ — b on CY(l;n) such that

(%) < (F~ +c?)a—bl
< M?|a —b|y <t*(a,b),
which is also a contradiction. Thus W, # W,

(3.33)

Step 4 (Conclusion): It follows from Lemma 14—(ii) that we can take a path 7* : @ — b on C7(I;n)
such that

t*(n") < yfar(N) + (F~ +c*)|a—bls.
By Lemma 14-(iv), the line between a and b lies on C7(l;n) and it includes exactly one element
of D’(Il;n), which we call z. If there exists p < k < ¢ such that z;, € 0B(l;n), then max{|a —
Zg|1,|b — zk|1} > n1/4 and

M?n; /4 < t*(a,b)
(3.34) < Y far(N)+ (F~ +c)|a—bly
< Eyfar(N) + (F~ +c*)na /4,
which is a contradiction. Thus for any p < k < ¢, 23 € «(B’(I;n)). It follows from
g —z)h < |zp —ali 4 o — b1 <g—pforany p < k < g
that ¢({zk,zr+1)) < p — ¢ and we have

1
(F~ +c*))a—bly + Ayfar(N) < M*la— bl Vv icfd,,,(N)

q—1
(N
§M2|a—b|1\/chd’7()
Z,zpq—erl

(3.35) fun(N)
= 2 MY i ) 1

I
Nl ng
N
<

S ZTZIi,LEi+1> = t*(a’ b)7
which is a contradiction.
Finally, we show that any optimal path passes through F7 (I;m). Since any optimal path 7%

does not touch B’ (I;n)\(0B7(l;n) U CY(I;n)), if 7% does not touch {z € CI(l;n)| = fe\g 0B},
since 73 N¢(B?(l;n))¢ is also a path and we can take an optimal path so that it doe not touch the
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inside of B’(l;n), which contradicts what we mentioned at the beginning of the proof. Thus, 7%
needs to pass on E’(I;n). O

The rest is the same as before.

3.5. Lower bound for r = d — 1 with d > 3. Let s, s;, M be as before. We use the same
notation as in subsection 3.4 for blackness, B’(l;n), C7(I;n), etc.

Let Fj(l;n) = {v € BI(I;n)\(8B (I;n) U CI(I;n))| Fw € CI(l;n) s.t. v — w|; < (log N)L/ B,
Given x € Z4, we define (1 () and ¢2(z) as follows:
01(z) = dy(z,C(l;n)), la(x) = dy(x, E?(I;n))1 — £1(z).
Given an edge e = (z,y), we define ¢;(e) and fs(e) as
ti(e) = li(x) Na(y), Lae) = La(x) A La(y).

Lemma 17. There exists a positive constant C(s) such that if 0 < £y < (log N)Y/®%) 41 and
0 < /9 < 2dny, then

(3.36) t{e € BN en Fi(l;n) # 0, la(e) =k, l1(e) = £} < C(s) (£ +1)472
Otherwise, if €2 > (log N)l/(Sdz) +1 or £y > 2dnq, then
(3.37) tle c Bl enFi(l;n) #0, la(e) =k, t1(e) =4} =0.
Proof. Let L = {key| k € Z}. (3.36) follows from
t{e € B tae) = k, tr(e) = £} < 2d(4E (1 m)t{v € Z%) |or| = &, v]{? = ¢},
where recall that |U|§2) = |v]1 — |v1]. By the definition of F7(l;n), (3.37) is trivial. O
Definition 9. We say that the collection T = {Te}ocpae satisfies As—condition if

A faa-1(N) < 7o <y faa—1(N), if e € E/(l;n)
Te < F~ + 2, ife e CI(l;n)\EI(I;n)
(3.38) cfa,a—1(N) 2
Te > TE 1) log (B2 v M ifeNEj(l;n) #0 and eNdBj(l;n) =0
_(1ogN)2d2 if eNdBI(I;n) #0, e ¢ dBI(I;n)), e ¢ Ci(l;n).

Then we write T € As.

A resampled configuration 7% = {7)}._ga is taken to be independent copy if e N (F}(l;n) U
C;(l;n)) or both e N9Bj(l;n) and e N «(Bj(l;n)) are not empty and 77 = 7, otherwise.

We define an event A as
(3.39) A= {r* € A3} N {B?(I;n) is black for 7} N {I7x € Oy crosses B’(I;n)}.
Note that on the event A, if e ¢ C7(I;n), then 75 > 7.. Thus, the following proposition follows.
Proposiltion 8. On the event A, the following holds. If for any v,w € «(B?(l;n)) with |v —w|; >
(log N)saZ and a path w: v — w satisfying = N CI(l;n) = 0,
(3.40) t*(m) > (F~ + 611)|v — wy.

Proposition 9. For any § > 0, there exists sg > 0 such that for any s < sg, there exists co(s) > 0
such that for any ¢ < co(s),

P(r* € A3) > N2,
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Proof. 1f we take ¢ > 0 sufficiently small depending on s > 0,

1 “1\ 1Bl e
P(r* € A) > (65@@2“ Faa TP (< P4 ) P (r > 2"

logN) ] 4dn, cf C(s)et?
d,d—1(N) 2d|0B
H H (Be—a ~llogk ) (ﬁe—a(log]\[)l/@d)) \ |
(=1

log ¥ i fuaa -
> exp (—30) exp | —aC(s) Z Z d-1 logk “Hlog )T

=2
> exp (—0log N) = N~°.

where we have used the following fact that for sufficiently small s in the last inequality:

i 1 < _Jaa-1(N)
£ (logk)?=1 — (loglog N)~ 1~

U
Proposition 10. When {0, Ne,} N B (I;n) = 0, if s is sufficiently small depending on M and c

is sufficiently small depending on s, on the event A, for any optimal path mn € O} needs to pass
through E’(I;n) at least one time.

Proof. By the same argument as of (3.20), one can check that
4]
(3.41) t(0, Ney) — %n > t*(0, Ney).
Thus any optimal path 7} € O% has to enter B’(l;n). We take 7} € Q% which is a self avoiding
path and write 7y = {z1, - ,xx}. We define the sequence (p;, ¢;) inductively as follows: let
po =inf{l <1< K| 2 € B/ (l;n)} and go = min{l > po| z; € C/(I;n)}.
Suppose that we could define (p;, q;)¥_,, and we define
1 = min{l > qi| 2 € Z\CI(I;n)} — 1 and ;41 = min{l > p;41| 21 € CI(I;n)}.

Let I = min{l| ¢, = co}. We redefine ¢; = max{1 <1 < K| z; € B/(I;n)}. (See Figure 5.)

Step 1 (|zp, — x4,/1 > n1/4): We will show that for any ¢ € {1,--- , I — 1}, |xp, — zg; |1 > n1/4

Until the Step 1 completed, we assume that |z,, — 4|1 < n1/4 and finally we shall derive a
contradiction. By Lemma 14-(i), there exists a path 7* : x,, — x4, on C?(l;n) such that

(3.42) t* (%) < (F~ + A)|wp, — 241 + czfd,dfl(N)HWpﬁgwqi.
We divide into three cases:
(1) Wa, =W, and |z, —x4,[1 < (logN)l/(Sdg),
(2) W. qui and |2y, — x4,|1 2 (IOgN)l/(8d2)7
(3) pr # Wa,,
(1) If there exists p; < k < ¢; such that |z,, — zx|1 > (log N)Y/ @4 Proposition 8 yields that

t (Tpy7q,) = (F +611)(log N/ > (P~ + 2|y, —

1

which is a contradiction. Thus for any p; < k < g, |zp, — zx|1 < (log N)l/(Sdz). If, in addition,
there exists p; < k < ¢; such that z; € 9B’(l;n), by Lemma 14-(iv), we have

max{d1 (ajpi ’ OB’ (lv Tl)), di ('rqi ) 8Bj(l; n))} 2 |xpi — Ty |1'
Since x, € «(B7(I;n)) implies zx, € FI(I;n) for p; < k < g;, by Asz—condition, it yields that

t(@p,, Tq,) > Mz‘quz —Zg 1 > (F + 02)‘5%7: — Zg;

1
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which is also a contradiction as before . On the other hand, if for any p; < k < ¢;, 7. € F7(l;n),
we have

t*(xpwxlh) > MQ‘x:Di —Zg;|1 > (F_ +02>‘xm — g1,

which is also a contradiction.
(2) By Proposition 8, t*(zp,, xq,) > (F~ + d11)|xp, — 24,]1, which contradicts (3.42).

(3) Suppose that W, # W, holds. If there exists p; < k < ¢; such that xy € dBI(l;n), by
Lemma 14-(iv) and |zp, — 24,]1 < n1/4, then we have max{|zp, — k|1, |zq — 21} > ni/4. Tt
follows that

(@, Tq) 2 (F7 4+ 0u)na /4 > (F7 + )lzp, — 2g, 11 + 2 faa-1(N),
which contradicts (3.42). Note that since ¢1(x,,) = 0,
gl(l'k) < k —P1.

On the other hand, if there exists p; < k < ¢; such that x € B’(l;n)\(F?(l;n) U CY(I;n)) and for
any p; < k1 < gi, Tk, € t(BI(l;n)), since |x,, — zx|1 > (log N)/®4) then we have

k—1 [(log N)Y/ (341
- cfa,a—1(N)
Z Tlwiwis) = (F~ + 611)|xPi - ‘Tfh'|1 N Z 7 7
: + 1) log (2dn
(343) i=p; =0 ( ) g( 1)

> (F7 +611)|zp, — 2,11V (cfaa-1(N)/8d%)
> (F_ + C2)|xm —Tg1 Tt C2fd,d71(N)
which also contradicts (3.42). Thus for any p; < k < ¢i, 7 € C’(l;n) U F(l;n). Due to the

definition of (p;,q;), zx ¢ C7(I;n), which yields zy € F7(l;n) for any p; < k < ¢;. Lemma 14—(iv)
yields that there exists p; < k1 < ¢; such that £a(x,) = 0. It yields that

max{la(zr)| pi <k <} < qi — pi
It follows that

qi—1 Qi —Pi
_ cfa,a-1(N)
E oz > (F 1) — X411V E :
S:p‘7< $1Ts+1) = ( + 11)‘5(";01 Lq; 1 i (S+ 1) 10g|q¢ — i +2|

1Vefaa—1(N)/2,

which is also a contradiction as before. Therefore we have |z, — zp, |1 > n1/4.

(3.44)
> (F7 +611)|zp, — 4,

Step 2 (|zg, — Zpyl1 > ‘11]};): Since there exists a path 7 : z,, — z,, on dB’(l;n) such that

t(m) < M(|zp, — g, |1 V (log N)/ ) by (Black-3), (3.41) leads to

011m/4 < t(0,Ne1) —t*(0,Ne1) < t(zp,, q;) — " (@pg, Tq,)
(3.45) < H(po Tq;)
< M(Jarg, — ity 1 V (log N)/55).
Therefore 611n/4 < M|z, — 2p,|1, which implies

gy — 2gr1 = 21T
4M

Step 3 (conclusion): Note that

I I-1
(3'46) |xpo - qu|1 < Z ‘xqi — Tp;1t Z |$pi+1 — Tg;l1-
=0 =0
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It follows that

I
F_|xp0 — Lq; ‘1 + 011 Z |in 2 2(F_ + 6)(10g N)1/8d2
=0

I I-1 )

< Z(F_ + 611)"1:% - xpi|1 +F Z |xpi+1 - xq'i|1 - Q(F_ + 6)(10gN)1/8d
(3.47) e P

I I-1

S t*(xqupz‘) + Zt*(xﬁvi+1?x47‘,) = t*(xpovxqj)
1=0 =0

S (F™ 4+ A)|ap, — g1+ AE/(I;n)| fa,a—1(N) + 2dMny,

where we have used Step 1, (Black—2) and Proposition 8 in the second inequality and the same
argument as in Step 2 in the third inequality. Note that |z, — x4, |1 < 3dn and

2(F~ + 5)(logN)1/8d2 + CQ\pr —Zg, 1+ c2|Ej(l;n)|fd,d,1(N) < 2Mn,;.
It follows from Step 1 that

I
(3.48) (I=1)na /4 <611 |ag, — zp,
=0

which yields that I < 20M. On the other hand, if 7} does not pass through Ei(l;n), max, {W, <
2dn; implies |zp,,, — x4, |1 < 2dni, which yields that

1 <4Mny,

I—
(3.49) > |2p — g, [ < 40dMny.
=0

By Step 2, (3.46), (3.48) and (3.49), we have

—

511’11

4M
3.50 < 40dM —_—
( ) M = ny + 511 ny,

which is a contradiction if s is sufficiently small depending on M. Thus we complete the proof. [

The rest is the same as before.

4. APPENDIX

Proof of Lemma 8. (E-2) follows from d2™ < m/3 and (E-3) follows from (2.21). (-4) are trivial
from the construction. We shall confirm the first condition. When j # j', considering the first
coordinate, it is trivial due to the way of construction.

From now on, we suppose that j = j/. We take e € Ziviid o Zh 2/7 J and we shall derive
(in, -+ 5i5) = (i), ,i5). Let v = (d2771, 3701 277%0,), w = (d2771, 377, 277%). Recall the
definition of ¢*(v):

0% (v) = max{¢ € N| v(¢) € [0,d2F ] x Z¢71}.
It is easy to see that 20 N0 N Fi T = () and ZUEE @D AFin 60 = () unless (i1, ,45) =
(i1, ,i%). Thus we can write e = (v(k),v(k + 1)) = (w(l),w(l + 1)) with k,I € N. Note that
l[v(k)]1 = vl + k and |w(l)|;y = |w|; + 1. Let \U|§2) = 25:2 |v;]. Comparing the first-coordinate,
v, = wy and

otk =wity = |52+ [5-pi?) +o

(4.1)
l+1 l 2)
= + |5 — |wly + wi,
2 2 "

where [-] is a floor function and define [a]; = [a] V 0. We first show that k = . To this end,
we suppose that k& > [ holds. Then since |v(k)|1 = |[w()|1 = [vi +k = Jwh +1, |v]1 < w1



MAXIMAL EDGE-TRAVERSAL TIME IN FIRST PASSAGE PERCOLATION 27

and |v\§2) < |w|§2). Thus [5] > [H2] yields that [g - |v\1 } > B - |w|§2)} . By (4.1) and
+ +

v1 = wi, all of these are indeed equations:

13-

k (2) ! (2)
(4.3) { —[vly ] = [ —lw|y™| .
2 L L2 N

In particular, £ =1 4 1 by assuming k > [. If, in addition, k < 2|v|§2), then
I<l+1=Fk<2p/® <2uw/?

Recall that when k € 27Z, the first coordinate changes from v(k) to v(k + 1), and when k € 2Z + 1,
other coordinate changes. Thus we have k = [ mod 2, which leads to a contradiction.

On the other hand, if k& > 2|v|(2) by (4.3) and |v\§2) +1l=|w 52)

[
5 = 2|w§ﬂ
i +

which leads to [g - |v|§2)} = 0. Thus we have k = 2|v|§2) +landi= 2\v|§2). However, by (4.2),
+

k+1

[ } =P +1
2

(4'5> l2lv|(2)

2
5 = Jol{”

+
which is a contradiction. As a result, one has k < [. Similarly, the converse inequality holds and
we have k = [.

Note that since |v(k)]1 = |[v]1 + k, |w(k)]1 = |w]i + &, and v(k) = w(k), |[v]y = |w]; and
|v|(2) |wly @ Therefore, if k > 2|v|§2), then k > 2|w|(12) and vy = v(k)/2 = w, for 2 < ¢ < d.

Next, suppose that k < 2|v|§2). Let 2 < p < d such that if 2 < ¢ < p, v(k), = v(k +2), and
v(k)p < v(k +2),. Then for 2 < ¢ < p, v4 = v(k)q/2 = wy and for ¢ > p, vy = v(k) = w,.
Moreover, since v, = v(k), — [(k +1)/2] + Zfl);; vg = wWp, we have v = w. Considering binary

number system to each coordinate, we obtain (i1, --- ,i;) = (i}, ,i}) as desired. O
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