UNCONDITIONAL UNIQUENESS FOR THE PERIODIC BENJAMIN-ONO
EQUATION BY NORMAL FORM APPROACH

NOBU KISHIMOTO

ABSTRACT. We show unconditional uniqueness of solutions to the Cauchy problem associated
with the Benjamin-Ono equation under the periodic boundary condition with initial data given
in H® for s > 1/6. This improves the previous unconditional uniqueness result in H'/? by
Molinet and Pilod (2012). Our proof is based on a gauge transform and integration by parts in
the time variable.

1. INTRODUCTION

In the present article, we study the Cauchy problem associated with the Benjamin-Ono equa-
tion with the periodic boundary condition:

Opu = —HO*u + 0, (u?), (t,z) € (0,T) x T, (1.1)

with initial condition
Ul¢=0 = uo, (1.2)
where T := R/27Z is the one-dimensional torus, H denotes the periodic Hilbert transform

defined by the Fourier multiplier with symbol —isgn(n)1,+0, and ug is a given initial datum.
We only consider the real-valued solutions in this article. The Benjamin-Ono equation is
a model for one-dimensional long waves in deep stratified fluids and is known to be completely
integrable.

In this article, we show a uniqueness property of rough solutions to . We begin with some
definitions. For u € L2 ((0,T) x T), we say u is a solution of the equation if u satisfies
it in the sense of distributions on (0,7") x T. If in addition a solution u lies in L>°((0,T"); H®),
where H* denotes the L?-based Sobolev space, then the limit ul;—o = lim;_,ou(t) exists in a
weaker topology (see Remark below) and the initial condition can be interpreted in
this sense. We also note that any solution w in C([0,T]; H?), if s > 0, automatically belongs to
CL([0, T); H*~2) and satisfies the equation in H*~2. Well-posedness of the Cauchy problem
f in H® means existence of a solution w in C([0,T]; H®), uniqueness of solutions, and
continuity in H® of the solution map ug — u. We say the Cauchy problem is locally well-posed
if T is chosen as a finite constant (depending on ugp), and globally well-posed if 7' can be arbi-
trarily large (independent of ug). Depending on the circumstances, uniqueness may be ensured
only under some auxiliary conditions. Then, uniqueness in the whole of C([0,T]; H®) is called
unconditional uniqueness (in the literature, it sometimes refers to uniqueness in L>°((0,7); H®)).

Let us first recall some of the known results on well-posedness of the Cauchy problem f
in H®. The first result employing the dispersive effect of the linear part in the non-periodic
setting (i.e., x € R) was due to Ponce [16], which was refined by Koch and Tzvetkov [10] and
Kenig and Koenig [§]. Tao [18] introduced a technique of a gauge transform in the Benjamin-Ono
context, which can transform the original equation containing unfavorable nonlinear interactions
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of low-high type into an equation with milder nonlinearity. The idea of the gauge transform was
adapted to the method of the Fourier restriction norm and pushed down the regularity threshold
for well-posedness. This was done by Burq and Planchon [3] and by Ionescu and Kenig [7] in
the non-periodic case, and by Molinet [I3] [14] in the periodic case, which established global
well-posedness in L? for both R and T. Moreover, Molinet and Pilod [I5] gave a simplified
proof of these results in H® for s > 0, which even complemented them by showing unconditional
uniqueness (uniqueness in L*°((0,7"); H®)) for s > 1/4 in the non-periodic case and for s > 1/2 in
the periodic case. Finally, Gérard et al. [4] recently obtained a sharp global well-posedness result
for the periodic problem in the whole range of subcritical regularities s > —1/ ﬂ by exploiting
the complete integrability of the equation.

In this article, we study unconditional uniqueness in the periodic case by a different approach:
successive applications of integration by parts with respect to ¢t. This simple technique, while it
had been used before to derive nonlinear smoothing effect under the presence of dispersion (see,
e.g., [1l, [I7]), came to be recognized as a useful tool to establish unconditional uniqueness for
nonlinear dispersive equations after a work of Babin et al. [2] on the periodic Korteweg-de Vries
(KdV) equation and a subsequent work of Kwon and Oh [I1] on the modified KdV equation. It
can also be regarded as a variant of the (Poincaré-Dulac) normal form reduction in the theory
of ordinary differential equations, as pointed out by Guo et al. [5] who applied the method to
the one-dimensional cubic Schrodinger equation. Recently, this method has also been adapted
to the non-periodic setting and to problems of different type; see, e.g., [12], [9] and references
therein.

Our main result reads as follows:

Theorem 1.1. The solution to the Cauchy problem (L.1))—(1.2)) is unique in the class C'([0,T]; H*(T))
for s > 1/6.

Remark 1.2. The uniqueness assertion also holds in the class L*°((0,7); H*(T)), s > 1/6. To see
this, let u be a solution in L>((0,7); H*(T)), then u € Wh*°((0,T); H*=2) c C((0,T); H*~2) by
the equation. In particular, u(t) has limits in H*72 as t — 0,7 and hence u € C([0,T]; H*~2).
By interpolation, for any s’ € (s —2,s) it holds that |ju(t) —u(t')|| ;. < ||u(t) — u(t’)HS:_S;)/Q for
almost every t,t € (0,T). Therefore, u € C([0,T]; H*) for any s’ € (max{s — 2,1/6},s), and
Theorem can be applied to show uniqueness.

Remark 1.3. It turns out that twice applications of integration by parts in ¢ (normal form
reduction) suffice to prove our result, which is similar to the cases of KdV [2] and modified KdV
[11] on the torus. It is, however, not likely that further application of normal form reduction can
weaken the regularity restriction. In fact, we encounter the requirement s > 1/6 in the control
of the resonant parts just after the first application (see Lemmas and below). It
is not clear whether the threshold s = 1/6 is optimal or not.

The plan of this article is as follows. The proof begins with applying a suitable gauge trans-
form, which is similar to that of [14] and described in Section [2| to prevent the derivative in
the nonlinearity from falling onto high-frequency components. In Section |3| we give multilinear
estimates of various terms arising in the normal form reduction steps. The main theorem is
proved by use of these estimates in Section

Iror s < 0, the quadratic nonlinearity is not well-defined in the distributional framework, and one needs to
extend the notion of solutions and well-posedness. See [4] for details.
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At the end, we introduce some notation. For a Banach space X, we abbreviate C'([0,T]; X)
to CrX. In this article, the Fourier coefficients of a 27-periodic function f are defined by

1 2w

— f(z)e " dx, n € 7,
27 0

Filn) =
so that the inverse Fourier transform of a sequence g = {g(n)},ez is given by
= Zg(n)ei”””, x € T.
nez
We write Py := F'14,50F, so that H = —iP, +iP_, and
1 2m
Pof = F Moo Ff = FfO0) = - [ f(z)da
T Jo
Puof == F s F f = f—Ff(0).

For a mean-zero function f on T, define

0, f(x):=F { Ff(n 27r/2ﬂ/ fy) dy db.

We also write 9, := P, + 8,. Note that
P:tf:-PiFfu 8;1851: :8138;1P7$c :P;téc: P:I:é:c = P:tax)

and also that 9, is a homeomorphism from H*(T) to H*~*(T) for any s € R with the inverse
mapping given by 3;1 =FP.+ 8;1P¢c. Finally, for s € R and 1 < p < oo we use the weighted
P space (% (Z) defined by

a@) = {w:Z-C| Jwlg = I(Ywle <oof,  (n)i=(1+n2)"2

2. GAUGE TRANSFORM

Let u € CrH?® (s > 0) be a real-valued solution of (in the sense of distributions). First,
note that the right-hand side of is a well-defined distribution in CpH~2. Testing the
equation against ¢(t)e™® with ¢ € C°(0,T) and n € Z, we see that @(t,n) = Flu(t,-)](n) €
C([0,TY) satisfies

Oyi(t,n) = —in|n|t(t,n) +in > _ At n))i(t,n —n')  in D}(0,T)
n' €z
for each n € Z, where the sum is absolutely convergent, and thus the right-hand side is continuous
in ¢t € [0,T]. Hence, u(-,n) € C*([0,7]) and the above equation is satisfied in the classical sense.

In particular, the mean value P.u(t,-) is independent of ¢. In view of the change of the unknown
function

u(t,x) —  u(t,z — 2tP.ugy) — P.uog,
we may focus without loss of generality on mean-zero solutions, i.e., P.u(t,-) = u(t,0) = 0.

Definition 2.1. We define the gauge transform v of a real-valued mean-zero solution u €
CrL*(T) of (1.1]) as follows:

V() = e w0 y(t) 1= id, V(1) = iPu(e” 0% vy 4 om0 ulby (4. (2.1)
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Note that v € CrH?® if u € CprH?® and s € [0, 1], by Lemma below. Moreover, we have
u=Piu+ P_u= Piu+ Piu, U= eiagluiaxe*iaﬂjl“ =V Py, (2.2)
Pru= Py (VPgw) = Py (VPo) + Py (VP_v). '

Now, we derive the equation for v. We first consider the gauge transform of regularized
solutions uy (t) := PSNu(t)ﬂ where P<py := ]:n_lleNfz for N > 0. Set
Vie(t) i= e~ un® o (4) = 68, Viv ().
Since the equations
oun = —Hﬁzuz\/ + @(u%\,) + Gy,
—i0:0; 'un = iHOyun — iPy(uyy) — 0, 'Gy
hold in the classical sense with G := P<n0;(u?) — 0,(u3;), we have
(O + MOV
= Vn (iHOpun — iPyc(uy) — 10, 'Gn) + H [V (—i0pun — uk))]
= Py [VN(iH)0pun| — (iH) [V Osun] — i(Pre — iH) (Vvuiy)
+iP(ui) Vi + P [V (iHOpuy — iuk)] — iVN0, 'Gn
= —2P; [V - P_0,un] + 2P [Vy - Py0yun]| — 2iP- [Vuy]
+iPo(ui) Vi + Pe [V (iHOpuy — iudy)] — iVNO, 'G.
Since 9, commutes with 9; + HO?, we obtain
(0 + HO?) oy
= —2iP 9, [V - P_Oyun] + 2iP_0; [V - PyOyun] + 2P-0, [VNuy/] (2.3)
— Pe(u})0: Vv — Pe[Vy(HOyun — uk)] + 05 [V, 'Gn].
The following estimates for the gauge part are easily verified.
Lemma 2.2. For 0 < s <1 and real-valued mean-zero f,g € H®, we have
7% | s S 14 1711
le7%7 =70 o S (U4 11l + gl ) 1 = gl

Proof. The first inequality with s = 0 follows from He*i‘%ﬁ_lfHL2 < 1and H&Be*iaﬂc_lfﬂp Sl e
For s € (0, 1], we deduce

|0we ||y = ([ £ | e S I

from the Sobolev inequality and apply the estimate for s = 0. Concerning the second inequality,

ei0 ] HHl

we notice
oo = ey £ 0 = ) S 17 = i

[0:le™ S — e 09|, S (1 F 12|05 (F = 9)]] oo + 1 = gllz2le 9|
S @+ Fll)If = gll 2

2Here, we consider regularization of a solution (which is no longer a solution of (1.1))) rather than the solution
with a regularized initial datum, in order to justify the equation for v. This is because general solutions of (|L.1J
are not necessarily approximated by smooth solutions.
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which verifies the case s = 0. For s € (0, 1], the Sobolev inequality and the estimates for s = 0
obtained above imply

Hax[e—z’a;lf _ iy

a1 a1
S s |le™ = e 09|y + (1 = gllas

S Wl U+ A2 = gllzz + (14 lgll2) 1S — gl

M

-1
—i0z " g
e 9|

which yields the claimed estimate. g

By Lemma we see that (un,vn, V) — (u,v,V) in Op(H® x H® x H*"1) as N — oo if
0 < s < 1. Also note that 9;'G — 0in C7H~! as N — oco. Furthermore, we see
HP:I:(fpxaxngfl = ||P:I:(P:tfp¥axg>HH71

g[ Z + Z }N*HPNPi(PNIPif-PNQP:Faxg)HLQ
N1NN22N21 N~N1>No>1

S Z N2HPN1fHL2HPN29HL2+ Z N1_1N2HPN1fHLooHPN29HL2
Ni~N2>1 Ni>No>1

S A e llgll e
Hence, if 0 < s <1 the right-hand side of converges, in CpH~? for instance, to
— 2iPL 0, [V - P_0yu| + 2iP_0, [V - Py0yu] + 2P_0, [Vu?]
— Pe(u®)0,V — P.[V(HOpu — u?)].
After substituting
Py 0yu = Py0y(—idy 'WPiv),  P_Opu= P_0,(—id; "0Pst),
Vu? = ?{11)(13#1})2,
we obtain the equation for v as
(0% + HI2)v = 2Py 0, [0, v - P_0y(0; 'wP0)]
+2iP_9, [0, v - P0y(0; '0Psv)]
+ 20 P_9, [0, '5(Pyev)?] + Rlul,
Rlu] := —P.(u®)0,V — P.[V (HOpu — u?)],

(2.4)

which is satisfied in the sense of distributions. Note that all the terms but 0;v are well-defined as
distributions in CpH 2. Taking the Fourier transform in x, we obtain the following equations:

0v(n) + in|n|v(n) = Z m1(n,n1,ng, n3)0(n1)o(n2)v(n3)

n1,n2,N3E€L
n=mni2s

+ > ma(n,n1,ng,n3)0(n1)(n2)B(ns)

ni,ne,n3EL
n=ni23

+ Z mg(n,n1,ng, n3)v(n1)v(n2)v(ng)

ni,no,n3EL
n=ni23

+ FlR[u]](n),
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where n;j;p. . stands for n; +nj; +ngp +---, 1 :=n —il,—g, and
.nna3
ml(”? ni,na, n3) =2 ~ ~ 1n>01n23<01n37$07
ning
.nna3
m2(”7 ni,n2, n3) =2 ~ ~ 1n<01n23>01n37é07
ning
n
m3(n,ni,ng,n3) := 22F1n<01n2n37€0-
1

Notice that
n =niz3, mi(n,n1,n2,n3)#0 = ny > n,—ng3 > 0,
n =mny3, ma(n,ni,ng,ng)#0 = -ng > —n,nsg > 0.

In particular, the following bound on multipliers is available:

(n)

— - < 7 =

n ni123 — |mk‘(n7 ni,n2, n3)| ~ in <nj> (k 17 27 3) (25)
1<5<3

We now introduce a new unknown function

w(t,n) == ™5t n), (2.6)
which obeys the following equation:
Ow(n) = Z ey (n,n1, n2, n3)w(ny )w(ng)w*(n3)
ni,n2,n3€L

n=mni23

+ Z e"®my(n, n1, n2, n3)w(n1)w* (ng)w(ns)

ni,n2,n3EZ

n=nia3 ' (2.7)
n Z ethmg(n’nl’nQ’ng)w*(nl)w(TLQ)UJ(nS)

ni,n2,n3EL
n=ni23

+ Rlu, w](n)
s Nw](n) + Rlu, w](n),

where

® := n|n| — ni|ni| — na|na| — n3|nsl,

m1 =M1y 50,520, w*(t,n) == w(t,—n),
Rlu,w](n) := Z e"®my(n,n1,n2,13) Loy s—ow(n1)w(ng)w* (n3)
ni,n2,n3€Z
n=ni23

+ eIl FIR[u]] (n).
Observe that all the sums over ny,ng, ng in the equation (2.7) converge absolutely for each n
if w € £2(Z). In fact, by (2.5) and Young’s inequality, for s > 0 we have
max (n;)°

IS Jw(nn)flw(nz) [l (ns)

s—1 < 12>
W S YD
n=ni2s 1<;j<3
< wllelwla wle < lwl.
In particular, any solution v € C7H*(T) with 0 < s < 1 defines w € Cp¢?(Z) which is C1([0,T7])
in t for each n € Z and satisfies (2.7]) in the classical sense, with a bound

l0wllepe, S lwllpe + IRl cpmrs—2- (2.8)
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It is easily verified by Lemma 2.2 that R[u] € C7H*® as soon as u € CrH?® if 0 < s < 1.
Note that restricting to positive frequencies reduces the equation (2.7)) to a simpler one:

Ow(n) = Z ey (n, n1, ng, n3)w(ng)w(ng)w*(n3)
st (2.9)
+ Rlu,w|(n), n > 0.

Since we consider real-valued solutions of ([1.1]), we only have to bound w in positive frequencies;
see Section {4 for details. However, the full equation (2.7)) is also needed when we apply normal
form reduction.

3. NORMAL FORM REDUCTION AND MULTILINEAR ESTIMATES

3.1. First normal form reduction. Let us start with the equation , restricting to positive
frequencies. Let M > 0 be a large constant, which will be chosen at the end of the proof of
uniqueness depending on the solutions we consider. Decompose the equation into “resonant”
and “non-resonant” parts as

Ow(n) = { Z + Z }eit(bﬁml(n,nl,ng,ng)w(m)w(ng)w*(ng) + Rlu,w](n)

n1,n2,n3€L  mn1,n2,n3CL
n=nia3 n=mni2s3
|®|<M |®|>M
=: Ngr[w](n) + Nng[w](n) + Rlu, w](n), n > 0.
The estimate for R is easy.
Lemma 3.1. Let 0 < s < 1. Then, we have
IRl lllgye < 1+ ulldpme + il e
R w] = RO | gy g S (1 + Nl e+ [l e )l = Wl
+ (112, + 13022 ) o = Bz

for any real-valued mean-zero functions u,u € CyH® and any w,& € Cpl?.

Proof. Observing |m1(n123, 71, 12, 13)|1ninis=0 < 1, the Cpf2-norm of the first term of R|u, w]
is bounded by ||wHéTg2 |wllcye2 for any s > 0. Estimates on R[u] in C7H*® can be easily obtained
from Lemma [2.2) when 0 < s < 1. O

The resonant part Az is also controlled in H® if s > 0.
Lemma 3.2. Let s > 0. Then, we have
HNR[""]”CT@ S MHWH%T@;
[VRw] = Nal@]]l g, 0 S M (102, + 1812, ) 0 = Bloes
for any w,o € Cpl2.
Proof. First of all, we claim that

~

o> {|n12||n23| i [na] 2 [ng],

[nisl|nes| if [na| < |ns
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whenever n = nj93 and mj(n, ny,ne,ng) # 0. In fact, it holds that n; > n > 0 and —n; < neg <
0, and we have

® =n? — n? — ng|ny| — ns|ns|

n2—n%—ng—|—n§:2n13n23 if no > 0 and n3 < 0, (3.2)
e nz—n%—i—n%—n%:%ﬂzngg if ng < 0 and ng >0,

n? —n? +n3 + n% = 2(nng3 — nans) if ng,ng < 0.

In the first two cases the claim follows from mog < 0. In the third case, we see that both nnas
and —ngngs are negative and |®| = |n||neg| V |n2||ns|. Let us assume |ng| > |ns| by symmetry.
The claim follows if |n| 2 |n12|, while if |n| < |n12| we have |nj2| ~ |ns| and |nas| ~ |n2|, which
implies .

We observe that yields the bound

<n>sm1(n7 ni,n2, n3) < 1n12n13750 <n1>8
o ~ (ng)(Iniz| A Inasl)’

and the desired estimates are reduced to showing

(n1)wz(n2)ws(ng

(1) wr
I 2 (n2)[(n12) A (n13)]

n=mni23

Hp lwrllez |zl sl 2 (3.3)

for wi,wa,ws € £2. If |n1a| > |n13|, then by Young’s inequality we have
Nwy) *w
s of @) £ 1(22) « (L2215 1 < 1 (0%0) » e,
< w2l || () wr) * ws[ oo < llnllezllwzllel|wsllee-

If |n12| < |n13|, then we have

s of @3) < (L “g>(<> “2)) s |
< () wr) * ()

< willelt) wellallwsle < lloillzllwzllelwsle- O

wz)Hp [|ws |l e2

The remaining term Nyg[u], which can be controlled in £2 if s > 3/2, does not seem to admit
an /2 estimate for lower regularities. Therefore, we apply a differentiation by parts, noting that
® remains non-zero due to (3.1)):

Nrlw](n) | |
= —4 ; mi(n,ny,ng,n3) [8t<ei¢w(n1)w(n2)w*(n3)> — egb O (w(nﬂw(m)w*(n;»,))]
|®|>M

=: O Np[w](n) + Ni[w](n) + Na[w](n) + N3[w](n) + Rilu, w](n),
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where we change the order of summation and time differentiation and apply the product rule,
and then substitute the equation ([2.7]) to obtain the expression of each term as

e"®my(n,n1,n2,n3)

Molw](n) := —i Z o w(n1)w(nz)w*(ng),
a7
. eitéml(n) ni,na, n3) *
Mw](n) =i Y 5 Nw](n1)w(nz)w*(ns),
(7187,
. " ®my (n,n1,n2,n3) .
Nofwl(m) =i 3 - )N ] (na)e* (ns),
[
. e"®my(n,n1, na, n3) VAP TA
Nalwl(n) =i > % w(ni)w(n2)N[w](—ns3),
(7187
and
. "y (n,n1,n2,n3) .
Rifu,wl(n) =i Y - Ru, w](n1)w(ng)w* (n3)
[

+ w(n1)Ru, w](n2)w*(n3) + w(ni)w(n2)Ru, w](—ng)} .

We can justify the above formal computations as follows. The change of summation and time
differentiation in Nj is justified in the framework of distributions (see, e.g., [5, Lemma 5.1]),
since the sum is absolutely convergent in view of . Application of the product rule also
makes sense because w(-,n) € C! for each n if s > 0. Absolute convergence of all the sums in
N1, No, and N3, which justifies substitution of the equation , will be proved at the end of
this subsection.

The estimate for Ry is immediately obtained as a corollary of Lemma |3.2

Lemma 3.3. Let 0 < s < 1. Then, we have

IRl lllgys S (1 Tliprze + Nl e ) 1ol
H’Rl[u,w] — Ri[w, (T)]HCTZE
ST+ ullgrre + Tl | llEee + 101202 ) lu = @lerms
~ CrH® CrH® Cre2 Ort2 CrH
4 ~ ~ ~ ~
o (1 Nl + Nl e + 1+ 1502 ) (Illeges + 18 lcpz ) oo = Blleges
for any real-valued mean-zero functions u,u € CTH® and any w,w € Crl2.

Proof. This is just a combination of Lemma and the proof of Lemma [3.2 g

Due to the time derivative on Np, the estimate for it requires an extra small factor. We
assume s > 0 so that a negative power of M can be included in the estimate.

Lemma 3.4. Let s > 0. Then, there exists 6 > 0 such that we have
HNO[W]HCT@ SJ M_(SHWH?&‘TQ:
~ -5 ~ ~
[Nol] = Mol gy e S M0 (Iolpes + 18012, ) oo = Bl

for any w, € Cpl2.



10 N. KISHIMOTO

Proof. The claim is verified by modifying the proof of Lemma We divide the sum in (3.3))
into two parts as follows.
If (n2)[(n12) A (n13)] 2 maxi<j<s(n;), then it suffices to observe that (3.3) still holds if

the denominator in the left-hand side is replaced with (ng)/?¥[(n12) A (n13)]/2*, and that
(n2)[(n12) A (n1s)] 2 |12 > M2,

Suppose that (n2)[(ni2) A (ni3)] < maxi<;j<g(n;). This in particular implies (ng) < (n1) V
(n3). If (n1) > (ng), then (n1) ~ (n12) ~ (n13) <K maxi<j<3(nj) = (n1) — a contradiction.
Hence, it must hold (n3) ~ maxj<j<3 (n;) > |®|/2 > M'/? and then |ws||e < M*S/Zng,Hgg if
s> 0. O

The remaining terms N7, N3, N3 will be treated in the subsequent subsections. Finally, let
us see that the sums in these terms are absolutely convergent. This is the first step where the
regularity threshold s = 1/6 appears.

Lemma 3.5. Let 1/6 < s < 1/2 and o < 3s — 1. Then, we have
H'}\[j[w]HCTﬁg 5 HWH%TEE
forj=1,2,3.

Proof. We first upgrade (2.8) as follows: for 0 < s < 1/2, it holds

3 3 1
HN[W]HCT% S HWHSCnga pi=2s— B € (—5,—5)‘ (3.4)
By (2.5)), the estimate (3.4) is reduced to showing
1fghll e+ S W f 1 as lgll s [Pl grsea
This is shown by applying the Sobolev multiplication law (see e.g. [6l Lemma 3.4]) twice:
1fghll oo s S W mslighllzs < W F W s gl s 1AN e
where in the first inequality we have used the assumption 0 < s < 1/2.
Let 0 < s < 1/2. In view of (3.4)) it suffices to show
~ a _s—f3
mi\n,ni,n2,nN3){N) Nmax
|y Pl e )0 s sy g (n) | S e s el sl
4 ®(n1)°(n2)"(na)
n=mni23
where npax := maxj<j<3 (n;j). From the definition of m; and (3.1]) we have
‘ml(n,m,nz, n3) () i ()" i (3.5)

®(n1)*(n2)*(n3)” ™ () (na) 0 (ns)*[(na2) A (nas)]’
and the following four cases are possible to occur.
(i) (n1) > (na2), (n3). In this case we have (n) ~ (n1) ~ [(n12) A (n13)] ~ Nmax and
<n1>a—ﬁ—l

)28 () g

if (n2) 2 (n3),
(n1
<n2>1+8 <n3>s ~ <n1>a7ﬁ—37(1/2)+

<n2>1+5<n3>(1/2)+
Hence, by Young’s inequality, this case is handled whenever

B+ =2s—1/2 (>3s—1) if (n2) 2 (n),
) Bs+1/2 =351 if (n2) < (ns).

(3-5) ~

if (no) < (n3).



UNCONDITIONAL UNIQUENESS FOR PERIODIC BO 11

(ii) (n1) ~ (n2) 2 (n3). Since (n) < (n;) whenever m; # 0, we have (n) = (n3 +nj2) <
(n3) + (n12) and (n) < (n3g —ni3) < (n3) + (n13), which imply (n) < (n3) + [(n12) A (n13)].
Hence, we have

<n>1+an;,87572 -
B~ Gy Tiz) A Gral] ~ Do) [ia) A a1
<n>1+a—sn;ﬁ7572+ <n>1+a—sn1ﬁ87372+

[(n12) A (nag)]'* (n3)*[(na2) A (nag)]' =+
This yields the desired estimate if -3 — s —2 < 0 and o — f — 2s — 1 < 0, which is possible if
a<4s—1/2 (>3s—1).
(iii) (n1) ~ (n3) > (n2). The worst interaction occurs in this case. Since (n) < (n2) + (n13),

<n> 1+an1*,37372+

we see that

a—s+, —B—s—1
)™y if (n) < (na),

B3) ~ (n)!Fon P (n2)"* (n13)
<n2>1+8<n13> ~ (1/2)4+a+, —B—s—1
<n> U if
<n2>1+3 <n13>(1/2)+ 1 <n> > <’I’L2>

This yields the desired estimate if —3 —s—1<0 (i.e.,, s >1/6) and

o< B+2s+1 =4s—1/2 if (n) < (n9),
B+s+1/2 =3s—1 if (n) > (no).
(iv) (ng) ~ (ng) > (n1). Recalling (n) < (n1), we have
" 5 <n>l+an2—l3—s—2 <n>1+a—s+n2—,3—s—2
. <n1>1+s <n>(1/2)+<n1>(1/2)+ .

AN

Therefore, the claim follows if —f — s —2 < 0 and a« — 8 — 2s — 1 < 0, which is possible if
a<4s—1/2. O

Remark 3.6. From the above proof, we see that the condition on « is weakened to o < 45 —1/2
if the sum is restricted to frequencies such that (n2) 2 (n). In particular, Njw] is controlled in
2 for 1/6 < s < 1/2 in this frequency range, since we can choose o = s if s > 1/6.

3.2. Estimate for Nj. By the positivity of n1, Ni[w] can be written as

w(ng)w* (n3)w(ng)w(ns)w (ne) |,

it(P+P1) 5 ~
Z. Z Z |:el ( + 1)m1(n7n17n27n3)m1<n17n47n57n6)
P

N=N123 ni1=n456
|®|>M

where @1 := nq|n1| — nalng| — ns|ns| — nelne|. We decompose N; as

Mw](n) =1 :Z: Z (1A'; + 1A1> { . } =: M1 r[w](n) + M nrlw](n),
@S

where A1, a subset of { (n,ni,...,ng) € Z7 ‘ n = Ni23, N1 = N456 }, is defined by

)
Ay i={ (n,n;)  (n) > (n2) Z {ng) and {ns) < {m1) A (n6) and (2} < ()}
U{(n,nj) : (n2) < (n), (n3) and (ns) < (n1) A (ng)}.

We show that A7 g is controlled in ¢2, s > 1/6.
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Lemma 3.7. Let 1/6 < s < 1/2. Then, we have
HNI,R[W]”CT@ S ”ngﬂE’
Vi Rl] = MBS (Il + 1811, ) o = Slege
for any w,w € Crl2.

Proof. In view of Remark it suffices to deal with the case (n) > <n2>E| We note that this
restriction implies (n)(nos) < |®| by virtue of (3.1). According to the definition of A;, consider
the following two cases.

i) (n) > (ng) and (n5) 2 (n1) A (ng). In this case, we have |mi(ni,n4,n5,n6)| S 1. Applying
the Sobolev multiplication law twice, we obtain that

[ Z eit‘Iﬂml(nl,n4,77,5,ng)W4(n4)W5(n5)WG(n6)Heg_
n1=n456 °

1

S llws xws xwellz | S llwallellws xwelle S llwallezllos ez llwslle

1 1/
for 1/6 < s < 1/2. Repeating the proof of Lemma with the above estimate instead of (3.4]),
we obtain a weaker condition on « that av < 4s —1/2 in Cases (i) and (iii). This suffices for the
claim since s < 4s — 1/2.
ii) (n) > (n9) = (n3) V (ng). Using (3.1) and (n) ~ [(n12) A (n13)] ~ (n1) < (n4), we see that
(n)*mi(n, n1, ng, ng)ma (n1, na, s, ne) ‘
P
- <n4>s - <n4>8<n2>(1/6)+<n3>(1/6)+<n6>(1/6)+
T {n2)ns) (s (na) 1 (ng) T () BT

which yields the claim if s > 1/6 by use of Young’s inequality. O

For N ngr, we apply the normal form reduction argument again. Let us begin with observing
that we have |® + ®;| > |®;]| for frequencies included in N yg. In fact, if (n) > (ng2) 2 (ns),
(ns) < (n1), (ng), and (n2) < (ng), then we see from and that |®] < |nq|lne| <
In1 — nsl|ne| ~ |nas|inse| S |P1|, whereas if (ng) < (n), (n3) and (ns) < (n1), (ne), we have
n3g,ng < 0 and nig = n —no > 0, ngg = n; — ns > 0, which combined with imply that
® < 0 and ®; < 0, and therefore |® 4+ ®1| > |Pq].

Noting |® 4+ @] 2 [®1] > 0 by (3.1, we take a differentiation by parts as

N1 nr[w](n)
_a Z Z et P20 4 1 (n, n1, n2, n3)ma (n1, na, 5, 1)
- (D + D)

N=N123 ni1=n4s56
|®|>M

X w(ng)w*(ng)w(n4)w(n5)w*(n6)}
U PFPIL 4 1 (1, n1, g, ng)ia (na, 4, ns, 1)

O(P + Pq)

% 0 [to(na)e (n ) (na)e(ns)w” (no)|

PP

N=n123 ni=n4s6
|®|>M

=: N o[w](n) + Ny 1[w](n).

The above formal computations are again justified by the absolute convergence of the sum in
N1, which follows from Lemma

3We easily see that Lemma and the estimate (3.4) admit the corresponding difference estimates.
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Now, we give estimates for N 1.

Lemma 3.8. Let 1/6 < s < 1/2. Then, we have

[Malolllgye S (1 lulidpm + ol ) ol
HNLI — M 1w

@l e
S (1 Nl s + Nl e ) (lollpez + 180z ) lu = Tl s

(1 Wl e+ 1 e+ 100 + 1812 ) (101 e + 1312 ) oo = Bl
for any real-valued mean-zero solutions u,u € CpH?® of (1.1) and the corresponding solutions
w,@ € Crt? of [©7) defined by @), (20).

Proof. In view of Lemma and ([3.4)) it suffices to show that

s—(2s—3/2
H Z Z ‘1A1m1 n, nl,n27n3)m1(n17n4un57n6)nma§< /2)

D(P + ®1)(n2)"(n3)"(n4)’(ns)"(ne)”

N=N123 ni1=n456
|®|>M

H llojllez

X wg(ng)W3(n3)w4(n4)w5(n5)w6 n6 ’

where in the proof of this lemma we denote maxa<j<e (1) by Nmax-
Note that (n) < (n1) ~ (n4) < (n4) ~ Mmax, (n)(n23) S |P[, (n1)(ns6) < (1] S|P + @1 in
the above summation. Therefore, it holds that

—543/2
(n)°1 4,m1(n, n1, 2, n3)M (N1, N4, N5, N6 ) N /

(P + ©1)(n2)*(n3)*(na)*(ns)° (ne)”
<n4>723+1/2

< .
~ <n2>s+1 <n3>s<n5>s+1 <n6>s<n46>178

This bound is sufficient in the case 1/4 < s < 1/2, since Young’s inequality and twice applications

of the Sobolev multiplication law yield
[ .t L wrx (ws/()°) »
<'>s+1 (T <>1 s ¢
H wy  wyx (we/()°
1

Bk * Wuzz

< flwzller - Mlosller

6
S szHezHw5He2Hw3He2Hw4 * 55 Hp H lwojll 2

So we focus on 1/6 < s < 1/4 and evaluate as
<n4>728+1/2 <n6>728+1/2 + <n46>728+1/2

(n2) ! (ns)* (n5)* " (ng)*(nae)' > ™ (n2)* (n3)* (ns)** (ng)* (nag)'
1 1

<n2>s+1 <n3>s<n5>s+1 <n6>3s—1/2 <n46>1—s + <n2>s+1 <n3>s<n5>s+1<n6>s<n46>s+1/2 ’

The case corresponding to the first term gives the bound:

H wy Wik (we/()**1?)

<.>5 <.>1—s 02
6

we
< llwzllezllws ez llws |2 [|ewa * W“€31/2 S 1:12 el 2,

~

lwalle lwslln
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while for the second term we argue similarly and obtain the bound:

[ w3 MH
s—1 <>s <_>8+1/2 02

loaller | llws e
6

We
S llwzllezllws|lez lesl ez [|ows WH["—% S [T lwslle,
j=2

where we have used the Sobolev multiplication law twice. O
As a corollary, we also obtain the estimates for N .
Lemma 3.9. Let 1/6 < s < 1/2. Then, there exists 6 > 0 such that we have
HJ\/LO[W]HCT@ S M_(sHWHSCng;
Mokl = Mol gy e S M0 (Il + 13Nz )l = Bz
for any w,w € Crl2.

Proof. These estimates follow immediately from the proof of Lemma since npay > |®|12 >
ML/2. O

3.3. Estimate for AN5. This is an easy case, since we can control this term without further
applying normal form reduction. Recall that

Na[w](n)
it®,
iy Z e ml(n§1,n2,n3)w(n1)|: Z e”%ﬁu(ng,m;,ng,,ng)w(n4)w(n5)w*(n6)}w*(ng)
T;\Zl]\zj n2=mn456
: ¢""®1my (n, n1, ny, n3) it® ‘ )
+1 Z <I> w(nl)[ Z e""2ma(na, ng, ns, ne)w(ng)w (n5)w(n6)}w (n3)
T;‘Zﬁ n2="nN456
. eit(bml (na ni,n2, n3) itd * *
+1 Z 5 w(nl)[ Z e""2mg(ng, ng, ng, ng)w (n4)w(n5)w(n6)}w (n3),
T;;Llfj n2=N456

where @y := ng|ns| — nglng| — ns|ns| — nglngl.
Lemma 3.10. Let 1/6 < s < 1/2. Then, we have
Nollloye S Il
[Nalel = Mol e S (I0pes + 180E ) Iew = Bl
for any w, € Cpl2.

Proof. We focus on the estimate of the first term in AN5; noticing ([2.5]), we can handle the second
and the third terms similarly. As in the proof of Lemma we may assume (ng) < (n), and
hence (n)(ngs) < |®|. Since (n), (ne), (n3) < (n1), it holds that

(n)*mi(n, ni,na, ng)mi(na, na, ns, neg) ‘
P
<n1>s<n3>(1/6)+ 1

P
~ (n1>(1/2)+<n3>(1/2)+ <n2>1/6<n5>'

~ (n1)(ns)
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The claim then follows from Young’s inequality and the Sobolev multiplication law:

-1
[({) ™ ws) * (wa *w6)||ggl/6 SIO wsller, , llwn *welle

S llwslle llwallez[lwsllez
for s > 1/6. O

3.4. Estimate for N3. We recall

Nslw](n)
itd ~
=1 Z e m1(n$1,n2,n3)w [ Z cit®3,5, *(ng, n4, N, ng)w (n4)w*(n5)w(n6)}
T;;le]\j N3=n456
) eit@ml n,ny, N2, N3
+/l Z ( ’@ 9 9 )w(nl)w(ng) Z ltq)3m (ng’n4’n57n6) (n4)w(n5)w*(n6)
T;lefj n3=N456
. eit@ml(n,nl,ng,ng) Dy . .
+i Z T w(ny)w(ng) Z e®3m3 (n3, ny, ns, ng)w(ng)w* (ns)w* (ng) |,
T@\ZIJ%; n3=N456
where

m;(ng, n4, N5, ne) = m;(—nsz, —n4, —ns5, —ng),

@3 := nglns| — nalna| — nslns| — nelngl.

Similarly to A, we will decompose N3 into two parts N3 g + N3 yr and apply normal form
reduction to N3 ng. Define the set Az C { (n,ni,...,ng) € Z7 ‘ n = N123, N3 = N456 } as

As = { (n,n;) | (n2) < (n) A (n3), (ns) < (ng) A (ng), |nos| < |nual, [nnas| < |ngnual },

and define
N3 rlw](n)
. H(2+P3) n,n1, N2, N
=i Y Ly 3 Lag AU ITRTE) )
n=mnia3 TL3 N456
|®|>M

X [ﬁ”f{ (ng, ng, ns, ng)w* (ng)w™(ns)w(ne) + ms(ns, na, ny, ng)w™ (ng)w(ns)w*(ne)

+ m3(ns3, na, ns, nﬁ)w(n4)w*(n5)w*(n6)}

it(d4+P3) = ~
N 1 1 e P+ )y (n, ny, ng, ng)mi(n3, na, ns, ne)
[ nz << nd ./43 )
n=mnia3 n3=mn4s56
|®|>M

X w(ny)w(ng)w*(ng)w*(ns)w(ng),

cit(P+P3)
_ Z Z 1A3 my(n, 711,”2(71)"%3) 1(n3,n4,15,16)
”q) nles n3=nN456
21> X w(ny)w(ng)w*(ng)w* (ns)w(ne).
Note that mi(n,ni,n2,n3) # 0 and (n2) < (n3) imply n3 < 0 and m3(ns, n4,ns,ng) =

mi(ns, na,ns, ng) = 0.
We first treat N3 p.

N3 nplw
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Lemma 3.11. Let 1/6 < s < 1/2. Then, we have

N3 W oy S NliEees

[Mo.rle] = Mozl yr S (Iliepes + 180 ) oo = Bl e
for any w,w € Crl2.

Proof. As before, the proof has been done for the frequency region (n) < (ng).
In the case (n3) < (n2) < (n), the proof is exactly the same as Lemma since we have a

bound similar to (3.6)); using (2.5)),

‘ (n)*ma(n,n1, n2, nz)mj (n3, na, ns, ne)
)
(m)* () ng) MO 1
(n1) (nmin) ™ () Y DH () WD+ (V6 ()

S

for j =1,2,3, where nmin := ming_4 56 |1

By the definition of Ag, it suffices to prove the estimate in the following three cases.

i) (ng) < (n) A (n3) and (ns) 2 (n3) A (ng). This case is handled similarly to Case i) of
Lemma

ii) (n2) < (n)A(ns), (ns) < (n3)A(ng), and |n2s| 2 |n14|. In this case we have (n), (n3) < (n1)
and (n2), (ns), (ng) < (n4), as well as (n14) < (n2) V (ns). Therefore,

()1 (n,n1, ng, ng)ma(ns, na, ns,me) | - ()° (n1)®
P ™ (ng)(ns) ~ (n1a)[(n2) A (ns)]
o )t () ) v ()] ) VO

)

~ () (nz) Aol (na) ™ [({na) V (ns)) A ()] 072+

which yields the claim if s > 1/6 by use of Young’s inequality.
iii) (n2) < (n) A (n3), (ns) < (n3) A (ng), and |nngs| 2 [nanial|. It holds that

(n)°m1(n,n1,n2,n3)m1(n3, na, ns, ne)

P
< (n)’n3)  _ (m1)*(nas) (n1)”
~ (i) (na)(ns) ~ (nua)(n2)(ns) ~ (nia)[(n2) A (ns)]’
and we argue in the same manner as ii). g

For N3 ng, it turns out that |®+ ®3| has a lower bound. In fact, frequencies in the sum satisfy
® + &3 = n? — n? — nalng| + n? — ns|ns| — ng
= 2n14n46 + 2nn95 — N3s — Na|na| — ns|ns|,

while it holds that

|nnas| < |ngnia| ~ |nianael,

[n35 + na|na| + nslns|| < Ines|(In2] V [ns|) < |ngnas| < [ngl[naal,

which imply |®+®3| 2 |ns||n14|. Note that we may assume |nzni4| # 0; otherwise, the argument
for the case |nas| 2 |n14| may be applied since we always have nz < 0.
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We apply a differentiation by parts to N3 nr as

N3 NR[w](n)
[ Z Z ¢>+<I>3)1A3m1(n’n1’n27n3)ﬁ1>{(n3,n4,n57n6)
N=N123 n3=n4s56 CD(q) + q>3)
|®|>M
X w(”l)w(n2)W*(”4)W*(n5)w(n6)]
Z Z <I>+<I>5 1A3m1(n’nl’n27n3)m>{(n3,n47n57n6)

(P + D3)
X O |:w(n1)W(NQ)W*(TL4)W*(R5)W(”6):|

N=N123 n3=n4s56
|®|>M

=: O N3 0[w](n) + N3 1[w](n),

where, as N} yg, the formal computations are justified by the absolute convergence of the sum

in ./\/’370.

Lemma 3.12. Let 1/6 < s < 1/2. Then, we have

Nl gy S (1 + Nullyrre + 0lEpee ) Noollspens
Aol = Nsa @l o,
S (L + llullg e + Il lwollepe + 1@0E e ) Ile = Gllopas
~ CrHs CrHs Crl2 Cr 02 CrH
+ (Ll s + Tl s + 1wl e + 1B ol + 1000 ) llw — @
CrH* CrHs Cpt2 Cpl2 Crl2 Crl2 Crt2

for any real-valued mean-zero solutions u,u € CprH® of (1.1)) and the corresponding solutions
w,@ € Ort? of @) defined by @11), (26).

Proof. Similarly to Lemma [3.8] it suffices to show that

B3> 3

14,71 (1, 11, 2, m3) 70 (N3, M4, 5, M6 ) M
: (@ 1+ By)(n)° <n2§< ) ) 2 1(m)wz(nz)w4(n4)w5(n5)w6(nﬁ)’H@
T<I>|Zl23 N3=n456

s I lwles

J=1,2,4,5,6

where in the proof of this lemma we denote max;j—1,2456 (1) by 7max-
Now, we have nmax ~ (n1) V (n4) and, since 1/6 < s < 1/2,

3—5

(n)* Ly (n, 1,z )i (g, gy i, )0 | nins
B(® -+ B) () izl ) s (ne) |~ mama)  na)® (o)™ ()
() fi<>%m»“4§<mﬁ+mﬁ”imﬁ+m>”1iﬂm>>@”%

P e g S G 0
\mnm»”%;ﬁ*émmﬁlSOuﬁﬂmf“;w”Nm@*'i“m><“M%

where in the case (n1) < (n4) we have used the fact that (nsg) ~ (n3) < (n1). Then, the claimed
estimates are deduced by Young’s inequality. O
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Finally, the estimates for N3¢ follow from Lemma just as Lemma [3.9] follows from
Lemma 3.8

Lemma 3.13. Let 1/6 < s < 1/2. Then, there exists 6 > 0 such that we have
Vol ope S M0N0l e
IV0le] = Mol gy e S M0 (Il + 13Nz )l = Bl
for any w, € Cpl2.

3.5. Conclusion. We have seen that a real-valued mean-zero solution u € CrH? of (1.1 with
1/6 < s < 1/2 and the corresponding solution w € Cpf? of ([2.7) defined by (2.1) and (2.6)
satisfy the equation

w(t,n) = AN OW](t,n) + NOfu,w](t,n),  te0,T)
with
NO[w] := Nolw] + M olw] + Nz g[wl],
NOlu, w] = Rlu,w] + Np[w] + Ri[u, w] + N rlw]
+ Niafw] + Mo[w] + N3 plw] + N3 [w],
or the associated integral equation
w(t,n) = w(0,n) + [NOL](t,n) = NOLe] (0,n)

(3.7)
/./\/ u,wl(T,n) dr, t e 0,7,

both in the classical sense for each n > 0.
Combining Lemmas and we obtain the following estimates.

Proposition 3.14. Let 1/6 < s < 1/2 and u,u € CrH?® be any real-valued mean-zero solutions

of (L)), with w,&o € Cpl? being the corresponding solutions of (2.7) defined by (2.1) and (2.6)).
Then, there exist 6 = 0(s) > 0 and C = C(s, ||ullcrms, ||@]|cpms) > qﬂ such that we have

I NO] — N O

WOk, o] = MO8 o < OM (u = Flora + = leyrz)

W]HCT@ < CM_(SHW - (:)HCTK&

4. PROOF OF THEOREM [L.1]

It suffices to verify the claim for 1/6 < s < 1/2. Let u,u € CrH?® be two real-valued mean-
zero solutions of on a time interval [0,7] with a common initial datum at ¢ = 0. Define
the corresponding functions V, Ve CrH**, v, € CrH?®, and w,& € Cpf? by and .
By a continuity argument, it suffices to prove u(t) = u(t) on [0,7"] for some 0 < T’ < T'. In the
following, C > 0 denotes any constant depending on s, ||ul|cpms, || 0]l cpms-

Let N > 0 be a large constant to be chosen later. We estimate P<y(u — u) and Psy(u — @)
separately. For the low frequency part, which is smooth and satisfies the integral equation

t
Pey(u—a)(t) = / e~ IR Py 0, (u? — @) (7) dr,
0

4From Lemma lwllcye2 is controlled by [lullcy s
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we use the Sobolev multiplication law and obtain

T/
[Penti= e < [ IPe0uta? = 0.
< CT'N?|ju — tllc,., ms

forany 0 < 7' <T.
For the high frequency part, we use (2.2) to have

[ Po v (u — zZ)H(JT,HS =2[|Pon Py (u - ﬂ)HCT,HS
<Py PL(VPyo = VPO, o+ 2| Pon PL(VPo = VP, .

By Lemma [2.2] we estimate the second term as

|Pon Py (VP-v— VP& <||PonPLV P = Poy PV PR

)HCT/HS 1 H3

< O(I1Psw(V =Vl millvlle i + [ PonV ]l g0 = Fllcy )
< ON*(IV = Vlleg mesillvllog, me + 1V ey, e 10 = Tl
< CN~*|lu— |, s
The first term is estimated as
| Psn Py (VPro — §P+5)}}CT,HS
< PonppV =W, mllolep s + IV = Ve, m || Ponyavll,, u-
+ H‘7||CT,H1 | Py (v — 5)HCT,HS
< (N + [ Panpovllg,, o) 0 = oy ae + [Lnso(w = @lley,ez ).
Using the equation and Proposition we have
10w = &) legz < CM™ 4 T'M) (lu = il s + I = Bl
<C(M 4+ T'M)|lu -l c,p, -
Hence, we obtain the estimate
[ — ullcp ars

< O(T' (N4 M) + N7 4 | Pojavll g, e+ M7 ) = il

19

for any 0 < 7" < T. We take N, M > 0 sufficiently large and then take 7" small according to

N, M so that

G(T’(N2 + M)+ N7+ [|Pongavl e + M—5) <1.

For such a 7" we obtain |lu — ul|c,, gs = 0 as desired. This concludes the proof of Theorem
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