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ABSTRACT

Thisworkisconcernedwiththeoreticalstudiesofequilibrium

andstabilityoftoroidalpinchesandTokamaksystems.0fthese

problems,riHD(inagnetohydrodynaniic)stabilityofreversefielddiffuse

pinch.colllsionaldiffusionintoroidalpinches,Tokamakequilibriiun

withlargepoloidalbetaらandmagnetohydrodynamlcandtearingin-

stabi:LitiesinTokamaksareinvestigated.

Thestabilityofreversefielddiffusepinchesagainstkink(or

helical)modesistestedbymeansofNewcomb'scriterionforanumber

ofmode:Lequilibriumconfigurationswhichareobtainedbymodification

offorcefreefields.Stabilitydiagramsshowingtﾆhepositionofthe

conductingshellforstabilityarecalculatedbychangingtheprofile

oftﾆheaxialcurrentdensity,theaveragebetaandthedegreeof

fieldreversal.ThegrowthratesofIIHDinstﾆabi:Litiesforsomeun-

stableconfigurationsarealsoCa:Lculated.Thestabilityagainstthe

resistﾆivetearingmodesisexamined.Itisshownthatthereverse

fieldconfigurationisvulnerab:Letothetearinginstabilitywhenthe

pressureprofileisnearlyuniforminthecentralregionoftheplasma

CO:Lumn.

TheMHDstabilityofthetoroidalpinchhasbeencarriedoutin

cylindrica:Lgeometryneglectingthetoroidaleffec".VThentrans-

portphenomenaaretakenintoaccount,aSma:L:Ltoroidicitychanges

thestructureoftheequilibriumandleadstoresultsdifferentfrom

thoseobtainedforstraightsystems.Theconfigurationoftoroidal

pinchesischaracterizedbyalargepoloidalmagneticfieldBpcom-

parabletoatoroidalmagneticfieldBt｡工nthetoroidalpinch

chargedparticlescanbetrappedinthelocalmagneticmirrorformed

bybothBrrandBp.Transversediffusioncoefficientsincludingthis
-

effectareinvestigatedforthreeregionsofcollisionfrequency

i.e･,bananaregime,plateauregimeandMUDregime.Transverse

diffusioncoefficientsareshowntobesmallerthanDgswhichis
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givenbyGaleevandSagdeev｡

TheequilibriumofthetoroidalplasmainTokamaktypedevices

hasbeeninvestigatedundertheconditionら=2〈p>/Ba2S1,where

<p>1Stheaveragepressureand3aisthepoloidalmagneticfieldat

theplasmaboundaryr°a.Theproblemofequilibriumofanaxisyiranet-

rictoroidalplasmacolumncanbesolvedintheeχpansionwithres-

pecttoinverseaspectratio£=a/F..Itcanbeshownthatif6p≫l.

thenBpa/Ristaken3Sthep81:ametei°oftheexpansionintheequilib-

riumprobleminsteadofa/R.Ageneralformulationoftoroidal

plasmacolu°1゛ithBp≫landsomeexamplesofTokamakequilibria

obtainedbythisformulationaregiven｡

Thel里DstabilityofTokamakequilibriumisalsostudiedinthe

cylindricalgeometryneglectingthetﾆoroidaleffects.Thismaybe

agoodapproximationfornon-localizedkinkmodes.Themethodto

analyzethestabilityagainstkinkmodesisbasedonsolvingthe

linearizedMHDequationsasaneigen-valueproblem.Thegrowthrates

ofIIHDinstabilitiesarecalculatedaseigen-valuesofthelinea-

rizedMHDequations.Stabilitydiagramsareobtainedbychangingthe

profileofthetoroidalcurrent.Theinfluenceofthepositionof

theconductingshellonthestabilityisalsoinvestigated.The

Stﾆabilityofacurrentcarryingplasmainthestronglongitudinal

magneticfieldagainsttearinginstabilityisstudiedfortwotypes

ofequilibriumconfigurations.Theoneistheresistivetearing

●4●4●modewhichoccurswhenthesingularpoint(wherek･B=0)fallsinto

theplasmacolumnsurroundedbyavacuum.Theotheristheresistive

tearingmodewhichoccurswhenthesingularpointfallsintothe

pressurelessplasmasurroundingtheplasmacolumn.
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INTRODUCTION

A'toroidalpinch'denotesatoroidaldischargestabilizedbya

longitudinalmagneticfieldwhichisofthesamemagnitudeasthe

magneticfieldduetothedischargecurrent:.Areversefieldpinch

inwhichthetoroidalmagneticfieldisreversedoutﾆsidetheplasma

columnascrewpinch2)゛3)μ)which1Sstabilizedwithcurrentflow-

inginthepressurelessplasmasurroundingtheplasmacoliunnanda

StabilizedpinCh1)'2)inWhiChthetoroidalmagneticfieldbecomes

smalloutsidetheplasmacolumnaretypicaldevicesoftoroidalpinch-

es.Themacroscopicstabilityofthesesystemshasbeendemonstrated

andencouragingevidenceoftheirpotentialityhasbeenobtained,e･g･ﾀ

withrespecttothehighvalueofB(theratioofplasmapressureto

magneticpressure).InthetoroidaldevicesoftheTokamaktypea

plasmacolumnisconfinedbythemagneticfieldgeneratedbyacurrent

flowingalongtheplasma.Thecurrentalsohasthefunctionofplasma

heating.Inordertorendertheplasmamacroscopicallystable,a

longitudinalmagneticfieldisproducedinthetoroidalchamberwith

field:linesbeingparal:Leitotheplasmacolumn.VJithasufficientﾆ1y

strongmagneticfield,stableplasmaconfinementhasbeenachievedin

Tokamaksystems.AsTokamaksmaybeimportanttocontrolledthermonu-

clearreactions,manyexperimentalworksareCarriedoUt.6)'7)'8)

Accordinglyitisofgreatinteresttotakethetheoreticalstudyof

equi:LibritraiandstabilityintoroidalpinchesandTokamaksystems｡

TheequilibriumofthetoroidalplasmainTokamaktypedevices

hasbeenfirststudiedbyShafranov?)Theproblemofequilibriumof

anaxisymmetrictoroidalplasmacolumninamagneticfieldcanbe

solvedgenerallyintheexpansionwithrespecttoinverseaspectratio

e°a/R.Furtherprogressinthisproblemhasbeendonebymany

authorS.10)'n)'12)Theseinvestigations,however,havebeenlimitted

totheequilibriumoflowpressureplasmawith6p°2(p)/Ba2S1･

where〈p>istheaveragepressureoverthecrosssectionoftheplasma
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columnandBaisthepoloidalmagneticfieldattheplasmaboundary

r°a.AnimportantstepindemonstratingfeasibilityofaTokamak

fusionreactorismaximizingB.Atlarge6(~1),however,ithasbeen

unclearthatpressurebalancebetweenplasmaandmagneticfieldcould

exist.RecentlyShafranovandYurchenkoconsideredtﾆheequilibrum

of8toroidalplasmawith3p〉)1andβpa/R≪1.Theyshowedthat

ifら))>:I,then6pa/Ristaken8Stheparameter0ftheexpansionin

theequilibriumprobleminsteadofa/R.Laval,llaschke,Pellatand

Rosellb1゛lth14)stlldied.8plasmawith3p~R/acontainedin8torus

ofellipticalcrosssection.Straussshowed,fortheplasmabeing

containedinatorusofrectangularcrosssection,thatequilibria

witharbitraryBpareavail･able.CallenandDoryshov゛edequilibria

with3p>R/awhichhaveonemagneticaxis,butfoundthatas6p^R/a

●●regionofreversecurrentappearsintheplasmacolumn.Recent

analysesofMHDStability17)゛:L8)havesuggestedthattheplasma

columninanon-circularconductingshellismorestablethanina

circularconductingshell.Theseworksdrawtheattensiontothe

interestofnon-circularcrosssectionintoroidalpinchesand

Tokamaks.Green,JohnsonandVJeimerhaveshownthatthemagnetic

surfacesareellipticallydistortedaswellasnon-concentricevenif

Sp<1.Yoshii,I^akataniandAmano
20)

haveextentedthemethodof

Green,Johnsonandx･ye:imertotheplasma3p≫1and良岬/R<1i118

non-circularconductingshell.Theseequilibriumこonsiderationsseem

togiveno:Limitationsforhighvalueof6butrequirementforIIED

stabilitydoeslimitf3｡

TheIIHDinstabilityis,asiswellknown,dangerousInstability

forconfinementofcurrentcarryingplasmas.Variousauthors

havediscussedthetheoryofllHDinstabilityinacurrentcarrying

plasma.KruSka121)andShafranov22)haveshownthatthetotalaxial

currentmustbesmal:Lerthantheso-called゛K.S.limit゛inorderto

assurethestabi:Lityagainstthekink(orhelical)Instability,when

theaxialmagneticfieldIsnearlyuniform.ThisK.S.limitisan

importantquantityforIIHDstabilityinTokamaktypedevices.As
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farastheinfiniteconductiveplasmainthecylindricalgeometry

isconcerned,formulationoftheproblemhasbeenalmostaccomplished

byNewcomb.23)Theremainingdifficultyofthetheoreticalworkis

morerelatedtﾆotheproblemofconfiguration.Foreχample,many

analyticalworksarebasedontheparticularcurrentprofilesuchas

homogeneousorskincurrentdistribution.Thussomeambiguityexists

whenitisrequiredtocomparetheexperimentalresultswiththe

theoreticalprediction.Rosenbluth24)Studiedcarefullythestructure

oftﾆheskincurrentlayerinthecylindricallinearpinchandshowed

thatﾆiftheaxialmagneticfieldisreversed,theconfigurationis

hydromagneticallystable.CorpleyandWhiteman25)haveStudied

numericallythestabilityofreversefielddiffusepinchesbytheuse

ofIlewcomb'scriterion.RecentlyRobinsonhasobtainedasemi-

quantitﾆativeanalyticexpressionforthethresholdofIIHDstability

inthecaseofreversefieldconfigurations.Amano,Tamaiand

Wakatani27)inveStigatedthestabilityofreversefielddiffusepinches

bymeansofNewcomb'scriterioninchangingtheaxialcurrentprofile

fromtheskinlikecurrentprofiletothenearlyuniformone.This

investigationclarifiedthethresholdoftheIQ-Dstab11itﾆyasfunc-

tionsofcurrentprofiles,averagebetaandthedegreeoffield

reversal｡

Shafranov28)carriedouttheanalysisofkink(orhelical)modes

incurrentcarryingtoroidalplasmasinTokamaktypedeviceswith

cylindricalgeometryneglectingtoroidaleffects.It1Sinvest!-

gatedthatthedetaileddependenceoftheiffiDstabilityconditions

onthetoroidalcurrentprofilebymeansoftheenergyprinciple.29)

OkabayaShi30)assuredtheresultsofShafranovusingnumerical

procedures.Amano,VTakataniandWatanabe31)inveStigatedthesame

problemsinvariouscurrentprofilesbysolvingthelinealizedl里D

equationsderivedbyHainandLiiSt.32)Thismethodhasanadvantage

ofknowingthegrowthrateofIIHDinstabilityanditsprofileof

theperturbation｡

InascrewpinChFreidberg33)Ca1Culatedthegrowthrateofthe
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kinkmodebysolvingthelinearizedMEDequationsforincompressible

plasmas.0ntheotherhand,GoedbloedandHagenbeuk

?4)inascrew

pinch,calculatedthegrowthratesofIIHDinstabilitiesbytheline-

arizedln!Dequationsforcompressibleplasmasandshowedthatcom-

pressibilityturnsouttohavelittleinfluenceonthekinkmodesbut

fortheinterchange(orlocalhelical)modesthereisapronounced

effectofcompressibilitywhichisalwaysdestabilizing.Bodinet

al.studiedthegrowthratesofIIEDinstabilitiestocomparethe

experimentalresultsinthetoroidalpinchwiththeMl'Dtheory･

Amano,Tamaianduakatani
27)alsoca:Lculatedthegrowthratesinthe

reversefielddiffusepinchsurroundedbyavacuumbytheuseofthe

linearizedIIPDequationsincludingcompressibilitﾆy･

Furth,RosenbluthandKilleen
35)
Showedthatifdissipative

effectsareincludedinMHDequations,apinchplasmastablewithin

theidealIIKDequationsbecomesvulnerabletothreetypesofresistive

instabilitiessuchasresistiveinterchangemode,ripplingmodeand

tearingmode.Johnson,GreenandCoppi

36)examinedtheeffectof

resistivityonthestabilityofIIHDequilibriamainlyintheStella-
りOχ

(weshallcallthemasCGJ)consideredtheeffectsofsmallelectrical

resistivity,viscosityandthermalconductivityontlHDinstabilities

inadiffuse:Linearpinchconfieuration,includingtheeffectofthe

6.Coppi39)foundthattheiongyro-radiushasth^effectofslowing

downa:LIresistivemodesandinmostcasesofmakingthemoverstable.

CoppiandROSenbluth40)alsofoundthattheresistiveinterchange

modecanbestabi:Lizedifviscousdiffusionduetoion-ioncollision

istakenintoaccount.Amano,TamaiandWakatani27)investigatedthe

stabilityagainstresistivetearingmodesinthereversefielddiffuse

pinchandestimatedthegrowthrateofthetearinginstabilitybythe

methodofCGJ.

Extensiveobservationshavebeenreport
ed41)'42)ofkinklike

(Orhelical:Like)magneticperturbationsinTokamaks.These

haveusuallybeeninterpretedaskinklikeMHDmodesofacurrent
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carryingplasma.Suchmodesareoftwotypes;thel･IHDkinkmodeof

aplasmawithafreeboundarywhichoccurswhenthesingularpoint

(whereit°宕゜0)fallsintothevacuumoutsidetheplasmacolumn,

andtheresistivetearingmodewhichoccurswitﾆhsomewhatslower

growthratewhenthesingularpointfallsintotheconducting

plasma.Thekinkandtearingmodesareessentiallythesame,asboth

aredrivenbythemagneticfieldenergyofthepoloidalfield.The

onlydifferenceisthatthegrowthrateofkinkmodeislimitedonly

byinertia,whereasthegrowthrateoftearingmodeistosomeeχtent

1:imitedbytheresistivityoftheplasma.Theoreticalstudiesof

resistivetearingmodesinaTokamakplasmahavebeendevelopedby

Shafranov,28)andAmano,Hakatanianduatanabe,31)andFurth,

RutherfordandSelberg.43)Rutherford,FurthandROSenbluth44)

consideredthenon-lineareffectonthetearingmode｡

Aswehavenoted,extensivestudieshavebeenmadeonthe

toroidalequilibriumofaplasmaforthecaseoftheidealMHD

equations.Severalauthors
45),46)

havetakenintoaccountthe

transportphenomenaoftheplasma.Inthesecasesasmalltoroidi-

citychangesthestructureoftheequilibriumandleadstoresults

entirelydifferentfromthoseobtainedforstraightsystems,in

absolutevaluesaswellasinthedependenceofthetransportCO-

efficientsontheparametersthatcharacterizethemagneticfield

andtheplasma.Thecalculationofthediffusionfluxmadeby

PfirschandSch1Uter45)showedthatwhenthetoroidicityistaken

intoaccount,thediffusioncoefficientgetsanadditionalfactor

(1+8TT2/12)wherelistheangleofrotationaltransform.For1くく27T

thisfactorgivesanimportantIncreaseofthediffusionvelocity

andchangesthefunctiona:Ldependenceonpoloidalan(!/6rtoroidal

componentsofthemagneticfield.Theresultsofthisinvestigation,

whichwasdoneintheMHDapproximation,arecorrectonlyinthe

caseofasufficientlycolllsionalplasmaforwhichthemeanfree

pathismuchlessthanthecharacteristicdimensionofthetorus.

Recentlymanyexperimentsconcern10Wdensityand/orhightemperature
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plasmaswithrarecollisionsforwhichtheIIKDapproximationisnot

va:Lid.Intlh‘elimitof10wcollisionfrequencythesameprobl゛･lwas

studiedwithkineticequationsbyGaleevandSagdeev,afteiTjards

Kovrizhnikh
47)
andRutherford.48)Theresultsoftheseinvestigations

showedtheimportantroleoftheparticleswithsmalllongitudinal

velocity,inparticulartheso-called'trappedparticles',inthe

diffusionofararelycollisionalplasma.TheworkofGaleevand

Sagdeevstimulatedtheinterestoftheoreticiansontheproblemof

collisionaldiffusion.Theyconcernedamoredetailedandmore

rigorousanalysisoftranSportproceSseS,49)゛50)andalsotheexten-

siontoanothertoroidalsystemsconfininghightemperatureplasmas･

Forexample,Stringer51)'52)havestudiedtransportprocessesby

takingintoaccountnon一coincidenceofequipotentia:Lsurfaceswith

themagneticsurfaces.VJareandRutherford,Kovrizhnikh,Rosenbluth

andHinton54)haveconsideredtheeffectofelectricfielddriving

thetoroidalcurrentontransportphenomena.Galeev,Sagdeev,Furth

andRosenbluthandFriemanhaveinvestigatedcollisional

diffusioninthesystemwithoutaxialS3niimetrysuchasthestellarator

37)VJakataniandItatanihavestudiedco1:Lisionaldiffusionin

toroidalpinches｡

TheHHDstabilitytheoryapp:Liedinthisthesisissummarizedin

Chapterl.ChapterIIisdevotedtothestﾆabilityofreversefield

diffusepinches.Thecurrentprofileoftherever"･?fielddiffuse

pinchisvariedfromanearlyskincurrentdistributiontoanearely

uniformone.TotesttheMHDstabilitybyNewcomb'scriterionrequires

numerica:LintegrationoftheEuler-Lagrangeequation.Theinformation

gained,however,concernsonlythethresholdofthestability.In

ordertoobtaintheinformationaboutthegrowthrateandtheeigen

function,thelinearizedMHDequationissolvedasaneigenvalue

problem.Theanalysisofthestabilityofthereversefielddiffuse

pinchagainsttheresistivetearingmodeisdonewiththemethod

ofCGJ,becauseCGJconsideredthediffuselinearpinchwitha

cylindricalconfigurationandincludedtheeffectof6.
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Theinvestigationofcollisionaldiffusionintoroidalpinchescan

beseeninChapterIII.工nChapterIV,bymakingassumptionswith

respecttothedependenceoftheplasmapressureandthetoroida:L

currentonmagneticsurfaces,theproblemofTokamakequilibriumin

aweaklydistortedconductingshel:Lincludingellipticityandtri-

angularityissolvedwithら)>>1andBpa/R<1.ForTokamaksthe

procedureadoptedtostudytheMHDstabilityist0integratethe

linearizedMHDequationsnumericallyfromwhichareobtainedthe

growthrateandtheeigenfunctionoftheMHDinstability.The

investigationofthestabilityofTokamakequilibriumagainstthe

resistivetearingmodeisalsocarriedout.Chaptervisdevotedto

describetheseresults.
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§1Introduction

CHAPTERI

SUfTORYOFMHDSTABILIT゛THEORY

InvestigationofMHDstabilitycanbedonebylookingforthe

growthofsmallperturbationsnearanequilibriumconfiguration.

Theequilibriumissaidtobeunstableifanysolutionincreases

indefinitelyintime;ifnosuchsolutionexists,theequilibrium

isstable.Theimnstabilityofalinearpinchwiththecurrent

confinedtoanindefinitelythinlayerhasbeenanalyticallystudied

indetai1.24)Althoughthestabilityofadiffuselinearpinchmay

beimportanttocomparetheexperimentalresultswiththetheoretical

prediction,itsanalysisneedsnumericaltechniquesaswillbeshown

inlaterchapters.Toconsiderthefeaturesofanequilibriumcon-

figurationwhicharedesirableforstabilitywewillusethehydro-

magneticenergyprinciple29) fundamentally.Thisenergyprinciple

1Sbasedonthestudyofthepotentialenergyassociatedwiththe

smallperturbationandmakesitpossibletoevaluatethestabilityof

asystemwithoutactuallyfindingagrowthrateoftheperturbation.

Fromtheenergyprincip:Le,variationalprinciplecanbeformulated

toobtainnecessaryandsufficientconditionsforthestabilityof

thediffuselinearpinch.ThisworkwasdonebyNewComb23)andthe

resultsaresunimarizedin§2.Weconsiderthenon-localizeddis-

placementsorkink(orhelical)modestogetherwiththelocalizeddis-

placementsorinterchangemodesintheinvestigationtodetermine

thethresholdoftheMHDstability.Thisiscarriedoutbymeansof

theNewcomb'scriterionderivedfromthehydromagneticenergy

principle.
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TheinformationgainedbytheNewcomb゛Scritﾆerion,however,

concernsonlythethresholdoftheMHDinstability.Itisnecessary

tosolvethelinearizedHHDequationsforobtainingitsgrowthrate

anditsprofileofthedisplacement.Conveniently,inthecyllndri-

callinearpinchthelinearizedMHDequationsreducetotheone

equationofthevariableとr32)Whichdenotesthercomponentofthe

displacement.Thisreductionisshownin§3.Fromtheviewpoint

ofexperiments,itisImportanttoknowthegrowthrateoftheMHD

instabi:Lity,whentheequilibriumconfigurationfailstosatisfy

theNewcomb'scriterion.ThegrowthratesofMHDinstabilitiescan

beeva:Luatedaseigenvaluesoftheequationforこr.Thisconsidera-

tlonwillbeappliedinChapters工工andv｡

Dissipatﾆiveeffectsremovecertainrestrictionsontheinstabil-

itywhichIsavailableintheidealMHDequat10nS.35)ln･the

presenceofsmalldissipation,anon-localkinkinstability(oranon-

localhelicalInstability)canalsoariseinacurrentcarrying

plasma.Thisistheso-calledtearingmode.Hereweconsider

electricalresistivity,n,asadissipativeeffect.Theanalysis

oftheeffectofsmallelectricalresistivityontheMHDstability

inadiffuselinearpinchisdonewiththemethodgivenbyCoppi,

GreenandJohnSon.38)Thismethodissummarizedin§14｡

FinallywewillnotethatMHDequationsarewritteninration-

alizedGaussianunitwithc=l.
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§2Newcomb'sCriterion23)

InthetheoryofNewcomb,theplasmacanberegardedas

anidealfluid,i.e.,wecanneglectthedissipativetermsinthe

MHDequations.Thebasicequationsdescribinganidealfluidare

p訂=-gradp+1×‘B,

dlv(pv)=0

4･り･4
E十vxB=0

k(pp‾Y)=0

rot
４
E ･=

4･
rotB=

4●
divB=0

4･

J

諾

-
dt

l

ﾀ

9

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

4●4-･
LetEbetheelectricfield,Bthemagneticfield,Jthecurrent

density,pthemassdensity,pthepressure,ytheratioofspecific

heatsandVthefluidvelocity.Theseequationsarewrittenin

rationalizedGaussianunitwithc=l.

Ilathematica:Llytheproblemofstabilityreducestotheinvest!-

Rationofsmallperturbationsaboutanequilibriumstate.Ifthe

perturbationamplitudesaresmall,thelinealizedequationsofmotion

canbeused.Let芦,iandtrepresentsmalldeviationsfromthe

4●
equilibriumvaluesp,pandB.Theequationsdescribingthestatic

equilibriumarederivedfromeqs.(1.1)~(1.7):

-11-



f
Bχ

↓
J ゜gradp,

4‥卜
rotB=J

4･
divB=0

9

(1.8)

(1.9)

(1.10)

Thelinearizedequationsofeqs.(1.1)~(1.7)canbewrittenin

theform:

p

節

-3t

茄

一3t

十div(ぶ)=0

十grad

+
V+

ゝ
p
t

亜
ａ

9

p=rotBXb十rottx言,

gradp十YPdiv
り･

V

IMF=rot(すx玄)

゜0,

(1.11)

(1.12)

(1.13)

(:L.14)

AsitisnotconvienienttousethevelocityV,wetreatsthedis-

placementfrom'anequilibriumpositiont,inwhichcase;ﾀﾞ縦/8t.

Usingthisvariable,eqs.(:L.:LI),(1.13)and(1.14)canbeintegrated

withrespecttotime:

p=-c!iv(pt),

ii=一曹gradp-Ypdivt,

(1.15)

(1.16)

- 12-



b=r｡t(IXB) (1.17)

Substitutionoftheseexpressionsintoeq.(1.12)resultsina

singlesecondorderdifferentialequatﾆionforE,:

pうﾐ谷=す{か=graddgradr+Yrdivt)+

rotEXrot(txB)十rot[rot(IXB)]×宕･

(1.18)

Theenergyintegralisobtainedfromeq.(1.18)intheform

゛y°㈲vij{がj!か肯゛Kgrad°Ji゛t゛Yp(divt)2}

(1.19)

4●44
whereQ=rot(とXB)andVldenotesthevolumeoccupiedbythe

plasma.

ThemethodofNewcombisbasedonthehydromagneticenergy

principlewhichgivesanexpressionforthechangeinthepotential

4
energyofthesystem,W,whenitissubjectedtoadisplacementﾐ;.

4
IfW>Oforeverydisplacementらsatisfyingtheboundarycondition,

theequilibriumconfigurationisstable:ifWくOforanyallowable

t,itisunstable.

ToderivethenecessaryandsufficientconditionforIIHD

stabilityofacylindricalsymmetricstaticequilibriumdescribedby

eqs.(1.8),(1.9)and(1.10),theusualassumptionaremade:

- 13-



(i)theplasmaisinfinitelyconducting.

(ii)thestresstensorisisotropicsothatascalarpressure

canbedefined,

(Hi)theplasmaisboundedbyaperfectlyconductingshellat

r=b.

Itfollowsfromsymmetryconsiderationsthatthesmallamplitude

motionsofalinearpinchcanbeanalyzedintonormalmodesforwhich

とr,iこOandiこzarerealfunctionsofrmultipliedbyexp(iin9-ikz)･

Wecanthereforelimitourselvestodisplacementsofthisformwith-

outlossofgenerality.Thusweobtainastabilitycriterionfor

eachsetofvaluesofmandk｡

Droppingtheexponentialfactor,wetransformとr゛%andとz

totherealvariableこ,rlandこ:

こ=こr,

n=万･仁 ご乱(唾:r)゜ﾁﾞこΘ-ikとz,

らi(t)(苔)r°iらeBz‾iこzEe

ThecomponentsこOandとz

by

とΘ=心Wﾄﾞﾆﾍﾞぶ{y;

aregivenintermsofnandこ

_,m?-rBznら‾1mB0-krBz･

(1.20)

(1.21)

WesubstitutetheseexpressionsforとΘandとzintotheenergy

integralasgivenbyeq.(1.19),usingonlytherealpartofthe

complexE,becauseWisaquadratic,theresultIs

- 14-



where

W(?,ri,こ)=
ま
rdr{Λ(と,公)十Yp[n十手乱(rと)]2

○

十二迂ﾁ‾土‾己[こｰこo(こ･公)]2} (1.22)

A(と･器)゜1[(mEfl-k17Bz)登-(mBO十krBz)|-]2

十[(lilBO-k17Bz)2-2Beま(rBO)]fr,(1.23)

こo(こ'葺)゜??ﾆ47J[(k17Be+111Bz)葺十(mB^-krBe)|-]'

(1.24)

Apinchisstableifandonlyifw(?,n,?)ispositiveforevery

setoftrialfunctions(^,r|,5)with^satisfyingtheboundaryCondi-

tions

and

と(O)=Oifm≠1

C(O)=Oifm=1

と(b)=0.

Letusdefine

＼Kn=mlnW(こ,TI,こ)

n,こ

(1.25)

(1.26)

● 15-



Theindicatedminimizationwithrespecttonandζistrivial.

SincethetermsinvolvingnandC,arepositivedifiniteandcanbe

madetovanishbysetting

n=- -

｢

ごぐo(と,首),

weobtain

W(こ)=

冲
1
0

(1.27.a)

(1.27.b)

(1.28)

Equation(1.27.a)isequivalentto∇･t=O;hencel･7isninimized

byincompressib:Leperturbations.Furthermore,ΛdoesnotcontainY,

sothatthestabilitycriterionisindependentofT.Inparticular.

bychoosingY°゜:'jweseethatthestabilitycriterionisunchanged

byreplacingtheplasmawithanincompressiblefluid｡

Amoreconvenientformoftheenergyprincipleisobtainedby

Integratingeq.(:L.28)bypartstoeleminatethetermin

W(こ)=
工
2

i:

dr[f(:ほ)2十gと21,

唐

(1.29)

･
●

wherefandg,whicharefunctionsofrwithmandkasparameterss

aregivenby

四四球
f=k^r十m゛

- 16-

(1.30)



g°14MMyよこぶ芦ど十i-(mBe-k゛Bz)2一争乱(゛Be)

一石(往囲尹2｡)･ (1.31)

Thecoefficientfisnevernegative,butgmayhaveeithersign

Anotherusefulexpressionforgisobtained:

Zk^r^g=77-7?-･ 詰十･ﾄ(mBe-krBz)2'ﾄﾞﾁ犬卜まﾄﾆ:L

十万?7詐ﾔt7?(k2r2Bz2-m2B02) (1.32)

Fromeq.(1.29),itcanbeshownthatalinearpinch1Sstable

forallvaluesofmandkifandonlyifit1Sstableform=1,

―00くkく°oandform=0,kや0.

1fwenowtrytominimizeWwithrespectto1,weobtainthe

Euler-Lagrangeequation

d

-
dr
(f
芸)-gこ=0 (1.33)

Thesolutionofthisequationsatisfyingthenecessaryboundary

condition(1.25)givesstationarybutnotnecessaryminimalvalues

ofW'ToproceedanyfurtherwehavetﾆOstudytheformofthe

solutionofeq.(1.33).Thefirstpointtonoticeisthatthe

equationhasasingularpointwheneverf=0,i.e.,forallr

satisfying

17-



mBe‾krBz°09 (1.34)

andthesesingularpoints,Vq,devidetheplasmaintoanumberof

sub-intervals｡[09ri],[ri,r2]¨¨¨[^n≫b].Theyarecalled

independentsub-intervalbyNewcombasitcanbeshownthatan

equilibritimconfigurationisstableifandonlyiftheenergy

intﾆegral,W,ispositiveindependentlyineachsub-interval｡

Nearasingularpoint,rg,theexpressionsforfandgreduce

to

f°(χX2,

g=6,

a>oﾀ

(1.35)

wherex°|r-T^s＼-Theexpressionsfor(xand6areobtainedfrom

eqs.(1.30)and(:L.32):'

a=三旦jMｼﾞj!j(jﾘay十)2,

_J�dl)
6‾B2dr, (1.36)

wherep°Bfl/rBzandB2゛B02十n2Asaand6areconstants,the

Euler-Lagrangeequationbecomes

aji(x2託)一匹=0,

- 18-､
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whichhassolutionsX^andx‘n2whereniandn2aretherootsof

theequation

n2-n-S/(χ=0 (1.38)

Therootsarerealifa+46>0andthisreducestoSuydam

necessarycondition:
58)

;;
‾Bz2(1冲£)2十詐)0,

's

(1.39)

whereallquantitiesareevaluatedatrg.＼leshallassumethat

Suydam'snecessaryconditionforstabilityissatisfied,thenni

andn2arereal.Wetaken1くn2andthesolutionproportionalto

X
‾n2

iscalledtHelargesolution.Theotheriscalledthesmall

solution,althoughitmaytendt0infinityatthesingularpoint.

Thesmallsolutionatr=Oisdefinedwithと(O)=Oform≠1and

C(O)=Oform=1｡

Intermsofthesedefinitions,thenecessaryandsufficient

conditionsforstabilitycanbestatedasfollows.Thesimplest

ofthecriterioniS:

(a)forspecifiedmandk,anequilibriumconfigurationis

stableinanindependentsub-intervalifandonlyifthe

solutionoftheEuler-Lagrangeequationthatissmallat

onesingularpointisnotzeroatanyinterierpointof

thesub-interval.

Othercriterioncanbederivedthatareequivalenttotheabove

statementbutaremoreusefulfornumericaltestofstability･

-19-



Onesuchsetofconditionsthatisusedinlaterchaptersisas

follows.

(b)Forspecifiedmandk,anequilibriumconfigurationis

stableifandonlyif:

(i)Suydam'snecessaryconditionissatisfiedattheend

pointsofthesub-intervaliftheyaresingular:

(ii)if?i(r)andﾐ:2(r)arethesolutionsoftheEuler-Lagrange

equationsatisfying

?i(r)issmall8til･?i(ro)=1

5,(r)issnail8tlr29こ2(170)゜1

whereroissomeinteriorpointofasub-interval[r,.r2]s

andif

9)づと罵
1

9

r
l

^

<

<

｢

｢

く

<

ro

｢
2

then らodoesnotvanishanywhereinthesub-intﾆerval
･
r
>

1

2

r

ﾀｰ

r
r
L

(iii)and

と1゛(rO)>と2゛(rO) (1.40)

Untilnow,itisassumedthattheplasmaisboundedbya

conductingshellatr=b.Letusnowsupposethecasewherethe

pressurevanishesatr°aandtheregionbetweenr=aandr=b

20-



1Sreplacedwithavacuum.Inthisregionthepotentialenergy1S

describedas

iyv=

JI

(rot言)2dさ, (1.41)

4･wherearepresentsvectorpotential0ftheperturbedmagneticfield.

Thercomponentoftheperturbedmagneticfieldinthevacuumregion.

br,1sgivenby

Ibj- Ξゆ(r)=CIlm゛(kr)十C2K_'(kr), (1.42)

whereImandKmaremodifiedBesselfunctionsandCiandC2are

constants.Inthevacuumregion,Newcomb'scriterionmustbeapplied

to巾insteadofと.Thustheboundaryconditionsarethatψis

continuousattheplasmaboundary(i.e.,thercomponentofthe

perturbedmagneticfieldiscontinuous,asadiffusepinchwillbe

treated)andiji=0atr=b｡

Newcombhasshownthatavacuumandapressurelessplasm万gare

equallystableifthereisnosingularpointinthevacuumregion.

butthepressurelessplasmaismorestableifthere1Sasingular

point.

-21-



§3GrowthRateof1111Dlnstability32)

Ueshallinvestigatethegrowthrateofuminstabilityina

diffuselinearpinch.Forthispurposeweintroducecylindrical

coordinater,6,zabouttheaχisofsjmmetry.Inhomogeneityofthe

pressure,thedensity,andthemagneticfieldisrestrictedtothe

r-direction.Thefieldcomponent,Brﾀvanishesandthecomponents

Beand＼dependonlyonr'Thecurrentdensityintheplasmais

determinedbyIlaxwell'sequation(1.6);theradialcomponent,Jr,

thereforevanishesandtheothercomponentsaregivenby

Je°‾誉,

Jz°ｹ乱(rBe)

(1.43)

(1.44)

Theradia:LdistributionoftheplasmapressurePisgovernedbytﾆhe

MKDequilibriumequation(1.8),whichreducesto

ﾖで十Bz誉十升乞(･BO)゛0
(1.45)

工nthissection,thereisnoessentialdiffer^･:cebetweenthe

analysisforacompressibleplasmaandforanincompressibleone.

Eecausetheequationsfortheincompressibleplasmacanbeeasily

derivedfromthoseforthecompressibleone,weshallgivethe

derivationforacompressibleplasma‘｡

Startingfromeq.(1.18)andtakingnormalmodesolutions

曹゜(らr(功･こe(r)･?z(r))e十ime-ikz･

- 22-
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weobtainthreecoupledequations:

ω2卯/r

iω2p(rBOn-krこ)/

iω2p(mC-rBzTI)/

(nBQ-krBz)

(mBO-krBz)

一
一

(-F2/r-2Be(|i)'/r)y十

-i(2kBOBz/lr2)U十

i(2kBe2/?)U十

十((Yp/r十B2/r)y)゛十Y(pn)゛十{(kBΘ十mBz/r)らP+2(kBO/r)こ

十i(やp/r2十Bz(mBz/r十kBe)/r)v』゛十i(Ymp/r)n十i((k2十m2/r2)Bz)こ

-

i(Ykp/r十Bn(mBzか十kBQ)/r)y'-1YkpTI-i((k2十m2/r2)BO)こ

(1.47.a)

(1.47.b)

(1.47.C)

wherewehaveusedthevariablesp=rE,n,?(seeeq.(1.20))and

accentsmarkdifferentiationwithrespecttor.

Fromeqs.(1.47.b)and(l.A7.c)wecanderive

and

η゜(2kB0CO^p(kB0+mB2/r)/nr^)y十

-{(YpG(ω2p十F2)-ω2p(kBe十mBz/r)2)/NOU'(1.48)

ご(2kBe(JpB2十'YpF2)/N?)p

-{(kBO+11Bz/17)(YpF2十(j2p(Yp十B2))/NIふ｣'･(1-49)

● 23-



whereN=ω4p2十ω2pG(Yp十B2)十GYPF'

F゛mBg/r-kB^

and G=k2十mVr^

Equation(1.47.a)canberewrittenas

-

+

{(ω2p十F^+2B0(B0/r)')/r}VJ十[{(YP十B2)/r}μ'十Ypn

(kBO+11Bz/I｀)こP十(2kBe/r)5゜0 (1.50)

Substitutionofeqs.(1.48)and(1.49)intoeq.(1.50)reduces

(Jp十F2){JpJYp十B2}十YpF2}･{(rこ)']'

9
9

十[-ω2p-F2-2Be(ﾄﾞ)l十ﾍﾞﾀﾞ旦己公止ﾍﾟﾄﾞ2･:吐-

十j-2kBfl(mB/r十kB)゛2(Yp十B2)宍゛YpF2P瓦=0,

(1.51)

wherewehaveusedtherelationμ=rこ.Herep,ωandYarethe

density,thegrowthrateandtheratioofspecificheats,respectively･

VThenwetendYtoinfinity,weobtainanothersecondorder

-24-



differentialequation:

[a(rC)']゛-bこ=0

where

and

今回伜-
a°k^r十m2

b°Jp十F2-2Be(y‘)'+2ir.r[7耳lでF7‾?'y]゛

(1.52)

Equation(1.52)isequivalenttothatderivedbyFreidberg33)and

describesincompressiblemotionofaplasma｡

AlsowhenV7etendω2tozeroineq.(1.51)oreq.(1.52),we

obtainamarginalequatﾆionequivalenttoaEuler-Lagrangeequation

(1.33).TheseprocedureswillmakethephysicalpictureofNewcomb's

criterionclear.
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(1.4')(pp‾Y)=nJ2,

f
rotE=-

諾
可

9

(1.2)

(1.1)

(1.3')

(1.5)

(1.7)div゛it=0

工neqs.(1.3')and(1.4*)weincluderesistivitynwhichisa

constantscalarasadissipativeeffect｡

VJeexaminethebehaviorofthissystembylookingforthe

growthofsmallperturbationsnearanequilibriumstate.Asthe

resistivityallowsalmostallconfigurationsdiffuseaway,itis

difficulttofindasteadystatesolutionoftheaboveequations･

Thewaywechooseistodevisealimitingprocedureinwhichthe

resistivityissmall.Thenitisreasonablethatthegrowthrates

oftheinstabilityareverymuchlargerthantherateofresistive

diffusion.Thisallowsustoignoretheeffectofresistivityon

- 26-

(1.6)
一如今･

rotB=J

§4ResistiveTearingInstability

Thefollowingsetofequationsdefinesthemodelweworkwith.

p -
dt

今･-¥
°-gradp十JXB,

普+div(pv)=0

ﾓit十すxB=nJ

d

-dt



theequilibriawhichweconsider.Theparticularclassofequilibria

whichwechooseisthediffuselinearpinch｡

Newcomb23)throughlystudiedthestabilityofthediffuselinear

pinchintheabsenceofresistivity,whichhasbeenshownin§2.

WewillleanonNewcomb゛swork.Kewcombconsideredaninfinitely

longlinearpinch.X･7edifferslightlyfromNewcombinmakingit

periodicoverasetlength2Tr/kandthusapproximatingatorus｡

Nowthebasicequationsarelinearizedaroundtheequilibrium.

Forthedependentvariablesintheseequationswechoosethefluid

displacementtandthemagneticfieldperturbationt.Wecantake

advantageofthesynmetryoftheproblemtoconsideroneFourier

mode

者=す(r)e((1jt十im0-inkz)

Inteirmsofthesequantitieseq.(1.1)becomes:

一叫忖+(すx ji)｡i;十(すx宕)｡万ii

(1.53)

+す【･Ypdiv'ぐ十fgradl,一旦Myﾆ!j】(や｡でii)･(や｡i;)]=0.

(1.54)

Thefirstistheinertia,thenexttwoaretheperturbedmagnetic

force,andthelastcontainsthesolutionoftheequationofstate

fortheperturbedpressure.Toobtainanequationforthemagnetic

fieldperturbationwecombineOhm'slaw(1.3')andllaxwell'sequations

(1.5)~(1.7):

４
b +今やいﾀ｡t=や｡(t･･ii)

27-
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VJewanttoexaminethebehaviorofeas.(1.54)and(1.55)inthe

limitastheresistivityvanishes.Wewillassumethatthegrowth

rateisproportionaltoafractionalpoweroftheresistivity･

Thusitismuchlargerthandiffusionwhichvanisheslinearlywith

theresistivity,andmuchsmallerthanthegrowthratesoflこED

instabilitieswhichareindependentoftheresistivity.FromeqS･

(1.54)and(1.55)thislimit(nや0)leadsstraighttotheEuler-

Lagrangeequation(:L.33)whichNewcombstudied.Thisequationis

wellbehavedeverywhereexceptneartheradiuswhichiscalledas

asingularpointin§2.Sucharadius,wherethedisplacement

becomesinfinite,mustsatisfy

q(r)
_Bfl(r)_n

一一=石可面m (1.56)

Hereqiscalledasasaftﾆyfactorinthel･!11Dstabilityanalysis

ofTokamaktypedevices.

工nthiscaseweneedtore-dothecalculationonlyinasmall

regionnearthesingularpointinordertoobtaindisplacementwhich

isfiniteeverywhere.Clearlyifthedisplacementislargeinertia

willbeimportant.Itisalsotruethatthecurrentdivergesatthe

singularpoint.Thusevenasmallresistivitynaybeas:important

asinertiainlimitingthedisplacement.Nomatterhowsmallthe

resistivitythetermproportionaltonineq.(l.:55)I･ヽ:aybelarge

nearthesingularpoint.

Equation(1.33)isanexce]Llentapproximationtoeqs.(1.54)

and(1.55)everywhereexceptnearthesingularpoint.工tcouldhave

rewrittenwiththeradialcomponentoftheperturbedmagneticfield:

ψ=(nkrBz-mBe)Cr/r

- 28-
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where

乱?晋一f*g*ijj=0,

f
匹

(1.58)

ln2k2r2十m2匹』己£二L一一1包
g°二十r(nkr十m)十(nkrBz-mBg)rar

獅孚止卒典(嘉啓)ﾊﾞnkrBfl+mBz),2a豊一塵)
(nkrBz-mBe)rB^dr(nkrBz-mBe)Fdrdr

行乞(計器)勺絞首7(ふ昔)→岫dp.2,2mnka^

and

1.省

(J°ﾏ

Intheouterregionsthereisdissipationless,slow,inertia-free

motion.Wecallthesethe'hydromagneticregions'.Inathinlayer

nearthesingularpoint,whichwewillcallthe'resistivelayer≒

wemustsearchforadifferentsetofequationsinwhichresistivity

andinertiabothplayarole.Withinaresistivelayersometerms

ofeqs.(1.54)willbemoreimportantthanothers.This

evaluationdependsupontherelativesizeoftheresistivelayerand

onthegrowthrateoftheinstability.Ifthepressuregradients

nearthesingularpointaretoosmalltodriveaninterchangeinsta-

bility,aslowerInstabilitydrivenbyforcesinthehydromagnetic

regionmaybepresent.Veusuallyusethenametearingmodesto

denotethistypeofmodes.Thusweconsidertearingorderingωc゛ηy§

treatedinCGJ.38)

Wecanobtaintheboundaryconditionfortheinnerequationsby

-29-



matchingtothesolutionofEuler-Lagrangeequationinthehydromag-

neticregion.VJemustusethesolutionwhichsatisfiestheproper

boundaryconditionattheouterboundaryorattheaxisofthesystem･

Ifthesolutionvanishesatanypointoutsidetheresistivelayerthe

systemishydromagnetﾆicallyunstablebytheNewcomb'scriterionand

thesmallresistivityhasnoimportanteffect.Wethereforerestrict

considerationtocasesinwhichUewcomb'scriterionissatisfied.

Toobtaintheboundaryconditionfortheinnerregionbyaprocedure

ofmatchingweonlyneedthelogarithmicderivativeoftheouter

solutionattheouteredgeoftheresistivelayer.工nthetreatment

ofthetearingorderingitisconvinienttomatchthelogarithmic

derivativeofψ｡

Nearthesingularpointr°^s.theasympototicformofTpnear

rsisobtainedfromeq.(1.58)

や=[cl+c2{jMkｼﾞﾍﾟnl≒s[べき.+･････]

十C2[1十･‥‥], (1.59)

wherelΞ2TTBo/krB2andaccentdenotesthederivaticewithrespect

tor.Ineq.(1.59)thetermwithcoefficientCicorrespondstoa

smallsolutﾆionandthetermwithC2correspondstoalargesolution

inthetermir!ologyof§2.TheratioCi/C,isthesignificantquantity

whichdeterminesthematching･

Intheinnerregionthesolutionfor中isobtainedinCGJ:

4'ﾘpo【1.゛以冲小‘¨¨】゛【l鱒2TTB^a',I大判】

×[r__‾rs+‥'゜゜].,

T^S

- 30-
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forlargenegativeX>whereX=(1r-rs)/(江R)･又･゜(LR/rs)や

I)゜べぷこ≒7ヰ==l･｡,‰゜(‾がｾﾝ出ふらみ

Q(匹轟鼠芦μぷ≒ψ

HereSistheratioofresistivetimeてR ゜aVntohydromagnetic

timeTjj°a/p~/B.WemustchooseEandやOsothateq･(1.60)matches

thesolutionintheouterregion.ThetermproportionaltoDissmall

1ntheouterregion.Thusifweset

E=やo(CI
(-)

9

/C2
(‾))

(1.61)

thetwosolutionsmatch,whereCI(‾),C2(‾)arecoefficientsofeq･

(1.59)Inrく^s-Ifthissolutioniscontinuedt0largepositive

valueofχ,weobtain

here

ψ゜ﾔo[1゛゛刻刈゛…]+巾o[⑤+△(Q)+ﾓ肖ぶ川犬|]

)([七十¨¨],

S

△(Q)=£im[y(X)一回(-X)]/ゆo

χ4a)

(1.62)

(1.63)

Thismatchesthesolutionintheoutsideregion(seeeq.(1.59)),
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if

△(Q)=△
一

一

- (CI(十)/C 2
(十))-(C1(‾)/C2(‾)), (1.64)

whereCI(十)andC2(十)arecoefficientsof-eq.(1.59)inr)rs･

Thiscondition(1.64)determinesthegrowthrateoftearingmodes

Q°ω/QRか.Fromtheequationintheinnerregion,anexplicit

expressionfor△(Q)canbeobtained.Following･CGJ,38)wefind

with

△(Q)=(Tr/4がQX)F(a,b,c)

F(a,b,c)=[a-D十D+8;b‾D節句句
でjlLy1:ヰyごyyl

dr伐-(5十ab-d)}

十[a-D-D+82bj3b+8c]

Γ{ま(3十ab十d)}

-
Γ{ぞ(5十ab十d)}

where目=jQ34,b=1/y6,C°
2

(1.65)

d2=a2b2+2Db-C,

S=2p(rS)/B2andrdenotestheGammafunction.

TheresistiveskindepthLnisdefinedinCGJas

‰゜≒(背)呪

A･sufficientconditionforstability

△くO;D40

- 32-
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isobtainedbynoticingthat△(Q)ofeq.(1.65)ispositiveifD

vanishesorisnegative.

VThenDvanishes.△(Q)vanishesasabbecomessmallanddtends

tozero.Thusinthiscase

△く0 (1.68)

isthenecessaryandsufficientconditionforstabilityagainst

tearingmodes.

Furthermorewhen6isverysmall.Fbecomes

F(a,b,c)=(2a-

r{如馮}

3D)‘｀4｀゛3y十D

Γそ{5-ｼ}

(1.69)

Equation(1.65)willbeusedforreversefieldpinchesinChapter

IIandeq.(1.69)willbeusedforTokamaksystemsinChapterv.
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CHAPTERII

STABILITYOFREVERSEFIELDDIFFUSEPINCHES27)

§1Introduction

TheMHDstabilityofaxia].1ysymmetriclinearpincheshasbeen

investigatedformorethanadecade.KruskalandShafranov22)

havederivedthesocalledK.S.limitforstabilitywithrespectto

thekink(orhelical)instability,whentheaxialmagneticfieldBz

isnearlyuniform.Tay10r59)conSideredtheMHDstabilityofthe

stabilizedpinchwithskincurrents,inwhichBzfielddropsnearly

tﾆozerointheoutsideoftheplasmacolumn.ROSenbluth24)haScare-

fullystudiedtheStﾆructureoftheskincurrentlayerandhasshown

thatthestabilizedpinchconfigurationisactuallyunstableunless

theBzfieldisreversedintheoutsideofthemainplasma.

Inactualp]Lasmas,skincurrentdistributioncannotberealized

andwealwayshavediffusedcurrentconfigurationsordiffusepinches･

TheinvestigationoftheMKDstabilityofdiffusepincheshasbeen

facilitatedbythepowerfulmethodduetoNewcomb,23)whichhasbeen

shownin§2ofChapterl.CorpleyandT'Jhiteman
25)
havestudied

numericallythestabilityofsomeexamp!esofreversefielddiffuse

pinches,whicharecharacterizedbyskinlikecurrentprofiles,by

useofNewcomb'scriterion.Robinsonalsohasobtainedasemi-

quantitativeanalyticexpressionofthepositionoftheconducting

shel:Lforthethresholdofstabilityandotherusefulre:Lationsin

thecaseofreversefieldconfiguration｡

Furth,RosenbluthandKi:Lleen35)havedemonstratedthatifwe

includeresistivityintheMHDequations,apinchplasmastablewithin

theidealtfflDanalysiscanbecomevulnerabletotheresistive
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instabilities.Thus,weneedtostudythestabilityagainstthe

resistivemodes,inparticular,non-localtearingmodes.The

stﾆabilityagainstresistivetearinginstabilitiesindiffusepinches

isnotsufficientlyinvestigatﾆeduntilnoW｡

工t1SthepurposeofthisChaptertostudythestabilityof

reversefielddiffusepinchesagainstMHDinstabilitiesandtearing

modes.Wefirstgiveavarietyofequilibriabymodifyingforce

freeconfigurations.Ourbasicparameterstocharacterizeequilibrium

aretheprofileoftheJzcurrentdistribution,whichisanessential

featureofourmodelequilibrium,theratiobetweenthevaluesofBz

attheaxisandattheconductingshellandtheaveragedbeta.This

methodmakesitpossibletoeχaminethestabilityinvariousequili-

briumconfigurationsandtofindplasmaparameterssuitableforcon-

trolledthermonuclearfusionresearchaswell,astoconfirmresults

obtainedbyabovementionedauthors.Theregionoutsidetheplasma

columnisassumedtobeavacuumincontrastwiththescrewpinch

CaSe.3)'4)Thepositionofconductingshellforthresholdofthe

stability.Rtj,iscalculatednumericallyforseveralclassesofthe

aboveparameters.Thestabilitydiagramsthusobtainedincludethe

followings;(i)RwversustheJzcurrentprofile,(ii)Rtjversus

average6and(Hi)R^jversusthedegreeoffieldreversal｡

Thestabilityofthestabilizedpinchisalsobrieflydiscussed

anditisshowntobeunstableagainsttheMHDinstability｡

ItisimportanttoknowthegrowthrateoftheMHDinstability.

whentheequilibriumconfigurationfailstosatisfyNewcomb's

criterionandbecomesunstable.HencethegrowthratesoftheMHD

instabilityfortypica:Lunstableconfigurationsarecalculated.The

informationoftheprofileofthedisplacementisalsoobtained｡

TheanalysisoftheStﾆabilityagainsttheresistivetearing

InstabilityisdonewiththemethodofCGJ.38)ltisshownthat

thereversefieldconfigurationisvulnerabletothetearing

instabilitywhenthepressureprofile1Snearlyflatinthecentral

regionoftheplasmacolumn.
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工n§2,themethodtosolvetheequilibriumequation1Sdes-

cribed.ln§3,wetesttheM

diffusepinchesbymeansofNewcomb'scriterion.工n§4,thegrowth

rateoftheMHDinstabilityiscalculatedforsometypicalunstable

configurations.Section5isdevotedtotheanalysisofthestability

againsttheresistivetearingmodes.Theresultsarediscussedin

§6.
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§2MHDEqui:Librium

Inthissection.wedescribethemethodtoobtaintheMHD

equilibriadefinedbyeqs.(1.8)~(1.10).Weconsideraxisymmetric

linearpinchconfigurationsgivenby

JQ°‾
誉

9

廿
゜JeBz‾JzBe9

J

Z
゜手玉(1°Be)

(2.1)

inthecylindricalcoordinates(r,9,z)｡

ItshouldbenotedthattherearefiveunknownquantitiesP(r),

Be(r)･BzO°)･J0(r)andJz(r)･｀ヽ7hiletherearethreerelations

betweenthem.Thereforewemustgiveanytwofunctionstospecify

anequilibriumconfiguration.AsweareinterestedintheJzcurrent

profile,letusfirstgiveJz(r).Fromthesecondequationof(2.1),

Be(r)isobtained.NowweconstructaforcefreefieldJe(O)9Bz(O)

fromtheseJzandBe.

JQ (O)Bz(O)-JzBe°O,Je

Integratingeqs.(2.2),weget

NextwemodifyBz
(O)

(O)dBz(O)

゜‾‘F‾

(Bz.(O)(O))2-2

byBz
(1)

r
o
で

(2.2)

J^Bedr

tosupportaplasmapressure,
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Bz(r)=Bz
(O)

(゛)十Bz

Thenthepressurebecomes

p(功゜pO‾
1

- 2 Bz
(1)

(1)
(r)

(r)(2Bz
(O)

(r)十Bz
(1)

(2.4)

(r)),(2.5)

wherePoisaconstant.Thismethodofconstructingeauilibriahas

theadvantagethatwecanobtainanydesiredpressureprofileeasily

byappropriatelychoosingBz(1)｡

AsparameterstospecifyaJzcurrentdistributionweuseaand

6showninFig.工ｴｰ1.TheexpressionforaJzcurrentprofileis

givenintheform

Jz°a

一

一

(Oくr/aく1-6)

1+4((x‾1)(l十今‾1)2/(s2(l-6<r/a《:L‾))

1-4(|十音‾1)2/62

ゐ
ｔ

0

｡

.0)

!?.

(2.6)

Fig.Iｴｰ1.Jzcurrentdistribution*,aand6characterizethedistribu-
tion.
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Twomoreparameterscharacterizeourequilibriumconfigurations.

TheoneparameterdenotestﾆheratioJ'-Bdefinedby

_Bz(b)≒一瓦て可, (2.7)

whereBz(b)andBz(O)denotﾆethevalueofBzattheconductingshell

r゛bandattheaxis,respectﾆively.Theotherparametertocharac-

terizeaconfigurationistheaverageS,

し
a
o

y

a
o

よ

prdr

(Bz2十･〇2)rdr

×100
(2.8)

Inthecaseofreversefieldpinchesitisconvenienttotake

Bz(O)゛OinaくrくbandtochooseBz(1)intheformshowninFig.工ｴｰ2

Fromeq.(2.3),wedetermineBz(O)(O)･thencalculateBz(O)(r)in

Oくrくa.Bz(ﾘ(O)andBz(1)(a)aregivennumericallyaccordingtothe

valueofBz(O)(O),thenBz(1)(r)iSdeterminedbymeansofinter-

polation.Hence,weget

Po°

1

-
2

Rb°Bz

{Bz(:L)(b)}2,

(1)

(b)/

Bz
(O)
(O),

.､B(1)(O){B(1)(b)}2
S‾ｽﾞこ碩ぺぶ+

2{Bz(O)(O)}2､
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wherephasbeendeterminedfromtheconditionP(a)゜Oandtherelation

Bz(1)≪
O
Bz(O)h8Sbeen゛sed.Figui°eII-3illustrates8reversefield

configurationthusobtainedandFig.II-4showsitspitchvariation

(here,thepitchofthemagneticfieldlineisdefinedbyrBz/BO).

il

g

Fig.工工‾2.Bz (O)andBz(1)which

giveareversefieldpinch.

Fig.II-4.Pitchofmagnetic
fieldlineinareversefield
pinch.

Fig.II-3.Areversefieldcon-

figuration;B=20%,P-B=-O.:L8,a=0.1.
6=0.4.

心
一
馬
m
一
k

S

亀,

r.l.'iS6

Fig.II-5.Pitchofmagneticfield
lineinastabilizedpinchanddis-
placementIwhichmakesWnegative.
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ForthecaseofstabilizedpinchesBz

tﾆheformshowninFig.I工-6.Bz
(0)

(O)

(r)andBz

andBz
(1)

(1)
aretakenin

(r)aregivenbythe

samemethodasabovementioned.Thusinthiscase,weobtain

PO°O゛

(O)

Rb゛Bz

6=Bz
(1)

(b)/
Bz
(0)

(O)/Bz

(O),

(O)
(O)

(2.10)

FigureII-7IllustratesastabilizedpinchconfigurationandFig

lｴｰ5showsitspitchvariation.

EI?

Eg

Fig.II-6.Bz
(O)

andBz
(1)
which

giveastabilizedpinch.

-

Fig.I工爽7.Astabilizedpinch
configuration;B=15%,P.B=0.05,
a=0.1,6=0.4.
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§3TestofMKDstabilitybyMeansofNewcomb'sCriterion

Inthissection.wetestthestabilitﾆyofreversefielddiffuse

pinchesobtainedin§2bymeansofNewcomb゛Scriterion.Weassume

thattheregionoutsidethemainplasmacolumnissurroundedbya

vacuum,sincethisconfigurationgivesmorestringentconditionfor

thestabilitythanthecasewhereapressurelessplasmasurrounds

theplasmaas゛ヽ'ehavenotedin§20fChapter工｡

Letusfirstconsiderreversefieldconfigurations＼7ithnegative

Rg.Underthesecircumstanceswehaveatmostonesingularpointfor

specifiedmandk,consideringeq･･(1.34)oreq.(1.56)andthepitch

variationshowninFig.工ｴｰ4.X'yhennosingularpointispresent,ou｢

proceduretoanalyzetheStﾆabilitv･isasfollows.Startingfromthe

smallsolutionofeq.(1.33)atr=0,wesolvetheEuler-Lagrange

equationnumericallywithHannning'smodifiedpredictorcorrector

methoduntﾆiltheplasmaboundaryr=a.Ifthesolutionvanishes

beforetheboundary,theconfigurationisunstable.工fitdoesnot,

thezeropointofthevacuumSO:LutionTpobtainedfromthematching

conditionatr=a(seeeq.(1.57))determinesthepositionofthe

conductingshell%Tforthethresholdofthestabilityﾀsincethe

plasnacolumnbecomesstablewhentheshellislocatedinsideRW'

VJhenonesingularpointexistsandliesinthevacuumregion,the

procedureisthesameasaboveaccordingtotheremarkinthelast

paragraphin§2ofChapter工.VJhenasingularpointliesatrSin

themainplasma,wehavetoconsiderthetwointervalsO<rくrsand

rs<r<a,seperately.Inthesub-intﾆerval0くr<rsgweuseNewcomb's

criterionfortheformof(1.40).Alltheconfigurationswehave

testedhaveprovedstableintﾆhisintervalonlyifSuydam'scondition

(1.39)isfulfil:LedatrS.Intheintervalrsくr<aﾀwesolvethe

Euler-LagrangeequationstartﾆingfromthesmallsolutionatrS･

Againtheconfigurationisunstableif5vanishesbeforer=a.If

itdoesnot,thepositionoftheconductingshellisobtainedInthe

samewaystatedabove.
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Inthiswaythepositionoftheconductingshellforstability

RU(m,k)iSdeterminedforspecifiedmandk.Toassurethestability

againsteverymandkmodes,wemustfindthesmallestvalueof%

(m,k).Accordingto§2ofChapterI,however,weonlyneedtotest

●thestabilityagainstthemodesm=Oask4･Oandm=1fora11

valuesofk.

Figurel]:-8showsthestabilitydiagramoftheconfiguration

showninFig.I工-3.WenotethatSuydam'sconditioncanbesatisfied

everywhereintﾆhisconfiguratﾆion,becausethepressuregradientis

slightlypositiveneartheaxisandthepressuregradientisnegative

intheregionwheretheshearislarge.工nFig.II-8theabscissais

thewavenumberkandtheordinateisR^jnormalizedbytheplasma

radiusa.Thestableregionliesbelowthecurve.Itisrecognized

that%Jmustbelessthan2.2toassurethestabilityagainsta11

themodes.

5

4

3

2

ら
3

2

k

Fig.II-8.Stabilitydiagramof
theconfigurationshowninFig.
II-3.Theabscissaisthewave
numberkandtheordinateisRw,

thepositionoftheconducting
shellforstabilitynormalized
bytheplasmaradius.

0
01)

W
R
3

2

1

0｡20.4a60.81
g)

Fig.工ｴｰ9.Thepositionofthe

conductingshelltostabilizea11

modesasafunct10nofa,inthe

caseofB=15%,Rb=-0.2,6=0.4.

Theupperlineshowsm=Omodeand

thelowerlineshowsm=1mode.
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Figures工ｴｰ9and工ｴｰ10showthepositionoftheshellto

stabilizeallmodesasafunctionofaand6whichcharacterizethe

currentdistribution(seeFig.II-1).Thea=Omeansaskinlike

currentanda=1givesanearlyuniformdiffusecurrent･

Fora°const,thestabilityimprovesasthewidth6becomessmall.

For6=const,thestabilityimprovesasabecomessmall.According-

1ythestabilityconditionbecomesmorestringentasthecurrent

distributionchangesfromaskincurrenttoauniformdiffusecurrent.

InFig.工ｴｰ9,wehavenotcalculatedforsmal:L(xbecause6=0.4and

(X-yOmakeanrealisticcurrent‘distribution.

Rw

3

2

1

0

ぶ

0.00.10.20.30.40.505a708

Fig.Iｴｰ10.ThepositionoftheconductingshelltoStﾆabilize

allmodesasafunctionof6.1)6=19%･%°09

a=0.1.2)B=14%,Rb=0,a=0.1.
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Figure11-11showsthepositionoftheconductingshellasa

functionofthedegreeoffieldreversal.Thestabilityagainstthe

m°Omodesteadilyimprovesas卜bIbecomeslarge,whilethe

stabilityagainstthem=1modebecomesworse.ひenoteh:hasa

minimumnearRg°-0.1forthem°Omode.

―
Γ

恥
3
2

1

0
0

.

0
0.1 0.2 0.3 0.4

Fig.I工-11 Thepositionoftheconductingshellasafunction

oft:hedegreeoffieldreversalfor6=15%.1)
m=Omode,a=0.1,6=0.4.2)m=0mode,a=1.0.

3)m=1mode,a=0.1,6=0.4.4)m=1mode,

a=1.0.

FigureIｴｰ12showsR^TversusplasmapressureS.Thestability

becomesworseasSbecomeslarge.Betacanbeaslargeas50Zif

RWissufficientlyclosetoone.Wecanalsoseethatthe

stabilityconditionbecomesworseforthecaseofadiffusecurrent

distributionthanforthecaseofaskinlikecurrent｡

LetusnowbrieflyconsiderthecasewhereRB〉O.i.e･9thecase

ofstabilizedpinch.Thepitchofthemagneticfieldlineinthe

stabilizedpinchshowninFig.II-5hasaminimumatthesurfaceof

theplasmacolumn.Thepinchcanbestabilizedbyapositivepressure
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gradientnearthepitchminimumpointﾆ;however,asthepressure

gradientﾆisusuallynegativeneartheedgeoftheplasmacolumn,the

stabilizedpinchisunstable.

Rw

3

2

1

0

0

4

10 20 30 40

β

50%

Fig.工ｴｰ12.Thepositionoftheconductingshellasafunction

ofplasmapressure6forRb°-0.2.1)m°Omode,
a=0.1,6=0.4.2)m=Omode,a=1.0.3)m=1

mode,a=0.:L,6=0.4.4)m=1mode,a=1.0.

liecanunderstandtheabovefactbyuseoftheenergyintegral

(seeeq.(1.29)).29)Twosingularpoints,ri,V2,ortﾆheEuler-Lagrange

equationcanappearnearthepitchminimumpoint,^min'forsome(m,k).

Then,as(m/k-rB^/Bg)!canbemadeassmallasdesiredby

aproperchoiceof(m,k),thefunctiong(r)becomesapproximately

2k2r2dp/dr/(k2r2十m2)inrlくrくr2.1:fdp/dr<0,theng(r)くOandthe

energyintegral

2

gぴdr--2?o

l

2
1

よ
犬

-

gdrく0,
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forthedisplacementごら0°constinrlくrくr2and£=0otherwise

(seeFig.Iｴｰ5)｡

V7ehavetastednumericallythepossibilitytostabilizetﾆhe

stabilizedpinchbyasmallpositivepressuregradientﾆintheedge

oftheplasma.Ithasbeenrecognizedthataverysmallpositive

gradient,1/pdp/dr=･0.01issufficienttostabilizethepinch;

however,Rgshouldbelessthan0.05inordertomakeRW>2.
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§4GrowthRateofIIHDInstﾆability

IJhentheequilibriumconfigurationdoesnotsatisfyNewcomb's

criterion,magnetohydrodynamickinkinstabilitycanoccur.Fromthe

viewpointoftheexperimentitseemsimportanttoestimatetﾆhegrowth

rateofthekinkinstability.Suchacalculationhasbeendoneby

Freidberg33)forthecaseofthescrewoinchbymeansofeq.(1.52)

foranincompressibleplasma｡

Inordertocalculatethegrowthrate,weusetheequationof

motionintherdirection(1.51).Theboundaryconditionsbelonging

toeq.(1.51)are:

rこ=Oatr=0,

とconnectswith＼hgivenbyeq.(1.57)atr=a.

andψ==Oatr=b,

whereaandbdenotetheradiusoftheplasmacolumnandofthe

conducti‘ngshellrespectively.Theeq.(1.51)includescompressibility

oftheplasma.Themotivationforchoosingthisequationisthatthe

growthratesobtainedfromincompressibledisplacementsingeneral

donotgivethefastestones｡

VThentheequilibriumconfigurationdoesnotsatisfyNewcomb's

criterion,weobtainthegrowthrateω>OforこwhiChsatisfiesthe

boundaryconditions.Figure工1-13illustratestheformofthedis-

placementrとandthemagneticpenturbationi^inthereversefield

pinchconfiguration.Themagneticperturbatﾆionゆintheplasma

regionisderivedfromとbyuseofeq.(1.57).Fromthisfigurethe

displacementofm=1modeisnearlyconstantovertheplasmacolumn.

Theconfigurationusedtoobtainthedisp:Lacementisthereverse

fielddiffusepinchwitha=1.0｡

Wecalculatedthegrowthratesfortwocases:theoneisb=2.5

andtheotherisb=3.0.Thewavenumberkwaschosensoastogive
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thesmollestRwinthetestofNewcombscriterion.

４
ﾛ

旧
明

Ｓ
Ｍ

o殆

Fig.11-13.Theformofdisplace-

mentrB,andthemagneticfield

perturbationi)forthecaseof

ωN°0.707,b=2.5,B=41%,Rb=-0.2.

(X°1.0,calculafedforthemode

m=1andk=0.9.

Fig.11-14.ThegrowthrateωNas

afunctionofplasmapressure6

forRB°‾0.2ﾀ(X°1.0.1)b°2.5,

2)b=3.0.

]:nFig.11-14sωNdenotesthegrowthratenormalizedbythetransit

timeofAlfvenwavedefinedbyap(O)/y/阿てa).Figure工ｴｰ14shows

tﾆhatthegrowthratebecomessmalleras6becomessmaller.Italso

showsthatthegrowthrategetslargerwhenthepositionofconduct-

ingshellisplacedmorefarfromtheplasmacolumn｡

Uptohere,wecalculatedthegrowthratesofkinkmodes.If

thepressuregradientnearthecenteroftheplasmacolumnbecomes

negative,Suydam'snecessarycondition(1.39)cannotbesatisfied.

Hencetheso-called'Suydam'modeorinterchangemodecanappear.

Forexample,weshowthegrowthratesofSuydammodeandkinkmode

intheequilibriumcharacterizedby6°24%,RB°-0.2,a°1.0゛d

b=2.0.ThegrowthrateofSuydammode1SωN=0.019whichismuch

smallerthanthegrowthrateofkinkmodeωN=0.417.
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(a)

§5ResistiveTearingInstability

Uptothissectionwehaveinvestigatedthestabilityofthe

diffusepinchbyuseoftheidealIfflDequationswithinfinite

conductivity.Aswehaveshownin§40fChaptﾆerI,ifweinclude

resistivityinMHDequations,apinchplasmastablewithintheideal

IIHDanalysisbecomesvulnerabletoresistiveinstabilities.CGJhave

consideredtheresistiveinstabilitiesInadiffuselinearpinchwith

acylindricalconfigurationandhavealsoincludedtheeffectof

finitebeta.WeshallfollowthemethodofCGJtoanalyzethestabil-

ityofreversefieldconfigurationsgivenin§2againstthe

resistivetearinginstability｡

WehadsomedifficultywhenweappliedtheCGJtheoryofthetﾆear-

ingmodetothereversefieldconfigurationgivenin§2.Thenumer-

icallycalculatedliidoesnoteasilycoincidethetheoreticalform

ofeq.(1.59),owingtothefinitepressuregradient.Therefore･we

havedecidedtotakethefollowingprocedureinordertomatchthe

asymtoticformtotheCGJtheory.Uedeliberatelymakeaconstant

pressureregioninthecenteroftheplasmacolumnbyadjUStingBz(1)

(r)ofeq.(2.5).Bz(1)(O)andBZ(1)(a)aregiventomakeaprofile

showninFig.工ｴｰ2,byuseofthevalueofBz(O)(O).Forr≦0.8,we

makethepressureequaltopbydeterminingBz(r)fromeq.(2.5),

Bz
(1)

wherePo°

and -
p

(r)=-Bz
(O)
(r)十

1
-
2
{Bz(1)(a)}2

Bz

ForotherwiseBz
(1)

(1)
(O)(2Bz

{Bz(O)(1r)}2‾2(F‾pO)･(2.12)

(O)
(Oj)十Bz

(1)

(O))

(1:)isextrapolatedtothevalueofBz(1)

-
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AsthisassumptionmakestheparameterD(seeeq.(1.60))equaltozero.

therelationforthegrowthrateofthetearingmode,eq.(1.65),

becomes:

and

△(Q)=てj≒ﾇｰF(a,b,c)

Γ{}(3十ab-d)}

Γ{ｷ(5十ab-d)}

十[a-2こL2L]I
賜(3゛ab十d)}

dΓ{t(5十ab十d)},

(2.13)

(2.14)

v;herea=兌6Q沁,b=1/Y9,c=騨)2,d2=a2b2-candq=

ω/QRか｡

Thenumericalana:Lysisofthestabilityagainsttearingmodeswas

performedbychangingparameters6and%･Numericallycalculated

valuesof△･ωandLTldefinedbyeq°(1°66)areSho゛linFig°11-15~

Fig.工I-:L8.Theconductingshellwasplacedatr=1.5atoassure

Newcomb'scriterionforstability｡

Fromthesefiguresweobservethat:

i)Intheregion0.2くr/aく0.7,resistivetearinginstabilitycan

appear,sinceform°1modes△jarealwayspositive.Thereverse

fieldconfigurations,however,arestableagainstm=2modewhen

1:!a<0.65forparameterranges15%<6<31%and-0.25<Rb<-0.05.

Ii)Thegrowthrateofm=1modedecreaseswhen6becomessmall.

Forexample,whenS°10**,thegrowthrateoftheresistivetearing

instabilityisabout0.01てP
-l

metersisshowninFig.Iｴｰ19.

ThedependenceofSonplasmapara-

-
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Fig.Iｴｰ:L5
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5a
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△asafunctionofr/awhenplasmapressure6changes

forP-B°-0.159a°:L.0.Solid:Linesshowm=1mode

anddottedlinesshowm=2mode.1)6=15%,

2)6=20%,3)B=26%,4)3=31%.

ﾕ
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I
一
回
I

10卜
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Fig.11-16.△asafunctionofr/avihenthedegreeoffieldreversal

F-Bchangesforp=15%,a=1.0.Solidlinesshowm=1

modeanddottedlinesshowm°2mode.1)RB°-0.05,

2)Rb=-0.1,3)Rb=-0.15,4)Rb=-0.20,5)Rb=-0.25.
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Fig.11-17.GrowthrateoftearingInstability(in=lmode)asafunction

ofr/awhenplasmapressure6changesforRb=-0.15.The

leftordinateshowsthenormalizedgrowthratedefinedby

ωてHS%andtherightordinateshowsthegrowthrateωてH

whenS=104.1)6=15%,2)6=20%,3)6=26%,A)6=31%.
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Fig.11-18.ResistiveskindepthLn/aoftearinginstability(m=lmode)
asafunctionofr/awhenplasmapressure6changesfor
Rb=-0.15.TheleftordinateshowsLn/as/sandtheright
ordinateshowsLn/awhenS=104.1)B=15%,2)6=20%,3)

3=26%,4)B=31%｡
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Fig.11-19.ConstantSlinesas
functionsofelectrontemperature
Tpandplasmadensitynformag-
netlcfieldB=3×1O'*Gandplasma
radiusa=3cm.
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Theseresultssuggestthat

thereversefieldconfigurations

arevulnerabletotheresistive

tﾆearinginstability,althoughthe

abovetreatmentoftheresistive

tearinginstabilityisrestricted

tothespecialtypeoftheequi-

librium.Itshouldbenoted,

however,thattherestillremains

tﾆhepossibilitythatthepositive

pressuregradientinthecentral

regionofthep:Lasmacolumncan

stabilizetheresistivetearing

instability.Thisisunderstood

fromthatasthepositivepressure

gradientsmaketheparameterD

negative,thestabilitycriterion

fortearingmodes(1.67)maybe

assured.
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§6ConclusionandDiscussion

Thestabilitﾆyofreversefielddiffusepinchesagainstthehydro-

magneticandresistiveinstabilitieshasbeeninvestigated.Wehave

chosentﾆhecylindricallinearpinchastheapproximationtothe

tﾆoroidalpinch,inordertoapplytheNewcomb'scriterionforMKD

stability.Thismaybeagoodapproximationaslongaskinklike

modesaretreated.EymeansofNewcomb゛Scriterion,tﾆhenVDstability

hasbeentestedforanumberofequilibriumconfigurationswhichare

01?tainedbymodificationofforcefreefields.Theequilibriumis

characterizedbytﾆheprofileoftheJzcurrentdistribution.This

methodisconvenienttoobtainvariousequilibriaofdiffusepinches

anditisconfirmedthataSma:LIdeviationfromtheJzcurrentprofile

givenineq.(2.6)doesnotchangestabilitydiagramsessentially･

Stabilitydiagramsshowingthepositionoftheconductingshellfor

thethresholdofthestabilityhavebeencalculatedbychangingthe

shapeoftheaxialcurrentdistribution,theaveragebetaandthe

degreeoffie:Ldreversal.Thefollowingresultsareobtained:

i)thereversefielddiffusepinch1SstableagainstMHDinstabilities

ifk-*･0ork-*･α);(ii)thestabilityagainstthem=Omodeimproves

asaorMbecomeslarge,whilethestabilityagainstthem=1

modeimprovesasO‘or|RbIbecomessmall;(iii)stabilitycondition

becomesmorestringentasthecurrentdistributionchangesfroma

skinlikecurrentprofiletoauniformone;(1v)as6becomes

large,thestrictconditionthataconductingshellissufficiently

closetotheplasmaisimposedonthestability.Thusstability

diagramsshowsthereversefielddiffusepinchisstableagainstMHD

modesforsufficientlyhighvaluesof6andavailablecompression

ratioRm≧2｡

ThegrowthratesofIIHDInstabilitieshavebeencalculatedfor

unstablereversefieldconfigurations.Itisshownthatthegrowth

ratesofkinkmodesareω~(0.4~0.6)a(p(O)) /Bg(a).Thisexpression

gives:Largegrowthratefortypicalplasmaparametersoftoroidal
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pincheS.1)'2)Thereforekinkmodesaredangerousforconfinementof

high6plasmasintoroidalpinches.Theshapeofthedisplacement

と(r)iSalsoobtainedanditshowsthattheplasmacolumnmovesas

awholeduetothem=1kinkmode｡

Thestabilityagainsttheresistivetearinginstabilityhas

beenexaminedwiththemethodgiveninCGJ.Itisshownthatthe

reversefieldconfigurationisvulnerabletotheresistivetearing

instabilitywithm=1whenthepressureprofileisnearlyuniform

inthecentralregionoftheplasmacolumn.Thegrowthratesof

m゛1tearingmodesareestimatedfortypicalparametersoftoroidal

pinchesanditisshownthattearingmodeshaveslowergrowthrates

tﾆhanthoseofkinkmodes.Thegrowthrateoftearingmode,howeverﾀ

dependsonelectrontemperatureasTe‾弘.Fromthisfactgitis

importanttoobtainahightemperatureplasmabymeansofcom-

pressionorJouleheatinginreversefielddiffusepinches.Itis

notedthatthepositivepressuregradientinthecentralregionof

plasmahasaStﾆabillzingeffectontheresistivetearingmodesand

thenegativepressuregradientdrivesanotherinstabilitysuchas

interchangemodeswithlargergrowthrates.
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CHAPTERIll

COLLISIONALDIFFUSIONINTOROIDALPINCHES

§1Introduction

GaleevandSagdeev
46)

57)

firstlyindicatedthattakingaccountof

theDresenceofso-calledtrappedparticlesleadstoasharp

increaseinthediffusioncoefficientsatrarecollisionfrequency.

incomparisonwiththatgivenbyPfirschandShluter.
45)

Galeev

andSagdeev(hereafterweshallcallref.460fGaleevandSagdeevas

GS)investigateda10w6toroidalplasmasuchasplasmasinTokamaks,

wheretheassumptionthatatoroidalmagneticfieldismuchlarger

thanapoloidalmagneticfieldi･Susuallyavailable.0ntheother

hand,toroidalpinchessuchasreversefieldpinches,
1),2)

stabilized

pinches'andscerwp1゛cheshavel°ealized2p°Etbydl°i7i昭8

4..､､^_･J_､1.､..--.､-4..､.､.､.､.､､..､t､1⌒4-.､y_c1-,･,,･≪.21)､22)_,､､..､.､⌒.､､.､､･.､;､.4.､
toroidalcurrentcomparabletoK-Slimit, orbyacompression

InTokamaks,experimentaleffortsarerecentlydevotedtorealize

qや160),1.e.tostrengthenthepoloidalfield,whereqisasafty

factor｡

Transportphenomenaintoroidalpinches,however,havenotbeen

discussedindetailsofar.InthisChapterweinvestigatecollision-

aldiffusionindiffusedtoroidalpinchesfollowingtheschemeofGS

abovementioned.Thisisanextensionof,theschemeofGS.GStreat-

edtransportphenomenainrarelycollisionalplasmasbyuseofthe

kineticequationwiththecollisiontermsintheLandanform.

Particlesconfinedinanaχisymmetrictoroidalmagneticsystemare

subdividedintotwogroups,trappedparticlesanduntrappedparticles,

accordingtotrajectoriesoftheirguidingcentermotion.Whena

collisionfrequencydecreases,themeanfreepathbecomeslargerthan

57-



theconnectionlengthofatorusandtrappedDarticlesbegintoplay

adominantroleintransportphenomena.Itisshownthatthepitch

anglescatteringinthevelocityspaceforbarelytrappedparticles

isessentialinthisregime.Thenthedisplacementsoftrapped

particlesasaconsequenceofthe'banana'motioncanleadtoan

appreciableincreaseinthetransportcoefficient.Thephysical

meaningofthisenhancedcollisionaldiffusionisunderstoodthrough

therandomwalktheory.GSalsoconsideredtransportphenomenain

theintermediatecollisionfrequencies(inwhichcollisionsarenot

veryraresothataMaxwellianparticledistributioncanbeestablish-

ed).GSassumedthat,asthebananamotionismaskedbyCoulomb

collisions,Landaucollisionterminthekineticequationmaybe

yep:Lacedwiththesimplecollisionte°ﾘjeﾔfj(1)'゛he17efぐ)is

thefirstorderdistributionfunctionandV]effisaneffective

collisionfrequency.Itisshownthatthediffusioncoefficientin

thisregimeisindependentofthecollisionfrequency.ご

TransversediffusioncoefficientsgiveninGSmustbemodified

insomerespectsintoroidalpinches.Sinceequilibriumconfigurations

oftoroidalpinchescanbedeterminedbythepressurebalanceequation,

aprameterincludingtheplasmapressuresuchas゛Shafranov゛sAi61)

appearstodescribethemagneticfieldsoftoroidalpinches.Thus

thelocalmagneticmirrorinthetoroidalpinchesisformedbythe

inhomogeneityofapo:Loidalmagneticfieldaswellasthatofa

toroidalmagneticfield.Andtheconnectionlengthofatorusis

shortenedbythepoloidalmagneticfieldcomparabletothetoroidal

one.Thisshorteningoftheconnectionlengthreducestheperiod

withwhichatrappedparticleformsaclosedtrajectoryprojectedon

themeridionalplane.Fromthisfact,wefindthatthewidthof

thebanana,whichisproportionaltothedisp:Lacementfromamagnetic

surfaceasaconsequenceofthedriftmotion,isalsoreduced｡

Thecollisionaldiffusionincollisiondominatedplasmasis

investigatedintheframeworkofmmequations.EothJzandJQ

currentsaredrivenbyelectricfieldsintoroidalpinches.while
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tﾆheJz currentisonlydriveninTokamaks.Thisfactmodifiesthe

wellknown'Pfirschs･Schliiterfactor≒
45)

In§2theguidingcentereauationsinatoroidalpinchare

given.Section3isdevotﾆedtoobtainthediffusioncoefficientat

rarecollisionfrequenciesandin§4isobtainedthediffusionCO-

efficientatintermediatecollisionfrequencies.In§5weuseIIHD

equationstoinvestigatethediffusionintoroidalpinches.In§6,

thelastsection,thediffusioncoefficientsobtainedin§3,§5

arediscussedandcomparedwiththosegiveninGS.
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§2EquilibriumandGuidingCenterEquations

]:nordertosimplifytheanalysis,weassumethattheminor

radiusofthetoroidalpinchismuchsmallerthanthemajorradius.

FollowingKadomtsevandPogutse,weintroducecurvilinearCO-

ordinates(r,6,Qwhichtendtotheusualcylindricalcoordinates

systemwhenthemajorradiusRotendstoinfinity.Itcanbeassumed

t:hatﾆmagneticsurfacesinthecrosssectionこ=constareasystem

ofnestedcirclesandtheequationr=constdefinesamagnetic

surface.ThentheaxiallySymmetrictoroidalmagneticfieldis

expressedby貧゜(O'%'Bら)゛Forsmallvaluesof£=r/Ro,the

toroidalmagneticfieldtoanaccuracyofordereisgivenby

BごBこ°(r)(l-ecose) (3.1)

Inthisapproximation,thepoloidalmagneticfieldcanbewritten

intheform

Be°B0°(r)(:L-Λ(r)cose),

whenΛisasmallasymmetricparametergivenbyShafranov

(3.2)

61)
that

dependsonthedistributionoftheplasmapressurePandthep0101da:L

magneticfieldBeﾀ

Λ(r)= 大ﾄﾔ･ﾄﾞ1 (16ttp十BQ°2)rdr}.(3.3)

‘一多･Furthermore,theabsolutemagnitudeofthemagneticfieldBcanbe

writtenintheform

B=Bo(r)(l-6cos6),
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where

6°(ABoe2十eBoこ2)/B02andB02°Boe2十BOC2°

Theequationsfortheguidingcenterintheradialelectric

fieldspecifiedbythepotential<:Kr)andalsointhemagneticfield

givenbyeqs.(3.1)(3.2)and(3.4)are:

dr
-
dt =一片譜亀÷ sine｡

and

11E°‾
こ!

‾

ぐう4?y∠!LB

こ(Bo(S)゛cose‾ヱ竹白≒Fy∠ΞBCBo゛

十

響

Φ゛-V11

脊

(3.5)

(3.6)

wherevilandvldenotethecomponentsofthevelocityparalleland

perpendiculartothemagneticfieldreSpeCtively,ΩCO=eBo/mcis

thegyrofrequencyandy°mVj_V2Bisthemagneticmoment.Because

ofthetoroidalsymmetryinthetoroidalpinch,itissufficientto

consideronlytheprojectionoftheparticletrajectoryonthe

(r,9)plane.Inordertodescribethemotionoftheparticlein

theformsofeqs.(3.5)and(3.6),therelations

1dn
^ciWdr((

1 ~
I rci古o;H?くく19 (3.7)

areassumed.Thereforewehaveneglectedthetermarisingfromthe

currentflowingintheplasmaascomparedtotheremainingtermsIn
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eq.(3.6).Inaddition,weassumethatteiTDeratureoftheplasma

confinedinthetoroidalpinchissohigh(i.e･,largeconductivity

isavailable)thattheeffectofadrivingelectricfieldcanbe

ignored.UsingtheconservationofaparticleenergyEandthe

conservationoftheadiabaticinvariantu,wecanfindthelongitudi-

nalve:Locitﾆvofaparticle

V11° ぺに 一郎-e(!)]}尹 (3.8)

AsE<く1isassumedandachargedparticlemovesa:Lmostalonga

magneticfieldline,weallowtoneglectthetoroidaldrift.Then

wecanwritﾆeeq.(3.6)inthefollowingform

づly°-4牡[{V2゛玉?こ(VE-vll)2}6]外[2に2-1+cose]y2

(3.9)

where

V2=2(E-eΦ)/in,a=sign[vi1(ro,0)一女0],

2'(2°[Vll(rn･O)‾ざ{゛E(io)‾｀QI(1ro)}]2/

[{V2十崔(VE-VM)2}61,

VE ゜匠lｿﾞΦ≒゛M°ﾐｦ;7 o2hOBo゛8゛d゛T2°2T/m

Itisthenobviousthatparticlewiththevaluek2<iwillbe

trappedinthemagneticfieldoftﾆhetoroidalpinch.Thistrapping
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effectarisesbecausethemagnitudeofthemagneticfieldalongthe

lineofforcevariesfromaninnerportionoftﾆhetoroidaltubeto

anoutﾆerportionandviceversa.
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§3Co:LlisionalDiffusioninthePananaRegime

!･7eshallnowconsiderthecaseofveryrarecollisions.Inthis

casetherelaxationtimeforthetrappedparticledistributiondueto

collisionsismuchlargerthantheperiodassociatﾆedwiththeirmotion

where

寺〉)てj°jMjr,

:L6､/^ke'^nrB当=T『石ｱand-詣

(3.10)

isthesafetyfactor.TheL.H.Sof(3.10)denoteseffectivecollision

tﾆime.SincetheLandamformisusedtodescribetheCoulombtermof

collisions,theeffectivecollisionfrequencyisVj(jTj/(△゛)2)'

where△vdenotestheve:Locityintervalinwhichthedistribution

functionissubstantiallychanged.Asfortrappedparticlesinthe

t:oroidalpinch△visnearlyequaltoJVTjﾀwhichisderivedfrom

eq.(3.8).Undertheseconditﾆions,asafirstapproximationwecan

neglecta11theeffectsofC01:Lisionsandthegeneralsolutionofthe

kineticequationcanbewrittenonlyinteriPGoftheconstantsof

motion

ft°ft
(o)
(U,E,J)

･
r
i fu°fJo)(U,E,J,(J),(3.11)

whereftandfuarethedistributionfunctionsforthetrappedand

untrappedparticlesrespectivelyandJisthegeneralizedangular

momentum.Writingtheparticledistributionfunctionintheform

fj°fj(o)(E･U･J:a)十fj(い(E･y,J;a･e)十'¨･(3.12)

-
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●

wesolvethekineticequatﾆionbythemethodofsuccessiveapproxi-

mation.Inaddition,welinearizetheLandaucollisiontermsince

deviationsfromtﾆheMaxwelliandistributﾆionareimportantonlyina

narrowregionofvelocityspacefortrappedparticles.Thenthe

kineticequationisassumedtohavetheform:

,Be"yBn/mB_Bo゛十岑φ゛}ぐﾀﾞ)

゜Σj゛三≒ﾄﾞｽﾞこﾕと(ηj゛十ny-賜)‾碍ｼ可光(≒‾JMぎy

+一戸十h-ﾘoし
llljりTj,J

where

and

ηj'゜n(xjO゜‾うて
/j゛j;‾t
l/iEdt･n'(x-j)゜‘泣なｼﾞ'

町゜2uBn.

(3.13)

Here,wehaveneglectedthederivativeofthefirstorderdistribu-

tionfunctionwithrespecttﾆothercoordinate,andhaveassumed

thattheorderofmagnitudeof6iscomparabletothatofE:.

Furthermore,in･thefirstapproximationthedistributionfunction

ismostsensitivetochangesinthelongitudinalvelocityandwe

canneglectalltheotherderivativeineq.(3.13).Andwehave

assumedthatthecurvaturedriftdoesnotplayanyimportantrolein

theparticlediffusionacrossthemagneticsurface｡

ItisconvenienttotransformthevariablesVj_,Vlland0into
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thenewvariablesy,K^andebymakinguseofthefollowinprelation

V11° 乱導が-9回4ﾂ亙+2a[や6(J-sinﾘ)]M (3.14)

Thetransformationofthevariab:Les,then,leadseq.(3.:L3)toasimple

form:

一騨呵礼

where

{ぶ?ど
゜6VjA(xj)占{(J(゛2-sinづy%(U↓o十

2列6fj(o卜十万可yc(゛j)fj{o?}'

A(゛j)゜ぞ価Σj'(nj'゛n'j.-毎)゛j‾Mand

CCx-j)゜点心ｼﾞﾍﾟ穴琵戸

(3.15)

-

Usinp,thesameproceduregiveninGS,v/ecanfindboththedistribu-

tionfuncぢionforuntrappedparticlesf.(Oiandthatfortrapped

particlesftj(ojlo゛1eq.(3°15).Substitutingtheexpressionforf(O)

ol｀ftj(0)illtothe?..K.S.ofeq.(3.15),wecanfindthefirstorder

distributionfunction｡

Multiplyingtheparticledistributionfunctionfj(ol十fj(1)bythe

particle゛e:Locityacrossthemagneticsurface(μBO/咄co)ぐBこ0/BO)

×(6/r)sineandintegratingover(らK2β)9wecanobtaintheparticle

fluxacrossthemagneticsurface.Here,weconsiderseparatelythe

contributionstothefluxfromuntrappedparticlesandfromtrapped
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(χ)■2TT

transition°‾‾

ｽﾞﾀぐ

うﾌﾞ

勺A(゛j)゛j

v

(1陥(索2‾sill今<nV>

(3.17)

fromtrappedparticles(K2<1)'AS<nv>untrap°゜6外and<nv>trap

局外,thelattercanbeneglectedascomparedwiththeformer.For

thecontributionfromthetransitionlayerwecanobtainthefollow-

ingexpression

゛{

ﾂﾞoとﾂﾞ;

い=1°-り

戸脊

rcj

u

e‾゛j‘c(゛j)2A(゛j)゛j非゛

67--

X(c(Xj)十
⑤o吉言)dX-j

(3.18)

particlesaswellasfromparticlesinthetransionlayer･

Theresultantcontributiontothepartﾆiclefluxiscalculatedtogive

<nv> untrap
ご

ﾇﾂﾞｽﾞｼﾃﾞﾚ
j)e‾゛j‾c(勺)≒j廟4-ず゛ﾃﾞｼi

べK(a)一石尚尚研]戸(c(勺)十聯

y昔)d町･(3.16)

fromuntrappedparticles(ic^

<nv> trap
=-2護了馬びcj
-
Be"71^2

∞
｡
0

士

>1)and

j)e7j‾c(゛j)≒jMII(c(゛j)十

9
示』

加



Afterthenumericalestimationoftheintegral0ntheR.H.SofeqS･

(3.16)and(3.17),＼･7eobtainfinallvthetotalflux〈nv>=･<nV>untrap

十<nv>transition as

(゛)゜-y坏cj2ぷ‾

子

)211.3瞭十
万
Φ')-15討'n} (3.19)

Becausetheplasmaisneutral,anelectricfieldmustarisein

suchawayastoreducetheiondiffusiontoalevel0felectron

diffusion.'Underthecircumstancesthediffusionbecomesambipolar

andtheambipolarelectricfieldis-ne.Φ゛゜pi≒

V'eobtaintheelectronfluxfromeq.(3.19),substituting

j=e,'

<nv>゜‾ﾘe rce2/r

吊

211.3{1十分dr音ll} (3.20)

Accordinglythetransversediffusioncoefficientisobtained

for

D⊥゜{1.3(1十分十!亙!!豆ljｼ:Ej?}£婚e%e2q2

v｡ぺ子呂謹

こ

(3.21)

Here,therelation-BnBo'-4TTp'isusedandthesecondterminthe

curlybracketistheorderofthemagnitudeof昌.X･7enoteherethat

aparameter6appearsinthisexpressionofthediffusioncoefficient,

whichwillbediscussedin§6.
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§4Collisional‘DiffusioninthePlateauRegime

HereweconsiderthecaseinwhichaJIaxwelliandistribution

canbeestablishedbyvirtueofcollisionsinanarrowregionof

velocityspace,△v~/6~vx,withintheperiodofgyrationofthe

trappedpartﾆicleintheclosedtrajectory.!゛7eassumethatcollisions

canbeneglectedfortheuntﾆrappedparticles.Then,ourlimitations

onthecollisionfrequencycanbeexpressedbytﾆheinequality

ぶ9°VTiﾂv9[s仙旦ごｺi.
Bor]Bこo｢

(3.22)

Thesolutionofthekineticequationcannowbesoughtinthe

formofanexpansionine,

where

(e

fj(y-L,V11,ら0)゜fj㈲(｀乙i.vii.r)十fj(1)(゛j-'゛11'らe)十

fj(o)
ZS

11j

exp[一回=

B00

-

2

cBO
二Φ')

B02

69-

+V112

-
Vx.2

●●●●● (3.23)

+2eΦ/mj]
-

ｼﾞｺﾞn
f.削

rB9eff]

7T狐VT

(r)

-

j3

1SalocalIlaxwelliandistribution.Mowthelinearizationofthe

kineticequatiひntakestheform:

2V112十Vよ2

Bら
oBo゛十



(3.26)

2V112十V.2∂f゛(o)V上23f゛(o)

十“゛11/゛･Byべ-sin6こ一三胎呼sinOﾂ,

2らoBnぐr3rBor8vii

(3.24)

v;herethecollisiontermissimplyreplacedbyanapproximateterm

ofthefo°-VeffJfj''',andx'effjdenotesaneffectivecollision

frequency.Assumingthedependenceoff･(nontheanpleoasan

exponentialforme士ie,wecanwritethesolutionoftheeq.(3.24),

fj(1に!{[

×(-

2vii
2

4Ω

C

Be°

-

Bo

+

-
0

万

一
Bo

V11‾

Bぐo6‾L‾ﾐまIBeo6E7i‾iでlf.(0)

ｽ]ｽﾐL√ご

BBq十

づ

Φlii゛effj)‾1}e±18

(3.25)

Multiplyingthisexpressionbytheradialdriftvelocityofthe

particle(eq.(3.5))andintegratingoverthevelocityspace,we

obtaintheparticlefluxacrossthemagneticsurface:

〈nv>=

伺して

,1141ヽ≒ﾌﾟ{一芸sine

~

-

ぷ
‾で

愁

Beo

-

B02

-

T:j62exp(-

- 70-

-
m

゛Tj

2
2

)
dn

-dr



Herethecurvaturedrifthasalsobeenneglectedand可ldenotes

thepoleofthedeltafunct:ion,whichappearsasaconseauenceof

veff]‾゛'09

-

V11°

じ

for

騨

(y-

7Tj2

-

2ΩCO

0p

BCO

Be °Bo

BO゛

-rce皐62,
reBo

｢ B0｡

-

71-

(3.27)

(3.28)

cBこo

-

Be°Bo

Aswediscussedbefore,thetransversediffusionbecomes

ambipolar.Thenthediffusioncoefficientisobtainedfromeq.(3.27)

calculatedforelectrons

yr

‾7
Bo
-
3乙

B00

-
Bこ0

B02

くりく
e

^Te

-

Herewenotethat,althoughthisexpressionisagainsimilartothat

giveninGS,thequantity6appearsinthisformula.



§5Collisiona卜Diffusioninthe!:f.dRegime

Inthecaseofrelativelyshortmeanfreepaths(v7hichissmaller

thantheconnectionlengthofthetoroidalpinch),theinfluence

ofparticletrappinginlocalmagneticmirrorscanbecompletely

neglected,i.e.,

当))

゛Tj

-

Be°

-

Bo

(3.29)

Thetoroidalcontributiontothediffusioncoefficientisduetoa

quiteregularnotﾆionof■Darticlewh･ich,attheoutercontourofthe

torus,isdirectedout:wardacrosstﾆhemagneticsurface,whileatthe

innercontouritﾆisdirectedinwardacrossthemagneticsurface｡

Forthesakeofsimplicity,weconsideronlythepartic:Leflux,

assumingtheuniformtemueraturedistribution.Todescribethe

convectionitissufficienttousetheKHDequilibriumequation

Ohum'slaw

∇n=JXB,

4‥い今
E十VXB=

り･
J,,

-
(JII

+
乱
(J･

andtheconditionofquasi-neutrality

div J=0.

(3.30)

(3.31)

(3.32)

wherea,.and(yldenoteparalle:Landperpendicularconductivity
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respectively.Undertheeq.(3.31)andtakingaccountofthe

eq.(3･.30),wefind

一卜

V£
一

一

い苔1

一一
ﾏ‾(J⊥ 沁 (3.33)

wherethesecondtermdescribesthetransversecollisionaldiffusion.

Multiplyingeq.(3.31)byB,weobtain

り･→→→J°B°a,,E°B

Denoting乱゜a乱wefindfromeq.(3.34)

(゛(･･e)゜ﾍﾟｼ-{BEこ°(r)(l -

(3.34)

£COS9)十BqEq},(3.35)

whereEこisdeterminedundertheconditionswheretheequilibrium

configurationisstationaryand

^'Ej.d=const.

Usingeq.(3.32)anddivB=0,weobtain

(3.36)

｀i;.瓢=-div匙=-(叡邨).す服)一士す･(叡%).(3.37)

Thesecondtermisequaltozerothrougheq.(3.30)andthebothsides

ofeq.(3.37)arerewrittenas
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BO}}゛B士分訃゜2Bらo音6sine

工ntegratingea.(3.38),wecanfind

a=ao(r)-

2Bこ

-

Be°B

0

0

(3.38)

(3.39)

whereao(r)istheindependentpartofafron0.Thepoloidal

electricfieldisdividedintotwoparts,

Ee°Ee°(r)十Ee(n(lr･0)･ (3.40)

whereEq'^denotesthee:Lectricfieldformaintaininganequilibrium

inthetoroidalsystem.Equatingthezerothorderandthefirst

orderoferespectivelyineq.(3.35)andeq.(3.39),wecanfind

and

叫)(幻゜(y,1(ECOBこo十EOOBeo)/Bo2'

E(丿=･

斗孚6cos9十{2(e-6). BぐEこo

(Ji,BJ2drBe°

一卜
ThetoroidalcorrectionforV,isdefinedas

―
ぐ
rｖ 1

肩11B
こ

o

‾EどBeoEO
=+-

B02

o引 -

Bo

-

2

(3.41)

十(Λ-26)E0°}cose

(3.42)

6cose,(3.43)

EこoBj1)EOOBCo‾EこoBOO
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(い川
whereh゛Bこ

respectively･

andBdndenotes‾eEこocose゛‾E:Bこ"coseand‾ABeocoso

Using;eq.(3.42)andtﾆhedefinitﾆionof6,wecan

rewriteeq.(3.43)as

2B

(JII

where(E

Oこ2

-

B02

2

膳6cos9-(巳-(S匹
B6d｢

44
(E〉(B)o

一一cosfl,(3.44)
B°e^Bo^

XB)odej)tes(E00BCO‾ECOB00)゜Furthermorewedefine

万

Vj-

O)
d

一
一

1
一一

(J･

土_

B02

6+

2

dp

四●
dr

(e一巴)}普cosQ

(3.45)

(3.46)

XB.秘

B02

Combiningeq.(3.43)witheq.(3.45),weobtain

川=-{

2BOこ2

(J

11
B°e'Bo

B02

-(巳-6)-

B002

-

0上B
o

0
2

Sincewehavetreatedtheequilibriumwhereeq.(3.30)isavailable

andtimeindependentelectricfieldEr°andEgmaintainthesame

configurationduringthetimescaleofcollisionaldiffusion,the

magnitudeofv<≪'maybesmallandtﾆhesecondtermofeq.(3.46)can

benegligible｡

Themeanparticlefluxacrossthemagneticsurfaceisobtained

whenvjlﾘSmultipliedby(1十ecosB)inordertotakeaccountthe

variationofthesurfaceelementinthetoroidalpinchandthen
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averagedovere

くV
｢

一
･

E02

-t.“十一

Bo2(J･I^'e(lBoe2 BOこ2

e(巳-6)}誓 (3.47)

Accordinglythetoroidalparticlefluxduetobinarycollisionsis

1bV^

<nvjl)>こ=万={1十夕|血y
r

(JIBo2ailB°e^

for

ﾘe
>>

ε(S十 E:(e-6)}ま(3.48)

(3.49)

ﾆ

Boe2

Froir.thiseauationweobtaintﾆhetransversediffusioncoefficient

acrossthenapneticsurface:

D上ﾆﾘe゛ce211+評q2÷+≒ q2

^Te
-

■Ro

e

.

p.°

InthecasevjheretheconditionE=6isavailable,theusualform

ofPflrsch-Schliiterfactorisobtained.
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§

6ConclusionandDiscussion

Transversediffusioncoefficientsinatoroidalpinchhave

beeninvestigatedforthreeregionsofcollisionfrequencies.

Theconfigurationofthetoroidalpinchischaracterizedbythe

largepoloidalmagnetﾆicfieldBpcomparabletothetoroidalmagnetic

fieldBT｡

Intoroidalpinchesparticlescanbetrappedinalocalmagnetic

mirrorformedbybothatoroidalmagneticfieldandapoloidalmagnet-

icfield.TheconditionEp=ごBtalsoreducestheconnectionlength

ofatoroidalpinch.Transversediffusioncoefficientsincluding

theseeffectsareshowntobesmallerthanDqcwhichisgivenby

GaleevandSagdeev.]:nthebananaregionD･゜Dgs/67‘Fisobtained

andintheplateauregionD･゜DGS(62/巳2)9whereedenotes

r/P.oandasmallparameter6denotestheinhomogeneityofthe

magnetﾆicfieldintoroidalpinches.Theappearanceoftﾆhefactﾆor

6/emeansthattheinhomogeneityofthepoloidalmagneticfield

inthetoroidalgeometrycannotbeneglectedintoroidalpinches.

HereitisnotedthatasafetyfactﾆorincludedinDgsmaybesmaller

thanorcomparabletounity.IntheIIHDregionDj^alsoincludesthe

factor6/e.FigureIII-lshowsthediffusioncoefficientinthe

toroidalpinchasafunctionofelectron-ioncollisionfrequencyVe1･

ThedottedlineshowsdiffusioncoefficientsgiveninGS.The

poloidalmagneticfieldcomparabletothetﾆoroidalmagneticfield

diminishesthediffusioncoefficient,sotheslopeoftheline

denotedbylaswellastheslopeofthelinedenotedby3are

decreased.工nadditionﾀtherelationEp゛BTincreasesthecollision

frequencyatwhichtrappedparticlescontributemainlytothe

transportphenomena.Thisisseen,inFig.III-1,fromthatthepoint

ofintersectionof:Lines2and3shiftstotherightsideascompared

withthatshownbyGS｡

AtypicalvalueofΛisapproxi°atelyequalt:Oe(3/4-6p),

(i.e.inthecaseofuniformtoroidalcurrent),whereら)゜8TTp/Ep2
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-andpdenotesaplasmapressureaveragedoverthecrosssectionof

thetorus.Thus,ifgpincreasesfromthesmallvalue,Λbecomes

smalland6decreases(seeeq.(3.4)).

Fig.工II-l.Thetransversediffusioncoefficientasafunctionof
e:Lectron-ionco:Llisionfrequencyﾘei-Thesolid:Line

showsthetransversediffusioncoefficientinatoroidal

pinchandthedottedlineshowsthatgivenInGS.Here,

D.)゜万瓦IBolBoﾋﾟ/DeolBo2'1rc/lr゛cT/eBo゛が･

り1゛BOo/Bﾋﾟ゛T/l｀'巳齢811dV2°Beo/B｀"｀7T/ら

anditisnotedthatBe°<<BCointheseexpressions.

Conclusively,thetoroidalpinchcharacterizedbvtherelation

Bp°Bthasagreatadvantﾆagetotﾆheconfinementof-hightemperature

plasmasinviewofthec01:Lisionaldiffusionintheequilibriumstate.
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CHAPTFRIV

HIGHBpEOUILIBLIUM,OFTeKAMAKS20)

§1工ntroduction

Asaresultofrecentexperimentalstudies''madeon

TokamaksitisofgreatinteresttotakethetheoreticalstudyofMHD

equilibriaandstabilityinTokamaksasfartowardthereactor

regimeaspossible.TheproblemofIIHDeauilibriumofanaxisymmetﾆric

tﾆoroidalplasmacolumnhaveusuallybeensolvedinthefirstapproxi-

mationofanexpansionwithrespectto巳゜a/RﾀwhereaandRare

theminorandmaiorradiusofthetoroidalplasmarespectively･

Moststudieshavebeenconcernedwithlowplasmapressurei.e･,

BpS1.HerepoloidalbetaisdefinedbySp°2<p>/B,2,where<p>

istheaveragepressureandBaisthemagnitudeofthepoloidal

magneticfieldattheplasmaboundaryr°a.Shafranov''showed

thatt00(E2)themagneticsurfacesarenestedcircles.Recently,

usingtheorderingS~1andstudyingatoroidalplasmaseperated

fromvacuumbyasharpboundary.Green,Johnsonand!･leimerhave

carriedtheircalculationt00(S3)andshownthatthemagnetic

surfacesareellipticallydistortedaswellasnon-concentric.

ForlargevalueofB,ithasbeenunclearthatpressurebalance

betweenplasmaandmagneticfie:Ldcouldexistandithasbeen

popularlysupportedthatthereisanequilibriumlimitof叫)(巳‾1.
n)

Consideringspecialdistributionsofpressureandcurrent,anumber

ofworkershavestudiedequilibriumconfigurationinV゛hich13p^゛巳‾1･

Somefeaturesoftheseresultsareasfollows.Lavaleta1.14)

havestudiedadiffuseplasmacontainedinatoruswithelliptical

crosssection.Strausshasshown,fortheplasmabeingcontained
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inatorusofrectangularcrosssection,thatequilibriawith

arbitraryBparepossible.Inbothcases,thepressurevanishesat

thesurroundingconductingshell.CallenandDoryshowed

equilibriaofthetoroidalplasmawithvacuumcontainedinaconduct-

ingshellandfoundinthecaseof%･>E‾1theyhaveonlyone,

‘magneticaxisandas6p゛E‾1regionsofreversecurrentappearin

suggestion

thatas%゛ε‾lasecondmagneticaxisappearsattheinnersideof

thetorus.AlsoShafranovandYurchenko:studiedequilibriaof

toroidalplasmacolumnwithvacuumcontainedinanellipticallydis-

tortedconductingshellundertheconditions6p≫1,6pa/R≪1°

):tisimportanttonoticethatifBp≫1,thenBpa/Rshouldbe

takenastheparameteroftheexpansionintheequilibriumequation

insteadofa/R.0tﾆherwisethevalidityoftﾆheexpansionisnot

assured｡

InthisChapter,＼,゛eshallinvestigatehigh日pequilibriaofthe

toroidalplasmawithvacuumcontainedintheellipticallyortri-

angular:1-ydistortedconductingshell.AsrecentanalysesofniiD

stabilitvsuggest
17),18)

thattheP:Lasnainanon-circularconduct-

ingshellismorestablethantheplasmainacircularshell,itis

necessarytostudyequilibriumofaplasmacontainedinanon-circu:Lar

she:LItheoretﾆically｡

In§2weshallsolvetheequilibriumequationusingtheexpansion

withrespectto巳k(Oくk≦1).Thisfractiona:Iexpansionmakesitpossible

tosatisfy6p))1and≒)び1゛Theproblemistofindthecurv･ilinear

coordinateS(r,0,φ)inwhichthesurfacesr=constcoinsidewith

themagneticsurfaces.Thispointofviewinsolvingeauilibrium

equationshasbeendevelopedbyGreen,JohnsonandI'eimer.
19)
1･letake

theordering6p｀Ek‾1andshowt:hattheequilibri°]equationcan

besolvedtoanyorderof巳byappropriatelychoosingthecoordinates.

Forexample,weぢreatthecasek°ﾘ3(i.e.6pie‾弘)811dmakethe

calculation､uptotheordere
3k

(ore)includingthecontributionto

ellipticityandtriangularityofthemagneticsurfaces.
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In§3,someexamplesobtainedbytheformulationdevelopedhere

willbeshown.!･7ecansolvetheequilibriumanalyticallyforauniform

currentdistribution.Foranon-uniformcurrentdistributﾆion,

however,wemustusenumericaltﾆechniquessuchasRunge-Kutﾆtamethod

withautomaticintervals.Section4isdevotedtodiscussions.
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(4.2)

§2Solutionoftﾆhe:IP.DEauilibriumEquation

FollowingtoGreen,JohnsonandWeimer19)weShalldescribea

generalformu:Lationtosolvetheequilibriumequationforatoroidal

plasma ThisisconvenientforapplicationtoTok&maksystems.

Vetakeanaxiallysymmetiriccurvilinearcoordinatesystemin

whichthemagneticsurfacescoincidewiththecoordinater=const.

Thetransfoirmationbetweenthe(r,e,φ)andthecylindricalcoordinatﾆes

system(X,φ,Z)canbewrittenformallyas(seeFig.IV-1)

φ

ぐ
ぐ
X
Z=
=

χ
Ｚ r,e)

r,e)

Fig.IV-1.Coordinates｡

(4.:L)

Inthe(r,e,φ)coordinates,the

magneticaxisisatr=0,or

Σ=RandZ=0.InthisCO-

ordinatesystem,thecontravar-

iantcomponentsofthemagnetic

fieldaregivenbytheformulas,

び=0,Be={ﾔｰf(r),Bφ゜‾E非h(゛)･
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whereJ=石器一昔洽istheJacobian.Fromeas.(4.2)the

magneticfieldisgivenby

省゜BOae十Bφaφ･ (4.3)

whereen゛d&φdenoteunitvectors.RBoisintroducedtomakef(r)

andh(r)dimensionlessandthefactor1/χ､Jmakeseq.(4.3)divergence

freemagneticfie:Id,Fromeq.(4.3)､]rcanbewrittenas

了゜jo貼十jφり'

jo=一等h'(r)･

四谷,居士(ｼ→-(ﾔ1士忌服加器指

wheretheaccentdenotesthederivativewithrespecttor･

Substitutingeqs.(4.3)and(4.4)intoeq.(1.8),wehave

(4.4)

司分与･詐言ぷ(昔)2づ§)2に乱山苔卜昔器)い,

(4●5)

Toproceedfurtherweexpandinpowersoftheinverseaspect

ratﾆioe°a/R.Green,JohnsonandWeimertooktheordering.

h=1十巳2呼)(r)

f､S

p~e2

(4.6)

whichcorrespondstoq°1:B/RBe-18゛d6p｀1'Tocarryt:he

calculationtothirdorderofz,O(e^),theyput
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and叫)｀ek‾1 (Dk>O)

(4.8)

S1十k

(4.9)

HereSidenotest:heshiftofthecentersofthemagneticsurfaces

fromthemagneticaxis,S2andS3determinetﾆheellipticityofthe

magneticsurfacesandthetriangularityofthemrespectivelyandso

on.TheparameterT2meanstﾆhelabelingofmagneticsurfacesand

itsrolein‘thisformulationbecomesclearinthefollowing.Then,

themetrictensorsggg゛grO"andJacobianJarewrittenintheform｡
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VJehaveretainedtheorderingf｀£,sinceq>1mustbesatisfiedto

assurethestabilityagainsttheIIHDinstability.Secondlywetake

thecoordinates,

X°R‾巳lcosy‾E1+2kT2cose‾mEIE1
+111kS

IIlcos(11‾1)0

Z°ersinB十s1+2kT2sin9‾m;1e1+111kS11sin(m-l)e

X=R二ercosB-E2A(r)+c3E(r)cose

Z=ersine+s3E(r)sine

(4.7)

Here△(r)showstheshiftoftﾆhecentersofthenagneticsurfaces

fromthemagneticaxis(X=R,Z=O);E(r)determinesthee1:Lipticity

oftﾆhemagneticsurfaces.Theyhaveobtainedthatmagneticsurfaces

areellipticallydistortedaswellasnon-concentricﾀevenif3p≦1'

Letusnowtﾆreatanequilibriumofhigh6Pplasmaco:Lumn°In

thefirstﾆplace,weadopttheordering,

h(r)=1十E1+kh(1十k)(r)

f~巳

p~



and

goeﾆ( 背)2十((§)2

=S2 r211+2s2k令十s4kﾁ}

-eり
ir.=i゜‾1)今一気i(゛2j)゛(゛j‾1)(j'1)ｺﾞ叫. 2

+2s(2柚l)k(m-1)毎m}cosme,

Sre

-

-

-

8X
-
96

dx

-
dr
+
9Z

-3e

∂Z
-
9r

(4.10)

゜‾s‰ﾐL{洲((sm'4“ri=l゜刊‾1)咎ｼﾞjj二

+S
(2十m)k

(7y£‘l‘(゜‾1)2ﾁﾞ≒}sinmB･

-∂χ∂Z∂χ3Z
J一一一一一一‾39-3r∂r∂e

=er{l十E:2k(T2'ｷﾞﾀ･)+E:4k:りil,

4'゛m気{fk(s゛'‾(11‾1)加)‾j;]万(゛2j)k(゛j‾1)j≒£iし

十巳(2+11)k『ヱｼﾞ』こｰ(m-1丿mｼﾞこ■)}COSme,

(4.11)

(4.12)

wheretheaccentdenotesthederivativewithrespecttor.Taking

noticeofthecoefficientofCOSm9(orsinmG)ineqs.(4.10)and

(4.11),wefindthatS^itselfcontributestotﾆheordere^,while

theothertermsduetothecoupling,e･g.Sm十jSj/?017Sm十jSjVr.

give巳2ktimeshigherordercontributions.Then,ifwedesireto

calculateuptotheorderpink9｀゛eneednotconsiderSm十j(j≧1)゛

Inthissectionwespecifica:Llyconsiderthecase,k=1/3

(1'e゛Sp｀S‾ｲ3)･andthecalculationcanbecarriedouttﾆothe

orderpSk!.7ecancalculatetoanyhigherordersystematically.

● 85-



ifdesired.

Substitutingeas.(4.10),(4.11)and(4.12)intoeq.(4.5)and

settingeachFouriercoefficientequaltozero,V7eobtainthefollow-

ingequations:

士

-

-

and

2k
巳

悟 (rf)'
十ﾏ

[T,--十(2皆1-OT21十争+

×(3s丿十聯)]･

s1':十(2一回£‾÷s1い2瓦岑百

2k

=e

ﾄﾞﾄﾞｰ和口吋聡

(4.13)

-2j?ふ和百中2'十讐十ぞs1゛2+3旦ｼﾞ旦!+3T2'十子)

-s1゛{3(j;Eyこｰ÷■)S2'-3汁+6£yPごT2'-2(ﾄﾞ'一子)十う+rf],

(4.14)

s2"十(2⑤゛一子s2'一升=-(jl白卜石了十手9E{ﾚ£sl'}sl≒(4.15)

S3¨十(2£ﾖ?こ一万S31一子=j旦Lμ･L一旦己ｼﾆｰ-9ﾖ?こ(3Si'S2'十+1゛3)

-ﾌﾄﾞﾘ≒F(ls1゛2一昔十干S2') (4.16)

Equatﾆion(4.13)arisesfromthetermsindependentofe.Theremay

beseveralaltﾆernativenethodstosolvetheseequatﾆions.Ifthe

purposeofthecalculationistoobtainanequilibriumsolution,it

isconvenienttoadjustthelabelingparameterT2soastostatisfy

thefollowingequation,
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T2"十(2⑤'紆＼r-iI十今十{}⑤し÷)SX2+‾j1ﾄ

P_(3s;

Thereforev,'ehave

ふhy十f(17f)゛=0

｢

+2こL)=c
r●

(4.17)

(4.18)

Wesolveeq.(4.14)bythesuccessiveapproximation.LetSI(o)(r)

bethesolutionoftheequation,

りo"い‘(2等と‾ﾔﾔo｀1ふ≒ぐﾄ=0､

-JLこ､

thenwetaketheso:Lutionintheform

S1(r)=S1(o)(r)十E;2kS1(2)(r)

(4.19)

(4.20)

Sincep'(r)=0,h'(r)=0andf(r)=faa/rarevalidinthe

vacuumrepionoutsidetheplasnaC01umn,S1(o)(r)iSobtﾆainedfrom

eq.(4.19)

S1(o)(r)=Sla(o) 十号jﾒと(r2-a2), (4.21)

wherefa°f(a),Sla(o)゜SI(oj(a)9C,(0)1゜SI(o)'(a).

ConsideringSioftheて!.H.S.ofen.(4.15)asS1(o),wehave

S2(r)=毎(予 + 誉)十jﾘﾄﾞL(玉一子),(A.22)

whereS2a==S2(a)andS2a'=S2゛(a).

Substituting:eqs.(4.21)and(4,22)intoea.(4.16),wefind
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s3(r)=ﾔ(-ﾐ{!十ｻﾞ}十一回y!!(谷一昔)

+尉(ｼﾞｰ1)+j･(晋一1)}sljo)'(3s2a-as2ぶ),(4.23)

whereS3a°S3(a)andS3ai°S3'(a)･

Inthesameway,eq.(4.17)leadsto

T2(r)=
｢
-
a
(1一又n そ)Ta+r姐ｼa'+rSjo)ｽ(ｼﾞｰ1)-|

≒
a鋤

(4.24)

whereTa゛Tja)andTa'=T'(a)･

Substitutingeas.(4.21),(4.22),(4.23)and(4.24)intoeq.(4.14)

weobtain

S1(り(r)=Slj 2)十谷゛(r2-a2)十

-{謡+ｿﾞﾍTj一昔一戸8(o゛-)}(r2-.2)

十ljy?tj卜･(S2a十aSaa')十万sljoy2}(r2-a2)2 (4.25)

ToobtainexplicitvaluesforthequantitiesTﾘTa≒^maand

Smaitisnecessarytospecifythemodeloftheequilibriumconfip-

uration.Wetakethespecialmodeltocalculateanalytically;

constantcurrentdensityandaparabolicpressuredistribution,i.e･,

where

f(r)= ÷ら

P(1°)゜Bo2fa26p(ﾋL‾
尽
)

ら)≡‾莉4≒7?‾｀

jで

･p(･)dr

(4.26)

(4.27)
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Withthismodelweobtaintﾆhefollowingexpressions:

S1(o)(r)゜‾Uﾚ^'

sljo)゜でUF町)ﾀ

Sla(o)゛゜音ら,

S2(r)=こS2a十{J{み(べ÷一子),

S2a'゜-
ひ旦十止Sp29

Tir)=寸≒ﾝr3'

なa°{雫:a39

Ta゛゜晋1ぴa29

slj2}゜豆(1゛12≒6p+4子y)･

Sla(2y°{hl^(1+12ﾔ3p+llfﾝ6p3)'

and

S3(r)=
r2

S3a゛=2

Ssa

立

一言{yこa2r2(1一言:),

+
1

-4 釦�

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

Theseshowthat6p3/Rshouldbetheexpansionpara°etertos01゛e

eq.(4.5).
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TheremainingparametersS2aandS3aaredeterminedfromtheshape

oftheconductingshell.Lettheshapeoftheshellbe

X=R-Sib-bcosO-T2bCOSe■-S2bCOS0-S3bcos2e

Z°bsine十T2bsin0-S2hsine-S3bsin20.

Thusfromeqs.(A.22)and(4.23),weobtain

and

s3b=価(

+{豹

･等)ﾍﾟ半(⑤O,

ﾄ等)ぺぜ(芋一巻)

(4.33)

(4.34)

(-ｼﾞｰ1)十も(ﾍﾞﾀｰ1)}Sljol'(3S2a-aS2a').(4.35)

Thedisplacementofthecenteroftheplasmacrosssectionfrom

●
thecenteroftheconductingshellisgivenintheform;

6ΞSia-Sib十S3a-S3b

=一舅旦こ(b2-a2)十{乱十ｷﾞ(Ta'一今･

≠

}}b2加ご

ｰ{五十言(Ta'-ﾔｰ
氷)y

(b2-a2)

+
ｺﾞo七

l(S2a十aS2a!a.-a2)2

→-4一等(警,悦)ｿﾞ冲(ｼﾞｰ子)

-{賃(首一一1)二缶(子二1)}Sljo)bSa-Sj).(4.36)

- 90-



Substitutingeas.(4.28)~(4.32)intoeas.(4.3A),(4.35)and(4.36)

andneg:Lectinga/b9vjeobtain

S2b°‾ZがS2b‾づ%

Ssa°子示S3b‾十i
jﾝBpS^b

and

(S= ｷ6ﾄﾞ92b)(1“t;)゛兌nｼ

(4.37)

(4.38)

十(j昔s2b十善6p3)(1‾示)2十}量ひ迂6p3(1‾手)

十
壽2s

p
随lll“ (4.40)

Equation(4.40)hasbeenderivedontheassumptionofauniform

currentprofi:Leandofaparabolicpressuredistribution(seeeq･

(4.26)).Andeq.(4.40)showsthat,as6pbecomeslarge,atoroidal

plasmacolumnbecomesclosetotheouterconductingshell.As6

dependsonS2b≫6canbeadjustedbythechoiceoftheconducting

shelldistortedelliptically･
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§3So°eE゛゜piesofEigh･9pEquilibria

liecalculatedsomeexamplesofmagneticsurfacesbymeansofthe

formulationderivedintheprevioussection.FiguresIV-2~IV-7

showequilibriav゛ithBp°2.00r3.0forthecaseofauniformcurrent

profileandaparabolicpressuredistributiongivenineq.(4.26).

Inthiscalculation,wetookR=5.0,a=1.0,b･=1.5andchosesome

valuesofS2bandS3b-Thefiguresshowthelinesr=consti.e.,

magneticsurfaces.Themostoutermagneticsurfacecoincideswith

theconductingshell.Theshadedregiondenotesaplasmacolumn.The

magneticsurfacesarechosensoastomakeadifference△rconstant.

Thisdoesnotﾆcorrespondtothecasethatthemagneticfluxbetween

theadjoiningmagneticsurfacesisconstant.Fromthemagnetic

surfacescalcu:Latedhere,itispossibletopickupthemagnetic

surfacessoastomakeadifferenceofthemagneticf:Luxcontained

inthemagneticsurfaceconstant.FiguresIV-2andIV-3showthe

equilibriumcontainedinacircularconductingshell.Fromthese

twofigures,itisshownthattheshiftofthecenterofthemagnetic

surfacesfromthemagneticaxisdeDendsonSp゛

Fig.IV-2.llagneticsurfacesofTokamakequilibriumwith

巳p°2.0･S2b°0.0･S3b°0.0andwiththe

uniformtoroidalcurrent.
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Fig.IV-3.llagneticsurfacesofTokamakequilibriumwith

6p=3.0,S2b°0.09S3b°0.0andwiththe
uniformtoroidalcurrent.

FiguresIV-4andIV-5show

callydistortedconducting

tﾆheequilibriacontﾆainedinanellipti-

shell.

Fig.工V-4.MagneticsurfacesofTokamakequilibriumwith

Bp°3.0,S2b°-0.4,S3b=0.0and＼゛iththe

uniformtoroidalcurrentﾆ.
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Fig.IV-5 Magnetic

謡
surfacesofTokamakequi:Libriumwith

3.0,S2

ormtoro

b°0.2,S3b°O゛Oandwiththe

idalcurrent｡

FiguresIV-6andIV-7showtheequilibriacontainedinatriangularly

distortedconductingshell.

Fig.工v-6.^!agneticsurfacesof

6P°3.0,S2b°0.09

toroidalcurrent.

-

Tokamakequilibriumwith

S3b°0.4andwithtﾆheuniform
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Fig.IV-7.MagneticsurfacesofTokanakequilibriumwith

Bp°3.0･S2b°0.09S3b°-0.4andwithtﾆhe

uniformtoroidalcurrent｡

!･7ehavegiventhefollowingmodelforanon-uniformcurrent

profile:

and

f=今jﾄ[1一會(ﾍﾞﾄﾞ)3]

,=紆2[1-(÷)3洪

ら)゜

2

-
3

Γ小Γ白R

-

Γ(3) fa^

(4.41)

(4.42)

whereTdenotestheGammafunction.TheTokamakT-3datacanbe

fittedreasonablybyeq.(4.41).19)FiguresIV-8andIV-9showthe

equilibrium･withanon-unoformcurrentcontainedinacircular

conductingshell.Thecorrespondingtoroidalcurrentprofileand

thesafetyfactorareshowninFig.工V-10andFig.IV-11.Thesafety

factorq(r)isdefinedbyh(r)/f(r)(J/X)0,63)where(J/X)odenotes

thecomponentindependentofO.Thesefiguresshowthatthehigh

6pequilibriaareconfirmedinvariouslyshapedconductingshell.
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Fig.IV-8.Ilagneticsurfacesof

6p゛2°09S2b゛O°09
non-uniformtoroidal

Tokamakequilibriumwith
S3b°0.0andwiththe
current.

χ

゛'¬
7.

Fig.IV-9.MagneticsurfacesofTokamakequilibriumwith

%゜3.0,S2b°0.0,S3b°O°0andwiththenon-

uniformtoroidalcurrent｡
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Fig.IV-10.Thetoroidalcurrent

factorcorresponding

Fig.IV-11.Thetoroida:Lcurrent

factorcorresponding
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§4ConclusionandDsicussion

Theformulationtoobtainequilibriumofatoroidalplasmawith

vacuumcontainedinaconductingshellwith巳p｀ek‾1hasbeen

developedandsomeequilibriainacircularornon-circularconduct-

ingshellwith6p｀巳‾
y3havebeencalculated.工tisnoted,inthis

ordering6p~eVSthatBpEisasmallquantityenoughtosatisfy

6p8/R<<1.ThisformulationisanextﾆensionofthatgivenbyGreen

JohnsonandUeimertoequilibriumv゛ith6P>>1.Thoughthisis

essentiallythesamemethodasthatgivenbvShafranovandYurchenko,

thisformulationhastwomerits:(i)thequantitiesST(r)(j>2)

correspondingtothedeformationofmagneticsurfaceshaveclear

physica:Lmeanings;(ii)thismakesitpossibletocalculate

equilibriumtoanyorderofe.Fromthisformulationwesurmisetﾆhat

equilibriumwithonel!lagneticaxisispossibleuptoGp｀巳゛≒This

limitation,however,maybeduetotheexpansioninBpeusedinsolv-

ingtheequilibriumequation.

Theequilibriumwith6p°3°09R°5'Odoesnotyetshowthe

reversalofthetoroidalcurrent.

Theratiooftheplasmapressuretothemagneticpressure,恥

isrelatedtoら)illthefolio;゛ingform

6°6p
S2
-
q2

(4.43)

whereqis8saftyfactor:'Hence6islimittedbyboth6p3゛dq･

Theequilibriumrequii°ementlimits6pandthestabilityrequii°ement

forl･IHDmodesdoesq.TheexamplesinthecaseofBp°3.0,£°O゛2

shownin§3correspondto巨~0.12/q2.
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§1工ntroduction

CHAPTERV

MAGNETOHYDRODYNAMICAMDTEAPsIMG

INSTABILITIESINTOKAMAKS31)

TheHHDstabilityofacurrentﾆｰcarryingDlasnainastrong

longitudinalmagneticfield,suchasinTokamaktypedevices,has

beeninvestigatedbymanyauthors.21)'22)'59)工ntheseipvestiga-

tions,skincurrentorotherspecialcurrentdistributionshavebeen

treated.RecentlyShafranov28)haSconsideredthestﾆabilityfor

moregeneralcurrentdistributions.Ferewesummarizehisresults

pertinenttoourinvestﾆigation.Veconsideranaxisyminetriccylin-

dricalplasmacolumnwithamagneticfield.

B°(O･Be(r)･BS)･ (5.1)

whereBSisaconstantandBq>>h°Meassumetheplasmaisinthe

regionO≦'r<a,vacuumintheregionaくr≦bandaperfectlyconducting

shellislocatedatr=b.Lettheplasmabesubjectedtoapertur-

bationE,(,v)exp(im9-ikz)asusual.Byuseoft:heenergyintegral

ea.(1.29),Shafranovhasobtainedthefollowingexpressionforthe

changeofthepotentialenergyU:

W=
了T
-
2
とa2Ba2{(1-jNy)2(1十Irlλ)“2(1“1ﾄﾞ)}十Wf･(5°2)

whereBa°BO(8)･こa°?r(a),qa°kaBg/mBQandλ゜(1+82゛/b211)/

(1-a211/b2゛).Thelastte°Wfrepresentstheplasmafluidenergy･
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＼-lf°

廿8
{f(葺)2十gび}dr,

0

(5.3)

wherefandgarederivedfromeqs.(1.30)and(1.32)bysubstitution

ofBz°Bg.Duetothehydromagnetﾆicenergyprinciple
29)
tﾆhe

instabilitycorrespondsy7くO゛IfWfispositiveorsmallnegative,

theinstabilitycanoccurduetothesecondterminthecurlybracket

ofU.Aninstabi:LitycausedbythistermisCa1:Ledahelicalinsta-

bilitybyShafranov,whichisequivalenttoaso-calledkinkmode.

Thetwotermsinthecurlybracketofeq.(5.2)makeanegative

contributionif

1-jﾄﾞﾚiyくjE!iy･<1｡(5.4)

Fromthis,tﾆhefollowingconclusioncanbedrawn:ahelicalinsta-

bilityispossibleonlywhenmagneticsurfacesresonantwiththe

perturbationarelocatedoutsidetheplasmacolumn.Forthecaseof

them°1mode,investigatingthecontributionfromWfcarefully,we

findthattheperturbation^-const(0くr-^a)reducestheterm尺;'2

toasmallauantitﾆyandtﾆhatgisproportionaltok2r2whichisalso

asmallquantity.Therefore,thecontributﾆionfromWfcanbeneglect-

edandthestabilitycriterionofthem･=1modeisalmostindepend-

entﾆofthecurrentﾆprofi:Le,beinggivenby

a2/b2<nqaく1 (5.5)

Shafranovhasshownthatform≧2modes,gくOispossibleonly

inanarrowinterval0fnq(r)includingtheresonancevaluenq(rS)

゜m,whereOくrSくa.Foramonotﾆonicallydecreasingcurrentprofile,

q(r)isamonotonicallyincreasingfunctionofrasisillustrated

inFig.V-1.Then,ifthesingularpointrSliesoutsidetheplasma

column,Wfisnecessarilypositiveandhasastabilizingeffect｡

Indeed,Shafranovhasshownthat,forsufficientlyrapidlydecreasing
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currentdistributions,helicalmodeswithm>2canbestabilized

becauseofthiseffect.

Whenna.aislargerthanmandthesingularpointexistsinthe

plasmacolumn,theinstabilityispossibleonlyforaperturbation

‘satﾆisfyingCa~0,sinceotherwisepositivecontﾆributionofthefirstﾆ

terminea.(5.2)exceedsWf.Therefore,thestabilitydoesnotdepend

onthepositionoftheconductingshellinthiscase.Forthese

localizedhelicalmodes,ufissmalleitﾆherform°10rm≧2as

discussedabove,Shafranovhassurmisedthatthismodescanbe

stabilizedifwetakeintoaccountthetoroidaleffect.

工tisthepourposeofthisChaptertocalculateagrowthrateof

theinstﾆabilityasaneigenvalueoftheequationofmotionforと.

In§2,weusetheequationofmotionderivedin§30fChapter工

andnumericallycomputethegrowthrateωofthehelicalinstability

forgivenplasmaequilibria.Weconsidertwokindsofcurrentdis-

tribution,theoneisthatusedinChapterIIandtheotherisa

so-calledGaussiandistribution.Theresultsareshownin§3.

1n§4,thestabilityoftheplasmacolumnagainsttheresistive

tearinginstabilityisalsostudiedandthegrowthrateoftearing

modeiscalculated.Inthissectionweconsidertwotypesoftear-

ingmodes.Theoneisexcitedinamainplasmawithlargebutfinite

conductivityandtheotherisexcitedinatenuousplasmawithfinite

conductivitywhichsurroundsamainplasmawithinfiniteconductivity.

Thestabilityofthelattertypeoftearingmodeissimilartothat

ofnonlocalhelicalinstability.Thegrowthrateofthistearing

mode,however,maybesmallerthanthatofnonlocalhelicalinsta-

bility.Section5isdevotedtodiscussions.
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§2NumericalProcedures

Inthissectionwedescribetheschemeforthenumericalcalcu-

lationofthegrowthrate｡

Thee(!uilibriumvaluesBandparegivenbythemethodshownin

§2ofChapter工工.TheJz(r),toroidalcurrentprofile,isfirst

givenandfromthisBe(r)isobtained.Nowweconstructforcefree

fieldJjO)811dBjO)aolllthesevaluesofJz(l)811dBe(lr)bytheequa-

tions

Je
(O)B

Z

(O)

‾JzBO°O゛

Je(O)゛‾昔ﾄﾞj
o)

Integratingeqs.(5,6),weobtain

Bz
(O)
(r)=土 (Bz

(O)

(O))“-2

(5.6)

r
o
j

Next,wemodifyBjo%yBz(1)tosupportthe

Bz(r)゜Bz(O) (r)十Bz

Thenthepressurebecomes

P(r)゜Po
1

一一
2 Bz
(1)

(1)
(r)

(゛)(2Bz

J^Bdr (5.7)

plasmapressure,

(O)
(r)十Bz

(1)

(5.8)

(r)),(5.9)

wherepoiSaconstant.Thismethodofconstructingtheequilibrixjm

hasanadvantagethatanydesiredpressureprofileiseasilyobtained

byappropriatelychooSingBz

(1)(r).(see§20fChapterII).

Foragivenvalueofqa(=q(a)),equilibriaforthefollowing

●゜

toroidalcurrentprofileshavebeenstudied:
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(1)

(ii)

Jz°aJo (Og/aく0.6)

=Jo{1十(a-l)(r/a-0.8)2/0.04}(0.6くr/a£0.8)

=Jo{1-(r/a-0.8)2/0.04}

Jz°JoexP(-K2r2/a2)

(0.8くr/a且.0)

(5.10)

Hereafter,(i)iscalledbythenameof゛O･-profile'and(ii)by

tﾆhenameof'K-profile≒ForthecaseofK-profile,thecurrent

V7asmodifiedtobetheformofaparabolaintherange0.9くr/aく1.0,

Jz=Joexp[-0.8]jく2/a2){1-(r/a-0.9)2/0.01},(5.n)

soastomakethecurrentdensityfalltozeroattheplasmaboundary･

Theequilibriumareconstructedforeacha.avaluesoastomake

thevalueof60176premainfixed゛

TheequationofmotionforE,(1.51)derivedin§30fChapter工

isnumericallysolvedbyuseofHamming'smodifiedpredictor-corrector

method.Wehaveusedeq.(1.51),becausegenerallyacompressible

fluidplasmagivesgreatervalueofωthanincompressibleone･

Fromeqs.(1.42)and(1.57),thesolutionoutsidethemainplasma

columnisgivenby

ibr≡ψ

゜(krB,-mBΘ)と/r

=CI!m゛(kr)十C2Km'(kr),

(5.12)

wheretheaccentdenotesthederivativewithrespecttorandthe

displacementcurrentinvacuumisneglectedontheconditionthat

ω/k~vAくくc,whereVAandCaretheAlfvdnandlightvelocities
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respectively･

Theboundaryconditionsare£,?‾1(rやO),ψandyare

continuousacrossr=a,andi|j(b)=0,whichdeterminethegrowth

rateastheeigenvalueofeq.(1.51)･

工nordertofindtheeigenvalueω,theinitialguessωois

giventoeq.(1.51),whichissolvedfromr=Otor=a.Thevalues

ofE,anddと/dratr=adeterminethevaluesofCiandC2foreq･

(5.12).Thesmallestzeropointroof＼h(ifら>Oforrくa,thenrois

largerthana)isobtained.Ifro<b,alargervalueofω,e.g.2ω0,

isgiventoeq.(1.51),andifro〉b,asmallervalueof0),e.g.a)o/2>

ischosen.Afterafewiterations,anappropriatevalueforωis

obtained.

Vyhenthesingu:Larpointisclosetotheedgeofthep:Lasma

column(p-1･0,F-^0atr=a),doubleprecisionarithmeticmustbe

appliedinthenumericalcalculationsincepω2十F2゛Othere･

Thegrowthratewobtainedastﾆheeigenvalueofeq.(:L.51)is

normalizedas

入N°゛�耳Eﾇ/(Ba･m),

where<p>denotesaveragedensity･

~

(5.:L3)
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§3GrowthRateof l:HD Instability

Theresultsobtainedbythenethoddescribedin§2areshown

asfollows.

InFig.V-1areIllustratedtheqprofilescorrespondingto

differenttoroidalcurrentprofiles,＼゛hereq(r)゜rEs/RBo･

1

Fig.V-:L･q°rBg/RBnpl‘ofiles.Forradiallydecreasing
currentdensity,qincreasesnonotonouslywith
r,whileforradiallyIncreasingone,qdecreses
inthemainplasmaandthenincreasesoutside.

Fortheradiallydecreasingcurrentdensity,e.g.K-profile,theq

valueincreasesmonotonouslywithr,whilefortheradiallyincreas-

ingone,e･g.a-profileﾀitdecreasesinthemainplasmaandincreases

outside.Thesingularpoint,Tg,correspondstoamagneticsurface

whereq(rs)=Wn.Theformerprofile(k,ora=1.0)mayhaveonly

onesingularpoint,whilethelatterprofile(aく:L.0)havetwo.It

isnoticedthatconcentrationofthecurrentdensity(largeKvalue)

leadstosmallervalueofq(r)Insidetheplasna｡

InFig.V-2~Fig.V-7areillustratedthenormalizedgrowthrates

vsqavalueforvarioustoroidalcurrentprofiles.Althoughthe

rangeOくqく(a/b)2isstableforallprofiles,this1Sduetothe
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fixedvalueofk=0.2.Thisrangeisunstableforhigherkvalues

asshowninFig.V-7.Itshouldbenotedthatinaccordancewith

Shafranov,thegrowthrateform=1helicalmodeintherange

O三qa≦1isindependentofthetoroidalcurrentprofile.whilefor

highermmodes,thestabilityisincreasedwithmoreconcentration

ofthetoroidalcurrentinthecenteroftheplasmacolumn｡

Figurev-2showsthegrowthratefora°0.1-toroidalcurrentﾆ

profile:thecurrentdensityisconcentﾆratedintheouterregionof

themainplasma.Iftheradiusoftheconductingshellistwicethat

ofthemainplasma(b/a=2.0),thehelicalinstabilityoccursina

widerangeofQavalue.0ntheotherhandwhentheshellismoved

closertothemainplasma(b/a゛1.2),stﾆabilityisconsiderably

enhanced.

IX)

5

1.0 2.0 3.0 4.0

Fig.V-2.Normalizedgrowthratefortoroida:Lcurrent
profilea=0.1,B=2%.

Figurev-3showsthegrowtﾆhratefora=l.O-toroidalcurrent

profi:Le,0rroughlyuniformcurrentdensityovertheplasmaradius･

For"1万>2modes,thestableregionagainstmmodeiswide十nearqa~m-1

-
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incomparisontothe(χ=0.1case,whilestableregionagainstm=2

modeisnarrowforqa≧2.TheshellDositionhasthesamestabiliz-

ingeffectasinthea=0.1case,butthisstabilizingeffectis

limitedtotherangea^<mforthemmode.nlenqa〉m,0rwhen

tﾆhesingularpointisinsidethemainplasma,theshelllosesits

stabilizingeffect.Thisisduetotﾆhelocalizationofthepertur-

bationtotheinteriorofthesingularpoint(seeFig.V-9).Since

thegrowthrateissmallinthiscase,Shafranovhassurmisedthat

thislocalhelicalinstabilitycanbestabilizedbythetoroidal

effectﾆ.

1.0

5

1.0 2.0 3.0 40

Fig.V-3.Normalizedgrowthratefortoroidalcurrentprofile

(X°1.0,6=2%.Theregionqa~m-1isrelatively

stabilizedformmodewhenthewalliscloserto

themainplasma.TheStﾆabilityintheregionqa〉m,

however,isindependentofthewallposition.

FigureV-4showsthegrowthrateforK°1.0-toroidalcurrent

profile.Asthetoroidalcurrentdensityisslightlyconcentrated

towardthecenter,thestabilityregionisslightlywidened.The

rangeqalmform≧2modesisstabilized.
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1

1.0 2.0 3.0 4.0

Fig.V-4.normalizedgrowthratefortoroidalcurrentprofile

K=1.0,B=1%.Thestableregionissimilarto

thatofthea=1.0profile,exceptthattheregion

qa>mbecomesstab:Leformodesm≧2.Thewallposition

hasthesameeffectasthea=1.0profile.

T'ThenK°1.5(notshowninthefigure),thestableregionfor

m≧2modesiswiderthantheK=1.0case.Thehelicalinstability

ofthem=1modeisindependentofthetoroidalcurrentprofilein

theregionqa<,1,whiletheconcentrationofthecurrentdensity

tﾆowardthecenterwidenstheunstableregionforqa≧10rO<rsくa

Figurev-5showsthegrowthrateforK°1.73-toroidalcurrentﾆ

profileform≧2modes.(Them=1modeassumesalmostthesame

growthrateasinothercurrentprofi:Les,andhasbeenomittedfrom

thefigure).Theshellpositionissuchthatb/a=1.2,andthe

unstableregionishighlyrestrictedtothevicinityofqa°mfor

t:hemmoderespectively｡

Figurev-6showsthegrowthrateforK°2.0-toroldalcurrent

profile.VJhilethem=2modeisunstableinthevicinityof

qa°29m≧3modesarestabilizedfora11rangeof^a-'
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5

0

λ,i

/c=1.73b/a=1.2K=.2

-

mS.･

･ヽ=6q,

Fig.V-5.Normalizedgrowthratefortoroidalcurrentprofile

K°1.73,6p゛1゛Inthisc゛ase,poloidal6pisfi°ced.

Theunstableregionformodesm≧2ishighlyrestﾆrict-

edtothevicinityofa-a゛m.(Them°1modehasbeen

omittedfromthefigure.)

Theunstableregionofthem=1modefora^>1reachesasfaras

(!a~3.4.Thisisduetothelargervalueofthepololdalmagnetﾆic

fieldnearthecenteroftheplasmacolumn.Thisleadstoalarger

negativevalueofpotentialenergyWfinsidetheplasma｡

I-7henK=2.5(notshowninthefigure),modesm≧2arestabiliz-

edforallvaluesofla-Them゛1modeisunstableintﾆhesame

regionforqa11.0ntheotherhand,unstableregiontothem=1

modewidensforqa>1incomparisonwithK°2.0case‘

Figurev-7showsthegrowthrateforhigherkvaluesinthe

caseofK=1.0.Inthiscalculation,khasbeengivenby0.2n.

Thisfigureshowsthatthem=1modebecomesunstableinOくqaく19

whentﾆhesingularpointliesoutsidetheplasmacolumn｡

InFig.V-8areshowntypicaleigenfunction^>.(゜aforthemodes

m°1andm゛2whenthesingularpointrSisoutsidethemain

plasma.Whenthesingularpoint1Sinsidethemainplasma,とrfalls

tozerobeyondrSasshowninFig.V-9.
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1.0

.5

3
1.0 2.0 3.0 4.0 5.0

Fig.V-6.Normalizedgrowthratefortoroidalcurrentorofile

K=2.0,6=1%.Modesm>3arestabilized.Them=2
-

modeisunstableonlyinthevicinityofqa°2.0.

Them=1modebecomesmoreunstableintherangeqa>1.0

5

Fig.V-7.Normalizedgrowthratefortoroidalcurrent

6=:17Inthiscasem=1isfiχedandk=0.2n

variedforn=l,2,3.
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Fig.V-8.Typica:Leigenfunctions

とr(゛と)form=1andm=2modeswhen

thesingularpointrsisoutside

themainplasma.
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Fig.V-9.Typicaleigenfunctions

とr(゜C)form°1andm°2modeswhen

thesingularpointrsisinside

tﾆhemainplasma.
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§4ResistiveTearingInstability

Dissipativeeffectsremovecertainrestrictionsontheln!D

instabilityassociatedwith'frozenin'fieldlinesintheplaSma.35)゛

36)β8)lnthepresenceofdissipation,anonlocalhelicalinsta-

bilitycanalsoariseintheplasma.Thisistheso-calledtearing

mode.Hereweconsiderresistivityasadissipativeeffect.

Resistivityinfluencesthestabilityoftheplasmacolumnparticular-

1yinthevicinityofthesingularpoint.Hence,wemustmodifythe

NHDequatﾆionstoincluderesistivitynwithinaresistivelayernear

theresonantsurface,wherethequantity苔'∇Tvanishes,aseqs.(1.54)

and(1.55).Intheregionoutsidetheresistivelayerweusethe

idea:LMHDequationswithn=0(seeeq.(1.58))｡

Aswehavenotedin§4ofChapterI,Coppi,GreenandJohnSon38)

haveinvestigatedtheresistiveinstabilitiesinadiffuselinear

pinchwithacylindricalconfiguration.Forthetreatmentofthe

resistivetearinginstability,CGJhaveconsideredtheconfiguration

withverysmallpressuregradientin‘theresistivelayer,sincethe

energysourceofthetearingmodedoesnotcomefromthepressure

gradientneartheresonantsurfacebutcomesfromtheover-al:Lcon-

figuration.工ntheanalysisoftheresistivetearinginstability

itismoreconvinienttousethevariab:Le＼bdefinedbyeq.(5.12)｡

^■Thenthepressuregradientvanishesnearthei.esonantsurface,

thestabilitycriterionagainstthetearingmodeisgivenbyCGJas

△Ξ

催

一

⑤

く0 (5.14)

HereCI(‾'‾),C2(+)arecoefficientsofψinr>rsandC1(‾)゛C2(‾)are

coefficientsinr<rg.TheratioofCI㈹andC2㈹iSdeterminedfrom

theboundaryconditionforψ(ゆisfiniteatr=OandTp=Oat

r=b)andtheasymtoticformofil;nearrg(seeeq.(1.59)).The

tearingmodewithpositiveωispossiblefor△>0,asthesolution

巾intheresistivelayercanbeconnectedwiththeoutersolution.

-
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VThen6issmallandthepressuregradientvanishesnearthe

resonantsurface,thegrowthrateofthetearingmodecanbe

calculatedfromtherelation

△=
丁T

-2
Q5λ

Γ

Γ

小

一小
(5.15)

whichisderivedfromeq.(1.69)bysubstitutionofD=0

Here

Q°ω/妙QR･ 又,゜(LR/rs)
l/5,

Lr=(ぺ鳥糞≒{満S‾y3,(�=(ｺと守夢こJ/3S‾1/≒Iご

andΓistheGammafunction.Sistheratioofaresistivetime

T^R°aVntoahydromagnetictimeてH°p^/Vb,wherepdenotes

densityoftheplasmaattheresistivelayer.

Thenumericalanalysisofthestabilitﾆyagainsttearingmodes

wasperformedwiththeCGJtheoryforTokamaksystemswhichhave

thedecreasingcurrentdensityintheformJ=Joexp(-K2r2/a2)for

r!a.Numericallycalculatedvaluesof△areshowninFig.V-10~

Fig.V-12.Thecorrespondinggrowthratesofm°2tearingmode

areshowninFig.V-13andFig.V-14.Figurev-10showsthedependence

of△onthecurrentprofileatfixedvalueofq°3.0.

AlsoFig.V-1:Lshowsthedependenceof△onthecurrentprofileat

fixedvalueofqa°2.0.FigureV-12showsthedependenceof△on

thesaftyfactorqaforK°万.
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VariationofAforthecurrentprofileJ°Joexp(-K2r2/a2)

inaplasmaco:Luirinsurroundedbvavacuum;§゜1.5%,qa=3.0

andtheconductingshellislocatedat:L.5a.Thesolid

lineshowsforK=l,thedottedlineforK=Jandthe

dashedlinefor<=/3.
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Fig.V-1:L.Variationof△forthecurrentprofileJ=Joexp(-(ぐ2r2/a2)

inaplasmacolumnsurroundedbyavacuum;6°1.5%,qa°2.0

andtheconductingshellislocatedat1.5a.Thesolid

lineshowsfor<=1,thedottedlineshowsforK=/2and

thedashedlineforK=/3.
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Fi2.V-12.Variationof△forthesafetyfactorinaplasmacolumn

surroundedbvavacuumforthetoroidalcurrentprofile

K=J､6=1.5%andtheconductingshellislocatedat1.5a

Thesolidlineshowsforqa°1.5,thedottedlineforqa°

2.5andthedashedlineforqa°3.5.

.._1_..
| ,,

//n

1.0

Fig.V-13.Thegrowthrateofthetearingmodewithm=2inthecase

ofFig.V-10.ThesolidlineshowsforK=1､thedotﾆted

lineforK=､/iandthedashedlineforK=､/y.
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Fig.V-14.Thegrowthrateofthetearingmodewithm=2inthecase

ofFig.V-11.Thesolid1ﾆLneshowsforK=l,thedotted

lineforK=JandthedashedlineforK=J.

l･Tefindfromthesefiguresthattearingmodeswithm=2andm=3

areunstable,whilehighermmodesarestable.Thisresultisthe

sameasthatofShafranov.Furthermorewefindthattheconcentra-

tionofthecurrentdensityinthecenteroftheplasmacolumncan

notstabilizetearingmodes.FromFig.V-12wefindthatwhenthe

totalcurrentincreases,i.e･qadecreases,tearingmodesbecome

moreunstable.FromFig.V-13andFig.V-14weseethatgrowthrateof

-4-1
m°2tearingmodeisabout10てHforS°108(thisparameter

correspondstoTg°lkeV,n゛1014cm‾3ﾀBT°50KGanda=20cm).By

useoftheaboveplasmaparametersweobtﾆainTp°2×10‾8secand

ωt5×103Sec‾1.AsIswellknown.ωdependsonSasS‾狛･

Uptohere,weconsideredthatavacuumsurroundsthemainplasma

column.Thedivisionoftheplasmaintoaninfinitelyconductive

plasmaandavacuumprovidesasomewhatunrealisticmodel0fthe

●
actualTokamakdischarges.Thuswehavetreatedtheconfiguration

- 116-



whereatenuousplasnawithfiniteresistivitvfillsbetweenthe

infinitelvconductiveplasmaandtheconductingshell.χ･7ehavealso

appliedCGJtheoryoftheresistivetearinginstabilityinthis

configuration.Numericallycalculatedvaluesof△vsqaisshownin

Fig.V-15,whereweusedk=0.2andb=1.5a.Thedottedlineshows

thecurrentﾆprofilewithK=1andthecontﾆinuouslineshowsonewith

K°1.73.Thisfigureshowsthatunstableregionvsq.appearsdis-

cretelyandbecomesnarrowbytheconcentrationofcurrentdensity

inthemainplasma.Hencetﾆhebehaviorofthistearingmodeis

similartothatofnonlocalhelicalinstabilitiesshownin§3.That

therightsideofeachcurveisnotclearlyendedisduetothat,as

thesingularpointbecomesnearertothemainDlasma,VpIsnotﾆ

negligible.Thust:heassumptionaboutthetearingmodeisinvalid･

FigureV-16showsthegrowthratesoftearingmodes.Thetypical

growthrateofthistearingmodewitﾆhm=3isaboutω゛10‾4てH‾1

forS°10＼whichmaybealsosmallerthanthatofnonlocalhelical

instabilityfortypicalplasmaparametersinTokamakdevices.

△

!00

50り

0

m=2

2｡ 3｡ 4｡

q

Q

Fig.V-･15.Thedependenceof△onthesafetyfactorinaplasma

columnwithapressurelessresistivep:Lasmaforb°1.5a

and6=1.5%.ThesolidlineshowsforK=≫/3andthe

dottedlineforK=l.
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Fig.V-16.Thegrowthratesoftearingmodesoccuredinthe

pressurelessresistiveplasmasurroundingaplasma

columnforb=1.5aandB=1.5%.Theso:Lidlineshows

forK=y/iandthedottedlineforK=l.
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§5ConclusionandDiscussion

Thestabilitﾆyofacurrentcarryingplasmainastronglongitu-

dinalmagneticfield,suchasTokamaktvpedevices,againstIIKDand

resistivetearinginstabilitieshasbeeninvestigatedinthecylinri-

calgeometry.Thismaybeagoodapproximationtoatorusaslong

asnon-localmodesisstudied.ThegrowthratesofMHDinstabilities

hasbeencalculatednumericallyaseigen-valuesoflinealizedKHD

equatﾆionsforseveralcurrentﾆdistributions.Thisprocedurehasan

advantageofstudyingthestabilityagainsthighmhelicalmodes.

InTokamaks,itisimportanttoexaminethestabilityagainsthigh

mhelicalmodes.Thusthestabilitydiagramshowingnormalized

growthratﾆe入Nversusq^hasbeencalculated.Numericallyobtained

resultsgeneral:LyconfirmShafranov's.Itisshownthatthe

positionoftheconductingshellhasaratherremarkableinfluence

onthestabilityofnon-localhelicalmodes,butnotsoonthelocal

helicalmodes.ForthecaseofJ=Joexp(-K2r2/a2)distributﾆions,

tﾆhenon-localhelicalinstabilitywithm≧2iscompletelystabilized

IfK≧2.5.Thestabilitycriterionofthem=1helicalmode1S

almostindependentofthecurrentprofileforqa≦1｡

Fortearingmodes,wehavecalculatedtwocasesaccordingto

thepositionofthesingularpoint:theoneisO≪rSくaandthe

otﾆherisaくrS太b.Intﾆheformercaseﾀwehavefoundthattearing

modeswithm°2andm=3areunstﾆable,whilehighermmodesare

stable.Alsowehavefoundthattearingmodesofthistypecannot

becompletelystabilizedbytheconcentrationofthecurrentdensity

inthecenteroftheplasmacolumn.Inthelattercase,wehave

obtainedthestabilitydiagramshowingthatunstableregionsofqa

appeardiscretelyandbecomenarrowasthecurrentdensityconcen-

tratesneartheaxisoftheplasmacolumn.Inthiscase,thegrowth

ratesoftearingmodesbecomesmallwhenKbecomeslarge.

-
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Generally,growthratesoftearingmodesaresmallerthanthose

ofnon-localhelicalmodes.Itisnotedthatthegrowthrateof

tearingmodedependsonelectrontemDeratureasTe‾弘.Thissuggests

thatﾆtheresistivetﾆearinginstabilitycanbeavoidedbyheatinga

plasmatoasufficientlyhightemperature｡

Recently,experimentst0lowerq^smallerthan3havebeenﾀﾞ

carriedout

60)

andithasbeenshownthattheunstﾆableregionsofqa

appeardiscretely.Althoughthestabilitydiagramsobtainedin§3

areconfirmedexperimentally,theexperimentﾆSarenotcompletely

explainedfromtheviewpointoftheirgrowthrates･Thegrowth

ratesofhelicalmodescalculatedwithparametersinexperimentsseem

tobelargerthantheexperimentﾆaldata.Sincethetearingmodes

havingasingularpointina<rS<bhavesmallergrowthratesthan

helica:Lmodes,theexperimentsmaybeexplainedbythistypeofinsta-

bility･
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4

CONCLUDINGRFI!WRKS

Inthepresentthesis,equilibriumandstabilityoftﾆoroidal

pinchesandTokamaksystemshavebeenstudied,mainlybymeansof

numericaltechniques･

InChapterII,firstlythe^^TDstabilityhasbeenstudiedfor

avarietyofdiffusepinchconfigurations,whichareobtainedby

themethodsdevisedbytheauthor,bymeansofMewcomb'scriterion.

Thestabilitydiagramsobtainedforreversefielddiffusepinches

show:(i)Rr.tversustheJzcurrentprofile,(ii)Ry･yversusaverage

beta,(Iii)R^tversusthedegreeoffieldreversal.1tisfound

thatreversefielddiffusepinchswithsufficientlyhighvalues

of6andco°pl°essionratiohi≧2areavailableinexperiments･

Secondly,thegrowthratesof!･IFDinstabilitiesforsome

unstablereversefieldconfigurationshavebeennumericallycalculat-

ed.Itisshownthatthekinkinstabilityismostdangerousfor

confininghigh6plasmasintoroidalpinchesbecauseofit:slarge

growthrate.

Thirdly,thestabilitﾆyagainsttheresistiveinstabilityhas

beenexaminedwiththe十methodgiveninCGJ.38)ltisshownthattﾆ;he

reversefield.configurationisvulnerabletﾆotheresistivetearingl

instability.Thetearingmodehasthegrowthratesmallerthanthe

kinkmode.Itis,however,dangerousforacurrentcarryingplasma.

sinceitﾆgivesanon-!ocaldisturbance.

InChapterIll,collisionaldiffusionindiffusedtoroidal

pinches･hasbeenstudiedaccordingtotheschemeofGS46)inthe
-

bananaregimeandtheplateauregime.ForMHDregime,wehaveadopted

MI!Dequations.Theconfigurationofthetﾆoroidalpinchischaractﾆer'

izedbythelargepoloidalmagneticfieldcomparabletothetoroidal

magneticfield.工nconsideringthisfact,thediffusioncoefficients

giveninGSmustbemodifiedsoastoincludethatparticlescanbe

t:rappedinthelocalmagneticmirrorformedbytheinhomogeneity
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ofapoloidalmagneticfieldandofatoroidalmagneticfield.It

isshownthatthediffusioncoefficientsintoroidalpinchesare

smallerthanthoseoflow6toroidalplasmasandthatthetoroidal

pinchesareofgreatadvantagetoconfininghightempertaureplasmas

orhigh巳plasmas.

工nChapterIV,thegeneralformulationtocalculateTokamak

equilibriumV7ithlargepoloidalbeta,6P>>19hasbeendeveloped･

Thisformulationincludestheequilibriumofthetoroidalplasmain

theweaklynon-circularconductingshell.工tisconfirmedthat,if

邸)):L･Bpa/Rshouldbetakenastheexpansionparametertosolve

theequilibriumequation.Thisisprovedthroughtheanalysisofthe

high6pequilibriumwithauniformtoroidalcurrent.ThehighB

equilibriawithnon-uniformcurrentshavebeenobtainednumerically.

InChapterV,firstlytheMHDstabilityofTokamaktypedevices

hasbeenstudiedinthecylindricalgeometrybysolvingnumerically

thelinealizedIIHDequations.Thisprocedurehasadvantﾆagesto

obtaingrowthratesofMHDinstabilitﾆiesandeigenfunctionscorre-

spondingtotheprofilesofdisplacements.Thestabilitydiagrams,

showingnormalizedgrowthratesversusqa(゜q(a)),areobtainedby

changingthetoroidalcurrentprofilefromtheskinlikeonetothe

currentconcentratedinthecentralregionoftheplasmacolumn.

Secondly,thestabilityasainstresistivetearinginstabilities

inTokamakshasbeenexamined.Thetearingmodeswithm=2and

m°3,whichoccurwhentﾆhesingularpointfallsintotheconducting

plasma,areunstable.Thismeansthat,ifq(r)>3,theTokam万ak

configurationisstabilizedagainsttearingmodes,sincethesingular

pointdisappearsform=2andm=3.Fehavealsostudiedanother

typeoftearingmodes,whichoccurwhenthesingularDointfallsinto

thepressurelessplasmasurroundingthemainplasmacolumn.They

havethesamefeaturesofstabilityasthatofhelicalinstabilities,

whiletheirgrowthratesaresma]Llerthanthoseofthehelicalmodes.

Wenoticeherethatthefollowingproblemsareleft.
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(i)Thestabilityanalysishasbeencarriedoutinthecylindrical

geometry.ThisnaybeagoodaDproxinatﾆiontoatoroidal

geometryfornon-localizedhelical(orkink)modes.工tis.

however,unclearforlocalizedhelicalmodes.Alsothestability

criterioninthetoroidalplasmacorrespondingNewcomb'scriterion

isnotyetformulated.

(ii)Althoughtheformulationtosolvetheequi:Libriumequationfor

Tokamakswitﾆhlargepoloidalbetaisdeveloped,itisnotdis-

cussedthatwhetherthereisalimitationof巨ptﾆoassurethe

existenceoftheequilibriumornot.

(iii)Itwillbenecessarytoanalyzetheeffectsofelectricfield

drivingaplasmacurrentandrotationofplasmacolumnon

thecollisionaldiffusionintoroidalpinches.

(iv)InTokamaks,ahightemperatureplasmaenoughtoreducethe

growthratesoftheresistivetearinginstabilitymaybeobtained

inthefuture.Then,itisnecessarytoexaminethestability

againstcollision:Lesstearingmodes.

Nowletusconsidertheapplicationoftheresultsabove

mentioned.Theyareusefultotheanalysisofthepresentexperiments

intoroida:LpinchesandTokamaks.andalsoapplytodevelopcontrol

techniquestoavoiddangerousinstabilitiesinCTR(controlledtherino-

nuclearreactors).

(1)Themethodtoobtainequilibriumconfigurationdevelopedin

Chapter工工isavailabletoreproducetﾆheconfiguratﾆionin

experimentsoftoroidalpinchesorTokamaks.Thusthestability

diagramsobtainedinChapterl工orChaptervgivetheuseful

meanstocomparethetheoreticalpredictionswiththeexperi-

mentaldataintoroidalpinchesorTokamaks.

- 123-



Intﾆhecaseofunstableconfigurations,thegrowthratesofMHD

instabilitiesalsocanbecalculatedbythemethodinChapterIIor

Chapterv...

(ii)Aprogran皿ingofmagnetﾆicfieldsattﾆractsattentiontomaintain

astableconfigurationintoroidalpinchesforasufficiently

longtime.ThestabilitydiagramsgiveninChapterIImaybe

usedforintroductionofcontroltﾆechniquessuchasaprogram-

mingofmagneticfields.

(iii)Itispreferabletomaintainstableconfigurationsfromthe

ignitionofdischargetothestationarystateintoroidalpinches

orTokamaks.Althoughthecomputersimulationispowerfulto

studytheequilibrium,itisnotdevelopedenoughtotreatnm

instabilities.Thusthestabilitydiagramsmaybeusedtocheck

theresultsobtainedincomputersimulations.

(iv)Inthereversefieldpinchwithanearlyuniformcurrent,it

willbedifficulttoavoidtheresistivetearinginstability

forasufficientlylongtime.Thisisduetotheappearanceof

4∇p=ごOregionbytheresistivediffusionofmagneticfields.

Thus,itmaybenecessarytoheataplasmatoreducethegrowth

rateofthetearinginstability.Fromtheviev7Dointofthe

collisionaldiffusion,experimentsofthetoroidalpinchmaybe

encouraged｡

(v)InTokamaks,theoreticalvaluesofgrowthratesofMHDinsta-

bilitiesseemtobelargerthan‘thoseestimatedfromthe

experimentswhichaimt0loweraSaftyfactor.60)Theresults

abouttearingmodes･obtainedinChapterv:giveanotherpossibil-

itytoexplaintheexperimentsaboutthestability･

(vi)InTokamaks,theexperimentsto‘realizeqa~1withhighva:Lues
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ofewillbecarriedoutinthefuture.Thetheoreticalresults

showninChapterIVassurestheequilibi:ium゛゛ithhigh5p°The

stabilitydiagramsagainstMHDinstabilitiesshowthattheun-

stableregionofqatothehighmmodeappears.Thereforethe

plasmacolumnisvulnerabletotﾆhem=2modeand/orthem=3

mode,whenqa゛1.Thehighmmodescanbestabilizedbycon-

centratingthecurrentdensityinthecentralregionofthe

plasmacolumn.ToavoidIIHDinstabilitieswithm=2andm=3,

tﾆheexperimentaltechniquetocontrolthecurrentprofileneeds

tﾆodevelop･

(vii)Itispossiblet:oimprovethestabilityagainstMFDinstabilities

bydistortingtheconductingshell0fTokamaks.17)'18)

Theformulationtoobtainhigh6pequilibriumcontainedinnon-

circularshellinChapter工vmaybeusedtoinvestigatethis

problem.

Fromtheviewpointofanalysis,weshallinsistthatthemethods

toexaminethestabilityagainstl･里Dandresistiveinstabilitiesin

ChaptersIIandvandthemetﾆhodtoobtainthe"high6pequilibi:i°1

inChapterIVaregenerallyapplicabletoaxisymmetrictoroidal

plasmasaimingCTR.
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