EQUILIBRIUM AND STABILITY
OF
TOROIDAL PINCHES

Masahiro Wakatani

May 1973

Department of Electronics

Kyoto University, Kyoto, Japan




SPTEE..... wovo

EQUILIBRIUM AND STABILITY
OF
TOROIDAL PINCHES

Masahiro Wakatani

May 1973

Department of Electronics

Kyoto University, Kyoto, Japan

DOC

1973




ACKNOWLEDGMENTS

The author wish to express his appreciation to Professor
Ryohei Itatani of Kyoto University for his advice and encouragement
during the course of thig ;esearch, and for his constructive criticism
during the preperation of this manuscript as well as to Dr. Hiromu
Momota of Kyoto University.

Detailed discussions with Dr. Tuneo Amano of Osaka University
and Dr. Hiromu Momota and their many helps in all stages of the work
are gratefully acknowledged. They enlightened the author on plasma
physics and controlled nuclear fusion research.

Experimental discussions with Dr. Keiichi Hirano of Institute
of Plasma physics in Nagoya University are also acknowledged.

It is a pleasure to thank Mr. Tadamoto Tamai of Osaka University,
Mr. Masami Watanabe of Kyoto University and Mr. Akihiko Yoshii of
Osaka University for their co-operation in the work.

The author also wish to thank all members of Professor Ryohei
Itatani's chair, especially to Mr. Hirotada Abe, Mr. Shogo Seki,

Mr. Tomonori Takituka and Mr. Kiyoshi Miyake for their valuable
discussions on piasma physics and controlled nuclear fusion research.

Use has been made of the electronic computors FACOM 230-60 at
Kyoto University and HITAC 8500 at Institute of Plasma Physics in

Nagoya University.



ABSTRACT

This work is concerned with theoretical studies of equilibrium
and stability of toroidal pinches and Tokamak systems. Of these
problems, MED(magnetohydrodynamic) stability of reverse field diffuse
pinch, collisional diffusion in toroidal pinches, Tokamak equilibrium
with large poloidal beta Bp and magnetdhydrodynamic and tearing in-
stabilities in Tokamaks are investigated.

The stability of reverse field diffuse pinches against kink(or
helical) modes is tested by means of Newcomb's criterion for a number
of model equilibrium configurations which are obtained by modification
of force free fields. Stability diagrams showing the position of the
conducting shell for stability are calculated by changing the profile
of the axial current density, the average beta and the degree of
field reversal. The growth rates of MHD instabilities for some un-
stable configurations are also calculated. The stability against the
resistive tearing modes is examined. It is shown that the reverse
field configuration is vulnerable to the tearing instability when the
pressure profile is nearly uniform in the central region of the plasma
column.

The MHD stability of the toroidal pinch has been carried out in
cylindrical geometry neglecting the toroidal effec* Vhen trans-
port phenomena are taken into account, a small toroidicity changes
the structure of the equilibrium and leads to results different from
those obtained for straight systems. The configuration of toroidal
pinches is characterized by a large poloidal magnetic field Bp com-
‘parable to a toroidal magnetic field Br. In the toroidal pinch
charged particles can be trapped in the local magnetic mirror formed
by both By and Bp. Transverse diffusion coefficients including‘this
effect are inves&igated for three regions of collision frequency
i.e., banana regime, plateau regime and MHD regime. Transverse

diffusion coefficients are shown to be smaller than Dgg which is
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given by Galeev and Sagdeev.

The equilibrium of the toroidal plasma in Tokamak type devices
has been investigated under the condition Bp = 2<p>/Ba? < 1, where
<p> is the average pressure and Bz is the poloidal magnetic field at
the plasma boundary r=a. The problem of equilibrium of an axisymmet-
ric toroidal plasma column can be solved in the expansion with res-
pect to inverse aspect ratio €=a/F. It can be shown that if Bp>>l,
then Bpa/R is taken as the parameter of the expansion in the equilib-
rium problem instead of a/R. A general formulation of toroidal
plasma column with Bp>>l and some examples of Tokamak equilibria
obtained by this formulation are given.

The MPD stability of Tokamak equilibrium is also studied in the
cylindrical geometry neglecting the toroidal effects. This may be
a good approximation for non-localized kink modes. The method to
analyze the stability against kink modes is based on solving the
linearized MED equations as an eigen-value problem. The growth rates
of MHD instabilities are calculated as eigen—values_of the linea-
rized MHD equations. Stability diagrams are obtained by changing the
profile of the toroidal current. The influence of the position of
the conducting shell on the stability is also investigated. The
stability of a current carrying plasma in the strong longitudinal
magnetic field against tearing instability is studied for two types
of equilibrium configurations. The one is the resistive tearing
mode which occurs when the singular point (where §'§=0) falls into
the plasma column surrounded by a vacuum. The other is the resistive
tearing mode which occurs when the singular point falls into the

pressureless plasma surrounding the plasma column.
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INTRODUCTICM

A 'toroidal pinch' denotes a toroidal discharge stabilized by a
longitudinal magnetic field which is of the same magnitude as thé
magnetic field due to the discharge current. A reverse field pinchl)
in which the toroidal magnetic field is reversed outside the plasma

2),3),4)

column, a screw pinch which is stabilized with current flow-

ing in the pressureless plasma surrounding the plasma column and a

stabilized pinchl)’z)

in which the toroidal magnetic field becomes
small outside the plasma column are typical devices of toroidal pinch-
es. The macroscopic stability of these systems has been demonstrated
and encouraging evidence of their potentiality has been obtained,e.g.,
with respect to the high value of B (the ratio of plasma pressure to
magnetic pressure). In the toroidal devices of the Tokamak types) a
plasma column is confined by the magnetic field generated by a current
flowing along the plasma. The current also has the function of plasma
heating. In order to render the plasma macroscopically stable, a
longitudinal magnetic field is produced in the toroidal chamber with
field lines being parallel to the plasma column. With a sufficiently
strong magnetic field, stable plasma confinement has been achieved in
Tokamak systems. As Tokamaks may be important to controlled thermonu-
clear reactions, many experimental works are carried out.6)’7)’8)
Accordingly it is of great interest to take the theoretical study of
equilibrium and stability in toroidal pinches'and Tokamak systems.

The equilibrium of the toroidal plasma in Tokamak type devices
has been first studied by Shafranov?) The problem of equilibrium of
an axisymmetric toroidal plasma column in a magnetic field can be
solved generally in the expansion with respect to inverse aspect ratio
€ = a/R, Further progress in this problem has been done by many

authors.lo)’ll)’lz)

These investigations, however, have been limitted
to the equilibrium of low pressure plasma with Bp = 2<p>/Ba2 <1,

where <p> is the average pressure over the cross section of the plasma
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column and B, is the poloidal magnetic field at the plasma boundary
r = a. An important step in demonstrating feasibility of a Tokamak
fusion reactor is maximizing B. At large B(~l),.however, it has been
unclear that pressure balance between plasma and magnetic field could

13)

exist. Recently Shafranov and Yurchenko considered the equilibrum

of a toroidal plasma with Bp >> 1 and BPa/R << 1. They showed that
if Bp >> 1, then Bpa/R is taken as the parameter of the expansion in
the equilibrium problem instead of a/R. Laval, liaschke, Pellat and

14)

Rosenbluth studied a plasma with Bp ~ R/a contained in a torus

s s \ 1 .
of elliptical cross section. Strauss 3) showed, for the plasma being
contained in a torus of rectangular cross section, that equilibria

16)

with arbitrary Bp are available. Callen and Dory™ ‘showed equilibria
with Bp > R/a which have one magnetic axis, but found that as Bp+R/a
region of reverse current appears in the plasma column. Recent

analyses of MED stabilityl’’*18)

have suggested that the plasma
column in a non-circular conducting shell is more stable than in a
circular conducting shell. These works draw the attension to the
interest of non-circular cross section in toroidal pinches and

19)

surfaces are elliptically distorted as well as non-concentric even if

20)

Tokamaks. Green, Johnson and Veimer have shown that the magnetic

Bp £ 1. Yoshii, Vakatani and Amano have extented the method of
Green, Johnson and Veimer to the plasma Bp >> 1 and Bpa/R <1 in a
non-circular conducting shell. These equilibrium considerations seem
to give no limitations for high value of B but requirement for MED
stability does limit B.

The MHD instability is, as is well known, dangerous instability -
for confinement of current carrying plasmas. Various authors
have discussed the theory of IIHD instability in a current carrying

21) 22) have shown that the total axial

plasma. Kruskal and Shafranov
current must be smaller than the so-called 'K.S.limit' in order to
assure the stability against the kink(or helical) instability, when
the axial magnetic field is nearly uniform. This K.S.limit is an

important quantity for !HD stability in Tokamak type devices. As
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far as the infinite conductive plasma in the cylindrical geometry

is concerned, formulation of the problem has been almost accomplished

23)

by Newcomb. The reraining difficulty of the theoretical work is

more related to the problem of configuration. For example, many
analytical works are based on the particular current profile such as
homogeneous or skin current distribution. Thus some ambiguity exists

when it is required to compare the experimental results with the

24)

theoretical prediction. Rosenbluth studied carefully the structure

of the skin current layer in the cylindrical linear pinch and showed

that if the axial magnetic field is reversed, the configuration is

25)

hydromagnetically stable. Corpley and Whiteman have studied

numerically the stability of reverse field diffuse pinches by the use

26)

of Newcomb's criterion. Recently Robinson has obtained a semi-

quantitative analytic expression for the threshold of MHD stability

in the case of reverse field configurations. Amano, Tamai and

27)

Wakatani investigated the stability of reverse field diffuse pinches

by means of Newcomb's criterion in changing the axial current profile
from the skin like current profile to the nearly uniform one. This
investigation clarified the threshold of the MFD stability as func-
tions of current profiles, average beta and the degree of field
reversal.

Shafranov28) carried out the analysis of kink(or helical) modes
in current carrying toroidal plasmas in Tokamak type devices with
cylindrical geometry neglecting toroidal effects. It is investi-

gated that the detailed dependence of the MED stability conditions

. 2
on the toroidal current proﬁile by means of the energy principle. 2

30)

Okabayashi assured the results of Shafranov using numerical

31)

procedures. Amano, Vakatani and Watanabe investigated the same

problems in various current profiles by solving the linealized !7FD

32)

equations derived by Hain and List. This method has an advantage

of knowing the growth rate of MHD instability and its profile of

the perturbation.

In a screw pinch Freidberg33)

calculated the growth rate of the
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kink mode by solving the linearized MED equations for incompressible

plasmas. On the other hand, Goedbloed and Hagenbeuk?4)

in a screw
pinch, calculated the growth rates of MHD instabilities by the line-
arized D equations for compressible plasmas and showed that com-
pressibility turns out to have little influence on the kink modes but
for the interchange(or local helical) modes there is a pronounced
effect of compressibility which is always destabilizing. Bodin et
al.l) studied the growth rates of IED instabilities to compare the
experimental results in the toroidal pinch with the MFD theory.
Amano, Tamai and Wakatani27) also calculated the growth rates in the
reverse field diffuse pinch surrounded by a vacuum by the use of the
linearized MFD equations including compressibility.

Furth, Rosenbluth and Killeen35) showed that if dissipative
effects are included in MHD equations, a pinch plasma stable within
the ideal MED equations becomes vulnerable to three types of resistive
instabilities such as resistive interchange mode, rippling mode and
tearing mode. Johnson, Green and Coppi36) examined the effect of
resistivity on the stability of LiHD equilibria mainly in the stella-

37 38)

rator type devices. Successively Coppi, Green and Johnson

(we shall call them as CGJ) considered the effects of small electrical
resistivity, viscosity and thermal conductivity on MHED instabilities
in a diffuse linear pinch configuration, including the effect of the
B. CoppiBg) found that the ion gyro-radius has th. effect of slowing
down all resistive modes and in most cases of making them overstable.
Coppi and RosenbluthAo) also found that the resistive interchange
mode can be stabilized if viscous diffusion due to ion-ion collision

27)

is taken into account. Amano, Tamai and Wakatani investigated the
stability against resistive tearing modes in the reverse field diffuse
pinch and estimated the growth rate of the tearing instability by the
method of CGJ.

Extensive observations have been reported4l)’42)

of kink like
(or helical like) magnetic perturbations in Tokamaks. These

have usually been interpreted as kink 1like MHD modes of a current
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carrying plasma. Such modes are of two types; the MFD kink mode of
a plasma with a free boundary which occurs when the singular point
(where E'g = 0) falls into the vacuum outside the plasma column,

and the resistive tearing mode which occurs with somewhat slower
growth rate when the singular point falls into the conducting

plasma. The kink aﬁd tearing modes are essentially the same, as both
are driven by the magnetic field energy of the poloidal field. The
only difference is that the growth rate of kink mode is limited only
by inertia, whereas the growth rate of tearing mode is to some extent
limited by the resistivity of the plasma. Theoretical studies of
resistive tearing modes in a Tokamak plasma have been developed by

28) 31)

Shafranov, and Amano, Wakatani and Vatanabe,

43)

and Furth,

Rutherford and Selberg. 44)

Rutherford, Furth and Rosenbluth
considered the non-linear effect on the tearing mode.

As we have noted, extensive studies have been made on the
toroidal equilibrium of a plasma for the case of the ideal MHD

45),46) have taken into account the

equations. Several authors
transport phenomena of the plasma. 1In these cases a small toroidi-
city changes the structure of the equilibrium and leads to results
entirely different from those obtained for straight systems, in
absolute values as well as in the dependence of the transport co-
efficients on the parameters that characterize the magnetic field
and the plasma. The calculation of the diffusion flux made by

Pfirsch and Schlﬁteras) showed that when the toroidicity is taken
into account, the diffusion coefficient gets an additional factor
(14812 /12) where 1 is the angle of rotational transform. For 1<<27
this factor gives an important increase of the diffusion velocity
and changes the functional dependence on poloidal and/or toroidal
components of the magnetic field. The results of this investigation,
which was done in the MHD approximation, are correct only in the
case of a sufficiently collisional plasma for which the mean free

path is much less than the characteristic dimension of the torus.

Recently many experiments concern low density and/or high temperature
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plasmas with rare collisions for which the MHD approximation is not

valid. In the limit of low collision frequency the same problem was

46)

studied with kinetic equations by Galeev and Sagdeev,
47) 48)

afterwards

Kovrizhnikh and Rutherford. The results of these investigations
showed the important role of the particles with small longitudinal
velocity, in particular the so-called 'trapped particles', in the
diffusion of a rarely collisional plasma. The work of Galeev and
Sagdeev stimulated the interest of theoreticians on the problem of
collisional diffusion. They concerned a more detailed and more

49),50)

rigorous analysis of transport processes, and also the exten-

sion to another toroidal systems confining high temperature plasmas.

For example, StringerSI)’Sz)

have studied transport processes by

taking into account non-coincidence of equipotential surfaces with

the magnetic surfaces. Ware53) and Rutherford, Kovrizhnikh, Rosenbluth
and Hinton54) have considered the effect of electric field driving

the toroidal current on transport phenomena. Galeev, Sagdéev; Furth
and RosenbluthSS) and Frieman56) have investigated collisional
diffusion in the system without axial symmetry such as the stellarator
37). Wakatani and Itatan157) have studied collisional diffusion in
toroidal pinches.

The MHD stability theory applied in this thesis is summarized in
Chapter I. Chapter II is devoted to the stability of reverse field
diffuse pinches. The current profile of the rever~2 field diffuse
pinch is varied from a nearly skin current distribution to a nearely
uniform one. To test the MHD stability by Newcomb's criterion requires
numerical integration of the Euler-Lagrange equation. The information
gained, however, concerns only the threshold of the stability. In
order to obtain the information about the growth rate and the eigen
function, the linearized MHD equation is solved as an eigen value
problem. The analysis of the stability of the reverse field diffuse
pinch against the resistive tearing mode is done with the method

of CGJ, because CGJ considered the diffuse linear pinch with a

cylindrical configuration and included the effect of B.
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The investigation of collisional diffusion in toroidal pinches can
be seen in Chapter III. In Chapter IV, by making assumptions with
respect to the dependence of the plasma pressure and the toroidal
current on magnetic surfaces, the problem of Tokamak equilibrium in
a weakly distorted conducting shell including ellipticity and tri-
angularity is solved with Bp >> 1 and Bpa/R < 1. For Tokamaks the
procedure adopted to study the MFD stability is to integrate the
linearized MHD equations numerically from which are obtained the
growth rate and the eigen function of the MHED instability. The
investigation of the stability of Tokamak equilibrium against the
resistive tearing mode is also carried out. Chapter V is devoted to

describe these results.
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CHAPTER I

SUMMARY OF MHD STABILITY THECRY

§ 1 Introduction

Investigation of MHD stability can be done by looking for the
growth of small perturbations near an equilibrium configuration.
The equilibrium is said to be unstable if any solution increases
indefinitely in time; if no such solution exists, the equilibrium
is stable. The MFD stability of a linear pinch with the current
confined to an indefinitely thin layer has been analytically studied

24)

in detail. Although the stability of a diffuse linear pinch may
be important to compare the experimental results with the theoretical
prediction, its analysis needs numerical techniques as will be shown
in later chapters. To consider the features of an equilibrium con-
figuration which are desirable for stability we will use the hydro-

29) fundamentally. This energy principle

magnetic energy principle
is based on the study of the potential energy associated with the
small perturbation and makesit possible to evaluate the stability of
a system without actually finding a growth rate of the perturbation.
From the energy principle, variational principle can be formulated
to obtain necessary and sufficient conditions for the stability of

3) and the

the diffuse linear pinch. This work was done by Newcomb2
results are summarized in §2. Ve consider the non-localized dis-
placements or kink(or helical)modes together with the localized dis-
placements or interchange modes in the investigation to determine
the threshold of the MHD stability. This is carried out by means of
the Newcomb's criterion derived from the hydromagnetic energy

principle.



The information gained by the Newcomb's criterion, however,
concerns only the threshold of the MHD instability. It is necessary
to solve the linearized MHD equations for obtaining its growth'rate
and its profile of the displacement. Conveniently, in the cylindri-
cal linear pinch the linearized MHD equations reduce to the one

32) which denotes the r component of the

equation of the variable &,
displacement. This reduction is shown in §3. From the viewpoint

of experiments, it is important to know the growth rate of the MHD
instability, when the equilibrium configuration fails to satisfy

the Newcomb's criterion. The growth rates of MHD instabilities can
be evaluated as eigen values of the equation for £,.. This considera-
tion will be applied in Chapters II and V.

Dissipative effects remove certain restrictions on the instabil-
ity which is available in the ideal MHD equations.35) In the
presence of small dissipation, a non-local kink instability(or a non-
local helical instability) can also arise in a current carrying
plasma. This is the so-called tearing mode. Here we consider
electrical resistivity, n, as a dissipative effect. The analysis
of the effect of small electrical resistivity on the MFD stability
in a diffuse linear pinch is done with the method given by Coppi,

38)

Green and Johnson. This method is summarized in §4.
Finally we will note that MHD equations are written in ration-

alized Gaussian unit with c=1.
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§ 2 Newcomb's Criterion23)

In the theory of Newcomb, the plasma can be regarded as
an ideal fluid, i.e., we can neglect the dissipative terms in the

MHD equations. The basic equations describing an ideal fluid are

>
o= -gradp+Ix B , (1.1)
t
>
%E + div(pv) = 0 > (1.2)
t
> > >
E+vxB=0 , (1.3)
d ., =Yy _
>
% _ _ 9B
rot E = - 3t s (1.5)

rot

2
]
—y

(1.6)

>
div B =0 . (1.7)

Let E be the electric field, E the magnetic field, T the current
density, p the mass density, p the pressure, Yy the ratio of specific
heats and v the fluid velocity. These equations are written in
rationalized Gaussian unit with c=1.

Mathematically.the problem of stability reduces to the investi-
gation of small perturbations about an equilibrium state. If the
perturbation amplitu&es are small, the linealized equations of motion
can be used. Let 0, p and b represent small deviations from the
equilibrium values p, p and B. The equations describing the static
equilibrium are derived from egs.(1.1) ~ (1.7):

- 11 -



> >
J X B =grad p . (1.8)
-> >
rot B =J , 1.9
-> .
divB =0 . (1.10)

The linearized equations of eqs. (1.1) ~ (1.7) can be written in

the form:

|
pol
+

div (ov) = 0 (1.11)

Q
ct

]
H
o
[n3
Y
X
oy
+
H
o
o
oy
X
Wy

p —— + grad p (1.12)

P4+ 3 grad p + yp div v=0 , (1.13)

oy
X
=2}
~

rot (v (1.14)

o)|o)
rt

As it is not convienient to use the velocity 3, we treats the dis-
placement from an equilibrium position E, in which case 3 = ag/at,
Using this variable, eqs. (1.11), (1.13) and (1.14) can be integrated

with respect to time:

5= -div (p8) ' (1.15)
p=-Zgradp-yopdivi |, (1.16)

-12 -



B =rot €& x3B) . (1.17)

Substitution of these expressions into eq. (1.12) results in a

single second order differential equation for g

2—>
p-%;§-= F {E} = grad(g grad p + v p div g) +

rotEXrot (gx—§)+rot[ rot(gx}f)]x_ﬁ .

(1.18)

The energy integral is obtained from eq. (1.18) in the form

w %/V, a% Q@ + 3B § + E gradediv E + yp(div )7
1

(1.19)

where 6 = rot (g X E) and Vi denotes the volume occupied by the
plasma.

The method of Newcomb is based on the hydromagnetic energy
principle which gives an expression for the change in the potential
energy of the system, VW, when it is subjected to a displacement E.
If W>0 for every displacement E satisfying the boundary condition,
the equilibrium configuration is stable; if W<0 for any allowable
E, it is unstable.

To derive the necessary and sufficient condition for !HD
stability of a cylindrical symmetric static equilibrium described by
eqs. (1.8), (1.9) and (1.10), the usual assumption are made:

- 13 -



(1) the plasma is infinitely conducting,

(ii) the stress tensor is isotropic so that a scalar pressure
can be defined,

(iii)the plasma is bounded by a perfectly conducting shell at

r=b.

It follows from symmetry considerations that the small amplitude
motions of a linear pinch can be analyzed into normal modes for which
Er, i&p and if; are real functions of r multiplied by exp (im6 - ikz).
We can therefore limit ourselves to displacements of this form with-
out loss of generality. Thus we obtain a stability criterion for
each set of values of m and k.

Dropping  the exponential factor, we transform &, SG and &,

to the real variable £,n and Z:

E = gra
g7 _1d i .
n=VeE - Tl ) = ey - 1kE,
z =i x B), = i&g B, - if, By . (1.20)

The components Ee and §, are given in terms of n and ¢

_ ;krl - rBan | _ ; mC - rBzn
Ee - 1mB9 - ErBz ? EZ = mBg - krBy . (1.21)

We substitute these expressions for £y and £, into the energy
integral as given by eq. (1.19), wusing only the real part of the

.+ .
complex & because W is a quadratic, the result is

- 14 -



W(E,n, ) = QIL rdr{ A(E, —§o +yp [n++ dr(r«E) 12
)
k?r? + m? de, .5
P T - gy (e, $912 ) (1.22)
where
A (&, g%- ='E§;7;;7;§ [ (mBg - krBz)g%" (mBg + krBz)]—‘E_:—]2

| .
+ [ (mBg - krB)? - 28T (rBg) 1 &7, (1.23)
CO(E, % = m[ (krBg + mBz)% + (mB, - krBe)f_].

(1.24)

A pinch is stable if and only if W(§,n,z) is positive for every
set of trial functions (§,n,Z) with £ satisfying the boundary condi-

tions
EQ) =0 ifm#1
£'(0) =0 ifm=1

and E() =0 . (1.25)

Let us define

WE) = min ¥ (,n,%). (1.26)
n,t
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The indicated minimization with respect to n and [ is trivial.
Since the terms involving n and [ are positive difinite and can be

made to vanish by setting

n = -%%r(rg) , (1.27.a)
C = (o (g’ %2.‘) s (1.27, b)
we obtain
=T b A dg 28
V() =5 . rdr (E,'a;) . (1.28)

Equation(1.27, a) is equivalent to V°g = 0 ; hence V is minimized
by incompressible perturbations. Furthermore, A does not contain Y,
so that the stability criterion is independent of Y. In particular,
by choosing Y = ®;we see that the stability criterion is unchanged
by replacing the plasma with an incompressible fluid.
A more convenient form of the energy principle is obtzined by
d

integrating eq.(1.28) by parts to eleminate the term in Ea;-:

b _
W(E) =—’21j0 ar [ £(G)% +g82 1 , (1.29)

where £ and g, which are functions of r with m and k as parameters,

are given by

_ r(mBpg - krB,)?
£ =277 o2 s (1.30)
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_ 1l(mBg + krBy)?% 1 _ 2 _2rg d
B = ST T mZ + ?(mBe krB,) = E}(rBG)

_ g_( k2r2B,2 - szai)
dr ' k?r? + m?

. (1.31)

The coefficient f is never negative, but g may have either sign.

Another useful expression for g is obtained:

2k’r*> dp 1 , k2r?2 + m? -1
8 = ¥?r? + n? dr +-;(mBe = krBz) k2r? + m?

2k%r 2,29 2 252
+ (<2r? + mz)z(k r“B,° - m“Bg“). (1.32)

From ea. (1.29), it can be shown that a linear pinch is stable
for all values of m and k if and only if it is stable for m = 1,
-® <k< ® and for m = 0, k »+ O.

If we now try to minimize W with respect to f, we obtain the
Euler-Lagrange equation

e -g-0 . (1.33)

The solution of this equation satisfying the necessary boundary

condition (1.25) gives stationary but not necessary minimal values

of W. To proceed any further we have to study the form of the

solution of eq. (1.33). The first point to notice is that the

equation has a singular point whenever £ = 0, i.e., for all r
satisfying
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mBg - krB, = 0 . (1.34)

and these singular points, rg, devide the plasma into a number of
sub-intervals [0, ri], [ri, r2)ees++e [r,, b]. They are called
independént sub-interval by Newcomb as it can be shown that an
equilibrium configuration is stable if and only if the energy
integral, W, is positive independently in each sub-interval.

Near a singular point, rg, the expressions for f and g reduce
to

Hh
1]
~

ox<, o > o,

g=8 , (1.35)

where x = |r - rg|. The expressions for a and B are obtained from
eqs.(1.30) and (1.32):

2

_ Is Bg® Bzz( diny
B dr ’

__2Bg? dp
B=%2 & |, (1.36)

where u = Bg/rB, and B? = Bg?+ B,?. As a and B are constants, the

Euler-Lagrange equation becomes

a j—x(x2 ;lf;) - gt =0, (1.37)

- 18 -



, -n -n
which has solutions x ‘and x = 2 where n; and n, are the roots of

the equation

n> -n-Ba=0 . (1.38)

The roots are real if o + 4B > 0 and this reduces to Suydam's

58)

necessary condition:

r
8

B, 2 @inky2 4 g-g > 0

ir (1.39)

?

where all quantities are evaluated at rg. Ve shall assume that
Suydam's necessary condition for stability is satisfied, then n,
and n, are real. We take n; < n, and the solution proportional to
x "2 is called the large solution. The other is called the small
solution, although it may tend to infinity at the singular point.
The small solution at r = 0 is defined with £(0) = 0 for m # 1 and
£'(0) =0 form = 1. '

In terms of these definitions, the necessary and sufficient

conditions for stability can be stated as follows. The simplest

of the criterion is:

(a) for specified m and k, an equilibrium configuration is
stable in an independent sub-interval if and only if the
solution of the Euler-Lagrange equation that is small at
one singular point is not zero at any interier point of

the sub-interval.

Other criterion can be derived that are equivalent to the above

statement but are more useful for numerical test of stability.
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One such set of conditions that is used in later chapters is as

- follows.

(b) For specified m and k, an equilibrium configuration is

stable if and only if:

(i) Suydam's necessary condition is satisfied at the end

points of the sub-interval if they are singular:

(ii) if &€1(r) and £2(r) are the solutions of the Euler-Lagrange

equation satisfying

!
=

gl(r) is small at r, , E,(xry) =

i
—

Ez(r) is small at r, , Ez(ro) =
where ro is some interior point of a sub-interval [r,, r,],

and if

£<r)={51(r) Ty <rer
0

gz(r) , To<r<r

then &y does not vanish anywhere in the sub-interval

[y, 1,13
(iii) and

E,'(re) > E2'(xro) - (1.40)

Until now, it is assumed that the plasma is bounded by a
conducting shell at r = b. Let us now suppose the case where the

pressure vanishes at r = a and the region between r =a and r = b
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is replaced with a vacuum. In this region the potential energy is

described as

b
Wy 4%[ (rot a)? dr , (1.41)
a

->
where a represents vector potential of the perturbed magnetic field.
The r component of the perturbed magnetic field in the vacuum region,

by, is given by

ib, = Y(r) = CiIp (kr) + CoKpy' (kr), (1.42)

where Ip and Ky are modified Bessel functions and C) and C2 are
constants. In the vacuum region, Mewcomb's criterion must be applied
to ¥ instead of £. Thus the boundary conditions are that ¥ is
continuous at the plasma boundary(i.e., the r component of the
perturbed magnetic field is continuous,as a diffuse pinch will be
treated) and ¢ = 0 at r = b,

Newcomb has shown that a vacuum and a pressureless plasma are
equally stable if there is no singular point in the vacuum region,
but the pressureless plasma is more stable if there is a singular

point.
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§ 3 Growth Rate of IMHD Instability32)

Ve shall investigate the growth rate of MFD instability in a
diffuse linear pinch. For this purpose we introduce cylindrical
coordinate r, 6, z about the axis of symmetry. Inhomogeneity of the
pressure, the density, and the magnetic field is restricted to the
r-direction. The field component, B, vanishes and the components
Bg and Bz depend only on r. The current density in the plasma is
determined by Maxwell's equation (1.6); the radial component, Jr,

therefore vanishes and the other components are given by

- - 4B

Jg = 5 , (1.43)
_1d

JZ = ?E(rBe) . (1-44)

The radial distribution of the plasma pressure p is governed by the
MED equilibrium equation (1.8), which reduces to

dp By dBz %ﬁ g; (rBg) = 0 (1.45)

dr dr

In this section, there is no essential diffe>-~-ce between the
analysisvfor a compressible plasma and for an incompressible one.
Because the equations for the incompressible plasma can be easily
derived from those for the compressible one, we shall give the

derivation for a compressible plasma.

Starting from eq.(1.18) and taking normal mode solutions

E = (B (r), Bg(r), Eg(r))etrimd-ike (1.46)
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we obtain three coupled equations:

w?pu/r (-F2/r - 2Bg D) /r)u+
iw?p(rBgn - krc:)/(mBe - krBy) | T -1 (2kBgB,/r?)u +
iw?p(mZ - rBzn)/ (mBg - krB,) i(ZkBez/rz)u +

+ ((yp/xr + B*/x)u")" + y(pn)' + {(kBg + mB,/r)c}' + 2(kBg/r)z

+ i(ymp/r? +B,(mB,/r + kBg)/r)u' + i(ymp/r)n + i((k®> + m?/r?)Bz)¢

- i(ykp/r + Bg(mBz/r + kBg)/r)u' - ivkpn - i((k? + m?/r?)Bg)g

(1.47.a)
(1.47.b)
(1.47.¢)

where we have used the variables U = rg,n,z (see eq. (1.20)) and
accents mark differentiation with respect to r.
From eas. (1.47.b) and (1.47.c) we can derive

n = (2kBqw’p (kBg + mB,/r) / lr?)u +

-{(vpG (w?p + F?) - w?p (kBg + mB,/r)?)/Nr} u'  (1.48)

and
Z = (2kBgy(w?pB® + ypF?)/Nr?)u
- {(xBy + mB,/r) (YpF? + w?p(yp + B2))/Nriu' , (149
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where N = 0w*p? + w?pG(yp + B2) + GypF?

Lo}
"

mBg/r - kB,

and G = k? + m?/r?

Equation (1.47.a) can be rewritten as

© - { (w2p + F? + 2Bg(Bg/r)')/r}u + [ {(yp + B®)/r}u' + ypn

+ (kBg + mB,/r)T ]' + (2kBg/r)T =10 . (1.50)

Substitution of egs.(1.48) and (1.49) into eq.(1.50) reduces

\2 72 2 B2 F2}
[(up+ ){wpngp+ ) +Yp -%(rg)']'

- 4k?Bp2 pw?B2? + ypF?
T

- w2a- F2 - By
+ [ - wp-F ZBe(r) N

2kBg(mB,/r + kBp) _ow?(yp + B?) + ypF?,
Z

+tr T I

'1€=0,

(1.51)

where we have used the relation p = rf. PFere p, w and Y are the
density, the growth rate and the ratio of specific heats, respectively.

Vhen we tend Yy to infinity, we obtain another second order
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differential equation :

[ a(xg)' 1" -bE =0

_ r(w?p + F?)
where *%2r2 + m?
= 2 2 _ BBy FBg '
and b=wp+F 2Be(r )' + 2mr [r(k2r2 " mz)]

_ 4k*F?Bg? (1.52)
(x%r? + m®) (pw® + F%) .

33)

Equation (1.52) is equivalent to that derived by Freidberg and
describes incompressible motion of a plasma.

Also when we tend w? to zero in eq.(l.51) or eq.(1.52), we
obtain a marginal equation equivalent to a Euler-Lagrange equation
(1.33). These procedures will make the physical picture of Newcomb's

criterion clear.
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§ 4 Resistive Tearing Instability38)

The following set of equations defines the model we work with.

.+

p—glt'-=—gradp+3x_ﬁ , a.n)
p . >

—§E-+ div (pv) = 0 s (1.2)
E+vxB=n , (1.3")
Y

p' d =Yy = 12 '
v=iac P ) =W , (1.47)

>
rot T = -% , (1.5)
> >

rot B=1J , (1.6)
div B = 0 . (1.7)

In egs. (1.3') and (1.4') we include resistivity n which is a
constant scalar as a dissipative effect.

We examine the behavior of this system by looking for the
growth of small perturbations near an equilibrium state. As the
resistivity allows almost all configurations diffuse away, it is
difficult to find a steady state solution of the above equations.
The way we choose is to devise a limiting procedure in which the
resistivity is small. Then it is feasoﬁable that the growth rates
of the instability are very much larger than the rate of resistive

diffusion. This allows us to ignore the effect of resistivity on
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the equilibria which we consider. The particular class of equilibria
which we choose is the diffuse linear pinch.

3)

Newcomb2 throughly studied the stability of the diffuse linear
pinch in the absence of resistivity, which has been shown in § 2.
We will lean on Newcomb's work. Newcomb considered an infinitely
long linear pinch. Ve differ slightly from Newcomb in making it
periodic over a set length 2m/k and thus approximating a torus.

Now the basic equations are linearized around the equilibrium.
For the dependent variables in these equations we choose the fluid
displacement 3 and the magnetic field perturbation b. Ve can take

advantage of the symmetry of the problem to consider one Fourier

mode

2 _ ZyeWt + imd - inkz) (1.53)

In terms of these quantities eq.(1.1) becomes:

o+ xR x D4+ @ xD) xB

+V [yp div g + ggrad P ——2251152(3 X §)-($ X g)] = 0.

(1.54)

The first is the inertia, the next two are the perturbed magnetic
force, and the last contains the solution of the equation of state
for the perturbed pressure. To obtain an equation for the magnetic
field perturbation we combine Ohm's law (1.3') and Maxwell's equations
(1.5) ~ (1.7) :

B’+£—'V’x?fxg=§><(§x'§)‘ (1.55)
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Ve want to examine the behavior of eas.(1.54) and (1.55) in the
1imit as the resistivity vanishes. Ve will assume that the growth
rate is proportional to a fractional power of the resistivity.

Thus it is much larger than diffusion which vanishes linearly with
the resistivity, and much smaller than the growth rates of MED
instabilities which are independent of the resistivity. From egs.
(1.54) and (1.55) this limit (n - 0) leads straight to the Euler-
Lagrange equation (1.33) which Newcomb studied. This equation is
well behaved everywhere except near the radius which is called as
a singular point in § 2. Such a radius, where the displacement

becomes infinite, must satisfy

- Ba(r) _ n
a2 TS . (1.56)

Here q is called as a safty factor in the INFED stability analysis
of Tokamak type devices.

In this case we need to re-do the calculation only in a small
region near the singular poinf in order to obtain displacement which
is finite everywhere. Clearly if the displacement is large inertia
will be important. It is also true that the current diverges at the
singular point. Thus even a small resistivity may be as important
as inertia in limiting the displacement. No matter how small the
resistivity the term proportional to n in eq.(1.55) may be large
near the singular point.

Equation (1.33) is an excellent approximation to eqs. (1.54)
and (1.55) everywhere except near the singular point. It could have

rewritten with the radial component of the perturbed magnetic field:

¥ = (nkrB, - mBg) &/t , \ (1.57)
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4 opx U pxowy o 1.58
dr'f = f%¢"Y =0 s ( )
where
3

x _ r

£ = n’k?r? + m®

x _ n%k2%r? + m? + (n’k2r? - m?) 2n%k?r? 429
& = r* r? (m’k%r® + m®) = (nkrB, - mBg) ‘rar

(nkrB, + mBg) (-2,

(nkrBg + mBz) (20 dp _ do,
- (nkrB, - mBg)

(nkrB, - mBg) BZ dr dr

)+

rB dr

1d r dp 2n%k?r? 1 dp 1dpy . 2mnko
T r drcgz dr) + n“k‘r + m (rB dr) + (B dr) nZk?rZ4m? o

and g =

In the outer regions there is dissipationless, slow, inertia-free
motion. We call these the 'hydromagnetic regions'. 1In a thin layer
near the singular point, which we will call the 'resistive layer',
we must search for a different set of equations in which resistivity
and inertia both play a role. Within a resistive layer some terms
of eqs.(1.54) will be more important than others. This

evaluation depends upon the relative size of the resistive layer and
on the growth rate of the instability. If the pressure gradients
near the singular point are too small to drive an interchange insta-
bility, a slower instability driven by forces in the hydromagnetic
region may be present. Ve usually use the name tearing modes to
denote this type of modes. Thus we consider tearing ordering w « 1‘];/s
treated in CGJ.38)

We can obtain the boundary condition for the inner equations by
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matching to the solution of Euler-Lagrange equation in the hydromag-
netic region. Ve must use the solution which satiéfies the proper
boundary condition at the outer boundary or at the axis of the system.
If the solution vanishes at any poiﬁt outside the resistive layer the
system is hydromagnetically unstable by the Newcomb's criterion and
the small resistivity has no important effect. We therefore restrict
consideration to cases in which llewcomb's criterion is satisfied.
To obtain the boundary condition for the inner region by a procedure
of matching we only need the logarithmic derivative of the outer
solution at the outer edge of the resistive layer. 1In the treatment
of the tearing ordering it is convinient to match the logarithmic
derivative of V.

Near the singular point r = rg, the asympototic form of Y near

ry is obtained from eq.(1.58)

2mR%g’ r-r r-r
’ = SI s o0 e 0
v [ C +C, _——z-k'l'Bz in | r— 10 o + ]
+C2[ l+ coo.o] s (1.59)

where 1 = 2mBg/krB, and accent denotes the derivatice with respect

to r. In eq.(l1.59) the term with coefficient C; corresponds to a

small solution and the term with C, corresponds to a large solution

in the terminology of § 2. The ratio C;/C, is the significant quantity
which determines the matching.

In the inner region the solution for Y is obtained in CGJ:38)

2 .1 -
21B°0 Qn}r rql ]

b o= Yol 1+ DRnfX|+ ++e] + [ E o 118, 7 s

X [ﬁ-}- ceees] | . (1.60)
rs '
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Vs

for large negative X, where X = (r - rs)/(ZLR), = (Lg/rg)s

2p"12 B%r %a? Y.~
D= -2P L, = —z—s'z—-z')
rgBz1"'“ [r=rg , R m°B, 1
1'2B 2 f/ —1
Qr = ( B2a2 » and E, {yy are constants.
Here S is the ratio of resistive time T, = a?/n to hydromagnetic

R
time Ty = a/p /B. We must choose E and Yo so that eq.(l.60) matches

the solution in the outer region. The term proportional to D is small

in the outer region. Thus if we set

=), =)

E=1o (C;" "/Ca" ") : (1.61)

b

the two solutions match, where Cl(_), Cz(_)are coefficients of eq.

(1.59) in r < rg. If this solution is continued to large positive

value of X, we obtain

¢
U= Vol 1+ DinfX] + <oee] 4y [—4= C( Q)+ 2”?B°zz [E=Ls)
2

x [22IS 4 eees ] , (1.62)
Ts
here AQ) = Lim[YP' (X) - ¥' (-X) 1/ (1.63)
X0 .

This matches the solution in the outside region (see eq.(1.59)),
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if
) “
M = = e, My - C T ey, (1.64)

+) +)

where C; and C, are coefficients of eq.(1.59) in r > rg.

This condition (1.64) determines the growth rate of tearing modes
Q= w/QRQ“. From the equation in the inner region, an explicit

38)

expression for A(Q) can be obtained. Following CGJ we find

AQ) = ( ﬂ/426Qbﬁ ) F (a,b,c) (1.65)

with

1
D+a?b-Dab+ac FfZ(3+ab'd)}

d

F(a,b,c) = [a-D + 1
P{Z{5+ab-d)}

) .
D+a?b -Dab+ac P£Z(3+ab+d)}
+ [a-D - 3 ] T
1‘{-4-(5+ab+d) }
6 3 2
where g = & Q/2 ,b=1/yB , C= (%%T)z , d2 =a®b? + 2Db - C,

B = 2p(rg)/B? and T denotes the Gamma function.

The resistive skin depth Ln is defined in CGJ as
v
= w 4
Ly = Lp(g) (1.66)
A sufficient condition for stability

A<O ; D (1.67)

N
o
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is obtained by noticing that A(Q) of eq.(1.65) is positive if D
vanishes or is negative.
Vhen D vanishes, A(Q) vanishes as ab becomes small and d tends

to zero. Thus in this case
A<DO (1.68)

is the necessary and sufficient condition for stability against
tearing modes.

Furthermorewhen B is very small, F becomes

rF(3-2)
F(a,b,c) = (2a - 3D)——2— + D (1.69)

1 D
T{z(5-59}

Equation (1.65) will be used for reverse field pinches in Chapter

II and eq.(1.69) will be used for Tokamak systems in Chapter V.
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CHAPTER II

STABILITY OF REVERSE FIELD DIFFUSE PINCHESZ?)

§ 1 Introduction

The MHD stability of axially symmetric linear pinches has been

2
1 21) and Shafranovzz)

investigated for more than a decade. Xruska
have derived the so called K.S.limit for stability with respect to
the kink (or helical) instability, when the axial magnetic field B,

59)

is nearly uniform. Taylor considered the MHD stability of the

stabilized pinch with skin currents, in which B, field drops nearly

24)

to zero in the outside of the plasma column. Rosenbluth has care-
fully studied the structure of the skin current layer and has shown
that the stabilized pinch configuration is actually unstable unless
the B, field is reversed in the outside of the main plasma.

In actual plasmas, skin current distribution can not be realized
and we always have diffused current configurations or diffuse pinches.
The investigation of the MED stability of diffuse pinches has been
facilitated by the powerful method due to Newcomb,zq) which has been

25)

shown in & 2 of Chapter I. Corpley and Whiteman have studied
numerically the stability of some examples of reverse field diffuse
pinches, which are characterized by skin like current profiles, by

26)

use of Newcomb's criterion. Robinson also has obtained a semi-
quantitative analytic expression of .the position of the conducting
shell for the threshold of stability and other useful relations in
the case of reverse field configuration.

35)

Furth, Rosenbluth and Killeen have demonstrated that if we
include resistivity in the MHD equations, a pinch plasma stable within

the ideal MHD analysis can become vulnerable to the resistive
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instabilities. Thus, we need to study the stability against the
resistive modes, in particular, non-local tearing modes. The
stability against resistive tearing instabilities in diffuse pinches
is not sufficiently investigated until now.

It is the purpose of this Chapter to study the stability of
reverse field diffuse pinches against MHD instabilities and tearing
modes._ Ve first give a variety of equilibria by modifying force
free configurations. Our basic parameters to characterizé equilibrium
are the profile of the J, current distribution, which is an essential
feature of our model equilibrium, the ratio between the values of B,
at the axis and at the conducting shell and the averéged beta. This
method makes it possible to examine the stability in various equili-
brium configurations and to find plasma parameters suitable for con-
trolled thermonuclear fusion research as well as to confirm results
obtained by above mentioned authors. The region outside the plasma
column is assumed to be a vacuum in contrast with the screw pinch
case.3)’4) The position of conducting shell for threshold of the
stability, Ry, is calculated numerically for several classes of the
above parameters. The stability diagrams thus obtained include the
followings: (i) Ry versus the J, current profile, (ii) Ry versus
average B and (iii) Ry versus the degree of field reversal.

The stability of the stabilized pinch is also briefly discussed
and it is shown to be unstable against the MHD instability.

It is important to know the growth rate of the MHD instability,
when the equilibrium configuration fails to satisfy Newcomb's
criterion and becomes unstable, Hence the growth rates of the MHD
instability for typical unstable configurations are calculated. The
information of the profile of the displacement is also obtained.

The analysis of the stability against the resistive tearing

instability is done with the method of CGJ.38)

It is shown that
the reverse field configuration is vulnerable to the tearing
instability when the pressure profile is nearly flat in the central

region of the plasma column.
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In § 2, the method to solve the equilibrium equation is des-
cribed. In § 3, we test the MHD stability of several reverse field
diffuse pinches by means of Newcomb's criterion. In § 4, the growth
rate of the MHD instability is calculated for some typical unstable
configurations. Section 5 is devoted to the analysis of the stability

against the resistive tearing modes. The results are discussed in

§ 6.
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§ 2 MHD Equilibrium

In this section, we describe the method to obtain the MHD
equilibria defined by egs. (1.8) - (1.10). Ve consider axisymmetric

linear pinch configurations given by

(2.1)

dp
dr = JeBz - JZBG’

in the cylindrical coordinates (r,6,z).

It should be noted that there are five unknown quantities P(r),
Bg(r), Bz(r), Jg(r) and Jz(r), while there are three relations
between them. Therefore we must give any two functions to specify
an equilibrium configuration. As we are interested in the Jz current
profile, let us first give Jz(r). From the second equation of (2.1),
Bg(r) is obtained. Now we construct a force free field Je(o), Bz(o)

from these Jz and Bg,

(0)
36@8, @ - 5mg =0, 3P - -2 (2.2)
Integrating eqs. (2.2), we get
r
3, D) = i}\/(Bz‘(O)(O))Z— 2]0 3, Bodr. (2.3)

(1)

Next we modify BZ(0> by B to support a plasma pressure,
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B,(r) = 3, Q) + 3, D). (2.4)

Then the pressure becomes

p) = by ~ 58, P @@, Pw + 5, Pen, @5

where Py is a constant. This method of constructing equilibria has
the advantage that we can obtain any desired pressure profile easily
by appropriately choosing Bz(l).

As parameters to specify a J, current distribution we use o and
§ shown in Fig.II-1. The expression for a J, current profile is

given in the form

J, = a (0<r/ag1-98)
r § 2 __(S__ 2.6
= 1+ 4@DE +5- 1% (1-6<r/a<l-5) (2.6)
= 1-4¢& +§__ 1)2/ (l—§<r/a<l.0)
- a 2 82 2 b

J;
1.

Fig.II-1. J, current distributionjo and § characterize the distribu-
tion.
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Two more parameters characterize our equilibrium configurations.

The one parameter denotes the ratio Rp defined by

Bz (b)
B, (0) ’ (2.7)

Rp =

where B, (b) and B, (0) denote the value of B, at the conducting shell
= b and at the axis, respectively. The other parameter to charac-

terize a configuration is the average B,

a
2 prdr
B = 0

" (a x 100 . (2.8)
0 (Bz2 + Bez)rdr

In the case of reverse field pinches it is convenient to take

(0)

B, = 0 in a<r<b and to choose B, 1) in the form shown in Fig.II-2.
From eq.(2.3), we determine Bz( )(0), then calculate B, (© )(r) in
0<r<a. B, (l)(O) and Bz( )(a) are given numerically according to the
value of B (0)(0), then Bz( )(r) is determined by means of inter-

polation. Hence, we get

by =5 (8, )12
L@ :
Ry = 3 D) /g @ (2.9)
B, 0 2 Pw)?

B = —Zpy— +
B, 0  2(8,%(0))?
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where Py has been determined from the condition p(a) = 0 and the relation
Bz(1)<< Bz(o) has been used. Figure II-3 illustrates a reverse field
configuration thus obtained and Fig.II-4 shows its pitch variation

(here, the pitch of the magnetic field line is defined by rB,/Bg) -

B:

g B

ol

o)

Fig.II-2., Bz(o) and Bz(l) which Fig.II-3. A reverse field con-
give a reverse field pinch. figuration; B=20%, Pp=-0.18, a=0.1,
§=0.4.

rg rB:
EB Be
m
k
r
[} i /0 —
1 R :
L
1. N Va
Fig.II-4. Pitch of magnetic Fig.II-5. Pitch of magnetic field
field line in a reverse field line in a stabilized pinch and dis-

pinch. placement & which makes W negative.
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For the case of stabilized pinches BZ(O) and Bz(l) are taken in
the form shown in Fig.II-6. BZ(O)(r) and Bz(l)(r) are given by the

same method as above mentioned. Thus in this case, we obtain

Py =0,

(0 ,
Rg = B, (®) /Bz(o)(O) , (2.10)

™
14

= 3,1 0) /8,90

Figure II-7 illustrates a stabilized pinch configuration and Fig.

II-5 shows its pitch variation.

B

B;

élz)

Fig.II-6. Bz(o) and Bz(l) which Fig.II-7. A stabilized pinch
give a stabilized pinch. configuration; P=157, Rp=0.05,
0=0.1, 6=0.4,
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§ 3 Test of MHD Stability by Means of Newcomb's Criterion

In this section, we test the stability of reverse field diffuse
pinches obtained in § 2 by means of Newcomb's criterion. We assumn~
that the region outside the main plasma column is surrounded by a
vacuum, since this configuration gives more stringent condition for
the stability than the case where a pressureless plasma surrounds
the plasma as we have noted in § 2 of Chapter I.

Let us first consider reverse field configurations with negative
Rg. Under these circumstances we have at most one singular point for
specified m and k, considering eq..(1.34) or eq. (1.56) and the pitch
variation shown in Fig.II-4. Vhen no singular point is present, our
procedure to analyze the stabilitv is as follows. Starting from the
small solution of eq. (1.33) at r = 0, we solve the Euler-Lagrange
equation numerically with Fammings modified predictor corrector
method until the plasma boundary r = a. If the solution vanishes
before the boundary, the configuration is unstable. If it does not,
the zero point of the vacuum solution y obtained from the matching
condition at r = a (see eq.(1.57)) determines the position of the
conducting shell Ry for the threshold of the stability, since the
plasma column becomes stable when the shell is located inside Ryy-
When one singular point exists and lies in the vacuum region, the
procedure is the same as above according to the remark in the last
paragraph in § 2 of Chapter I. When a singular point lies at rg in
the main plasma, we have to consider the two intervals O<r<rg and
rg<r<a, seperately. In the sub-interval O0<r<rg, we use Newcomb's
criterion for the form of (1.40). All the configurations we have
tested have proved stable in this interval only if Suydam's condition
(1.39) is fulfilled at rg. In the interval rg<r<a, we solve the
Euler-Lagrange equation starting from the small solution at rg.
Again the configuration is unstable if & vanishes before r = a. If
it does not, the position of the conducting shell is obtained in the

same way stated above.
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In this way the position of the conducting shell for stability
Ryr (m,k) is determined for specified m and k. To assure the stability
against every m and k modes, we must find the smallest value of Ry
(m,k). According to § 2 of Chapter I, however, we only need to test
the stability against the modes m = 0 as k + 0 and m = 1 for all
values of k.

Figure II-8 shows the stability diagram of the configuration
shown in Fig.II-3. Ve note that Suydam's condition can be satisfied
everywhere in this configuration, because the pressure gradient is
slightly positive near the axis and the pressure gradient is negative
in the region where the shear is large. In Fig.II-8 the abscissa is
the wave number k and the ordinate is Ry, normalized by the plasma
radius a. The stable region lies below the curve. It is recognized

.that Ry must be less than 2.2 to assure the stability against all

the modes.
R Rw
3-//":3
Rw
5..
[.- 2- \2
3...
21 1F 11
1
0 : 2 N : L L .'5 0 1 1 1 1 d 0
00 02 04 06 08 10 12 14 00 02 04 06 08 10
Fig.II-8. Stability diagram of Fig.II-9. The position of the
the configuration shown in Fig. conducting shell to stabilize all
II-3. The abscissa is the wave modes as a function of o, in the
number k and the ordinate is Ry, case of B=15%, Rp=-0.2, §=0.4.
the position of the conducting The upper line shows m=0 mode and
shell for stability normalized the lower line shows m=1 mode.

by the plasma radius.
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Figures II-9 and II-10 show the position of the shell to
stabilize all modes as a function of 0 and § which characterize the
current distribution (see Fig.II-1). The & = 0 means a skin like

current and o = 1 gives a nearly uniform diffuse current.

For o const, the staﬁility improves as the width 6 becomes small.

For const, the stability improves as O becomes small. According-
ly the stability condition becomes more stringent as the current
distribution changes from a skin current to a uniform diffuse current.
In Fig.II1-9, we have not calculated for small o because § = 0.4 and

o »> 0 make an realistic current distribution.

Ru
3 .
1 2
2 -
] -
)
O 1 1 1 1 1 ! L |
00 01 02 03 04 05 06 07 08

Fig.II-10. The position of the conducting shell to stabilize
all modes as a function of 8. 1) B = 19%, Ry = 0,
o =0.1. 2) B=14%, Rg = 0, a = 0.1,
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Figure II-11 shows the position of the conducting shell as a

function of the degree of field reversal. The stability against the

m = 0 mode steadily improves as RBI becomes large, while the

stability against the m = 1 mode becomes worse. Ve note Ry has a

minimum near Rp = -0.1 for the m = 0 mode.
Rw
3..
2._
]...
'RB
O 1 1 1 S |
00 01 02 03 04

Fig. II-11. The position of the conducting shell as a function
of the degree of field reversal for B = 15%. 1)
m = 0 mode, o = 0.1, § = 0.4, 2) m = 0 mode, a = 1.0.

3) m =1 mode, a = 0.1, § = 0.4. 4) m = 1 mode,
a = 1.0.

Figure II-12 shows Ry versus plasma pressure R. The stability
becomes worse as B becomes large. Beta can be as large as 50% if
Ry is sufficiently close to one., We can also see that the
stability condition becomes worse for the case of a diffuse current
distribution than for the case of a skin like current.

Let us now briefly consider the case where Rp>0,i.e., the case
of stabilized pinch. The pitch of the magnetic field line in the
stabilized pinch shown in Fig.II-5 has a minimum at the surface of

the plasma column. The pinch can be stabilized by a positive pressure
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gradient near the pitch minimum point; however, as the pressure
gradient is usually negative near the edge of the plasma column, the

stabilized pinch is unstable.

Rw
3'—

0 ] 1 ! 1 (13
0 10 20 30 40 50 %

Fig.II-12. The position of the conducting shell as a function
of plasma pressure B for Rg = -0.2. 1) m = 0 mode,
o=0.1, § =0.4. 2)m =0 mode,aa =1.0. 3)m=1
mode, o = 0.1, § = 0.4. 4) m = 1 mode, o = 1.0.

We can understand the above fact by use of the energy integral

(see eq.(l.29)).29)

equatidn can appear near the pitch minimum point, r i, for some (m,k).

Two singular points, r;, r, or the Euler-Lagrange

Then, as (m/k - rB,/B )l - , can be made as small as desired by
67 T = Tpin
a proper choice of (m,k), the function g(r) becomes approximately

2k?r?dp/dr/ (k®r?+ m?) in ri<r<r,, If dp/dr<0, then g(r)<0 and the

energy integral

Iro T

WE) = |  gE%dr x7£0%|  gdr<0, (2.11)

r r
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for the displacement £ = £, = const in r1<r<r; and & = 0 otherwise
(see Fig.II-5).

Ve have tasted numerically the possibility to stabilize the
stabilized pinch by a small positive pressure gradient in the edge
of the plasma. It has been recognized that a very small positive
gradient, 1/p dp/dr = 0.01 is sufficient to stabilize the pinch;

however, Rp should be less than 0.05 in order to make Pi>2.
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§ 4 Growth Rate of liFD Instability

Vhen the equilibrium configuration does not satisfy Newcomb's
criterion, magnetohydrodynamic kink instability can occur. From the
viewpoint of the experiment it seems important to estimate the growth
rate of the kink instability. Such a calculation has been done by
Freidberg33) for the case of the screw pinch by means of eq. (1.52)
for an incompressible plasma.

In order to calculate the growth rate, we use the equation of
motion in the r direction (1.51). The boundary conditions belonging

to eq.(1.51) are :
r{ =0 atr =0,
£ connects with § given by eq. (1.57) at r = a,

and y = 0 at r = b,

where a and b denote the radius of the plasma column and of the
conducting shell respectively. The eq.(1.51) includes compressibility
of the plasma. The motivation for choosing this equation is that the
growth rates obtained from incompressible displacements in general

do not give the fastest ones.

Vhen the equilibrium configuration does not satisfy Newcomb's
criterion, we obtain the growth rate w>0 for & which satisfies the
boundary conditions. Figure II-13 illustrates the form of the dis-
placement rf and the magnetic penturbation ¢y in the reverse field
pinch configuration. The magnetic perturbation Y in the plasma
region is derived from & by use of eq.(1.57). From this figure the
displacement of m = 1 mode is nearly constant over the plasma column.
The configuration used to obtain the displacement is the reverse
field diffuse pinch with a=1.0,

We calculated the growth rates for two cases: the one is b=2.5

and the other is b = 3.0. The wave number k was chosen so as to give
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the smollest Rw in the test of Newcomb’s criterion,

Wy
12}
re
¥ 0t
08..
06 2
1
O-A-
02-
“a 15
00 L L T L ‘b.,
00 10 20 30 0 10 20 30 40 50 %
Fig.I1I-13. The form of displace- Fig.II-14. The growth rate wy as
ment r& and the magnetic field a function of plasma pressure
perturbation Y for the case of for Rg=-0.2, 0=1.0. 1) b=2.5,

wy=0.707, b=2.5, B=41%, Rp=-0.2> 2) b=3.0.
0=1.0, calculated for the mode
m=1 and k=0.9.

In Fig.II-14, wy denotes the growth rate normalized by the transit
time of Alfven wave defined by ap(O)/VﬁE?ZT. Figure II-14 shows
that the growth rate becomes smaller as f becomes smaller. It also
showslthat the growth rate gets larger when the position of conduct-

ing shell is placed more far from the plasma column.
o Up to here, we calculated the growth rates of kink modes. If

the pressure gradient near the center of the plasma column becomes
negative, Suydam's necessary condition (1.39) cannot be satisfied.
Hence the so-called 'Suydam' mode or interchange mode can appear.
For example, we show the growth rates of Suydam mode and kink mode
in the equilibrium characterized by B = 247, Rg = -0.2, a = 1.0 and
b = 2.0. The growth rate of Suydam mode is wy = 0.019 which is much
smaller than the growth rate of kink mode wy = 0.417.
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§5 Resistive Tearing Instability

Up to this section we have investigated the stability of the
diffuse pinch by use of the ideal MHD equations with infinite
conductivity. As we have shown in § 4 of Chapter I, if we include
resistivity in MHD equations, a pinch plasma stable within the ideal
MHD analysis becomes vulnerable to resistive instabilities. CGJ have
considered the resistive instabilities in a diffuse linear pinch with
a cylindrical configuration and have also included the effect of
finite beta. We shall follow the method of CGJ to analyze the stabil-
ity of reverse field configurations given in 8 2 against the
resistive tearing instability.

We had some difficulty when we applied the CGJ theory of the tear-
iﬁg mode to the reverse field configuration given in § 2. The numer-
ically calculated ¥ does not easily coincide the theoretical form
of eq.(1.59), owing to the finite pressure gradient. Therefore we
have decided to take the following procedure in order to match the
asymtotic form to the CGJ theory. Ve deliberately make a constant
pressure region in the center of the plasma column by adjusting Bz(l)
(r) of eq.(2.5). Bz(l)(O) and Bz(l)(a) are given to make a profile
shown in Fig.II-2, by use of the value of BZ(O)(O). For r<0.8, we
make the pressure equal to p by determining Bz(l)(r) from eq.(2.5),

B, M) = -5, Q@) + /5, V ) - 26 -5, @.12)

_1

0 2 Bz(l)(O)(ZBZ(O)(O_') + Bz(l)(O)).

and P=0p

For otherwise Bz(l)(r) is extrapolated to the value of Bé(l)(a).
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As this assumption makes the parameter D (see eq.(1.60)) equal to zero,

the relation for the growth rate of the tearing mode, eq.(l1.65),

becomes:

Q) =g Fla, b, ©) (2.13)

and

r{%@ +ab - d))

]
d r{—}r(s +ab - d)}

ac | 1“%(3 + ab + d)}

[}
N

o

al+

ks + ab + )} , (2.14)

k12,2 2 2,2
1/yB, c = GETT) , d% =a‘b%- ¢ and Q =

where a = QGQ;Q, b
w/Qpl*.

The numerical analysis of the stability against tearing modes was
performed by changing parameters f and Rgp. Numerically calculated
values of A, w and Ln defined by eq.(l1.66) are shown in Fig,II-15 ~
Fig.I1I-18. The conducting shell was placed at r = 1.5a to assure
Newcomb's criterion for stability.

From these figures we observe that:

i) In the region 0.2<r/a<0.7, resistive tearing instability can
appear, since for m = 1 modes A's are always positive. The reverse
field configurations, however, are stable against m = 2 mode when
r/a<0.65 for parameter ranges 15%<B<317% and -0.25<Rp<-0.05.

ii) The growth rate of m = 1 mode decreases when B becomes small.
For example, when S = 10“, the growth rate of the resistive tearing
instability is about 0.0lTp_l. The dependence of S on plasma para-

meters is shown in Fig.II-19.
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Fig.II-15. A as a function of r/a when plasma pressure B changes

for Bg = -0.15, a = 1.0. Solid lines show m
and dotted lines show m = 2 mode. 1) B = 15%,
2) B =20%, 3) B = 26%, 4) B = 31%.
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Fig.I1I-16. A as a function of r/a when the degree of field reversal
Fp changes for B = 15%, o = 1.0. Solid lines show m=1
mode and dotted lines show m=2 mode. 1) Rp=-0.05,
2)Rp=-0.1, 3) Rp=-0.15, 4) Rp=-0.20, 5)Rp=-0.25.
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Fig.II-17. Growth rate of tearing instability (m=1 mode) as a function
of r/a when plasma pressure B changes for Rg=-0.15. The
leftaordinate shows the normalized growth rate defined by
wTHS/ﬁ and the right ordinate shows the growth rate wTHy
when S=10%. 1) B8=15%, 2) B=20%, 3) B=26%, 4) B=31Z.
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Fig.II-18. Resistive skin depth Ln/a of tearing instability(m=1mode)
as a function of r/a when plasma pressure, B changes for
Rp=-0.15. The left ordinate shows Ln/a S/5 and the right
ordinate shows Ln/a when S=10". 1) B=15%, 2) B=20%, 3)
B =26%, 4) B=31%.
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Fig.1I-19. Constant S lines as
functions of electron temperature
Te and plasma density n for mag-
netic field B=3x10"G and plasma
radius a=3 cm.

These results suggest that
the reverse field configurations
are vulnerable to the resistive
tearing instability, although the
above treatment of the resistive
tearing instability is restricted
to the special type of the equi-
librium. It should be noted,
however, that there still remains
the possibility that the positive
pressure gradient in the central
region of the plasma column can
stabilize the resistive tearing
instability. This is understood
from that as the positive pressure
gradients make the parameter D
negative, the stability criterion

for tearing modes (1.67) may be

assured.
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§ 6 Conclusion and Discussion

The stability of reverse field diffuse pinches against the hydro-
magnetic and resistive instabilities has been investigated. We have
chosen the cylindrical linear pinch as the approximation to the
toroidal pinch, in order to apply the Newcomb's criterion for !HD
stability. This may be a good approximation as long as kink like
modes are treated. By means of Newcomb's criterion, the MFD stability
has been tested for a number of equilibrium configurations which are
obtained by modification of force free fields. The equilibrium is
characterized by the profile of the J, current distribution. This
method is convenient to obtain various equilibria of diffuse pinches
and it is confirmed that a small deviation from the J, current profile
given in eq.(2.6) does not change stability diagrams essentially.
Stability diagrams showing the position of the conducting shell for
the threshold of the stability have been calculated by changing the
shape of the axial current distribution, the average beta and the
degree of field reversal. The following results are obtained:

i) the reverse field diffuse pinch is stable against MHD instabilities
if k > 0 or k > «; (ii) the stability against the m = 0 mode improves
as o or IRBI becomes large, while the stability against the m =1

mode improves as o or IRBI becomes small; (iii) stability condition
becomes more stringent as the current distribution changes from a

skin like current profile to a uniform one; (iv) as B becomes

large, the strict condition that a conducting shell is sufficiently
close to the plasma is imposed on the stability. Thus stability
diagrams shows the reverse field diffuse pinch is stable against MHD
modes for sufficiently high values of B and available compression
ratio Ry 2 2.

The growth rates of MHD instabilities have been calculated for
unstable reverse field configurations. It is shown that the growth
rates of kink modes are w ~ (0.4 ~ 0.6)a(p(0))ya/Be(a).This expression

gives large growth rate for typical plasma parameters of toroidal
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pinches.l)’z)

Therefore kink modes are dangerous for confinement of
high B plasmas in toroidal pinches. The shape of the displacement
E(r) is also obtained and it shows that the plasma column moves as
a whole due to the m = 1 kink mode.

The stability against the resistive tearing instability has

38) It is shown that the

been examined with the method given in CGJ.
reverse field configuration is vulnerable to the resistive tearing
instability with m = 1 when the pressure profile is nearly uniform
in the central region of the plasma column. The growth rates of

m = 1 tearing modes are estimated for typical parameters of toroidal
pinches and it is shown that tearing modes have slower growth rates
than those of kink modes. The growth rate of tearing mode, however,
depends on electron temperature as Te_%%. From this fact, it is
important to obtain a high temperature plasma by means of com-
pression or Joule heating in reverse field diffuse pinches. It is
noted that the positive pressure gradient in the central region of
plasma has a stabilizing effect on the resistive tearing modes and
the negative pressure gradient drives another instability such as

38)

interchange modes with larger growth rates.
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CRAPTER III

COLLISIONAL DIFFUSION IN TCROIDAL PINCHES® )

§ 1 Introduction

46)

Galeev and Sagdeev firstly indicated that taking account of
the presence of so-called trapped particles leads to a sharp
increase in the diffusion coefficients at rare collision frequency,

45)

in comparison with that given by Pfirsch and Shluter. Galeev

and Sagdeev (hereafter we shall call ref.46 of Galeev and Sagdeev as
GS) investigated a low B toroidal plasma such as plasmas in Tokamaks,
where the assumption that a toroidal magnetic field is much larger
than a poloidal magnetic field is usually available. On the other

1),2)

hand, toroidal pinches such as reverse field pinches, stabilized

1),2)

pinches and scerw pinchesB) have realized Bp = Br by driving a

21),22)

toroidal current comparable to K-S limit, or by a compreésion.

In Tokamaks, experimental efforts are recently devoted to realize
q - 160),i.e. to strengthen the poloidal field, where q is a safty
factor.

Transport phenomena in toroidal pinches, however, have not been
discussed in detail so far. In this Chapter we investigate collision-
al diffusion in diffused toroidal pinches following the scheme of GS
above mentioned. This is an extension of .the scheme of GS. GS treat-
ed transport phenomena in rarely collisional plasmas by use of the
kinetic equation with the collision terms in the Landan form.
Particles confined in an axisymmetric toroidal magnetic system are
subdivided into two groups, trapped particles and untrapped particles,
according to trajectories of their guiding center motion. When a

collision frequency decreases, the mean free path becomes larger than
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the connection length of a forus and trapped particles begin to play
a dominant role in transport phenomena. It is shown that the pitch
angle scattering in the velocity space for barely trapped particles
is essential in this regime. Then the displacements of trapped
particles as a consequence of the 'banana' motion can lead to an
appreciable increase in the transport coefficient. The physical
meaning of this enhanced collisional diffusion is understood through
the random walk theory. GS also considered transport phenomena in
the intermediate collision frequencies (in which collisions are not
very rare so that a Maxwellian particle distribution can be establish-
ed). GS assumed that, as the banana motion is masked by Coulomb
collisions, Landau collision term in the kinetic eaquation may be
replaced with the simple collision term Vjeff fj(l), where f;l) is
the first order distribution function and vjeff is an effective
collision frequency. It is shown that the diffusion coefficient in
this regime is independent of the collision frequency.

Transverse diffusion coefficients given in GS must be modified
in some respects in toroidal pinches. Since equilibrium configurations
of toroidal pinches can be determined by the pressure balance equation,
a prameter including the plasma pressure such as 'Shafranov's A'6l)
appears to describe the magnetic fields of toroidal pinches. Thus
the local magnetic mirror in the toroidal pinches is formed by the
inhomogeneity of a poloidal magnetic field as well as that of a
toroidal magnetic field. And the connection length of a torus is
shortened by the poloidal magnetic field comparable to the toroidal
one. This shortening of the connection length reduces the period
with which a trapped particle forms a closed trajectory projected on
the meridional plane. From this fact, we find that the width of
the banana, which is proportional to the displacement from a magnetic
surface as a consequence of the drift motion, is also reduced.

The collisional diffusion in collision dominated plasmas is
investigated in the framework of MFD equations. Both J, and Jg

currents are driven by electric fields in toroidal pinches, while
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the J, current is only driven in Tokamaks. This fact modifies the
well known 'PfirschgSchluter factor'.as)
In § 2 the guiding center equations in a toroidal pinch are
given. Section 3 is devoted to obtain the diffusion coefficient at
rare collision frequencies and in 8 4 is obtained the diffusion co-
efficient at intermediate collision frequencies. In § 5 we use MHD
equations to investigate the diffusion in toroidal pinches. In § 6,

the last section, the diffusion coefficients obtained in § 3 ~ § 5

are discussed and compared with those given in GS.
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§ 2 FEcuilibrium and Guiding Center Equations

In order to simplify the analysis, we assume that the minor
radius of the toroidal pinch is much smaller than the major radius.

62)

Following Kadomtsev and Pogutse, we introduce curvilinear co-
ordinates(r, 6, C) which tend to the usual cylindrical coordinates
system when the major radius R, tends to infinity. It can be assumed
that magnetic surfaces in the cross section { = const are a system
of nested circles and the equation r = const defines a magnetic
surface. Then the axially symmetric toroidal magnetic field is
expressed by E = (0, Be, Bg)‘ For small values of g = r/Ry, the

toroidal magnetic field to an accuracy of order ¢ is given by

By = Bgo(r)(l - gcos@). (3.1)

In this approximation, the poloidal magnetic field can be written

in the form

By = Beo(r)(l - A(r)cosh), (3.2)

61) that

when A is a small asymmetric parameter given by Shafranov
depends on the distribution of the plasma pressure p and the poloidal

magnetic field By,

r
8 1

A(x) =—§B{l +-EE%§ —‘;75535 (16mp + Be°2)rdr}.(3.3)
3] .

Furthermore, the absolute magnitude of the magnetic field B can be

written in the form

B = Bp(r)(1 - &cosh), (3.4)
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where

§ = (AB°g? + €B°,?)/Bo* and B, = B%? + B 2.

The equations for the guiding center in the radial electric
field specified by the potential &(r) and also in the magnetic field
given by eqs.(3.1)(3.2) and (3.4) are:

2
e -mgln Lo
and V.2
o 11"+ uBy/m ' v11 2+ UBo/m '
== - - - B
T QcoBoz BC(BOG) cosB QcoBo CBo
B0 : 0
+ 555 00 - v 28 (3.6)
0 0 ’

where viiand v

, denote the components of the velocity parallel and

perpendicular to the magnetic field respectively, Qco = eBy/mc is
the gyrofrequency and u = vaZ/ZB is the magnetic moment. Because
of the toroidal symmetry in the toroidal pinch, it is sufficient to
consider only the projection of the particle trajectory on the
(r,9) plane. In order to describe the motion of the particle in
the forms of egs.(3.5) and (3.6), the relations

i el

we

are assumed. Therefore we have neglected the term arising from the

current flowing in the plasma as compared to the remaining terms in
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eq.(3.6). In addition, we assume that temperature of the plasma
confined in the toroidal pinch is so high (i.e., large conductivity
is available) that the effect of a driving electric field can be
ignored. Using the conservation of a particle energy F and the
conservation of the adiabatic invariant u, we can find the longitudi-

nal velocity of a particle
2 1
vii =+ £IE - 4B - o] V2 . (3.8)

As € << 1 is assumed and a charged particle moves almost along a
magnetic field line, we allow to neglect the toroidal drift. Then

we can write eq.(3.6) in the following form

0n2
r28 - oBugriv? + B (v - wi0?361/2(2¢% - 1 + cos0/?
t Bg Bo

(3.9)

where

<
1

0
2 2(E - ed)/m, 0 = signfv;,(ry,0) -—%%{VE(ro) - VM(ro)}],

B 0
262 = [vi1(re, 0) - 5> {vg(ro) = wulro)H?/
BO 2
[{v? +5-4 g - w?}8),
cB,’ V2
e P - T 0p 2 _
Vg B, o', Vi QCOBOZBC By' and vqp 2T/m.

It is then obvious that particle with the value K2<1 will be

trapped in the magnetic field of the toroidal pinch. This trapping
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effect arises because the magnitude of the magnetic field along the
line of force varies from an inner portion of the toroidal tube to

an outer portion and vice versa.



§ 3 Collisional Diffusion in the Panana Regime
Ve shall now consider the case of very rare collisions. In this

case the relaxation time for the trapped particle distribution due to

collisions is much larger than the period associated with their motion

8 R
— >> . = .
v T (3.10)

J
where
N
vy = lg/ﬁle n and  q = ;gg
mjVTj \ e

is the safety factor. The L.H.S of (3.10) denotes effective collision
time. Since the Landam form is used to describe the Coulomb term of
collisions, the effective collision frequency is vj(vaj/(Av)z),

where Av denotes the velocity interval in which the distribution
function is substantially changed. As for trapped particles in the
toroidal pinch Av is nearly equal to /gvTj’ which is derived from
eq.(3.8). Under these conditions, as a first approximation we can
neglect all the effects of collisions and the gener=l solution of the
kinetic equation can be written only in termc of the constants of

motion

£,= £, B, 1 5 £y = £ @, E, J,0), (.11

where f, and f, are the distribution functions for the trapped and
untrapped particles respectively and J is the generalized angular

momentum. Writing the particle distribution function in the form
£s = f.(o) (E J: +f.(1) J + eee 3.12
U | sH> 96) j (E,u, 90se) ’ ( . )
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we solve the kinetic equation by the method of successive approxi-
mation. In addition, we linearize the Landau collision term since
deviations from the ilaxwellian distribution are important only in a
narrow region of velocity space for trapped particles. Then the

kinetic equation is assumed to have the form:

(1)
("V11 —8—-2'B °Bo" +——§-q> _i...af

s J](.+ )/_ B(lafm
= nJ n 2 ; 5 m 3V1_1

+ _Z\T_LLZ_ f.w)) (3.13)

where X1
_ 2 J -t ' - 3T](X")
le| = n(xjv) —'ﬁﬂ e /t-'.dt, n (XJ) —_BY_:]I—
and
x. = 2uB
J mjVTj

Here, we have neglected the derivative of the first order distribu-
tion function with respect to the r coordinate, and have assumed
that the order of magnitude of § is comparable to that of €.
Furthermore, in the first approximation the distribution function
is most sensitive to changes in the longitudinal velocity and we
can neglect all the other derivative in eq.(3.13). And we have
assumed that the curvature drift does not play any important role in
the particle diffusion across the magnetic surface.

It is convenient to transform the variables v,, vi; and 8 into
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the new variables 1, k2 and 6 by making use of the following relation

B 1 1
vy = c _C_O o' - “Bg/m)B° + 20[&)5(,(2 - sin"ﬁ)] 4 . (3.14)
Ro Be QC Be m 2

The transformation of the variables, then, leads eq.(2.13) to a simple

form:
(1)
1 Bf -1 1 0
/2x vip —%——=6 \)A(xJ) o {o(K _sini/z(af] +
2 dk?
2Xj5fj(°’) + /28 clxp)E0) (3.15)
where
3/“ Ny -3/
A(X ) = T '(nj' +T]'j' ZJXJ')XJ ‘2 and
B By’
C(xj =__c_0w g 0 VTiXj
V13 BoBg QCOB "B, *

o °0. :

Using the same procedure given in GS, we can find both the distribu-
tion function for untrapped particles fu§°)and that for trapped
particles ftfo‘from eq.(3.15). Substituting the expression for fujm)
or ftf into the R.E.S. of eq.(3.15), we can find the first order
distribution function.

Hultiplying the particle distribution function ff°)+ ffl)by the
particle velocity across the magnetic surface (uBo/mQCO)(BCO/Bo)
x(§/r) sinb® and integrating over (M, k%,0), we can obtain(the particle
flux across the magnetic surface. Here, we consider separately the

contributions to the flux from untrapped particles and from trapped
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particles as well as from particles in the transion layer.

The resultant contribution to the particle flux is calculated to give

/2' Vir.sB of* s N2 2 ®
<nv> - Y28 Jeitg A(x:)e Xj C(XJ) X-%{A _T . z/doc
untrap ¥, Bg? J J 2 1
i S 0 o
Y2 1d
X [K(a ) - E(_H'%]}n(C(x ) +ﬁgg = d‘;) (3.16)

from untrapped particles (x?>l) and

V283V Az .= .2
<av> = 2287ViTes | a0 )e O ik (e x) +
trap 0¥, J J ]
Bg m72
0
r.:B
ci’t l dn .
. 28" - dr) X3 (3.17)
. 2 e
from trapped particles (k“<l). As <nv>untrap 8 and <nv>trap
3
“G/Qa the latter can be neglected as compared with the former. For

the contribution from the transition layer we can obtain the follow-

ing expression

[e) 'z,n.
V.V .4
J T3 .0
< =S| —_——— . . . - _
MV ransition 28.9Q dxjA(x3)%y degO(K sin

0 cj0 0 0

3£, 3£, " B, °
j_ottj _ s _ G -x;=C (x5 )?
X{BKZ k2 Hizay = 'ijz, By 3 e J Alxy)xy &

rcjB c 1 dn
2Bgo n dr

X (c(xj) +—_— )dxj. (3.18)
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After the numerical estimation of the integral on the R.F.S of egs.

(3.16) and (3.17), we obtain finally the total flux <nv>= <nv>
untrap

+ <pv> et a
transition 2%

e.n 1

q .

<ow> = —vyrey o (§§T 21.3¢2 + 1o - 1.5§—;l n}.  (3.19)
J

Because the plasma is neutral, an electric field must arise in
such a way as to reduce the ion diffusion to a level of electron
diffusion. - Under the circumstances the diffusion becomes ambipolar
and the ambipolar electric field is -nei®’ = pi'.

Ve obtain the electron flux from eq.(3.19), substituting

j=e,

0

<av> = -y rcez/_( S2{1.3(1 +== Tl dn

Bo'
LT 1.5——Bc n} . (3.20)

Accordingly the transverse diffusion coefficient is obtained

5 Ty, 6Tn(Te + Ti)q -3 /S 2
= s+ +——<i——1--Boz 3e¥ Rver . 2a (3.21)
for 0
<< JTe Bg 3%
Ve r B 0 6
g

Here, the relation -BoBgo' = 4mp' is used and the second term in the
curly bracket is the order of the magnitude of B. Ve note here that
a parameter 8 appears in this expression of the diffusion coefficient,

which will be discussed in § 6.
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8§ 4 Collisional Diffusion in the Plateau PRegime

Here we consider the case in which a }axwellian distribution
can be established by virtue of collisions in a narrow region of
velocity space, Av ~ V8 vp, within the period of gyration of the
trapped particle in the closed trajectory. e assume that collisions
can be neglected for the untrapped particles. Then, our limitations

on the collision frequency can be expressed by the inequality

0
Bo vri oy 5% Be® V1§ | (3.22)
Bg r J B, 0 T

The solution of the kinetic equation can now be sought in the

form of an expansion in €,

fJ (VJ_’Vllgr,e) = fJ(O) (V_l,Vll,l‘) + fJ(l) (VL’Vll’r9e) +

s (3.23)

where  (r) ,
nj 2 3 v112 + 2e¢/mj]

v
exp [- = vz
5

£.(0) =
J 3 .3
i /’-VTJ

is a local Maxwellian distribution. Now the linearization of the

kinetic equaticu takes the form:

Bp 2vi1i2 +v 2 ~ ¢B,° (1)
8 11 € 1 9fs 3
(f—vy; =———o—— B °B,’ 5 o) — =L = oI fj(ll
B, 20,°Bo? 5 B2 r 96 eff



2 (0) 2 (0)
2vi1© + V_L 0 S BfJ v, 5 . afj
+ P BC__ sinf — - — Bg— = sin® . (3.24)
ZQC BO or By V11

where the collision term is simply replaced by an approximate term
of the form -v ffjf'u), and v ffj denotes an effective collision
frequency. Assuming the dependence of f Mon the angle 0 as an

exponential form e +18 , we can write the solution of the eq.(3.24),

2V112 + V_L2

9 3
f,(1)= ; {[———— B 06— _ Beo 6——]f (0
] - Z#Q 0 Bo ¢ 2B0 V1
(4
Beo 2V112 + v 2 CBO . )
X (- — vy - - L BCOBO' + C@' I iVeffJ) l}eile
Bo ZQC'BQZ B02 .
(3.25)

Multiplying this expression by the radial drift velocity of the
particle (eq.(3.5)) and integrating over the velocity space, we

obtain the particle flux across the magnetic surface:

2T [ *®
0
2vi12 + v, 2 8 B
- - man TV 8y
<nv> ds YLdYL dvllfj : 70 0 r Be sin 6
0 () = ¢
v Bo BOC Te v
= v vqjdz exp (- 112) dr . (3.26)
BeolBo r VT3
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Here the curvature drift has also been neglected and Vi; denotes
the pole of the delta function, which appears as a consequence of

veffJ > 0,

11 = o' - Bo' . (3.27)

As we discussed before, the transverse diffusion becomes
ambipolar. Then the diffusion coefficient is obtained from eq. (3.27)

calculated for electrons

0
B 52 r cT 2
|_.f:s_ed ) (3.28)

D =
B2 eBg

L

~_/TI|B
4

%
@D olo

for

0 0
3 ‘Te By Vre By
$ < Vv < e

r BC e r Bo

Here we note that, although this expression is again similar to that

given in GS, the quantity § appears in this formula.



§5 Collisional Diffusion in the MHED Regime

In the case of relatively short mean free paths

(wvhich is smaller

than the connection length of the toroidal pinch), the influence

of particle trapping in local magnetic mirrors can be completely

neglected, i.e.,

(3.29)

The toroidal contribution to the diffusion coefficient is due to a

quite regular motion of particle which, at the outer contour of the

torus, is directed outward across the magnetic surface,while at the

inner contour it is directed inward across the magnetic surface.

For the sake of simplicity, we consider only the particle flux,

assuming the uniform temperature distribution. To describe the

convection it is sufficient to use the M¥D equilibrium equation

Vp=3x3B ,
Ohum's law
> >
E+vx3B T
v =— +—
Cju GJ_

and the condition of quasi-neutrality

>
div jy = 0,

where 0, and o, denote parallel and perpendicular
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respectively. Under the eq.(3.31) and taking account of the
eq.(3.30), we find

<N
|5

(3.33)

w
N

L
OL

where the second term describes the transverse collisional diffusion.

Multiplying eq.(3.31) by E, we obtain
E-B . (3.34)

> >
Denoting J, = 0B, we find from eq.(3.34)

a(r,0) =_%%_{BCECO(r)(1 - ecosf) + BgEg}, (3.35)

where EC is determined under the conditions where the equilibrium

configuration is stationary and
_}fEC dg = const. (3.36)
Using eq.(3.32) and div B = 0, we obtain

BeVo, = -div J; = -(ﬁx‘v’p)ﬁ(-;-z-) ——%{v’-(ﬁxﬁp). (3.37)

The second term is equal to zero through eq.(3.30) and the both sides

of eq.(3.37) are rewritten as
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|
DR

dp 2 dB 2 dp .
~ g Lb S -2, B,9-5P ss5ing
T35 - B,2 Be sin

o Zar ar

Integrating ea.(3.38), we can find

0
2BC

Bg°Bo?

&llcose

r E

a = ag(r) - g

where ag(r) is the independent part of o from 6.

electric field is divided into two parts,

Lg = Eg°(r) + Eg" (r,0),

(3.38)

(3.39)

The poloidal

(3.40)

where Eél)denotes the electric field for maintaining an equilibrium

in the toroidal system. Equating the zeroth order and the first

order of € respectively in eq.(3.35) and eq.(3.39), we can find

ag (r) = o"(EcoBCO + Eg°Bg°)/B,2,

and
2B ° B,'E.’
Ee(n = —'-—L' '3'2 (SCOSG + {2(5-6)'_C_C
g Bo 2 ¢F B
n-0 0

—)
The toroidal correction for v, is defined as

(1

)
EélBCo _ EénBei Ee°B£” _ ECoBéﬂ . 2E9°B§° _ E§°Be°

Vr =
B02 B02
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+ (A-26)E8°}cos6.

(3.42)

ScosB, (3.43)



(1) (1
where EC , BC and Bél)denotes —gEcocose, —chocose and —ABeocose

respectively. Using eq.(3.42) and the definition of §, we can

rewrite eq.(3.43) as

0.2 2 T
m 2B¢ dp Bo (EXB),
Vry S T~ ar Scos@ - (8-5)————————E—cose > (3.44)
O”BozBoe Boez Bo

= g ’ 0, 0 0,.0 .
where (E X B)o denotes (Eg B - E, " Bg ). Furthermore we define

g ¢

Véo) as
> ->
- (3.45)

Combining eq.(3.43) with eq.(3.45), we obtain

28°,.2 1
= - (— & sy (e-c)}j—gcose
O"BoezBoz O_LBoez
302
—(e=8) v cosp (3.46)
BO 2 .
6

Since we have treated the equilibrium where eq.(3.30) is available
and time independent electric field ECO and Eeo maintain the same
configuration during the time scale of collisional diffusion, the
magnitude of véO)may be small and the second term of eq.(3.46) can
be negligible.

The mean particle flux across the magnetic surface is obtained
when vél)is multiplied by (l+ecosb) in order to take account the

variation of the surface element in the toroidal pinch and then
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averaged over 6:

Boz;z 5 P02 .
€ ’ R
L= (2= 4 e (e-8)}32 (3.47)
Bg2 o. B0s2 o B°.28°,2 dr .
0 n g 1P g T

<v

Accordingly the toroidal particle flux due to binary collisions is

1 g0, 2 B o2

: oL - % ° dp.

<nvr(1)> = - {l + e§ + E(E_d)}dr (3-48)
0,Bo” oy B2 Boez .

From this equation we obtain the transverse diffusion coefficient

across the magnetic surface:

2

By
2g § 8
Dy = Verget {1+t a? o+ ——d* (-9, (3.49)
il B C
for v = O
v, >>—te_&
e bs 'po

In the case where the condition €=8 is available, the usual form

of Pfirsch-Schliiter factor is obtained.
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& 6 Conclusion and Discussion

Transverse diffusion coefficients in a toroidal pinch have
been investigated for three regions of collision frequencies.

The configuration of the toroidal pinch is characterized by the
large poloidal magnetic field Bp comparable to the toroidal magnetic
field Br.

In toroidal pinches particles can be trapped in a local magnetic
mirror formed by both a toroidal magnetic field and a poloidal magnet-
ic field. The condition Bp = BT also reduces the connection length
of a toroidal pinch. Transverse diffusion coefficients including
these effects are shown to be smaller than Dge which is given by
Galeev and Sagdeev. In the banana region D = DGS/37E-is obtained
and in the plateau region D = DGS(62/€2), where £ denotes

r/P, and a small parameter § denotes the inhomogeneity of the
magnetic field in toroidal pinches. The appearance of the factor
§/€ means that the inhomogeneity of the poloidal magnetic field
in the toroidal geometry can not be neglected in toroidal pinches.
Pere it is noted that a safety factor included in Dgg may be smaller
than or comparable to unity. In the MHD region D, also includes the
factor §/e. TFigure ITI-1 shows the diffusion coefficient in the
toroidal pinch as a function of electron-ion collision frequency vgj.
The dotted line shows diffusion coefficients given in GS. The
poloidal magnetic field comparable to the toroidal magnetic field
diminishes the diffusion coefficient, so the slope of the line
denoted by 1 as well as the slope of the line denoted by 3 are
decreased. In addition, the relation Ip = Br increases the collision
frequency at which trapped particles contribute mainly to the
transport phenomena. This is seen, in Fig.III-1, from that the point
of intersection of lines 2 and 3 shifts to the right side as compared
with that shown by GS.

A typical value of A is approximately equal to €(3/4 - Bp),

(i.e. in the case of uniform toroidal current), where Bp = SNE/BPZ
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and p denotes a plasma pressure averaged over the cross section of
the torus. Thus, if Bp increases from the small value, A becomes

small and & decreases (see eq.(3.4)).

D. y
//”
D.?_ "";r‘ g'/
[ 7
Bl 3
AT / 2
mif / i
= / i
! :
/o |
/ |
/ .
/ i
FvrB T vE
v, g YV T

Fig.III-1. The transverse diffusion coefficient as a function of
electron-ion collision frequency Vei. The solid line
shows the transverse diffusion coefficient in a toroidal
pinch and the dotted line shows that given in GS. Iere,

VT
D, =4 IBOiBOCZ/|Be°|B02-rC/r°cT/eBo°€2,
= 0 0 =
v = Bp /BC vT/r'&:y2 and v, = Beo/Bb-vT/r,

and it is noted that Beo << BCO in these expressions.

Conclusively, the toroidal pinch characterized by the relation
Bp = By has a great advantage to the confinement of high temperature

plasmas in view of the collisional diffusion in the equilibrium state.
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CHAPTFR IV

HIGH &, ECUILISLIUM OF TokaMArsZ20)

§ 1 Introduction

5),6),41),42) Lo oo

As a result of recent experimental studies
Tokamaks it is of great interest to take the theoretical study of MHED
equilibria and stability in Tokamaks as far toward the reactor
regime as possible. The problem of !HD equilibrium of an axisymmetric
toroidal plasma column have usually been solved in the first approxi-~
mation of an expansion with respect to € = a/R, where a and R are
the minor and major radius of the toroidal plasma respectively.

Most studies have been concerned with low plasma pressure i.e.,
Bp < 1. Here poloidal beta is defined by Bp = 2<p>/Ba2, where <p>
is the average pressure and B, is the magnitude of the poloidal

9
9),10) showed

magnetic field at the plasma boundary r = a. Shafranov
that to 0(e?) the magnetic surfaces are nested circles. Recently,
using the ordering Bp ~ 1 and studying a toroidal plasma seperated

19)

from vacuum by a sharp boundary, Green, Johnson and Veimer have
carried their calculation to 0(e?) and shown that the magnetic
surfaces are elliptically distorted as well as non-concentric.

For large value of f, it has been unclear that pressure balance
between plasma and magnetic field could exist and it has been
popularly supported that there is an equilibrium limit of Bp<€'l.ll)
Considering special distributions of pressure and current, a number

of workers have studied equilibrium configuration in which Bp ~ et

Some features of these results are as follows. Laval et al.lA)
have studied a diffuse plasma contained in a torus with elliptical

cross section. Straussls) has shown, for the plasma being contained
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in a torus of rectangular cross section, that equilibria with
arbitrary Bp are possible. In both cases, the pressure vanishes at

16)

the surrounding conducting shell. Callen and Dory showed
equilibria of the toroidal plasma with vacuum contained in a conduct-
ing shell and found in the case of Bp'> €~! they have only one

-1

" magnetic axis and as Bp -+ €~ regions of reverse current appear in

11)

the plasma. This is in contrast with the Mercier's suggestion

that as Bp -+ ¢=! a second magnetic axis appears at the inner side of

13)

the torus. Also Shafranov and Yurchenko studied equilibria of
toroidal plasma column with vacuum contained in an elliptically dis-
torted conducting shell under the conditions Bp >> 1, Bpa/R << 1.

It is important to notice that if Bp >> 1, then Bpa/R should be
taken as the parameter of the expansion in the equilibrium equation
instead of a/R. Otherwise the validity of the expansion is not
assured.

In this Chapter, we shall investigate high Bp equilibria of the
toroidal plasma with vacuum contained in the elliptically or tri-
angularly distorted conducting shell. As recent analyses of lID

17),18) that the plasma in a non-circular conduct-

stability suggest
ing shell is more stable than the plasma in a circular shell, it is
necessary to study equilibrium of a plasma contained in a non-circular
shell theoretically.

In § 2 we shall éolve the equilibrium equation using the expansion
with respect to Ek(0<k£l). This fractional expansion makes it possible
to satisfy Ep >> 1 and Sp€<l{ The problem is to find the curvilinear
coordinates (r,0,¢) in which the surfaces r = const coinside with
the magnetic surfaces. This point of view in solving equilibrium

19)

equations has been developed by Green, Johnson and Veimer, Ve take
the ordering Bp ~ €K1 and show that the equilibrium equation can

be solved to any order of € by appropriately choosing the coordinates.
For example, we treat the case k = 1/3(i.e. Bp>~ E—%%) and make the
calculation up to the order eak(or g€) including the contribution to

ellipticity and triangularity of the magnetic surfaces.
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In § 3, some examples obtained by the formulation developed here

will be shown. We can solve the equilibrium analytically for a uniform

current distribution. For a non-uniform current distribution,
however, we must use numerical techniques such as Runge-Futta method

with automatic intervals. Section 4 is devoted to discussions.



§ 2 Solution of the !MD Equilibrium Equation

Following to Green, Johnson and Weimerlg) we shall describe a
general formulation to solve the equilibrium equation for a toroidal
plasma. This is convenient for application to Tokamak systems.

Ve take an axially symmetiric curvilinear coordinate system in
which the magnetic surfaces coincide with the coordinate r = const.
The transformation between the (r,0,¢) and the cylindrical coordinates

system (X,¢,Z) can be written formally as (see Fig.IV-1)

X = X(r,0)
- 7(r,8) 4.1)
Z
r
6 X
In the (r,0,0) coordinates, the
_ magnetic axis is at r = 0, or
¢
1l Y =Rand Z = 0. In this co-
ordinate system, the contravar-
R
iant components of the magnetic
field are given by the formulas,
Fig.IV-1. Coordinates.
P RB
pf = 0, &° =?§°— (), BY =—2'h(x), (4.2)
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where -E% gg --%%—g%— is the Jacobian. From eqs.(4.2) the

magnetic field is given by
B = 898y + 8%, , (4.3)
where ée and é¢ denote unit vectors. RBy is introduced to make f(r)

and h(r) dimensionless and the factor 1/XJ makes eq. (4.3) divergence

free magnetic field. From eq.(4.3), 3 can be written as

.+ "~ . N

j= jeee + J¢e¢ ’

.6 _ _ RBo

J \rJ h ( ) 3 (4.4)
. = RBord _f . 3Xy» 2y _8 £ (09X 3X 932 9z,
b= (G b -5 5Ge 3 50 37 ]

where the accent denotes the derivative with respect to r.

Substituting eqs.(4.3) and (4.4) into eq.(1.8), we have

P hh' f

_p' 37,27 _ 3 £ 0K 39X . 3Z 3Zy,
RZB,2 T xZ X7 arXJ )2} + )]

ol Ge " 3633 or 6 T or 997

o
(4.5)

To proceed further we expand in powers of the inverse aspect

ratio € = a/R. Green, Johnson and Weimer took the ordering,

=1 + e2H?) (r)

=2
|

f~ € (4.6)

which corresponds to q = rB¢/RBe ~ 1 and Bp ~ 1. To carry the
calculation to third order of e, 2(e?), they put
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¥ = R - ercosf - e?A(r) + e3E(r)cosb

.7

N
I

ersin® + €3E(r)sinf

Bere A(r) shows the shift of the ceﬁters of the magnetic surfaces

from the magnetic axis (X = R, Z = 0): E(r) determines the ellipticity"

of the magnetic surfaces. They have obtained that magnetic surfaces

are elliptically distorted as well as non-concentric, even if Bp < 1.
Let us now treat an equilibrium of high Bp plasma column. In

the first place, we adopt the ordering,

h(r) = 1 + el*® hA¥R) (1)

(4.8)

and Bp ~ gk-1 (1>k>0)

WJe have retained the ordering £ ~ €, since a>1 must be satisfied to
assure the stability against the !MFD instability. Cecondly we take

the coordinates,

X = R - grcosc - €l+2kT2cos§ - 14mk

méle Smcos(m—l)e

4.9)
eltmks sin(m-1)8

N
1}

ersind + elt2KT,sing - T
m=1
Here S; denotes the shift of the centers of the magnetic surfaces
from the magnetic axis, Sz and S; determine the ellipticity of the
magnetic surfaces and the triangularity of them respectively and so
on. The parameter T, means the labeling of magnetic surfaces and
its rolé in this formulation becomes clear in the following. Then,

the metric tensors 8gg° gre“and Jacobian J are written in the form,
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260
&ro
and
J =
+
+
where the

notice of
4.11), w
the other
give g2k

calculate

<"“>2 + ( )2
2
= e2r2{1 + 232k-%3+ ehk%gé—}
- err? 1 2@ - 1 I K o (5-1) SmeiSs
3 = r2
+ €(2+m)k(m—l)'1§%m} cos mf , (4.10)
- 9X 93X . 92 37
T 36 or ' 36 or
_ Kk , S (m+23)k . Sm+3Ss ]
= -er I {e™(5," + (-1 4.7 (mtj-1) T2
\i
+ E(Zm)k(%m_ + (m—l)T_f_sm) } sin md , (4.11)
9% 97 _ 9% 9z
58 39r ~ 3r

1

mk U 13 Smy (m+2j)k 1S 4iS:]
€rm§l{e (Sp (m 1)?—- jgle (m+j-1) mr] i
' '
e@mWETSn . (mo1)5n2 ) cos mo, (4.12)

accent denotes the derivative with respect to r. Taking
the coefficient of cos mB(or sin m6) in eas.(4.10) and

e find that S, itself contributes to the order emk, while
terms due to the coupling, e.g. m+JS ./t? or Sm+ij'/r,
times higher order contributions. Then, if we desire to

up to the order €K, we need not consider Sm+j (321).

In this section we specifically consider the case, k = 1/3

(i.e. Bp

order 3k,

-2 . .
~ € /3), and the calculation can be carried out to the

e can calculate td any higher order systematically,
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if desired.

Substituting eqs.(4.10), (4.11) and (4.12) into eq.(4.5) and

setting each Fourier coefficient equal to zero, we obtain the follow-

ing equations:

hh'

(rf)'
"By f

rf

1
= 2K, (z(rf) l)T ' +-—&-+ (h rf) -%osiz +_§§7%7T
x(BS '+ 2 =11, (4.13)
” (rf)' i\ ' ,7___‘3'1“
S1 + (2 r/SI + --Eocf.‘_R
= ¢ = - 2-27—7—-6—52 + 382+ 25 24 3—i—§—+ 3T, +-—l)
Celiga EE) Loy oSe o xE)'e 5 T2 Tpy  3GE) o a2
s7'{3( rf r)SZ 3zt e rf T2 2(r _;79 + 4rf S1'%1H,
(4.14)
: (rf)' 1...,_23s 3p! 3(rf)"
St 4 QO - PR -5 ~Ghrr t eSS, (4.15)
and
. £)' 1 8S S;'S S;'S," £)! 1
S + (Z(fff) '—r_)s3' - r234 = 3 1r22 - L rZ - (:_'.f) (331'82"*‘?51'3)
So 3

S

12 _
B f°R G5

Equation (4.13) arises from the terms independent of 6.

be several alternative methods to solve these equations.

02 4 2 '
2r+282 ).

(4.16)

There may

If the

purpose of the calculation is to obtain an equilibrium solution, it

is convenient to adjust the labeling parameter T, so as to statisfy

the following equation,
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‘ (f)' Lyo v T 3 (ef)' 1., _0'r Pt
T2 + (@2 rf r)12 +-;7 + (2 rf r)Sl +-§;7?7§(351 + 2r )—0-
(4.17)
Therefore we have
? ]
2o e HHERD o (4.18)

We solve eq.(4.14) by the successive approximation. Let Slmkr)

be the solution of the equation,

S 2D . ~D'r
<O + u?)—— =ys0 4 2B =0 (4.19)

then we take the solution in the form
Si1(r) = S{0(r) + e2ks)&(r) ., (4.20)

Since p'(r) = 0, h'(r) = 0 and f(r) = f, a/r are valid in the

vacuum region outside the plasma column, $,%r) is obtained from

eaq. (4.19)

© 0, S1a™", 2
S1"(xr) = S5 +‘§5a—-(r - a‘) (4.21)

where f5 =f(a), S1,®= 5(%a), ;9 = 5,9 (a),

Considering S; of the T.H.S. of ea.(4.15) as 5,9, we have

S» rs 3a aSy 2 r3 a
=-22a a _a
Sz(r) A ( 3.3 + r ) + 4 ( a3 r ) ’ (4'22)

where Sza = S2(a) and Sz5' = S3'(a).

Substituting egs.(4.21) and (4.22) into ea.(4.16), we find
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4 2 o 4 2
S 2 a as
§3(x) ==2a( . L N ML)
r 6 a r

1, a? ' \
+ 67 G- 1) + (S - DI d) (35, - aS2,"),  (4.23)

where S35 = S3(a) and S3a' =S3'(a).

In the same wav, eq.(4.17) leads to

)(1

To(r) =-——(1 - Qn——DT + rQn T '+ r81a ( -1) - %Kng},

(4.24)
where T, = Téa) and Tp' = T;(a).
Substituting eas.(4.21), (4.22), (4.23) and (4.24) into eq.(4.14)

we obtain

52" TP LA o 012
5120r) = 5% +51a (12 - a?) 4 fpm+ 1A (T, - _Z_A_) r2enl
_ 1 Slé v _ Ta _ 5, 402 _
G+ (T" -2 - 72—} - a)
(o) :
+ 251% {Z (Sza+ aSaa') +—fs (0)2}(r - a%)? (4.25)

To obtain explicit values for the quantities T,, T, Sma and
Sha it is necessary to specify the model of the equilibrium confige-
uration. Ve take the special model to calculate analytically;

constant current density and a parabolic pressure distribution, i.e.,
T
f(r) ='é—fa
20 2 r’
p(r) = Bo’£a’Bp(1 - —7) (4.26)

where (4.27)

__ 4 a
Bp :-EEZE;;FTJO rp(r)dr
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With this model we obtain the following expresSions;

2
Sfokr) =Z_g

2R P ?
2
(0 =2
Si1a P Bp (4.28)
a
Sléoy =R 8P ’
r g2 a3 3 r
S2() = - Saa + P T (3 -7 )
(4.29)
S
P
2
Tx) =—%-BR e
w. =3 Bpl,s (4.30)
a 7;‘}{2 ’ '
9 2
Ta' =§%I2)_a2 ’
5, =2 1412522 5 4,887
187 = 3g afp ¥ 477 %)
(4.31)
1 S a2
S 42 =%{_ 1+ 12 aza Bp + 11?—8;) s
and
2 3 2
T 1 r
S3(r) =?2-S3a __S_TK_%)— azrz(l —_a‘z_) s
(4.32)
S 1 al
S’ = 2%+ Bp

These show that Bp a/R should be the expansion parameter to solve
ea.(4.5).
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The remaining parameters S;, and S35 are determined from the shape

of the conducting shell. Let the shape of the sheil be

¥ = R - S;b - bcosb - T,pcos@ - Sz2pcosg ~ Sypcos2B

(4.33)

Z = bsin® + T,psing -S,hsing - S;psinZ6,
Thus from egs.(4.22) and (4.23), we obtain

6,p = S2a( by 33y aSa' bl _a, (4.34)

2 4 a b 4 al b ’ .
and 4 2 2
- S3a 2b 4a 883a' __b_k__ a
S3b € (“g? +'—gz ) + 6 ( 2" " b2 )

1, b 2
v (B -1t - D) 51382, - 8825 (4235)

The displacement of the center of the plasma cross section from

the center of the conducting shell is given in the form;

§ = S153 = S1p + S3a - S3b

r, 5,0

) ' 2
N e b

_Si1a'y2 _ 2 1
= (b a)+{2R+

(o) (0)2
{%ﬁg-+-§l§g—(Ta' -.ga - Séa )} (b2- a?)

(o)
1
+ g;a fgj(SZa + aSz;") +_;751£®'2 } (% - a?)?
_ Sza ,2b* _ 4a®, _ aSsy b* _ a?
+ Ssa 6 ( a* + 32 ) 6 (a“ bz)
1 ,.b* 1 ,a%" (o), g
_{ 24 ( al; e l) + 12 ( b2 - l)} S]_a (3823 - aSZa ). (4.36)
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Substituting eas.(4.28) ~ (4.32) into eas.(4.34), (4.35) and (4.36)

and neglecting a“/b“, we obtain

2 3 3
S2b =—“23S2b - 727 Bp (4.37)
y 4
1
S3a =%%; S3b ~ 4 7o¥ BpSzb (4.38)
and ) , )
b° 1 a a b-
8§ =—z {(By — 7+ 6.7 5p) (1 -32) + 2}
+ 22 Sb+-—383) (1 - az)2 i 63(1— )
2 R 2 P B2 g R® P b2
2,2 :
a‘b 3,.b
+R3 By A (4.40)

Equation (4.40) has been derived on the assumption of a uniform
current profile and of a parabolic pressure distribution (see eq.
(4.26)). And eq.(4.40) shows that, as Bp becomes large, a toroidal
plasma column becomes close to the outer conducting shell. As 8
depends on S7p, § can be adjusted by the choice of the conducting

shell distorted elliptically.
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§ 3 Some Examples of Eigh fp Equilibria

fle calculated some examples of magnetic surfaces by means of the
formulation derived in the previous section. Figures IV-2 ~ IV-7
show equilibria with Bp = 2.0 or 3.0 for the case of a uniform current
profile and a parabolic pressure distribution given in eq.(4.26).
In this calculation, we took R = 5.0, a = 1.0, b = 1.5 and chose some
values of Sgp, and S3,. The figures show the lines r = const i.e.,
magnetic surfaces. The most outer magnetic surface coincides with
the conducting shell. The shaded region denotes a plasma column. The
magnetic surfaces are chosen so as to make a difference Ar constant.
This does not correspond to the case that the magnetic flux between
the adjoining magnetic surfaces is constant. From the magnetic
surfaces calculated here, it is possible to pick up the magnetic
surfaces so as to make a difference of the magnetic flux contained
in the magnetic surface constant. Figures IV-2 and IV-3 show the
equilibrium contained in a circular conducting shell. From these
two figures, it is shown that the shift of the center of the magnetic

surfaces from the magnetic axis depends on Bp.

X
7

2, 6.

Fig.IV-2. lagnetic surfaces of Tokamak equilibrium with
Bp = 2.0, Sop, = 0.0, S3p = 0.0 and with the
uniform toroidal current.



X
7

Fig.IV-3. 1!agnetic surfaces of Tokamak equilibrium with
Bp = 3.0, Spp, = 0.0, S3p = 0.0 and with the
uniform toroidal current.

Figures IV-4 and IV-5 show the equilibria contained in an ellipti-

cally distorted conducting shell.

X
7

N-
.O')*

Fig.IV-4, Magnetic surfaces of Tokamak equilibrium with
Bp = 3.0, Spp = -0.4, S3p = 0.0 and with the
uniform toroidal current.
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Fig.IV-5. Magnetic surfaces of Tokamak equilibrium with
Bp = 3.0, SZb = 0.2, S3p = 0.0 and with the
uniform toroidal current.

Figures IV-6 and IV-7 show the equilibria contained in a triangularly

distorted conducting shell.

N-

2. 3. 4 5, 6.

Fig.IV-6. Magnetic surfaces of Tokamak equilibrium with
Bp = 3.0, Sy, = 0.0, S3p = 0.4 and with the uniform
toroidal current.



A X
2 3. 4. 5, 6.

~34

Fig .IV-7. l!agnetic surfaces of Tokamak equilibrium with
Bp = 3.0, Spp = 0.0, S3p = -0.4 and with the
uniform toroidal current.

e have given the following model for a non-uniform current

profile:

e=tadi1 -2y,

b =P 12302 [1- (E b (4.41)
md o rdrdi

Pp =3 (4.42)

T(3) f£,° -

where T denotes the Gamma function. The Tokamak T - 3 data can be
fitted reasonably by eq.(4.4l).19) Figures IV-8 and IV-9 show the
equilibrium with a non-unoform current contained in a circular
conducting shell. The corresponding toroidal current profile and
the safety factor are shown in Fig.IV-10 and Fig.IV-11. The safety
factor q(r) is defined by h(x)/f (r) (J/X)o,63) where (J/X)o denotes
the component independent of 6. These figures show that the high

Bp equilibria are confirmed in variously shaped conducting shell.
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Fig.IV-8. 1lagnetic surfaces of Tokamak equilibrium with
Bp = 2.0, Spp, = 0.0, S3, = 0.0 and with the
non-uniform toroidal current.

g

AN X

5.

N+
w—.
N

o
-3

Fig.IV-9. Magnetic surfaces of Tokamak equilibrium with
Bp = 3.0, Spp = 0.0, S3p = 0.0 and with the non-
uniform toroidal current.
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2 7
Fig.IV-10. The toroidal current profile and the safety
factor corresponding to Fig.IV-8. q(0)=1.
I
) ) i 7
Fig.I1V-11.

The toroidal current profile and the safety
factor corresponding to Fig.IV-9. q(0)=1.



§ 4 Conclusion and Dsicussion

The formulation to obtain equilibrium of a toroidal plasma with
vacuum contained in a conducting shell with Bp ~ ek-l has been
developed and some equilibria in a circular or non-circular conduct-
ing shell with Bp ~ E:-z/3 have been calculated. It is noted, in this
ordering Bp ~ 8—%6, that Bps is a small quantity enough to satisfy
Bpa/R << 1. This formulation is an extension of that given by Green
Johnson and Veimer to equilibrium with Bp >> 1. Though this is
essentially the same method as that given by Shafranov and Yurchenko,
this formulation has twovmerits: (i) the quantities Sﬁ(r)(j>2)
corresponding to the deformation of magnetic surfaces have clear
physical meanings; (ii) this makes it possible to calcuiate
equilibrium to any order of €. From this formulation we surmise that
equilibrium with one magnetic axis is possible up to Bp ~ E—l. This
limitation, however, may be due to the expansion in Bpe used in solv-
ing the equilibrium equation.

The equilibrium with Bp = 3.0, R = 5.0 does not yet show the
reversal of the toroidal current.

The ratio of the plasma pressure to the magnetic pressure, B8,

is related to Bp in the following form
[
B = Bp— , (4.43)

where q is a safty factor. Fence B is limitted by both Bp and q.
The equilibrium requirement limits Bp and the stability requirement
for MHD modes does q. The examples in the case of Bp = 3.0, € = 0.2

shown in § 3 correspond to B ~ 0.12/q2%.



CHAPTER V

MAGNETOHYDCRCDYNAMIC AND TEARIMNG
INSTARILITIES IN TOKAMAKS31)

§ 1 Introduction

The !fFD stability of a current-carrying plasma in a strong
longitudinal magnetic field, such as in Tokamak type devices, has

21),22),59)

been investigated by many authors. In these ipvestiga-

tions, skin current or other special current distributions have been

28)

treated. PRecently Shafranov has considered the stability for
more general current distributions. FHere we summarize his results
pertinent to our investigation. Ve consider an axisymmetric cylin-

drical plasma column with a magnetic field,
>
B = (03 Be(r), BS) > (5.1)

where Bg is a constant and Bg >> By. Ve assume the plasma is in the
region 0<r<a, vacuum in the region a<r<b and a perfectly conducting
shell is located at r = b. Let the plasma be subjected to a pertur-
bation g(r) exp(imf - ikz) as usual. By use of the energy integral
eq.(1.29), Shafranov has obtained the following expression for the

change of the potential energy ':

W= 8,282 {1 -2 + m) - 21 =22} + W, (5.2)
where B, = Bg(a), &5 = Er(a), 4qa = kaBg/mBg and X = (1 + a?m/p2my/

(L - a’™®/b?™). The last term We represents the plasma fluid energy,



. |
e = 2| (1G22 + gg2lar, (5.3)
0

where f and g are derived from eqgs.(1.30) and (1.32) by substitution
of B, = Bg. Due to the hydromagnetic energy principle 29) the
instability corresponds V<0, If Vg is positive or small negative,
the instability can occur due to the second term in the curly bracket
of ¥. An instability caused by this term is called a helical insta-
bility by Shafranov, which is equivalent to a so-called kink mode.
The two terms in the curly bracket of eq.(5.2) make a negative

contribution if

2 <Ma ¢ . (5.4)

1 : 1 + mA m

From this, the following conclusion can be drawn: a helical insta-
bility is possible only when magnetic surfaces resonant with the
perturbation are located outside the plasma column. For the case of
the m = 1 mode, investigating the contribution from W¢ carefully, we
find that the perturbation £ const (0<r<a) reduces the term f£'?

to a small quantity and that g is proportional to k?r? which is also

a small duantity. Therefore, the contribution from Ws¢ can be neglect-
ed and the stability criterion of the m = 1 mode is almost independ-

ent of the current profile, being given by
a?/p3< nqg < 1 . (5.5)

Shafranov has shown that for m>2 modes, g<0 is possible only
in a narrow interval of nq(r) including the resonance value nq(rg)
= m, where 0<rg<a. For a monotonically decreasing current profile,
q(r) is a monotonically increasing function of r as is illustrated
in Fig.V-1. Then, if the singular point rg lies outside the plasma
column; We is necessarily positive and has a stabilizing effect.

Indeed, Shafranov has shown that, for sufficiently rapidly decreasing
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current distributions, helical modes with m>2 can be stabilized
because of this effect.

When na, is larger than m and the singular point exists in the
plasma column, the instability is possible only for a perturbation
satisfying £3 ~ 0, since otherwise positive contribution of the first
term in eqa.(5.2) exceeds Wg. Therefore, the stability does not depend
on the position of the conducting shell in this case. For these
localized helical modes, Vi is small either for m = 1 or m >2 as
discussed above, Shafranov has surmised that this modes can be
stabilized if we take into account the toroidal effect.

It is the pourpose of this Chapter to calculate a growth rate of
the instability as an eigen value of the equation of motion for &.

In § 2, we use the equation of motion derived in § 3 of Chapter I
and numerically compute the growth rate w of the helical instability
for given plasma equilibria. We consider two kinds of current dis-
tribution, the one is that used in Chapter II and the other is a
so-called Gaussian distribution. The results are shown in § 3.

In § 4, the stability of the plasma column against the resistive
tearing instability is also studied and the growth rate of tearing
mode is calculated. In this section we consider two types of tear-
ing modes. The one is excited in a main plasma with large but finite
conductivity and the other is excited in a tenuous plasma with finite
conductivity which surrounds a main plasma with infinite conductivity.
The stability of the latter type of tearing mode is similar to that
of nonlocal helical instability. The growth rate of this tearing
mode, however, may be smaller than that of nonlocal helical insta-

bility. Section 5 is devoted to discussions.
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§ 2 DNumerical Procedures

In this section we describe the scheme for the numerical calcu-
lation of the growth rate.

The equilibrium values E and p are given by the method shown in
§ 2 of Chapter II. The J,(r), toroidal current profile, is first
given and from this Bg(r) is obtained. Now we construct force free

field Jéo)and Béo)from these values of Jz(r) and Be(r) by the equa-

tions
0 0
35 @5, @ 5 0,
5 _ as, () (5.6)
8 dr ‘

Integrating eqs.(5.6), we obtain

r
B, () - t/\/(BZ(O)(O))2 -2 ,} 3, Bydr. (5.7)
0

Next, we modify Béo)by Bzu)to support the plasma pressure,
0
B,(r) = B, () + 38,V ). (5.8)

Then the pressure becomes

p(x) = p, ——%—Bzfl)(r) @28, + 5,V )y, .9

where Py is a constant. This method of constructing the equilibrium
has an advantage that any desired pressure profile is easily obtained
by appropriately choosing Bz(l)(r). (see § 2 of Chapter II).

For a given value of qa(=q(a)), equilibria for the following

toroidal current profiles have been studied:
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(1) Jz

oJ g (0<r/a<0.6)

Jo {1 + (o - 1)(r/a - 0.8)2/0.04} (0.6<r/a<0.8)

Jo {1 - (r/a - 0.8)2/0.04} (0.8<r/a<l.0)

(ii) I,

1]

Joexp( - k%r?/a?) (5.10)

Hereafter, (i) is called by the name of 'o - profile' and (ii) by

the name of k-profile'. For the case of «k-profile, the current

was modified to be the form of a parabola in the range 0.9<r/a<1.0,
J, = Joexp( -0.81x2/a®){ 1 - (r/a - 0.9)%/0.01} , (5.11)

so as to make the current density fall to zero at the plasma boundary.

The equilibrium are constructed for each g, value so as to make
the value of B or BP remain fixed.

The equation of motion for £ (1.51) derived in § 3 of Chapter I
is numerically solved by use of Hamming's modified predictor-corrector
method. We have used eq.(1.51), because.generally a compressible
fluid plasma gives greater value of w than incompressible one.

From eqs.(1.42) and (1.57), the solution outside the main plasma

column is given by

ib

mn
<

r

(krB; - mBg)E/r

(5.12)

Cllm' (kr) + Csz' (kr),

where the accent denotes the derivative with respect to r and the
displacement current in vacuum is neglected on the condition that

w/k ~ vp << ¢, where vp and c are the Alfvén and light velocities
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respectively.

The boundary conditions are § -~ rm_l (x > 0), ¥ and Y' are
continuous across r = a, and Y(b) = 0, which determine the growth
rate as the eigenvalue of eq.(1.51).

In order to find the eigenvalue w, the initial guess wy is
given to eq.(1.51), which is solved fromr = 0 to r = a. The values
of £ and df/dr at r = a determine the values of C; and C, for eq.
(5.12). The smallest zeropoint ro of ¢ (if £>0 for r<a, then rgy is
larger than a) is obtained. If ry<b, a larger value of w, e.g. 2Wg,
is given to eq.(1.51), and if r¢>b, a smaller value of w, e.g. We/2>
is chosen. After a few iterations, an appropriate value for w is
obtained.

Yhen the singular point is close to the edge of the plasma
column (p > 0, F =+ 0 at r = a), double precision arithmetic must be
applied in the numerical calculation since ow? + F2 + 0 there.

The growth rate W obtained as the eigenvalue of eq.(1.51) is

normalized as
)\N = w+*avy<p> /(Ba'm), (5.13)

where <p> denotes average density.



§ 3 Growth Pate of I!PD Instability

The results obtained by the method described in § 2 are shown
as follows.
In Fig.V-1 are illustrated the q profiles corresponding to

different toroidal current profiles, where q(r) = rBS/RBe.

q
|_«%=03 __
20 \
\
\
\
\\
«=1.0 ~
1.0 P
7
Ic=—2’.0//
[ r/a
0. ‘ 0 20

Fig.V-1. q = rBg/RBg profiles. For radially decreasing
current density, q increases monotonously with
r, while for radially increasing one, q decreses
in the main plasma and then increases outside.

For the radially decreasing current density, e.g. k-profile, the g
value increases monotonously with r, while for the radially increas-
ing one, e.g. a-profile, it decreases in the main plasma and increases
outside. The singular point, rg, corresponds to a magnetic surface
where q(rg) = m/n. The former profile (k, or o= 1.0) may have only
one singular point, while the latter profile (a<l.0) have two. It
is noticed that concentration of the current density (large k¢ value)
leads to smaller value of q(r) inside the plasma.

In Fig.V-2 ~ Fig.V-7 are illustrated the normalized growth rates
vs qa value for varioﬁs toroidal current profiles. Although the

range 0<q <(a/b)? is stable for all profiles, this is due to the
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fixed value of k =0.2. This range is unstable for higher k values
as shown in Fig.V-7. It should be noted that in accordance with
Shafranov, the growth rate for m = 1 helical mode in the range
0<q,<1 is independent of the toroidal current profile, while for
higher m modes, the stability is increased with more concentration
of the toroidal current in the center of the plasma column.

Figure V-2 shows the growth rate for o = 0.l-toroidal current
profile: the current density is concentrated in the outer region of
the main plasma. If the radius of the conducting shell is twice that
of the main plasma (b/a = 2.0), the helical instability occurs in a
wide range of q; value. On the other hand when the shell is moved
closer to the main plasma (b/a = 1.2), stability is considerably

enhanced.

a=01 b/g=20 ——

1.0-

0.

Fig.V-2. Normalized growth rate for toroidal current
profile o = 0.1, B = 27.

Figure V-3 shows the growth rate for o = 1.0-toroidal current

profile, or roughly uniform current density over the plasma radius.

For m>2 modes, the stable region against m mode is wide near qz ~ m-1
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in comparison to the a = 0.1 case, while stable region against m = 2
mode is narrow for q, > 2. The shell position has the same stabiliz-
ing effect as in the o = 0.1 case, but this stabilizing effect is
limited to the range ag < m for the m mode. Vhen 9,> m, or when
the singular point is inside the main plasma, the shell loses its
stabilizing effect. This is due to the localization of the pertur-
bation to the interior of the singular point (see Fig.V-9). Since
the growth rate is small in this case, Shafranov has surmised that
this local helical instability can be stabilized by the toroidal

effect.

1.0- 12 —memme K=.2

!
]
I
!
,'
l qa

I

0 10 20 30 40

Fig.V-3. DNormalized growth rate for toroidal current profile
a = 1.0, B = 2%. The region q; ~ m-1 is relatively
stabilized for m mode when the wall is closer to
the main plasma. The stability in the region q >m,
however, is independent of the wall position.

Figure V-4 shows the growth rate for ¢ = 1.0-toroidal current
profile. As the toroidal current density is slightly concentrated
toward the center, the stability region is slightly widened. The

range q, > m for m > 2 modes is stabilized.
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)‘“/c=1.o bla=20 ——

Fig.V-4. MNormalized growth rate for toroidal current profile
k = 1.0, B =1%. The stable region is similar to
that of the a = 1.0 profile, except that the region
qa>m becomes stable for modes m22. The wall position
has the same effect as the o = 1.0 profile.

then Kk =1.5 (not shown in the figure), the stable regien for
m > 2 modes is wider than the k = 1.0 case. The helical instability
of the m = 1 mode is independent of the toroidal current profile in
the region q < 1, while the concentration of the current density
toward the center widens the unstable region for q3 = 1 or 0 < rg < a.

Figure V-5 shows the growth rate for kK = 1.73-toroidal current
profile for m 2 2 modes. (The m = 1 mode assumes almost the same
growth rate as in other current profiles, and has been omitted from
the figure). The shell position is such that b/a =‘1.2, and the
unstable region is highly restricted to the vicinity of q3 = m for
the m mode respectively.

Figure V-6 shows the growth rate for Kk = 2.0-toroidal current
profile. Vhile the m = 2 mode is unstable in the vicinity of

qy = 2, m =2 3 modes are stabilized for all range of qg .’
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m=’2
I m=3 ~
.0 ;i ﬁ _ mé' m;S m=i qa
10 20 30 40 50 6.0

Fig.V-5. Normalized growth rate for toroidal current profile
K =1.73, Bp = 1. In this case, poloidal Bp is fixed.
The unstable region for modes m22 is highly restrict-

ed to the vicinity of g; = m. (The m=1 mode has been

omitted from the figure.)

The unstable region of the m = 1 mode for g, > 1 reaches as far as

a
04 ~ 3.4. This is due to the larger value of the poloidal magnetic
field near the center of the plasma column. This leads to a larger
negative value of potential energy V¢ inside the plasma.

When Kk = 2.5 (not shown in the figure), modes m = 2 are stabiliz-
ed for all values of g;. The m = 1 mode is unstable in the same
region for qz < 1. On the other hand, unstable region to them = 1
mode widens for q; > 1 in comparison with k = 2.0 case.

Figure V-7 shows the growth rate for higher k values in the
case of Kk = 1.0. 1In this calculation, k has been given by 0.2n.

This figure shows that the m = 1 mode becomes unstable in 0 < 9, < 1,
when the singular point lies outside the plasma column.

In Fig.V-8 are shown typical eigenfunction £,.(=f) for the modes
m =1 and m = 2 when the singular point rg is outside the main
plasma. Uhen the singular point is inside the main plasma, £, falls

to zero beyond rg as shown in Fig.V-9.
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Fig.V-6. Normalized growth rate for toroidal current profile
: k=2.0, B=1%. Modes m>3 are stabilized. The m=2
mode is unstable only in the vicinity of qz=2.0.
The m=1 mode becomes more unstable in the range qz>1.0-.
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Fig.V-7. Normalized growth rate for toroidal current k=1.0,
B=1%. In this case m=1 is fixed and k=0.2n is
varied for n=1,2,3.
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§ 4 Resistive Tearing Instability

Dissipative effects remove certain restrictions on the MHED

instability associated with 'frozen in' field lines in the plasma.35)’

36),38) In the presence of dissipation, a nonlocal helical insta-
bility can also arise in the plasma. This is the so-called tearing
mode. Here we consider resistivity 'as a dissipative effect.
Resistivity influences the stability of the plasma column particular-
ly in the vicinity of the singular point. Hence, we must modify the
MHD equations to include resistivity n within a resistive layer near
the resonant surface, where the quantity E'Vg vanishes, as eqs. (1.54)
and (1.55). 1In the region outside the resistive layer we use the
ideal MHD equations with n = 0 (see eq.(1.58)).

As we have noted in § 4 of Chapter I, Coppi, Green and Johnson38)
have investigated the resistive instabilities in a diffuse linear
pinch with a cylindrical configuration. For the treatment of the
resistive tearing instability, CGJ have considered the configuration
with very small pressure gradient in the resistive layer, since the
energy source of the tearing mode does not come from the pressure
gradient near the resonant surface but comes from the over—all con-
figuration. In the analysis of the resistive tearing instability
it is more convinient to use the variable { defined by eq.(5.12).

Then the pressure gradient vanishes near the .esonant surface,
the stability criterion against the tearing mode is given by CGJ as
¢, ¢

C,m "o 0 (5.14)

Here CJH, Céﬂ are coefficients of Y in r > rg and Cﬁ”, C2) are
coefficients in r < rg. The ratio of C,® and C,® is determined from
the boundary condition for Yy ( ¢ is finite at r = 0 and ¥ = 0 at

r = b) and the asymtotic form of Y near rg (see eq.(1.59)). The
tearing mode with positive w is possible for A > 0, as the solution

Y in the resistive layer can be connected with the outer solution.
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Vhen B is small and the pressure gradient vanishes near the
resonant surface, the growth rate of the tearing mode can be

calculated from the relation

red

re)

A =%o_5/“ , (5.15)

which is derived from eq.(1.69) by substitution of D = O.
Here

Q = w/QIL'QR, L = (LR/rs)l/sy
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and ' is the Gamma function. S is the ratio of a resistive time
TR = a?/n to a hydromagnetic time Tp = py&/B, where p denotes
density of the plasma at the resistive layer.

The numerical analysis of the stability against tearing modes
was performed with the CGJ theory for Tokamak systems which have
the decreasing current density in the form J = Jgexp(-K?r?/a®) for
r < a. Numerically calculated values of A are shown in Fig.V-10~
Fig.V-12. The corresponding growth rates of m = 2 tearing mode
are shown in Fig.V-13 and Fig.V-14. Figure V-10 shows the dependence
of A on the current profile at fixed value of q, = 3.0.

Also Fig.V-11 shows the dependence of A on the current profile at
fixed value of q5 = 2.0. Figure V-12 shows the dependence of A on
the safty factor q5 for K = V2.
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Fig.V-10. Variation of A for the current profile J=Jgexp (=< %r?/a?)
in a plasma column surrounded ty a vacuum; fp=1.5%, q3=3.0
and the conducting shell is located at 1l.5a. The solid
line shows for k=1, the dotted line for K=v2 and the
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Fig.V-11. Variation of A for the current profile J=Joexp(4<2r2/a2)
in a plasma column surrounded by a vacuum; B=1.5%, qz=2.0
and the conducting shell is located at 1.5a. The solid
line shows for K=1, the dotted line shows for K=V/2 and
the dashed line for K=/3,
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Fig.V-12., Variation of A for the safety factor in a plasma column
surrounded by a vacuum for the toroidal current profile
K=/7, R=1.57 and the conducting shell is located at 1l.5a.
The solid line shows for qg=1.5, the dotted line for qu=
2.5 and the dashed line for qz=3.5.
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The growth rate of the tearing mode with m=2 in the case
of Fig.V-10. The solid line shows for k=1, the dotted
line for k=y/2 and the dashed line for k=v/3.
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Fig.V-14. The growth rate of the tearing mode with m=2 in the case
of Fig.V-11. The solid line shows for K=1, the dotted
line for K=v2 and the dashed line for K=/3.

Ye find from these figures that tearing modes withm = 2 and m = 3
are unstable, while higher m modes are stable. This result is the
same as that of Shafranov. Furthermore we find that the concentra-
tion of the current density in the center of the plasma column can
not stabilize tearing modes. From Fig.V-12 we find that when the
total current increases, i.e. g, decreases, tearing modes become
more unstable. From Fig.V-13 and Fig.V-14 we see that. growth rate of
m = 2 tearing mode is about lO_l“TH_1 for S = 10%® (this parameter
corresponds to T, = lkeV, n = lOlucm-a, Bp= 50KG and a = 20cm). By

. -8
use of the above plasma parameters we obtain Tp = 2 X 10 "sec and

~Ys

~

w=5x loasec_l. As is well known, w depends on S as S
Up to here, we considered that a vacuum surrounds the main plasma

column. The division of the plasma into an infinitely conductive

plasma and a vacuum provides a somewhat unrealistic model of the

actual Tokamak discharges. Thus we have treated the configﬁration
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where a tenuous plasma with finite resistivitv fills between the
e have also

infinitely conductive plasma and the conducting shell.
applied CGJ theory of the resistive tearing instability in this

configuration. Numerically calculated values of A vs gy is shown in
The dotted line shows

Fig.V-15, where we used k = 0.2 and b = 1.5a.
1 and the continuous line shows one with

the current profile with K
This figure shows that unstable region vs a, appears dis-

K= 1.73.
cretely and becomes narrow by the concentration of current density

in the main plasma. Hence the behavior of this tearing mode is
similar to that of nonlocal helical instabilities shown in 8 3. That

the right side of each curve is not clearly ended is due to that, as

the singular point becomes nearer to the main plasma, ﬁp is not

negligible. Thus the assumption about the tearing mode is invalid.
Figure V-16 shows the growth rates of tearing modes. The typical

-4 =1

3 is about w =10 l“EH

growth rate of this tearing mode with m
for S = 10°, which may be also smaller than that of nonlocal helical

instability for typical plasma parameters in Tokamak devices.
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The dependence of A on the safety factor in a plasma

column with a pressureless resistive plasma for b=1.5a

Fig.V-15.
The solid line shows for K=/3 and the

and B=1.5%.
dotted line for k=1.
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Fig.V-16. The growth rates of tearing modes occured in the

pressureless resistive plasma surrounding a plasma
column for b=1.5a and B=1.5%.

The so0lid line shows
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§ 5 Conclusion and Discussion

The stability of a current carrying plasma in a strong longitu-
dinal magnetic field, such as. Tokamak type devices, against MED and
resistive tearing instabilities has been investigated in the cylinri-
cal geometry. This may be a good approximation to a torus as long
as non-local modes is studied.. The growth rates of MFD instabilities
has been calculated numerically as eigen-values of linealized MHD
equations for several current distributions. This procedure has an
advantage of studying the stability against high m helical modes.

In Tokamaks, it is important to examine the stability against high
m helical modes. Thus the stability diagram showing normalized
growth rate Ay versus a, has been calculated. Numerically obtained

28) It is shown that the

results generally confirm Shafranov's.
position of the conducting shell has a rather remarkable influence
on the stability of non-local helical modes, but not so on the local
helical modes. For the case of J = Joexp(—Kzrz/az) distributions,
the non-local helical instability with m > 2 is completely stabilized
if €k 2 2.5. The stability criterion of the m = 1 helical mode is
almost independent of the current profile for q < 1.

For tearing modes, we have calculated two cases according to
the position of the singular point: the one is 0 < rg < a and the
other is a < rg < b. In the former case, we have found that tearing
modes withm = 2 and m = 3 are unstable, while higher m modes are
stable. Also we have found that tearing modes of this type can not
be completely stabilized by the concentration of the current density
in the center of the plasma column. In the latter case, we have
obtained the stability diagram showing that unstable regions of q,
appear discretely and become narrow as the current density concen-
trates near the axis of the plasma column. In this case, the growth

rates of tearing modes become small when k becomes large.
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Generally, growth rates of tearing modes are smaller than those
of non-local helical modes. It is noted that the growth rate of
tearing mode depends on electron temperature as Te_%é. This suggests
that the resistive tearing instability can be avoided by heating a
plasma to a sufficiently high temperature.

Recently, experiments to lower q, smaller than 3 have been
carried out60) and it has been shown that the unstable regions of qg
appear discretely. Although the stability diagrams obtained in § 3
are confirmed experimentally, the experiments are not completely
explained from the viewpoint of their growth rates. The growth
rates of helical modes calculated with parameters in experiments seem
to be larger than the experimental data. Cince the tearing modes
having a singular point in a < rg < b have smaller growth rates than
helical modes, the experiments may be explained by this type of insta-

bility.
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CONCLUDING REMARKS

In the present thesis, equilibrium and stability of toroidal
pinches and Tokamal: systems have been studied, mainly by means of
numerical techniques.

In Chapter II, firstly the MID stability has been studied for
a variety of diffuse pinch configurations, which are obtained by
the methods devised by the author, by means of Newcomb's criterion.
The stability diagrams obtained for reverse field diffuse pinches
show: (i) Ry versus the J current profile, (ii) Ry versus average
beta, (iii) Ry versus the degree of field reversal. It is found
that reverse field diffuse pinchs with sufficiently high values
of £ and compressioﬁ ratio Ry 2 2 are available in experiments.

Secondly, the growth rates of MFD instabilities for some
unstable reverse field configurations have been numerically calculat-
ed. It is shown that the kink instability is most dangerous for
confining high B plasmas in toroidal pinches because of its large
growth rate.

Thirdly, the stability against the resistive instability has

38) It is shown that the

been examined with the method given in CGJ.
reverse field configuration is vulnerable to the resistive tearing -
instability. The tearing mode has the growth rate smaller than the
kink mqﬁe. It is, however, dangerous for a current carrying plasma,
since it gives a non-local disturbance.

In Chapter III, collisional diffusion in diffused toroidal

46) in the

pinches has been studied according to the scheme of GS
banana regime aﬁd the plateau regime. For MFD regime, we have adopted
MHD equations. The configuration of the toroidal pinch is character-

ized by the large poloidal magnetic field comparable to the toroidal

magnetic field. In considering this fact, the diffusion coefficients

given in GS must be modified so as to include that particles can be

trapped in the local magnetic mirror formed by the inhomogeneity '
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of a poloidal magnetic field and of a toroidal magnetic field. It
is shown that the diffusion coefficients in toroidal pinches are
smaller than those of low £ toroidal plasmas and that the toroidal
pinches are of great advantage to confining high tempertaure plasmas
or high R plasmas.

In Chapter IV, the general formulation to calculate Tokamak
equilibrium with large poloidal beta, Bp >> 1, has been developed.
This formulation includes the equilibrium of the toroidal plasma in
the weakly non-circular conducting shell. It is confirmed that, if
Bp >> 1, Bpa/R should be taken as the expansion parameter to solve
the equilibrium equation. This is proved through the analysis of the
high Bp equilibrium with a uniform toroidal current. The high Bp
equilibria with non-uniform currents have been obpained numerically.

In Chapter V, firstly the MNED stability of Tokamak type devices
has been studied in the cylindrical geometry by solving numerically
the linealized MED equations. This procedure has advantages to
obtain growth rates of IMHD instabilities and eigen functions corre-
sponding to the profiles of displacements. The stability diagrams,
showing normalized growth rates versus qa(=q(a)),are obtained by
changing the toroidal current profile from the skin like one to the
current concentrated in the central region of the plasma column.

Secondly, the stability against resistive tearing instabilities
in Tokamaks has been examined. The tearing modes with m = 2 and
m = 3, which occur when the singular point falls into the conQpcting
plasma, are unstable. This means that, if q(r) > 3, the Tokamak
configuration is stabilized against tearing modes,since the singular
point disappears for m = 2 and m = 3, Ve have also studied another
type of tearing modes, which occur when the singular point falls into
the pressureless plasma surrounding the main plasma column. They
have the same features of stability as that of helical instabilities,
while their growth rates are smaller than those of the helical modes.

e notice here that the following problems are left.
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(1)

(ii)

The stability analysis has been carried out in the cvlindrical
geometry. This may be a good approximation to a toroidal

geometry for non-localized helical (or kink) modes. It is,
however, unclear for localized helical modes. Also the stability
criterion in the toroidal plasma corresponding Newcomb's criterion

is not yet formulated.

Although the formulation to solve the equilibrium equation for
Tokamaks with large poloidal beta is developed, it is not dis-
cussed that whether there is a limitation of Bp to assure the

existence of the equilibrium or not.

(iii)It will be necessary to aﬁalyze the effects of electric field

(iv)

driving a plasma current and rotation of plasma column on

the collisional diffusion in toroidal pinches.

In Tokamaks, a high temperature plasma enough to reduce the
growth rates of the resistive tearing instability may be obtained
in the future. Then, it is necessary to examine the stability

against collisionless tearing modes.

Now let us consider the application of the results above

mentioned. They are useful to the analysis of the present experiments

in toroidal pinches and Tokamaks, and also apply to develop control

techniques to avcoid dangerous instabilities in CTR (controlled thermo-

nuclear reactors).

(1)

The method to obtain equilibrium configuration developed in
Chapter II is available to reproduce the configuration in
experiments of toroidal pinches or Tokamaks. Thus the stability
diagrams obtained in Chapter II or Chapter V give the useful
means to compare the theoretical predictions with the experi-

mental data in toroidal pinches or Tokamaks.
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In the case of unstable configurations, the growth rates of MHD

instabilities also can be calculated by the method in Chapter II or

Chapter V.

(ii) A programming of magnetic fields attracts attention to maintain

a stable configuration in toroidal pinches for a sufficiently
long time. The stability diagrams given in Chapter II may be
used for introduction of control techniques such as a program-

ming of magnetic fields.

(iii) It is preferable to maintain stable configurations from the

(iv)

(v)

(vi)

ignition of discharge to the stationary state in toroidal pinches
or Tokamaks. Although the computer simulation is powerful to
study the equilibrium, it is not developed enough to treat MFD
instabilities. Thus the stability diagrams may be used to check

the results obtained in computer simulations.

In the reverse field pinch with a nearly uniform current, it
will be difficult to avoid the resistive tearing instability
for a sufficiently long time. This is due to the appearance of
$p =~ O region by the resistive diffusion of magnetic fields.
Thus, it may be necessary to heat a plasma to reduce the growth
rate of the tearing irnstability. TFrom the viewpoint of the
collisional diffusion, experiments of the toroidal pinch may be

encouraged.

In Tokamaks, theoretical values of growth rates of MHD insta-
bilities seem to be larger than those estimated from the

60)

experiments which aim to lower a safty factor. The results

about tearing modes obtained in Chapter V give another possibil-

ity to explain the experiments about the stability.

In Tokamaks, the experiments to realize q ~ 1 with high values
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of R will be carried out in the future. The theoretical results
shown in Chapter IV assures the equilibrium with high Bp. The
stability diagrams against MHD instabilities show that the un-
stable region of qg to the high m mode appears. Therefore the
plasma column is vulnerable to the m = 2 mode and/or the m = 3
mode, when q, > 1. The high m modes can be stabilized by con-
centrating the current density in the central region of the
plasma column. To avoid FD instabilities with m = 2 and m = 3,
the experimental technique to control the current profile needs

to develop.

(vii)It is possible to iﬁprove the stability against MFD instabilities
by distorting the cenducting shell of Tokamaks.l7)’18)

The formulation to obtain high Bp equilibrium contained in non-

circular shell in Chapter IV may be used to investigate this

problem.

From the viewpoint of analysis, we shall insist that the methods
to examine the stability against MFD and resistive instabilities in
Chapters II and V and the method to obtain the high Bp equilibrium
in Chapter IV are generally applicable to axisymmetric toroidal

plasmas aiming CTR.
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