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Abstract Constructions of simple kinetic equations for a dense gas are presented,
with a special emphasis on a couple of modelling based on the Ellipsoidal-Statistical
(ES)-type collision model. First, two previous models are reviewed: one based on
a simple relaxation model with the isothermal assumption and the other based
on the Bhatnagar–Gross–Krook (BGK)-type collision model. These models have a
monotone functional that enables one to make thermodynamic interpretations on
simulation results for phase change phenomena. They are, however, not designed so
as to reproduce appropriate transport properties for a dense gas. Two types of the
Ellipsoidal-Statistical (ES)-based model are proposed and described in detail. Both
ES-based models reproduce appropriate transport properties, which is an advantage
over the previous models. The difference of their monotone property in time is also
discussed in detail.
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1 Introduction

Phase transition is a common phenomenon and has been studied variously from a
microscopic to a macroscopic point of view. In the kinetic theory, gas flows caused
by the phase transition have been investigated, mostly assuming that the state of its
condensed phase is specified, e.g., [1, 2, 3, 4, 5, 6, 7]. In themeantime, a new research
direction that employs the real gas effect by the Enskog or the Enskog–Vlasov
equation becomes common recently in the literature, thanks to the developments of
a stochastic [8] and a deterministic [9] numerical algorithm for them. However, the
studies based on those equations are still computationally demanding, even compared
to the Boltzmann equation.

A construction of a simpler kinetic equation is thus worth exploring for acceler-
ating that new direction of researches on non-ideal gas flows. It is also expected to
advance our understanding of the kinetic theory approach for dense gases through
close observations of the influence of the simplification procedure. Motivated by the
research background described above, we have been trying to find a simple promis-
ing framework of a kinetic model for non-ideal gas phenomena. So far, the models
making use of a simple relaxation term and the BGK-type collision term [10, 11]
worked as desired in [12, 13, 14]. Nevertheless, they have a potential demerit in
transport properties due to the specific choice of the collision model. In order to
fix the demerit, a couple of models based on the Ellipsoidal-Statistical (ES)-type
collision term [15, 16] will be introduced in the present paper.

The paper is organized as follows. Our previous models are briefly reviewed
in Sec. 2. Then, a couple of new proposals based on the ES-model are presented
in Sec. 3, where the first ES-based model is described in Sec. 3.1 and its potential
limitation on theH theorem is explained in Sec. 3.2. Then, the secondES-basedmodel
is described in Sec. 3.3, where the H theorem for the second model is presented.
The fluid dynamic limit of the proposed models is also discussed on the basis of
the Chapman–Enskog method in the Appendix. Preliminary numerical tests are
presented in Sec. 4. The paper is concluded in Sec. 5.

2 Previous models

2.1 Outline of previous models

Our attempts for the construction of a simple kineticmodel started from the following
simplest one under the isothermal assumption:

∂f

∂t
+ ξi

∂f

∂Xi
+ F ∗i

∂f

∂ξi
= C∗[f ], C∗[f ] = A∗(ρ)(ρM∗ − f), (1a)

F ∗i =− ∂

∂Xi
(Φ∗S(ρ) + ΦL[ρ]), M∗ =

1

(2πRT∗)3/2
exp(− ξ2

2RT∗
), (1b)
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where f(t,X, ξ) is the velocity distribution function (VDF) of molecules, with t,
X , and ξ being a time, a position, and a molecular velocity respectively; mF ∗ is a
potential force acting on a molecule with a mass m, R is the specific gas constant,
and A∗(ρ) is a positive function of the gas density ρ defined by

ρ =

∫
fdξ. (1c)

Here and in what follows, the integral with respect to ξ represents the definite one
over its whole space, unless otherwise stated. With the density ρ, a uniform given
temperature T∗, and two parameters a and b, the equation of state for the van der
Waals fluids is written as

p =
ρRT∗
1− bρ

− aρ2, (1d)

under the isothermal assumption. The form of Φ∗S is then determined as

Φ∗S(ρ) = ΦS(ρ, T∗) ≡ −RT∗ ln(1− bρ) +
bρRT∗
1− bρ

− 2aρ, (1e)

so as to recover the non-ideal gas effect in the equation of state (1d) through the
relation

p = ρRT∗ +

∫
ρ
dΦ∗S(ρ)

dρ
dρ. (1f)

Within the diffusive approximation, the form of ΦL is reduced to

ΦL = −κ∆ρ, (1g)

where∆ ≡ ∂2/∂X2
i is the Laplacian andκ is a given positive constant [17]. Once the

collision frequency A∗ is specified, the above system is closed. In what follows, let
us call this system (1) the isothermal model. The isothermal model was considered to
identify the key or minimum mechanism in the transition dynamics from a uniform
equilibrium state to a phase separated equilibrium state (see [12, 13]).

Main features of the isothermal model are as follows. Firstly, a non-local effect
of interaction is treated in ΦL[ρ] as a long-range attractive term. It is localized
only after applying a diffusive approximation. In contrast, short-range interactions
of molecules are treated to be local from the beginning in the form of Φ∗S(ρ) and
C∗[f ] on the right-hand side. Secondly, the resting Maxwellian ρM∗ with a given
uniform temperature T∗ is used in place of the local Maxwellian in C∗[f ]. This
feature implies that the system does not conserve the momentum nor energy. Thus,
in the isothermal model, the main driving mechanism toward the equilibrium state
is the interaction of molecules with a heat bath, not within themselves.

The next model developed from the system (1) adopts the BGK-type collision
integral in place of C∗[f ] in (1a) and takes the following form:

∂f

∂t
+ ξi

∂f

∂Xi
+ Fi

∂f

∂ξi
= Qc[f ] +Qd[f ], (2a)
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Fi = −
∂

∂Xi
(ΦS(ρ, T ) + ΦL[ρ]), (2b)

Qc[f ] = A(ρ, T )(fe − f), A(ρ, T ) =
Ac(T )ρ

1− bρ
> 0, (2c)

fe =
ρ

(2πRT )3/2
exp(− c2

2RT
), c = ξ − v, (2d)

Qd[f ] = −
∂

∂ξi
[(αi + βci)f ], αi =

1

ρ

∫
∂ΦS
∂T

dρ
∂T

∂Xi
, (2e)

β =
1

3Rρ

{ ∂
∂t

∫
∂ΦS
∂T

dρ+
∂

∂Xi
(vi

∫
∂ΦS
∂T

dρ)
}
, (2f)

where Ac(T ) > 0 (see the Appendix A of [14]), v and T are the gas flow velocity
and temperature defined as

v =
1

ρ

∫
ξfdξ, T =

1

3Rρ

∫
c2fdξ. (2g)

The indefinite integral with respect to ρ in (2) is taken along the isothermal process
to give ∫

∂ΦS
∂T

dρ = −ρR ln(1− bρ), (3)

for the van der Waals fluids. Note that the equation of state takes the original form

p =
ρRT

1− bρ
− aρ2

(
= ρRT +

∫
ρ
∂ΦS
∂ρ

dρ
)
, (4)

in place of (1d), since the gas is no longer assumed to be isothermal. Hereafter, the
system (2) – (4) is referred to as the BGK-based model.

Due to the temperature dependence of ΦS , a new term Qd is added on the right-
hand side for a well-balanced construction of the model. The BGK-based model
conserves the mass, the momentum, and the energy and was used as well to study
the dynamics of phase separation from a uniform equilibrium state in a periodic and
an isolated system in [14]. Comparisons with simulation results for the isothermal
model and related discussions can be found in the Appendix D of [14].

Besides their simplicity, both the isothermal and the BGK-based model have an
advantage that there is a monotonically decreasing functional:

H∗(t) =

∫
D

(∫
f ln

f

ρ0M∗
dξ +

1

RT∗
{
∫
Φ∗Sdρ+

κ

2
(∇ρ)2}

)
dX, (5a)

for the isothermal model [12, 13] and

H(t) =

∫
D

(∫
f ln

f

c0
dξ +

1

R

∫
∂ΦS
∂T

dρ
)
dX, (5b)
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for the BGK-based model [14], whereD is a unit region of a periodic domain, ρ0 is
a reference density, and c0 is a positive constant with the same physical dimension
as f . Occurrence ofM∗ and κ(∇ρ)2 in (5a) is due to that the isothermal model is for
the systems in contact with the heat bath, while the BGK-based model is for periodic
(or isolated) systems. In other words, H∗ corresponds to the free energy, while H
the entropy in the thermodynamics. Note that the second term on the right-hand
side of (5b) is a contribution of the dense gas effect. Equipped with the monotone
functional, these models provided thermodynamically consistent discussions and
interpretations to numerical simulation results for the phase change, e.g., [14]. It is
a benefit in addition to their simple structures.

2.2 Fluid-dynamic limits and transport properties

The isothermal model leads to a Cahn–Hilliard-type equation:

∂ρ

∂t
− ∂

∂Xj

[ ρ

A∗(ρ)

∂

∂Xj

(
Φ− κ ∂

2ρ

∂X2
i

)]
= 0, (6a)

Φ = −2aρ+RT∗

( 1

1− bρ
+ ln

bρ

1− bρ

)
, (6b)

in the fluid-dynamic limit, owing to a strong momentum-dissipation property of the
collision termC∗[f ], see [12] for details. A derivation of the Cahn–Hilliard equation
from the kinetic theory has been recently discussed as well in [18].

The BGK-basedmodel yields the following balance laws of the mass, momentum,
and energy:

∂ρ

∂t
+

∂

∂Xi
(ρvi) = 0, (7a)

∂

∂t
(ρvj) +

∂

∂Xi
(ρvivj + pij) + ρ

∂ΦL
∂Xj

= 0, (7b)

∂

∂t
(ρ(e+

1

2
v2)) +

∂

∂Xi
(ρvi(e+

1

2
v2) + pijvj + qi) + ρvi

∂ΦL
∂Xi

= 0, (7c)

where pij , qi, and e are the stress tensor, the heat-flow vector, and the specific internal
energy defined by

pij = pδij +

∫
(cicj −

1

3
c2δij)fdξ, qi =

1

2

∫
cic

2fdξ, (7d)

ρe =
3

2
ρRT +

∫
(ΦS − T

∂ΦS
∂T

)dρ, (7e)

and p is the pressure defined in (4). The derivation of (7) can be found in [14]. In
the fluid-dynamic limit, the stress tensor and heat-flow vector are reduced to
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pij = pδij−
ρRT

A(ρ, T )
(
∂vi
∂Xj

+
∂vj
∂Xi
− 2

3

∂vk
∂Xk

δij), qi = −
5

2
R

ρRT

A(ρ, T )

∂T

∂Xi
, (8)

and accordingly the balance law of equation (7) is reduced to the Navier–Stokes
set of equations with a self-consistent force term, see the Appendix. Here, as is
seen from (8), the viscosity µ and the thermal conductivity λ are given respectively
by µ = ρRT/A(ρ, T ) and λ = (5/2)RρRT/A(ρ, T ). These expressions imply
that the Prandtl number Pr ≡ (5R/2)(µ/λ) is unity, inheriting a weakness of the
BGK-type collision integral in the transport property. Another weakness is that the
bulk viscosity predicted by the Enskog theory [19] is absent. In the next section,
we propose a modification of the BGK-based model to fix its demerit in transport
properties.

3 Modified models in terms of the Ellipsoidal-Statistical
(ES)-type collision term

The key elements in the modification of the BGK-based model are, first, to use an
ES-type collision term [15, 16] instead of the BGK-type term and, second, to add
additional terms to Qd. Here, two different ways of modification are presented.

3.1 The first ES-based model

The main idea of the first modified model proposed recently in [20] is to make the
adjusting parameter ν in the ES-type collision integral dependent on ρ. The model
is hereafter referred to as the first ES-based model and reads

∂f

∂t
+ ξi

∂f

∂Xi
+ Fi

∂f

∂ξi
= Q]c[f ] +Q]d[f ], (9a)

Q]c[f ] = A](ρ, T )(G − f), G =
ρ√

det(2πT )
exp(−1

2
(T −1)ijcicj), (9b)

Tij = (1− ν(ρ))RTδij + ν(ρ)Θij , Θij =
1

ρ

∫
cicjfdξ, (9c)

Q]d[f ] = −
∂

∂ξi
[(α]i + β]ci)f ], (9d)

α]i = αi +
1

ρ

∂

∂Xi
(µB

∂vk
∂Xk

), β] = β +
µB

3RρT
(
∂vk
∂Xk

)2, (9e)

where Fi is the same as that in the BGK-based model, T −1 is the inverse of the
tensor T ,µB andA] are positive functions of ρ and T to be determined in accordance
with the Enskog theory for the transport coefficients, and ν is an adjusting parameter
function of ρ. The modified model keeps the set of balance equations (7) as it stands
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by the following change of definition of the stress tensor:

pij = pδij +

∫
(cicj −

1

3
c2δij)fdξ − µB

∂vk
∂Xk

δij . (10)

In the fluid-dynamic limit, the stress tensor and heat-flow vector are reduced to

pij = pδij −
1

1− ν(ρ)
ρRT

A](ρ, T )
(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)− µB
∂vk
∂Xk

δij , (11)

qi = −
5

2
R

ρRT

A](ρ, T )

∂T

∂Xi
. (12)

See theAppendix for the derivation. Thus,µB introduced in (10) is the bulk viscosity,
ρRT/((1− ν)A]) the viscosity µ, and (5/2)R(ρRT/A]) the thermal conductivity
λ. Hence, the Prandtl number is expressed in terms of ν as Pr(≡ (5/2)(Rµ/λ)) =
1/(1− ν).

In order to make the model equipped with the desired transport properties, it
is necessary to determine ν(ρ) in accordance with the Enskog theory for transport
properties. In the Enskog theory, the viscosity µ, bulk viscosity µB , and the thermal
conductivity λ are expressed as [19, 21]

µ =
µ0

χ
(1 +

16

5
φχ+ 12.2(φχ)2), µB =

µ0

χ
(4φχ)2, (13a)

λ =
λ0
χ
(1 +

24

5
φχ+ 12.1(φχ)2), (13b)

where µ0 and λ0 are respectively the viscosity and thermal conductivity of the gas
in the dilute gas limit, while φ and χ are dense gas factors that can be related to the
exclusion parameter b in the equation of state for the van der Waals fluids, i.e.,

φ =
1

4
bρ, χ =

1

1− bρ
; (14)

see the discussions in the Appendix A of [14] for details. Hence, substituting (14)
into (13), A] and ν in the system (9) as well as the transport coefficients are all
expressed in terms of the exclusion parameter b, ρ, and T :

A](ρ, T ) =
5

2

ρRT

1− bρ
R/λ0(T )

g2(
bρ

1−bρ )
, (15a)

ν(ρ) = 1− 2

5

1

R

λ0(T )

µ0(T )

g2(
bρ

1−bρ )

g1(
bρ

1−bρ )
= 1− 1

Pr 0

g2(
bρ

1−bρ )

g1(
bρ

1−bρ )
, (15b)

µ(ρ, T ) = (1− bρ)g1(
bρ

1− bρ
)µ0(T ), (15c)

µB(ρ, T ) = (1− bρ)( bρ

1− bρ
)2µ0(T ), (15d)
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λ(ρ, T ) = (1− bρ)g2(
bρ

1− bρ
)λ0(T ), (15e)

where
g1(x) = 1 +

4

5
x+

6.1

8
x2, g2(x) = 1 +

6

5
x+

12.1

16
x2, (15f)

and Pr 0 is the Prandtl number in the dilute gas limit, which is usually set as
Pr 0 = 2/3 for monatomic gases. The system (9) with (15) thus forms a closed
kinetic model with appropriate transport coefficients. Note that the model recovers
the BGK-based model with Ac = (5/2)R2T/λ0(T ) as a special case by discarding
(15d) and (15f) and putting g1 = g2 = 1, µB = 0, and Pr 0 = 1 (see Sec. 2.1).

3.2 A slight limitation on the monotonicity of the first ES-based
model

We shall discuss the monotone property of the model (9) with (15) in a periodic
domain. Let D denote a unit region of the periodic domain. Multiplying (9a) by
1 + ln(f/c0) and integrating the result over the whole range of ξ and over the unit
region D yield

d

dt

∫
D

∫
f ln

f

c0
dξdX =

∫
D

∫ (
Q]c[f ] +Q]d[f ]

)
ln
f

c0
dξdX

=

∫
D

∫
Q]c[f ] ln

f

c0
dξdX − 3

∫
D

β]ρdX, (16)

where the second and the third term of (9a) do not contribute because of the periodic
condition in space and the rapid decay of VDF in molecular speed. Then, after a few
manipulations making use of (2f) and the periodic condition,

d

dt
H(t) =

∫
D

∫
Q]c[f ] ln

f

c0
dξdX −

∫
D

µB
RT

(
∂vk
∂Xk

)2dX

≤
∫
D

∫
Q]c[f ] ln

f

c0
dξdX,

is obtained. Therefore, if ∫
Q]c[f ] ln

f

c0
dξ ≤ 0, (17)

holds, the monotonic property is retained as well in the first ES-based model.
Although the property (17) is one of merits to use the ES-type collision model, it

should be reminded that (17) holds unconditionally only when the adjusting param-
eter ν is in the range [−1/2, 1), i.e., the Prandtl number Pr(≡ 5

2
Rµ
λ ) = 1/(1 − ν)

should be in the range [2/3,∞) [16]. In the present case, it is seen from (15) that
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Fig. 1 Λ( bρ
1−bρ ) versus a rescaled density bρ. See (18).

Pr = Pr 0Λ(
bρ

1− bρ
), Λ(x) =

g1(x)

g2(x)
= 1−

2
5x(1−

x
64 )

g2(x)
. (18)

Since Pr0 = 2/3 is the usual setting for monatomic gases,Λ ≥ 1 is required for (17)
to hold unconditionally. However, Λ decreases from unity as bρ increases, reaches
its minimum 0.8663 at bρ = 0.5274, and then increases, as shown in Fig. 1. When Λ
takes its minimum, the corresponding values ofPr and ν are respectively 0.5775 and
−0.7315. Therefore, the monotonicity of H is not guaranteed in the first ES-based
model. Nevertheless, by a close examination of the original proof of the H theorem
for ν ≥ −1/2 in [16], it was made clear in [22] that (17) still holds, provided that
(i) T is positive definite and (ii) det T ≥ detΘ. A similar discussion on a Fokker–
Planck model can be found in [23]. Below is the quantitative criterion obtained in
[22] for

∫
ln(f/c0)Q

]
c[f ]dξ ≤ 0 to hold:

Proposition 1. Let λ1 ≤ λ2 ≤ λ3 be the positive real eigenvalues of Θ that is a
symmetric positive definite tensor by definition. If three eigenvalues are the same, T
and Θ are identical, so that T = Θ = RT I, where I is the identity tensor. The two
conditions (i) and (ii) are then automatically satisfied. Next suppose that λ1 6= λ3,
and introduce additional notation ε ≡ 1−λ1/λ3 and θ = (1−λ2/λ3)/(1−λ1/λ3).
Note that 0 < ε < 1 and 0 ≤ θ ≤ 1 by construction. Then, for −1 ≤ ν < −1/2,
which corresponds to 1/2 ≤ Pr < 2/3, the following criterion must be fulfilled for
(17) to hold

∫
ln(f/c0)Q

]
c[f ]dξ ≤ 0:

{0 < ε < 1, for 0 ≤ θ ≤ 2 + ν

1− ν
,

0 < ε <
9(1 + ν)(θ2 − θ + 1)

(1 + θ)(1− ν)2( 2ν+1
1−ν + θ)( 2ν+1

1−ν θ + 1)
, for

2 + ν

1− ν
< θ ≤ 1.

(19)

The criterion (19) is of posteriori condition, and its practical restriction should be
checked carefully. Numerical assessment of the criterion can be found in [22], where
(17) is shown to hold except for highly anisotropic non-equilibrium states.
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3.3 The second ES-based model

The second ES-based model is motivated by the slight limitation of the first ES-
based model on the monotonicity described in Sec. 3.2. The main idea is to keep
the adjusting parameter ν in the range [−1/2, 1), thereby keeping the monotonic
property of H(t) by modifying Q]d term. The second ES-based model reads

∂f

∂t
+ ξi

∂f

∂Xi
+ Fi

∂f

∂ξi
= Q[c[f ] +Q[d[f ], (20a)

Q[c[f ] = A[(ρ, T )(G − f), G =
ρ√

det(2πT )
exp(−1

2
(T −1)ijcicj), (20b)

Tij = (1− ν)RTδij + νΘij , Θij =
1

ρ

∫
cicjfdξ, (20c)

Q[d[f ] = −
∂

∂ξi
[(α[i + β[ci)f ], (20d)

α[i = αi +
1

ρ

∂

∂Xj
[µP (

∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij) + µB
∂vk
∂Xk

δij ]

= α]i +
1

ρ

∂

∂Xj
[µP (

∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)], (20e)

β[ = β +
1

3RρT
{ ∂

∂Xk
(λP

∂T

∂Xk
)

+
∂vi
∂Xj

[µP (
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij) + µB
∂vk
∂Xk

δij ]}

= β] +
1

3RρT
{ ∂

∂Xk
(λP

∂T

∂Xk
) + µP

∂vi
∂Xj

(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)},

(20f)

where µB is the same as before and

A[(ρ, T ) =
5

2

ρRT

1− bρ
R

λ0(T )

(
= g2(

bρ

1− bρ
)A](ρ, T )

)
, (21a)

ν = 1− 2

5

1

R

λ0(T )

µ0(T )
= 1− 1

Pr 0
, (21b)

µP (ρ, T ) = (1− bρ)g[1(
bρ

1− bρ
)µ0(T ), (21c)

λP (ρ, T ) = (1− bρ)g[2(
bρ

1− bρ
)λ0(T ), (21d)

g[1(x) = g1(x)− 1, g[2(x) = g2(x)− 1. (21e)

Comparing (21e) with (15f), it is seen that g[1(x) > 0 and g[2(x) > 0 for x > 0;
thus µP > 0 and λP > 0 for 0 ≤ bρ < 1. Then, by the following change of the
definitions of pij and qi:



Constructions of simple kinetic equations for a dense gas 11

pij =pδij +

∫
(cicj −

1

3
c2δij)fdξ

− µP (
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)− µB
∂vk
∂Xk

δij , (22)

qi =
1

2

∫
cic

2fdξ − λP
∂T

∂Xi
, (23)

the second ES-based model retains the set of conservation laws (7) as it stands.
Furthermore, in the fluid dynamic limit, the stress tensor and heat-flow vector are
reduced to

pij =pδij − µ(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)− µB
∂vk
∂Xk

δij , (24a)

qi =− λ
∂T

∂Xi
, (24b)

where µ and λ are the same as those in (15); see the Appendix for the derivation.
Substitution of (24) to (7) gives the Navier–Stokes set of equations with a self-
consistent force term.

In contrast to the first ES-based model, ν is a constant parameter in the second
ES-based model and it can be set as ν = −1/2. Thus,∫

Q[c[f ] ln
f

c0
dξ ≤ 0, (25)

holds unconditionally. This is an advantage over the first ES-based model, because
with this property, H(t) can be shown monotonically decreasing.

Proposition 2. For the system (20) with (21), H(t) defined by (5b) in a spatially
periodic domain monotonically decreases in time t. Furthermore, H(t) reaches a
stationary state if and only if f is a Maxwellian with a uniform temperature and a
uniform flow velocity.

Proof. By following the calculations in (16),

d

dt

∫
D

∫
f ln

f

c0
dξdX =

∫
D

∫ (
Q[c[f ] +Q[d[f ]

)
ln
f

c0
dξdX

=

∫
D

∫
Q[c[f ] ln

f

c0
dξdX − 3

∫
D

β[ρdX. (26)

Since the β-part in β[ gives rise the second term of (5b), the above is reduced to

d

dt
H(t) =

∫
D

∫
Q[c[f ] ln

f

c0
dξdX − 3

∫
D

(β[ − β)ρdX. (27)

Note that the first term in (27) is designed to be nonpositive as far as ν ∈ [−1/2, 1),
which is a marked contrast to the case of the first ES-based model. As to the second
term of (27), the following transformation from the definition of β[ is possible:
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(β[ − β)ρ =
1

3RT
{ ∂

∂Xk
(λP

∂T

∂Xk
)

+
∂vi
∂Xj

[µP (
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij) + µB
∂vk
∂Xk

δij ]}

=
1

3R
{ ∂

∂Xk
(
λP
T

∂T

∂Xk
) +

λP
T 2

(
∂T

∂Xk
)2

+
1

2

µP
T

(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)
2 +

µB
T

(
∂vk
∂Xk

)2}. (28)

Here, the following identities have been used:

(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)δij = 0, (29a)

∂vi
∂Xj

(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij) =
1

2
(
∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)
2. (29b)

Coming back to (28), the contribution of the first term in the curly brackets vanishes,
thanks to the periodic condition and the divergence theorem. Therefore,

∫
D
(β[ −

β)ρdX ≥ 0, and

d

dt
H(t) =

∫
D

∫
Q[c[f ] ln

f

c0
dξdX − 3

∫
D

(β[ − β)ρdX ≤ 0. (30)

The last equality holds if and only if
∫
D

∫
Q[c[f ] ln(f/c0)dξdX = 0 and

∫
D
(β[ −

β)ρdX = 0. The former condition requires that f is a Maxwellian, while the latter
condition requires a uniform temperature and ∂vi/∂Xj + ∂vj/∂Xi = 0. Then, the
last condition on the velocity gradients admits a flow field that is a superposition of
a uniform flow and a rigid body rotation. However, the rigid body rotation conflicts
with the periodic condition, and the flow velocity is uniform in the present case. ut

Remark 1. The density is not necessarily uniform in a stationary state.

4 Preliminary tests

Numerical simulations have been conducted to check quantitative differences be-
tween two ES-based models. In each simulation, a dense gas is confined in a spatially
one-dimensional periodic domain withD being its unit region, and a time evolution
from a uniform equilibrium state at rest by an initial sinusoidal perturbation

ρ(0, X1) = ρ0(1 + ω sin(2πX1/L)), (31)

is studied, where ρ0 is the average density of the gas, L is the length of the unit
region, and ω is a factor of the initial perturbation size. Because of the total mass,
momentum, and energy constraints [see (7)], the initial disturbance of density is given
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(a) (b)

Fig. 2 Time evolution of H(t) from the perturbed uniform state with ω = 0.1 in the case
bρ0 = 1/3, c ≡ a/(bRT0) = 3.8, and K ≡ κ/(2bRT0L2) = 1.0 × 10−4. (a) k[ = 0.1 and
(b) k[ = 0.01. The solid line indicates the result of the second ES-based model, while the dashed
red line indicates the result of the first ES-based model. t0 = L/

√
2RT0.

(a) (b)

Fig. 3 Time evolution of the density profile from the initial disturbed state with ω = 0.1 for the
case bρ0 = 1/3, c = 3.8,K = 1.0× 10−4, and k[ = 0.1. (a) the first ES-based model, (b) the
second ES-based model. See also the caption of Fig. 2.

in such a way that the initial uniform temperature is different from the temperature
T0 of the undisturbed uniform equilibrium state, while the initial flow velocity is
zero. Since comparisons between the BGK-based and the first ES-based model can
be found in [20], we report preliminary results of comparisons between the first and
the second ES-based model. In the numerical results to be presented below, the first
ES-based model is well inside the valid range of the H theorem.

Figure 2 shows time evolutions of the functionH(t) from the initial disturbed state
with ω = 0.1 for the case bρ0 = 1/3, c ≡ a/(bRT0) = 3.8, K ≡ κ/(2bRT0L

2) =
1.0 × 10−4, and k[ ≡

√
2RT0/(A

[(ρ0, T0)L) = 0.1 and 0.01, where Pr0 = 2/3
and λ0(T ) is chosen as the one for hard-sphere molecules in the dilute gas limit.
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(a) (b)

Fig. 4 Time evolution of the density profile from the initial disturbed state with ω = 0.1 for the
case bρ0 = 1/3, c = 3.8,K = 1.0× 10−4, and k[ = 0.01. (a) the first ES-based model, (b) the
second ES-based model. See also the caption of Fig. 2.

In both ES-based model, the function H(t) monotonically decreases as the time
increases. However, the evolution in the first model is delayed for k[ = 0.1. Indeed,
instantaneous density profiles do not necessarily agree between the two models
during the time evolution, though the time evolution of density profile is similar as a
whole irrespective of k[ = 0.1 or 0.01; see Figs. 3 and 4. The final stationary states
are not influenced by the difference of models, which also applies to the BGK-based
model [20].

5 Conclusion

In the present paper, our constructions of simple kinetic models are presented, in-
cluding a couple of new proposals based on the ES-type collision integral. The
ES-based models have an advantage over our previous models in that they repro-
duce transport properties appropriately. The two models have a difference in the
monotone property that is also desired as a kinetic model. The first ES-based model
does not fully satisfy the H theorem, while the second ES-based model satisfies it
unconditionally. In this sense, the latter has a better property qualitatively. In order
to assess the quantitative difference between them, numerical simulations of the
one-dimensional phase separation problem have been conducted for the parameter
setting that falls into the thermodynamically unstable regime. Thermodynamically
stable, metastable, and unstable regimes were not influenced by the change of the
kinetic model presented in this paper. As a whole, the two ES-based models behave
similarly, but do not achieve the perfect agreement in the time evolution of density
profile. Further numerical assessment is needed, but is left for future works.
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Appendix

In this Appendix, the fluid-dynamic limit of the second ES-based model will be
studied based on the Chapman–Enskog (CE) method along the lines of Harold
Grad [24, 25]. The case of the first ES-based model is similar, and the case of the
BGK-based model is much simpler.

In order to avoid unnecessary increase of notations and to indicate the scaling,
we shall artificially multiply µP , λP , and µB by a small parameter ε and Q[c by 1/ε
instead of making (20) dimensionless. After the analysis, the artificial parameter ε
is removed or set as unity.

Since µP , λP , and µB are all confined in the difference between Q[d and Qd, we
denote it by εQ̃[d, i.e., Q[d = Qd + εQ̃[d, rewrite (20) as

∂f

∂t
+ ξi

∂f

∂Xi
+ Fi

∂f

∂ξi
=

1

ε
Q[c[f ] +Qd[f ] + εQ̃[d[f ], (32)

and consider a solution of this equation in the form f = f(ρr,∇ρr, ξ), where and
hereafter ρr =

∫
ψrfdξ (r = 0, 1, . . . , 4) with ψ0 = 1, ψi = ξi (i = 1, 2, 3),

ψ4 = ξ2/2, and, unlike the usual notation, ∇ρr represents a spatial derivative of
ρr of arbitrary order. Note that {ρ0, ρi, ρ4} = {ρ, ρvi, (3/2)ρRT + (1/2)ρv2}
(i = 1, 2, 3) and that the present form of f depends on t andX only through ρr and
∇ρr. By multiplying (32) with ψr and integrating the result with respect to ξ, the
time derivative of ρr can be expressed in the form

∂ρr
∂t

+ Fr(ρr,∇ρr, ε) = 0, (r = 0, 1, . . . , 4). (33)

From now on, we seek the solution f in a series of ε:

f =

∞∑
n=0

εnf (n)(ρr,∇ρr, ξ). (34)

Substitution of (34) into (33) gives

∂ρr
∂t

+

∞∑
n=0

εnF (n)
r (ρr,∇ρr) = 0, (r = 0, 1, . . . , 4), (35)

and accordingly the time derivative of f is expressed as

∂f

∂t
=

∂f

∂ρr

∂ρr
∂t

+
∂f

∂∇ρr
∂∇ρr
∂t

= −
∞∑
n=0

εn
( ∂f
∂ρr
F (n)
r +

∂f

∂∇ρr
∇F (n)

r

)
. (36)

Here and hereafter the summation convention rule is applied to the repeated r and
∇. The form of F (n)

r will be determined in the course of analysis that follows.
Substitution of (34) and (36) into (32) gives the following series of equations:
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A[(0)(f (0) − G[f ](0)) =0, (37a)

A[(0)(f (1) − G[f ](1)) =
(∂f (0)
∂ρr

F (0)
r +

∂f (0)

∂∇ρr
∇F (0)

r

)
− ξi

∂f (0)

∂Xi
− F (0)

i

∂f (0)

∂ξi
+Qd[f ]

(0), (37b)

A[(0)(f (2) − G[f ](2))

= A[(1)(G[f ](1)−f (1)) +
1∑
`=0

(∂f (`)
∂ρr
F (1−`)
r +

∂f (`)

∂∇ρr
∇F (1−`)

r

)
−ξi

∂f (1)

∂Xi
−F (0)

i

∂f (1)

∂ξi
− F (1)

i

∂f (0)

∂ξi
+Qd[f ]

(1) + Q̃[d[f ]
(0), (37c)

and so on, where

G[f ] =
∞∑
n=0

G[f ](n)εn, Fi =

∞∑
n=0

F
(n)
i εn, (38a)

A[(ρ, T ) =

∞∑
n=0

A[(n)εn, Q[d[f ] =

∞∑
n=0

(Qd[f ]
(n) + εQ̃[d[f ]

(n))εn. (38b)

Under the conventional condition∫
ψrfdξ =

∫
ψrf

(0)dξ, (39)

we solve (37) from the lowest order. Before going into details, it should be noted
that, by (39) and the property of the ES collision integral [16]:∫

ψrG[f ]dξ =

∫
ψrfdξ, (r = 0, 1, . . . , 4), (40a)∫

cicjG[f ]dξ = ρTij = (1− ν)ρRTδij + νρΘij , (40b)

it holds that ∫
ψrG[f ](0)dξ =

∫
ψrf

(0)dξ, (41a)∫
ψrf

(n+1)dξ = 0,

∫
ψrG[f ](n+1)dξ = 0, (41b)

where r = 0, 1, . . . , 4 and n = 0, 1, 2, . . . .
Let us now start with the solution of (37a). Since G[f ](0) = limε→0 G[f ] =

G[f (0)], (37a) is reduced to
f (0) = G[f (0)],

and thus f (0) is a local Maxwellian:
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f (0) =
ρ

(2πRT )3/2
exp

(
− |ξ − v|

2

2RT

)
,

where the condition (39) has been used. By the same condition, it is also seen that

F
(0)
i = Fi, A[(0) = A[, Q[d[f ]

(0) = Qd[f
(0)], (42a)

F
(n+1)
i = 0, A[(n+1) = 0, Q[d[f ]

(n+1) = Qd[f
(n+1)] + Q̃[d[f

(n)], (42b)

where n = 0, 1, . . . , since Fi, A[, Qd, and Q̃[d are all expressed in terms of ρr and
∇ρr and thus Qd and Q̃[d can be treated as linear operators acting on the expanded
VDF f (n). Furthermore, (37b) is reduced to

f (1) = G[f ](1) + 1

A[

(∂f (0)
∂ρr

F (0)
r − ξi

∂f (0)

∂Xi
− Fi

∂f (0)

∂ξi
+Qd[f

(0)]
)
, (43)

since f (0) is independent of ∇ρr. From (41b) with n = 0, the ψs-moment of (43)
(s = 0, 1, . . . , 4) gives the following constraint for (37b) to be solvable:

F (0)
s =

∫
ξiψs

∂f (0)

∂ρr
dξ
∂ρr
∂Xi

− Fi
∫
∂ψs
∂ξi

f (0)dξ −
∫
ψsQd[f

(0)]dξ. (44)

The above constraint is consistent with the definition of Fs at the leading order
(n = 0) [see (33) or (35)] and eventually leads to the following expressions of F (0)

s :

F (0)
0 =

∫
ξi
∂f (0)

∂ρr
dξ
∂ρr
∂Xi

=
∂ρi
∂Xi

=
∂ρvi
∂Xi

, (45a)

F (0)
j =

∫
ξiξj

∂f (0)

∂ρr
dξ
∂ρr
∂Xi

− Fjρ− αjρ

=
∂

∂Xi

(
ρvivj + (ρRT +

∫
ρ
∂ΦS
∂ρ

dρ)δij

)
+ ρ

∂ΦL
∂Xj

=
∂

∂Xi
(ρvivj + pδij) + ρ

∂ΦL
∂Xj

, (j = 1, 2, 3), (45b)

F (0)
4 =

1

2

∫
ξiξ

2 ∂f
(0)

∂ρr
dξ
∂ρr
∂Xi

− Fiρvi − (αiρvi + 3βρRT )

=
∂

∂Xi

(
(
5

2
RT +

1

2
v2)ρvi

)
+
∂

∂t

∫
(ΦS − T

∂ΦS
∂T

)dρ

+
∂

∂Xi

(
vi

∫
(ΦS − T

∂ΦS
∂T

)dρ+ vi

∫
ρ
∂ΦS
∂ρ

dρ
)
+ ρvi

∂ΦL
∂Xi

=
∂

∂Xi

(
(e+

1

2
v2)ρvi + pvi

)
+
∂

∂t

∫
(ΦS − T

∂ΦS
∂T

)dρ+ ρvi
∂ΦL
∂Xi

. (45c)

If we stop the solution procedure at this stage and substitute (45) into (35) truncated
at n = 0, the Euler set of equations, i.e., (7) with pij = pδij and qi = 0, is obtained.
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In order to complete the solution of f (1), it is necessary to evaluate G[f ](1). The
evaluation needs some direct calculations to conclude

G[f ](1) = 2ν

(2RT )2
Θ

(1)
k` ckc`f

(0), (46a)

where
ρΘ

(1)
ij =

∫
cicjf

(1)dξ. (46b)

Then, taking the cicj-moment of (43) eventually lead to∫
cicjf

(1)dξ(= ρΘ
(1)
ij ) = − ρRT

(1− ν)A[
( ∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij

)
, (47)

with the aid of (46a). Substitution of (46a) and (47) into (43) completes the solution
of f (1). With thus obtained f (1), it is also seen that

1

2

∫
cic

2f (1)dξ = −5

2

R

A[
ρRT

∂T

∂Xi
. (48)

Finally, let us consider (37c), which is slightly simplified as

f (2) = G[f ](2) + 1

A[

(∂f (0)
∂ρr

F (1)
r +

∂f (1)

∂ρr
F (0)
r +

∂f (1)

∂∇ρr
∇F (0)

r

− ξi
∂f (1)

∂Xi
− Fi

∂f (1)

∂ξi
+Qd[f

(1)] + Q̃[d[f
(0)]
)
, (49)

by using the results obtained so far in the Appendix. Because of (41b) with n = 1,
the ψs-moment of (49) gives the following constraint for (37c) to be solvable:

F (1)
s =

∂

∂Xi

∫
ξiψsf

(1)dξ −
∫
ψsQd[f

(1)]dξ −
∫
ψsQ̃

[
d[f

(0)]dξ, (50)

which is again consistent with the definition of Fs at the order n = 1. (50) is further
reduced to

F (1)
0 =0, (51a)

F (1)
j =

∂

∂Xi

∫
cicjf

(1)dξ − ρ(α[j − αj), (j = 1, 2, 3), (51b)

F (1)
4 =

∂

∂Xi

(1
2

∫
cic

2f (1)dξ + vj

∫
cicjf

(1)dξ
)

− ρ(α[i − αi)vi − 3(β[ − β)ρRT. (51c)

Noting that

ρ(α[i − αi) =
∂

∂Xj
[µP (

∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij) + µB
∂vk
∂Xk

δij ], (52a)
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3(β[ − β)ρRT + ρ(α[j − αj)vj =
∂

∂Xk
(λP

∂T

∂Xk
)

+
∂

∂Xj
[µP (

∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij)vi + µB
∂vk
∂Xk

vj ], (52b)

(51b) and (51c) are finally expressed as

F (1)
j =− ∂

∂Xi

(
µ
( ∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij
)
+ µB

∂vk
∂Xk

δij

)
, (53)

F (1)
4 =− ∂

∂Xi

(
λ
∂T

∂Xi
+ µvj

( ∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij
)
+ µBvi

∂vk
∂Xk

)
, (54)

where
µ = µP +

ρRT

(1− ν)A[
, λ = λP +

5

2

R

A[
ρRT. (55)

Thus, (35) truncated at n = 1 gives the Navier–Stokes set of equations, i.e., (7) with

pij = pδij − µ
( ∂vi
∂Xj

+
∂vj
∂Xi

− 2

3

∂vk
∂Xk

δij
)
− µB

∂vk
∂Xk

δij , (56)

qi =− λ
∂T

∂Xi
. (57)
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