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Abstract 

We study the local existence of the classical solutions to the quasilinear system. 
This proof has already been given in several books. However, there seemed to be 
some gaps that we was not able to fill in. The purpose in this paper is to provide 
the new proof. 

In this article, we give a proof of the local existence of the classical solutions to the 
quasilinear system 

Ut + A(x, t, u)ux = h(x, t, u) 

with initial data 
u(x, 0) = u(x), 

where we assume 
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x E [a, bl, (2) 
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(A) Each matrix A(x, t, u) has n real distinct eigenvalues. The functions A:~ x ~+ x 
~n -+ ~n X ~n and h : ~ X ~+ x ~n -+ ~n are continuously differentiable with 
respect to all variables and their derivatives are locally Lipschitz continuous with 
respect to all variables. In addition, we assume u is continuously differentiable. 

Remark 1. In /1}, it is not assumed that the derivatives of A and h are locally Lipschitz 
continuous. However, this assumption seems be needed in the proof. 

For simplicity, we further assume that A(x, t, u) is a diagonal matrix, i.e., 

A(x, t, u) = 
0 

0 
Then we have the following theorem. 

Theorem 2. Suppose that A, h, and u satisfy the assumption (A). Then there exist con­
stants A, T > 0 and a continuously differentiable function u which is the unique classical 
solution of (1), (2) on the domain 

V = VA,T := {(x, t) : t E [0, Tl, a+ At::; x ::; b - At}. (3) 

Proof. To get the solution, we consider the sequence u(v) : V-+ ~n such that uC0l(x, 0) = 
u(x) and, for v :::0: 1, u(v) = (ulvl, ... ,utl) is defined inductively by the solution of the 
semilinear problem 

ui;) + A;(x, t, u(v-l))ui1 = h;(x, t, u(v-l)), u(vl(x, 0) = u(x), i = 1, ... , n, (4)v 

where h; is the i-th component of h. 
The proof consists of 5 steps. The first three steps follow the argument in [1]. The 

essential part is Step 4. 
Step 1. We set 

Co:= max lu(x)I (5) 
xE[a,b] 

and choose A in (3) to be 

A= max{I.X;(x, t, u)I : t E [0, 1], x E [a, bl, lul ::::; Co+ 1, i = 1, ... , n}. 

Under the choice of A, the set V becomes a domain of determinacy for ( 4) v provided that 

T::; 1, lu(v-ll(x, t)I::::; Co+ 1 for (x, t) EV. 

With the assumption (A), one can choose constants C1 and C2 such that 

lu'(x)I::::; C1, lh(x,0,u(x))-A(x,0,u(x))u'(x)I::::; C1 for all x E [a, b] (7) 
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and 

lhxl ::; C2, lhtl ::; C2, lhul + IAxl ::; C2, lhul + IAtl ::; C2, IAul ::; C2 (8) 

for all t E [0, 1], x E [a, bl, lul ::; Co+ 1. 
Let Y be the solution of the ODE 

Y' = C2 (1 + nY)2, 

Then Y can be solved explicitly by 

- 1 ( 1 ) Y(t) - - ------ - 1 
- n (l + nC1)-1 - nC2t 

We now choose T > 0 small enough such that 

laT nY(t)dt ::; 1. 

Step 2. We now prove by induction that (6),, holds together with 

(9) 

for all (x, t) E V, v E NU {0}. (10),, 

If (6),, and (10),, holds for all v 2 0, then we will prove the following: 

(a) V serves as a universal domain of determinacy for all problems (4),,. 

(b) The Lipschitz constant of the functions u(v) is uniformly bounded on V. 

(10),, is obvious for v = 0. Suppose that (10),,_1 is true. Then, by (5) and (9), we have 

lu("-1l(x, t)I ::; lu(v-ll(x, 0)I + lat lut-1\x, s)lds 

::; lu(x)I + lat nY(s)ds::; C0 + 1 for (x, t) EV, 

(11) 

which proves (6),,. It follows from [1, Theorem 3.6] (see also [2, Theorem 6]) that problem 
(4),, admits a classical solution uCv) on V. Moreorver, ifwe write tiCv) := utl, tuCv) := utl, 

and ti~"l, tu~v) denote the i-th component of tl(v), tu(v) respectively, then they will be broad 
solutions (see [1, p. 48] for its definition) for the following systems 

tl(v) + A· (x t U(v-l)(x t)) tl(v) = h- + h- · U(v-l) - (>-· + A· · U(v-l)) tl(v) i,t i , , , i,x i,x i,u x i,x i,u x , i = 1, ... ,n, 
(v) , ( (v-1) ( )) (v) _ h h (v-l) (, , (v-1)) (v) 

ltli,t + -"i X, t, U X, t ltli,x - i,t + i,u · Ut - -"i,t + -"i,u · Ut Ill , i = 1, ... ,n, 

which implies 

d { (v)( (v-1)( . ) )} _ h h (v-l) (' \ (v-1)) (v) dT tli Xi T, X, t , T - i,x + i,u · Ux - -"i,x + -"i,u · Ux tl , i = 1, ... ,n, 
(12) 
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d { (v)( (v-1)( . ) )} _ h h (v-l) (' , (v-1)) (v) dT IU; X; T, x, t , T - i,t + i,u · Ut - /\i,t + /\i,u · Ut llJ , i = 1, ... ,n, 
(13) 

where T r-+ x~v-I\ T; x, t) denotes the i-th characteristic curve related to u(v) passing 

through (x, t); more precisely, x~v-I\T; x, t) is the solution of 

dX - . ( (v-1)( ) dT - Ai X,T,U X,T) ' X(t) = x. (14) 

Define 

In view of (7)-(8), (11)-(13), and the induction hypothesis, we obtain that 

provided that Y(T) ::; Y(T). A simple comparison argument gives that Y(T) :":'.: Y(T) for 
all TE [0, T]. Thus, by induction, we complete the proof of (10),,. 

Step 3. Next, we show the uniform convergence of the sequence u(v) on D. For 
simplicity, we write 

UV= u(v)_u(v-l), >..r-1(x,t) = A; (x,t,u(v-l)(x,t))' hr-1 (x,t) = h; (x,t,u(v-l)(x,t)). 
(15) 

From ( 4), we get that 

i = 1, ... ,n, 

and then 

!!__ { v( (v-l)( . t) )} = hv-l _ hv-2 _ ('v-l _ ,v-2) (v-1) 
d ui xi T, x, 'T i i /\i /\i ui x ' T , 

i = 1, ... ,n. (16) 

From the assumption (A), there exists a constant 0 3 such that 

IA(x, t, u) - A(x, t, u')I :":'.: C3lu - u'I, lh(x, t, u) - h(x, t, u')I :":'.: C3lu - u'I 

provided that (x, t) E 'D, lul, lu'I :":'.: 0 0 + 1. On the other hand, the bounds (10) say that 
there exists a constant 04 such that lutll :":'.: 04 for (x, t) E 'D and v EN U {0}. We now 
consider the function 

Z,,(T) := max{lur(X,T)I : XE [a+ AT, b - AT], i = 1, ... , n}. 

Then (16) yields that 

Z~(T) :":'.: C3nZ,,_1 (T) + [C3nZ,,_1(T)]C4 , Z,,(O) = 0. (17) 

Then the uniform convergence of the series I:Z,,(T), for TE [0,T], follows directly from 
the following lemma. Therefore, the sequence u(v) is uniformly convergent on D. 
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Lemma 3. Let { Z,,( T) }v>o be a sequence of continuous, non-negative functions satisfying 
Z0 ( T) :S Z ea7 • Suppose that a > 0 and f3, Z :::=,: 0. If Z,, ( T), v :::=,: 1, satisfy the following 
recurrent inequality 

for v :::=,: 1, 

then, for v :::=,: 1, 

00 

LZv(T) = e(a+f1)7 y, 
v=O 

Proof. Let 

From (18), we deduce 

Multiplying e-m and integrating the resultant inequality on [0, Tl, we have 

W,,(T) :S /31 7 
ea(T-ry) Zv-1(TJ)dTJ, 

which together with (18) gives that 

Z,,(T) :S /31 7 
ea(T-ry)z,,_1(TJ)dTJ. 

Then one can easily obtain (19) by induction on v. □ 

(18) 

(19) 

Step 4. Here we observe [1]. The first term on the right hand side of [1, (3.126)] is 
v~-1 = u~;1, not v"-1 . Since we consider classical solutions, u~;1 does not make sense. 
Therefore, we need to modify the argument. To do this, we prove that the subsequence 
of u<;;:l converges uniformly by the Arzela-Ascoli theorem. This step is the essential part 
of this paper. 

We first prove that uC:) is equicontinous on D. Since uC:) and ut) are uniformly 
bounded on D by (10), there exists a C5 > 0 independent of v such that 

luC"l(x,t)-uCvl(x',t')I < Csrl'i if l(x,t)-(x',t')I < 61 and (x,t),(x',t') ED (20) 

for all 61 > 0. 
For any fixed c > 0, we choose 62 such that 0 < 62 :S 6i/C6 :S c/(4nC7), where C6 ,C7 

are constants determined later. Moreover, let (x, t) and (x', t') be any two fixed points in 
D such that l(x,t)- (x',t')I < 62 and t :::=,: t'. 

By (14), we have 

d (v-1)( . ) _ ).v-1 ( (v-1)( . ) ) _. ). 
dT xi t - T, x, t - - i xi t - T, x, t , t - T -. - i, (21) 
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and 

-X- t - -T X t - --/\- X- t - -T X t t - -T -. --/\-. d (v-1) ( 1 t' . , ') _ t' ,v-1 ( (v-1) ((, t' . 1 ') t t' ) _. t' ,, (22) 
dT i t ' ' t i i t ' ' ' t t i 

For any fixed v, we use xi( T) and x~( T) to denote x~v-l) ( T; x, t) and x~v-l) ( T1( T ); x', t') for 
simplicity, where T1(T) := fT. Substracting (22) from (21), we get that 

d ( ')( ) ( I ) t' - t I - X· - X· t - T = A· - A· + --,\. dT i i i i t i· 

The Lipschitz continuity of Ai and (20) yields that 

(23) 

(24) 

for some constant C8 . Applying the differential inequality on (23)-(24), we have that there 
exists a constant chosen as C6 such that 

(25) 

And (25) holds for any two points (x, t), (x', t') ED such that l(x, t) - (x', t')I < 62 if T 
is a sufficiently small constant independent of v and 62 . 

We now prove by induction that, if there exists a 63 > 0 such that 

c 
lu'(x) - u'(x')I ::::; 2 for Ix - x'I < 63 and x, x' E [a, bl, (26) 

then, for every v ;:::: 0, we have 

lutl(x, t) - ur\x', t')I < C if l(x, t) - (x', t')I < 62::::; ci and (x, t), (x', t') ED (27)v 

provided that Tis small enough. (26) follows directly from the assumption (A), because 
u'(x) is uniformly continuous in D. In addition, it is easy to see that if (27)v holds, then 
we also have 

lur\x, t) - utl(x', t')I < ([C1] + l)c if l(x, t) - (x', t')I < C162 and (x, t), (x', t') ED, 
(28)v 

where [·] denotes the greatest integer function. (27)v for the case v = 0 is obvious. We 

assume that (27)v-l holds. To show that (27)v is also true, we write vv(x, t) = u;'.'\x, t) 
for simplicity. From (4)v, we have 

where .\1-1 and ht-1 are defined in (15). We obtain from (29) that 
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we also have 

dd v[(x;(T),T'(T)) = f dd v[(xi(T'),T') 
T t ~ 

= f {hv-l + hv-l. Vv-l _ Av-lvv _ (>.v-l. Vv-l) vv} (x'(T) T'(T)). t i,x i,u i,x 1, i ,u 1, 1, , 

(31) 
Let 

wv(T) := vv(xi(T),T) -vv(x;(T),T1(T)). (32) 

By (30)-(32), we get that 

_<!:_wv(T) = { [hv-1 + hv-l. Vv-l _ Av-lvv _ (>.v-l. Vv-l) vv] (xi(T) T) dT i i,x i,u i,x i i,u 1, , 

_ [hv-l + hv-l. Vv-l _ Av-lvv _ (>.v-l. Vv-l) vv] (x'(T) T'(T))} 
i,x i,u i,x 1, i,u z z , 

t- t' + __ {hv-l + hv-l. Vv-l _ Av-lvv _ (>.v-l. Vv-l) vv} (x'(T) T'(T)) t i,x i , u i,x i i, u 1, i , 

(33) 

=: I1 +h 

The C 1 continuities of h, A, and (6) give that there exists a constant chosen as C7 such 
that 

II I C1lt - t'I C102 f 
2 <---<-<­- t - t - 4n( 

On the other hand, we write Ii as 

where 

J1 := {hr,;1(xi(T),T) - hr,;1(x;(T),T1(T))}, 

J2 := {hr,~1(xi(T),T) - hr,~1(x;(T),T1(T))} · vv-l(xi(T),T), 

J3 := hr,~1(x;(T),T 1(T)) · wv-l(T), 

J4 := - { >-r,;1(xi(T), T) - >-r,;1(x;(T), T1(T))} v[(xi(T), T), 

J5 := ->-r,;1(x;(T),T1(T))w[(T), 

J5 := - { (>-r,~1(xi(T), T) - >-r,~1(x;(T), T1(T))) · vv-l(xi(T), T)} v[(xi(T), T), 

J7 := - { >-r,~1(x;(T), T1(T)) · wv-l(T)} v[(xi(T), T), 

Js := - { >-r,~1(x;(T), T1(T)). vv-l(x;(T), T1(T))} w[(T). 

Applying (6), (20), (25), (28)v-l, and the assumption (A), we obtain that 

(34) 

(35) 

(36) 
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for some constants C9 , C10 • The uniform boundedness of u<v) and ur') gives that 

(37) 

for some constant C11 . Using the differential inequality on (33)-(37) together with (26), 
we have 

luf~ (x, t) - uf~; (x', t') I = lwi") (t) I ::::; ~ fort E [O, T] 

if T is small enough, which is valid for i = 1, ... , n. Therefore, (27),, is also true. By 
induction, we get the equicontinuity of u¥;') _ 

Step 5. We are in a position to prove the local existence of classical solution for 
problem (1), (2). Since u<v) is uniformly convergent on D, we let 

u(x, t) := lim u<"l(x, t) for (x, t) E 'D. (38) 
v--too 

On the other hand, since ur') is uniformly bounded and equicontinuous on D, the Arzela­
Ascoli theorem says that there exists a subsequence {vk} of N such that ur'k) is uniformly 
convergent on D. Thus, we get that 

u (x t) = lim u(vk) (x t) (39) 
x , k➔oo x , 

exists and is continuous on D. From (4) and the Lipschitz continuity of hi, Ai, we find 
that 

lim u(vk) (x t) = h- (x t lim u(vk)) - A· (x t lim u(vk)) lim u(vk) (x t) 
k--too t ' ' ' ' k--too ' ' ' k--too k--too x ' ( 40) 

= hi(x, t, u) - Ai(x, t, u)ux. 

Since the convergence in (40) is uniform with respect to x and t, we have 

lim utk)(x, t) = ( lim uhl(x, t)) = Ut(x, t) (41) 
k--too k--too t 

exists is continuous on D. Combining (40) and (41), we prove that u is a classical solution 
for problem (1), (2) on D. Its uniqueness follows directly from [2, Theorem 1]. □ 

Remark 4. If ur') converges uniformly, we can deduce from (30) 

vi(xi(t), t) - vi(xi(0), 0) = lat {hi,x + hi,u · V - Ai,xVi - (-Xi,u · v) vi} (xi(T), T)dT. (42) 

However, since we prove the uniform convergence of only the subsequence, we cannot 
obtain ( 42). 

We next consider the characteristic curve xi"\t;(), which is the solution of 

dX __ ( (v) ) dt --X, X,t,u (X,t), X(0)=f 

Then, we cannot prove the uniform convergence of the derivative with respect to initial 
data, i.e., 

lim xi")(t; () = xi,t;(t; () uniformly. 
v➔oo '~ 

(43) 

We do not know whether (42) and (43) hold or not. 
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