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Canonical systems arising from £-functions 1 

]JltJ.l{I*::k"F ::k"f:il1cl.lI"f:-@f~tl[. ~"f:W:Jj(: ~*iE{~ 1S11z11ki. \L1:-.at():-.lii., 
l),•p;ut 111f'ttl 1i1· \Lit ltt't11;1t i, ,,. Ti ,, 111,t i1111,· ,ii· Ti·clt1111]"g·1 

1. ff)( 

lilf~-~-C9B£R l, tda~ii. ~,tfr~l~Bl:fr!ff-CiE~* ( c;111011ic;il S_\ :-.I ('!HI C: 1!¥tf':ho 
-~~~:B-:.BmA*~.~-?<'00~·£00~(~~.~~~b~L r~-?<'OO~J tJ: 
,~:) O)~t.(:fr;fiJO)lilf~t:J;t,ffl L, J: -5 t 1,, -5 ~JJ-0) $-Cfi G :ht:: t 0)0)--:J-C~ o. -~ 
ii=.:nt:009 o~.i:tfiffl~~_mt}.T 10 ~ <'' G 1,,t:t,t. o. -f :ht!.tt~ -:J T t ~1}]0) § 1'1'9ii 
~!¾ ~ :h T 1,, t,t. \,, iJ!. -~O);JW)t t -f :tl,t,t. IJ t: t:: i -:J T ~ t::. -f;::. -C;zts:fi'i/i-C ii. ± t: -f 
:hGO)ffiliOO•~--~O)D■O)$-CO)&•M0~~~~~0=.t~J:-:JT.ffl~$~ 
9B£R l, t::~~t:009 o Fsi~i'f'9t,t.~,~~fi -5. 9B£Ri7'J~O)~i\llll t::!@l!OiiJ!~ o 7J ii l:!,I ~ 
J!TJJi~t;:1,,_ it::. -ll-?<'OO~tiE~*t1,,"57-~A.O)AP~B~M~t l,T l:211 ~~ 
~Tas<. ~$.;zt,:fi'iljO))t*£R~~o-~0)~-~~~--~0)$-b~-~PS~77 
-1 Jv'/J;~ o'/J> lJ::.,, ::7iJ!Jli!i-:J T ~ o O)c'. $~t: GTJJi ~ t:: "'· 

:2. 'W:J:tD■ 

-~iJ!iE~* ~ J:§1,,t::-ll- ?<' 00~0)li]f~t::!@l!Oi~fiJ'-:J t:: ~ -:J '/J>/t ii Lag:1ria:-. 1ml -C 
~-:Jt::. =. =. -CfBUi. -li'-?<'OO~mfat:astto~~-C~o llic111n1111 r1ll.~iE~*~jmt.; 
Tlilf~9 o ;::_ t ~~~l,T\,'o. 

Hi<'llJ;\llll -y~O)~,~A.0)13.1] f,t.JJttO){~fli t t., T. ,WIJ .:Jt. tf' \ \ t·il :fr;f[JO)iE{i!l't! ~ ~9 
=.t'/Jf~/f'G:ho. :!(J()()~ITTJfit:D<'lliHl!,('l r.·-ii. llarnn r,1. Collll('S 111 . .\lt'\('l 11:21 tct,t:_' 
iJ!t±:'r#& ~ :ht:: =. t c'. ~~ii=. 0)7:J roJ-C{iiJ'/J>Ji.MiJ{ft G :ho 0) c' iit,t. 1, ,iJ, t 1,, -5 Jl:JHfiJ! 
fiJ't:: :h T 1,' t:: J: -5 t:}~t -5. ~~- =. :h G 0) },_;, iJ!~ 6 -5 t L, T 1,' t:: =. t ii. -ll- ?<' 00~ 
mfti-CS,,§~0A t 1!¥tf':h T\,' o~A~. SdlH·rg J?mi0AO)~{~ t.W,t,t.9 =. t /: J:-:J L. \\<'il 
:fr;frJO)iEf@'t! ~ft J: -5 t 9 o t 0)-C. µx;J}J9 o tct. G t;f~t -=:EJ1ii'f'9t,t.M~:.Btt t <3 .:Jt. t::. 
L,'/J> L, t,t.'/J; G. !l&J.ii-f -5 J:-¥ < iiJi.i-f. t'Xffit:a,,§ G '/J>t:t,t.-:J t::::zts:~i'f'9t,t.F"ilmt.c~M 
~9 o f;:/i) t:. ('011111•:-; ii lB\ J:O)~{iif~/:. 1)1•11 i 11g1•1 ii 3 t'}{jcO)~/i~FsiJ:0).1:J~*O) 
J?mi0At:Ji_c!}t,t. t:.' . • f:!Jiiii~ L, T\,'-:J t:: J: -5 t:}~, -5. -f O) J: -5 t,t.~-C. -~ii~~;:_:ti, 
G O)li]f~t::!@l!Oi~fiJ'-:J T ii1,,t;: t 0)0)_ §:fr-CtfiifiJ,~-:J T JJ.J: -5 t i-CiiJ!l;Jt.t,t.'IJ>-:J 
t::. f,t.$. I3urnl,i1·1i L1g,1ria:-. 1:21- Llgaria:o 1111 /: J: o \ . .J. Li O)~j~/:-:J\,\TO){±• 
~- ll<'llT '\('i\ti11p; 11 It: J: o!l&J:f!l!.i'f'9M)l!R~jf;/: l,f;: ll1•JT\ l,1•;11 ing J\ ~ }v }- .::. 7 ::.,,0) 
1t~t,t. t:'t jqj~:lt§O)t±:'r*•-c. 1,,;s 1,,;s t,t.J-.1:t n!a,,§1:aftt:wU~Gi'l--:J T. nit•111:i1111 r1ll. 
00JIO)lilf~'h;~ IJ J:iJ!-:J T 1,, t:: J: -5 t:J~t -5. 

-f /vt,t.$. ~~~~-C~-:Jt::-~ii. :ZIHI I~/: L:1g,11i,1s t~:::i~fi1,,T\,'T. -fO)~ 
-c rn. 11 iJ ~ ~[h t::. -f = -c L1µ,;11i;1,, ii. n i1·tlli\llll -ll- ?<' 00~~ Lliric-lilt•t LOOM& t iE~ 
*O)oo•~~tTas 1J. (-~1 m('lll,lllll r~iiiE~*O)J\ ~ Jv !-- -=- 7 ::.,,0)i£f@•ttt:x-t 
J;t, L, T 1,, o. t 1,, -5 .W.M~~~ T 1,,t::. S,,§~0A~ffl1,,T J!.{*1'1'91:fi ~~~ o Yrl'il :fr 
;f[JO)iE{i!l't!ttiliFct.~. i\(' ]li,11t.).',P~ O)~JE'.:f!l!. rfi~) t:J:-:JT-ll-?<'OO~t:x,f'J;t,~~G 
:no iE** O)J\ ~ Jv !-- .::. y::.,, 0) iEf@'t! t ", -5 t 0) ii. t:' -5 ", -5 ffiO) t 0) t,t. O)'/J>ii~ < :fr 
iJ, G t,t.iJ,-:J t::O)t!.iJ!. = 0) r J: < :friJ, G t,t.1,,t O)O)i£f@'t!n; Hi1•rn,11111 r~1::x,tJ;t9 o 
t 0)-Ciif,t.\, ,iJ, IJ t \,' -5 ~~/:-~ti t L t:!@l!Oi~'i: ?t. t::. -f O):f!l!.El3 ii. t l, Ligaria,-

1,: 0)./vf~/il!iillt./vf~ 1 C', (./vf~1-l(;Jf'l: ~7'(i:E{~ . ./vf~llllfil'!1ll'-'%: l i"h.(J."jl(j:_\) O)Jl}])¾'a".~IJ-C\,' i 't. 
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iJtwaut~1\ ~ Jv 1---=- 7::,.,, t ,,·(•il 1t11Jt:l![~1¥Jt.tOO~iJt&:>-o t.t G./\~ Jv 1---=- 7 ::,.,,1:00 
9 -o ~~iJq\·t·il '11ll t:ffi L, \,, 5l!,::.fj ~ lJ.;z -o -C:- &:> 6 -5 L,. J\ ~ Jv 1--.::.. 7::,.,, t \\'(•il '11ll t: 
I![~l¥Jt.t00{*iJ{f,t\,\f,t G. r /\ ~ )v 1---=-7 /'O).iE{ilfH!~jf-9J t \,\ -5 llic•lliilllll -ymA. 
O)~ < ffi L, 1.,,::1:JttiJtf~G:h-oiJ• G c'&:> -o. :::. 0) t:''t G iJt.iE L, 1.,,0)iJ•t;J: -ll-~ OO~t:x-_t 
Jit9 -o 1\ ~ Jv 1--.::.. 7::,.,, t: -:J \i, -C. {i!JiJ•J! ~1¥]t,t:::. t iJt,tiJ, G t.t \i ,mpJ ;;f S,§tiiJt t:''t G 
t::fi ✓3;~t::it J: oia 1., ,O)c' ta:t.t 1.,, iJ• t ~ ~O) §1111:: ta:J~v:nt~. t -t .:s 1v. , \°(•il 1t11J t 
-ll- ~ OO~t=xtJit9-o.iE~*O)J\ ~ )v 1--.::.. 7 ::,.,,t;J: f;JS1[1.,,1:{i!JO)OO~t f,t\,'J t \,\ -5 
r'iJ'f3M!t~.:zG:h-oO)f£iJt. t:''t Gt llillwrt l'<,k,1-ymO)~JJat L,-C. -ll-~00~0) 
~g IO)mtf~) O)ufil~fu'l:Wil~~lJ..:z -o t 1.,, -5 gc-:::lt~ 1..,-c1.,,-00)c-. fi!JO)OO~t t.t\i' t 
\,\ -5 :::. t /;l:ffl€\,\ ti 6 -5 t \i, -5 ~llal¥J.5'l!,::.fj ~ L, -C \i, t~. 

t t:J:1.,,.:z_ -1±'- ~ 00~1::.xtJit9 -o.iE~*O)J\ ~ )v 1---=- 7 ::,.,,1:: "'.)1.,,-cm -o t~MJ ,::. ~~ 
1: -c:- ~ ~ -5 t.t%fi~~t;J:5l!, "'.) iJ, G 'f. {ilJ ~ 9;ht£\i, 1.,, 0) iJ•.5'l!,~ t "'.J iJ•t.t iJ,-::> t~. ~ 0) J: 
-5 t.t~l\lH,iJ• G. ~ O)fit t:' 0) J: -5 t:~~iJt~~ L,-c 1.,,-:> t~ 0) iJ, ~ PJ l'"c-JZ!! A. -o iJt. ~ 0) t~ 
Ml 1::. i'Xffiic-.iE~* /:: 009 -o ~*fflfilft.t t:' ~. ~,~ffl:tJ\~jiO)falfflc-i t MJ-C B < . 

:L ~*fflfilft,t t:' 

:u. iE$*· ~~Hit~t;J:ffl€~HO)*OOIRFe1iI = [t0 ,t1) (-oo < t0 < t1:,::; oo) 1:c'JE~~ 
:ht~ 2i'JZO)~xt#flfi1Ut::f[l'l:~t-:JOO~H: I---+ Sym2 (JR) t::xtG-C. z Ere c-1\7 ;,( -
~M0G:h~Jl:O)l~■~mS511:J~~* 

i:Ui .!!:__ [A(t,z)] +z [O -lJ H(t) [A(t,z)] =O 
dt B(t, z) 1 0 B(t, z) 

~~.iE~* (q1rn~i ca11011ical s,·strn1) t 11'¥ ✓3;~. ~ G /: 
• H(t) /;l: I 1:0) Lc·lH'Sf.!,ll(' lUm'. 0 O)tf~51ffi€i'~ ~1.,,-c *.iE5:Ef@-C:-&:> 1J. 
• H(t) t;J: I O){f~O) LclH'Sf.!,ll(' lUtl'.iJ{i£0)tf~51ffi€i' 1:c''r!i~8~/:: O c-t,t <. 
• H(t) t;J: I O){f~O) :J::,.,, l\ 7 J--'(f~,tffi-g, J::c-~pJG,tiJtr'[ffi,t 

-C:-&:>-ot~. (:U) ~.iE~* (ca11011ical ~n,lrn1) t!P¥tf. fi3tU{u'l:00~ H(t) ~.iE~*O) 
1\ ~ Jv 1---=- 7::,.,, t 11'¥ ✓3;~. it~. J\ 5 ;,( - ~ z O)falffi ~ re O)tf~,tffi-g,t: ~15:E 1.., t~~.iE~ 
*~~~j.iE~* (larnw\l',· c-,UH>nical s\·srcm) t1Jl¥ ✓3;~. t~tiL,. camrnical s,·smn C:\i''J 
fflfilft;J:~;(:j".O)t O)f;:'iJt. q11;1si c·;rno11ic-:il ~nt('lll -'?> hc-1111;11T (',IJl()llic-,11 S\Sl(']II t \,\ 'J ffl 
filf ta:. •~O)wa::z->?>iaJJti it-c:-ftm ~ :n -c 1.,, -o fflfilf t.t 0) -c:-. ::z~~ wi!A. -o t ~ ,:: ta:tt~ 
1.., -cm~ t~ 1.,,_ t t~. *:¥i->?>*li'l1it:OOjl 1.., td!fl::z-c:-ta:. ~.iE~*->?>~~i.iE~*'=xt 1..,-c 
t. H(t) ~ /\ ~ Jv 1---=- 7::,.,, t 11'¥/v -c:-1.,, -o iJt. ~ 0) J: -5 t.t ~ ~O)'l;Lffl t ~~8~c'ta:t.t\i,:::. 
t t ff~ L, -c JS< . .iE~* 1:: 009 -o ~*1¥1)'(~ t L, -c ta:. W!J .:z t;f Im :2GI 0))(~£U.t t:' 
~fifl)Jl]Ji ~ t~ \i' . 

.iE~*O)J\ ~ Jv 1---=- 7 ::,.,,ta:~$.iJ~i t~t:l::li-f-.iJ~t:JStt -01\ ~ Jv 1---=- 7 ::,.,,~ 1 &:> -o 
~~C' _I ~~ff:: L, t~ '6 0) /: f,t-::> -C \,' -o. l:2 11 0) l ,--::-:) § f,t t:' /;J:yiffll¥Jc·.5'l!,-'?>9\,' t J~ 'J. 

:L!. Herrnitc· Bieliler ?7A. ~00~ E c'. {f~O) z Ere+= {zl~z > O} /:"'.J\,' 

-C IE"(z)I < IE(z)I iJtpx; IJ t.l.'t. ~fffll:/::~,~~Mt~t,t\,''E)0)~{,11:~ Hcrmilt' Bid1lc·r 
7 5 7-. t !P¥tf. PJ 7'". lHilIB t ~9. :::. :::. c-. FU(z) := F(z) t L, t~. :::. O)!c %!:l:PJ!i?f:c-t 
/Jii~t:ffl\i'-o". E iJtlHIIIB t:~9t~. :=.:nt:MllJH9-o 

B(z) := ~(E(z) - E1(z)) 
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t;t~t=~~OOM& (~!1!11!1:c'~M&fuH: t Q~OOM&) -c~ I'.). ~1~t;j:9/'(-C~11!H1J::0)$~~ 
1~-C ~ Q. it::. E iJ!xttff\ IE«(z) = E(-z) :a::mt:: 9 t 1,, -5 :: t) tct: G ti'. A(z) t;t{~OO 
M&-c~ IJ. B(z) ti~OOM&-C~Q. 

:u. iE$*0)M. [to, t1) X <C J::0)00M&O)~\Ji (A(t, z), B(t, z)) -c, iE~* I :u I :a::mt:: L,. 
~Q a E [0,1r) /::J: IJ5EiQ-1=1li#il,~c'O)~{tf:limt-tt,A(t,z) = cos a, limt-tt,B(t,z) = 

sina :a::mt::9tO)iJ!lj..:zGtit::t9Q. :'.':.O)t~. {f~O) t0 ~ t < t1 /::-:J1,,-c 
E(t,z) := A(t,z)-iB(t,z) t;t lH!llll /::}:i9~1ilM&-C~Q. d(' Brnllg<'S /;t:'.':.O)~:a::~L,t;:. 

:l. I. De Brangcs O)~JE'.II. EE lHillll tct: G If'. ~ Q gr~ I= [to, t1 ) 1:c'JE~ ~ tit;:J\ 
~JvJ--.::.7/ H(t) iJ!;(cft[G-c. ::tit::M~9QiE~* 1Tll O)M (A(t,z), B(t,z))-C 

A(t0 , z) = A(z), B(t0 , z) = B(z) 

J( . ) ( ·= A{J;z)B(t, w) - A(t, w)~ ) 0 ( ) (:Lli t,z,w . ( _) -+ t-+t1 
7r w - z 

:a:: mt:: 9 t 0) iJ!;(cftf 9 Q. :'.':. :'.':. c' z, w E <C /;t{f ~ /:: 1!'!15:E ~ ti-C I,' Qt 0) t 9 Q. L, iJ• 
t H(t) ta:. E(O) = 1 t 1,, -5 iEtJH~O)t t. t O)~M&~fj~O)~:a::~1,,-c-~-c~ Q. 

:: :: -cgrsi0)-1=1Ji#ili!(-CO)~{tf: (:l.:l) t;tm~-C. :: tiiJ! ··§ BJFct:·· H(t) :a::tJF~ L, -c 1,, 
Q. ff!J .:z tf'. T > 0 t xttff\tct:~OOM& E iJ!lj.;z G tit:: t ~. 0 ~ t < T /::xt l,-C A(t, z) = 
A(z) cos(tz) + B(z) sin(tz). B(t, z) = -A(z) sin(tz) + B(z) cos(tz) t JE~9 Q. 9 Qt 
::tiGti. I= [0,T)l:c' H(t) = [li1] t::xtG-CiE~* (:U :a::mt::G. L,iJ•trJJ!W~{tf: 
r :121 t mt:: 9. L, iJ• L,. :: 0) H(t) iJ!lj. .:z G tit:: E /:: -:::i 1,, -C {iif O)•['i!ff~ t t t:: G ~ tct: 1,, 
O)t;tB)§iJ•c-~Q. :'.':.O)~rfic'. :'.':.O)J: 5 tct: A(t,z). B(t,z). H(t) t;t§BJ§tct::tO)t §.:ZQ. 
:: 0) t ~. J(t; z, z) = (IE(z) l2 e-t<Jz - IE"(z) l2et<Jz) / ( 41r':sz) t tct: Q iJ> G. 4.:z G tit:: E 
iJ!r~M&OOM&-ctct:ittit:f. ~:/.Jct: T > o 1::xtG-ct (:u1 ra:mt::~titct:1i'. 

t:: 6-C. 9:U -C-1=1limL~c'O)~{tf::a:: 1 :U) t l,-C tllliJ•--:d::O)t.::iJ!. -f O)~it. E(t, z) 
iJ!~J!!HIJ::t::~ g :a::~-:J-aJ~~•t!iJ!~ Q O)c'. ~J'i~~ :a::~it Q t::th 1:: ~ 0) J: -5 t:: G t::. 

1. rJJMO)~J/: 

Llµ,,11im, iJ! Ii llJ -C~ L, t:: 0) t;t, ((s) :a:: ni<•rn,nm -tt- :)7 OOM& t L,. ni('lll,lllll ~-OOM& 

~(s) = (1/2)s(s - l)1r-s/2r(s/2)((s) 

1111 ELa(z) := ~(1/2 - iz) + ((1/2 - iz) 

t 5Eth Q t. ~(s) O)~ giJ!9 /'( -c lmJH,,Jl ~(s) = 1/21:/:: ~ I'.) lni<'llli\llll rfll 1. L, iJ•t 
$~-C~Q:'.':. t (silllplicit\ rn1t_i('ct1m:1 t. ELa iJ! lHillll t::):i9:'.:. tt;t~{il[•t!t.::tli''J 
:: tt.::---;)t;:. Gt::iJ!---;)L. Hi,·111;11tll rmt silllplic-it\" c-011.icnnr<' iJ!i£L,1,,t9titf'. d(' 
l3r,llll!,<'S 0)~5:E;f!j!_/::J: IJ. ~~tct:IRF~l:c'}E~~tit::. ELa t::xtJit9QJ\~}vJ-,.::.7/ 
iJ!;(cftf 9 Q. * t::J£ /'( t:: Lag,1 rim; 0) Jl!.M t \,' 5 0) ta:. :: O)J\ ~ Jv 1--.::. 7 / 0) iE {il[•t!iJ! 
lfarn.1 l\11 rmO)~;fj!/:: tJ:---;) -c \,\Qt\,\ 5 Jl!.JJc'~ Q. L, iJ> L, fct:iJ! G. d(' llr;n1c;c:-; 0)~5E 
f1lHi. -f O) J: -5 tct:J\ ~ }V 1--.::. 7 /0);(¥t[:a::{;~~iE9 Q t.::it-c. J!~l'f9tct:%1Vct: ~.'(:-:JI,\"( 
ta:fiiftfil:h-C < titct:li'. 
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-:. 0)-\l- ~ OO~f:xtJ;t9 -o /\ ~ }v 1--.::. 7 ::/f: 009 -o •~ffl ~ ff-o t 1,, -5 ~~ (: -:J 1,, -c. 
M~OJ ~-:> iJ> lt t tct-::d;: 0) iJ! llm11ol [:l] -C ~-:> f;:. fEUi Ha 11k<·l ~~ 

f(x) rt (Hf)(x) = 1= Jo(2ytxy)J(y) dy 

f:xt l, -C. 

( l:21 (I± HPa)<P~ = J0 (J0(x) = Jo(2_/xa)) 

t 1,, -5 IR; l:OJOO~ </>;(x) f:009-offl:fr1H_¥~~~~ G. -::. O)Wi1~ffl1,,-c ~ -oiE~* t 
i-O)Wtl~,J;-JtlGL,t;:. -::.-::. c' J0 (t) !iffi d_l~,y-tuvOO~. I !it!:i~{/pffl~. Pa Ii L2 (0,oo) 
7'J> G L 2 (0, a) A..O)f-J-~~~9- D11111ol iJ!-=:_ 0) J;. -5 tct,Wf~~fi-:> tdrlr~!i. i>c,issrn1 O);;j:0 
0~7'J> G-ll- ~ OO~OJOO~~~iJ!ftt 'J-=:. t ~W~i .:Z. fEliJ{ rn-1 'oissou fonrmla t~{ilt 
f;: f()mi<'r ~~~~(: J: -o Poi.sson O);;j:00~0)~{Wl&J (: J:-:> -C. -ll- ~ 00~0)00~~~-? 
~£:fr;ffitct c:' ~,Wf~9 -o-=:. t (: ~-:> f;: ( c-L [:q O)Ji;:>(. ;JS J;. tf .:C O))(~~f: ~ -o Hnrn,ll 
O)~)(). i-OJ$-C. fi!i Causs ~{;$: Q( A) 0) l)c(Jr,l.;:irnl -tl- ~ 00~0)00~~~ 

4s/2 (21r)-sr(s)(<Ql(y'=I)(s) = 4(l-s)/2 (21r)-(l-s)r(1 - s)(<Ql(y'=I)(l - s) 

i:mn-o H✓ Y-oo~O)JtiJ! 

r(l - s) = 1= T ( C.) 1-sdx 
( ) 

JQ 2y X X 
f S o X 

13/4 < R(s) < 1 -C~xtmc~. 1/4 < R(s) ,::;; 3/4 -C~{tf:~.lC~I t \,\ 'J J;. 'J (: Jo(t) 0) 
\1(,11i11 ~~t G-cft G :tL-o-::. t i:tr § 1..,-c. 11,lllkt'I ~~ H ~~~ 1.., t;:OJc-~-:) t;:. 

•1'r!i 1:q iJ! ,nXi, f:~fi'ilj~:tl,tdJL lli<'111a1111 t-00~~~~ w > 0 -C:ti=.-.;f..;/:1/7 1-­
l., f;: '6 0) 0) J:l: 

11:31 
t(s - w) 
t(s + w) 

~ \](,!li11 ~~~_,E§1,,-c,Wf~ l.,-C\,,f;:0)-C 111:3. I II). Bllrnul 0)-\l- ~ OO~OJjj' ✓ Y-iz-;1-f­
O)j:[:iJ> G iE~* ~-JtlG9 -o 15W~. -:. 0)~~1: ::t ~m-c ~ -o OJ-C/itct 1, ,iJ, t ~ .:z t;:. i-
5 1..,-c ff G :ri,t;: 0) iJ{ 11-'il 0),1l5Jl:-C ~ -o. tct ;B. J::tc.O) J: -5 tctJ:l:!i. 

( U I Ew(z) := f(l/2 - iz + w) 

iJ! ]H[]IB /:}i97'J>~7'J>~~,:Z,o~/:g:J~/:mn-o::t0)f~7'J!_ ( 1.1) 0) ELa t@[t-£0)00{* 
/itct\i'. t !i\i'.:Z. {f:~O) Wo,::;; w,::;; 1/2 1::xtv-c Ew iJ{ ]H[]IB (:)i9-::. t t. t(s) iJ! 
R(s) ;?; 1/2 + w0 /:~,~ ~fflt;: tct \,'-=:. t lilA.l{u'itctO)c'. t(s) O)~,~:fr;ffiOJIL~iJ> G !iJ! 
~~-oxt~-c~-o. 

PX'f. W1l OJi1l5Jl:~. i-:tLOJt!t5ic-~-o [:.?(;J OJt2.%t:~bit-CJZ!!~-o. if. w > 1 ~ 
~!E9 -o. -::. 0) t ~ Ew E lHilIB tct O)c'. d(' I3rnHg(':-, O)~JE:El!H: J;. IJ. -::. :tl,/:xtJ;t9 -o /\ 
~ Jv 1--.::. 7 ✓ iJ!:(¥;(£9 -o. -::. :tL ~ ~~9 -o 15WO)~-:J ~ ij. .:z t;: OJ iJ! [ 1 i] OJi1l5Jl:-C ~ -o. 

fo111if'l' ~~(: J;_ IJ 

1, l ~(1/2 - iz - w) = 1= Kw(x) eizx dx 
~(1/2 - iz + w) -= 



192

1 R( s) > l .1 t ffl5t~~ 

f(s + a) _ 1 11 °'(l )fl-a-1 s-1 d ------- X -X ·X X 
r(s + ,B) r(,B - a) 0 

[R(s) > -R( a), R(,B - a) > 01 fJ: c:' t:: J::-::> --C. Kw(x) ~ ,&;j;:(¥0) 00li(O) (x O){il'[t::Jit u t.::) 
~~.IUO-C~T =. t iJt-c ~ o. ~ G t::. w > 1 t 1,, -5 {BO:l:'.t:: J:: IJ. Kw(x) ti (-oo, o) J:-c 
ti o t::~ 1.., 1,, ffi. J:O)jfJ-nOOfZt:: tJ: o. =. 0) t ~. ffl5t{'FJ=!B'~ 

1 Uii f(x) c-t (Kf)(x) = 1: Kw(x + y)f(y) dy 

t:: J:: IJ 5E i o. ffi. J:0)00fi( x f---t </>; (x) = cp±(t, x) t:: OOT o ffl5t::15f~~ 

I l.1 I 

~~Xo. =.=.-C. Pt ti L2 (ffi.) iJ>G £ 2 (-oo,t) A..O)@[~ft~~~T. ffl5t::15f~~ 1 L:.!1 
t ( 1.,1 O)~{J;,/,'li.tiBJJiJ>-Ci6i:>-5. {R5:E w > 1 O)t., t. ( 1.,_1 O),W/i:(¥:(:EL,. iJ>"J-1&JJ: 
0)-C. -tnG~J:§1,,--c. 

m(t) = exp (1t (cp+(T, T) + cp-(T, T)) dT), 

( 1.8 I [m(t)-2 O ] 
Hw(t) = O m(t)2 , 

Aw(t, z) = m(t) · Ew(z) · ~ ( eizt + f 00 cp+(t, x) eizx dx) , 

1 1 ( . t 100 
. ) -iBw(t, z) = m(t) · Ew(z) · 2 e'z - t cp-(t, x) ezzx dx 

I UJ1 

fJ:c:'t5Eclbo. Tot (Aw(t,z),Bw(t,z)) Ii. I= [0,oo) J:c'JE~~nt.::H=Hw t::xt 
l.,--CiE~* 1:UJ ~lit.:: G. E = Ew /:'.:"J\i'--CrD:lt§~{lf: 1:; :.!) ttiM/t.::T. l.,iJ>t m(t) Ii 
ffl5t{'Fffl~O) I n-rlliolrn fr1U~~J:§1,,--c 

m(t) = det(l + PtKPt) 
det(l - PtKPt) 

t~~ no. =-nGiJt11 'iJ O):tM~c-'6 o. 

I l1111101 [ l] O):::fj#;.-C Ii/\~ Jv r-::: 7:.,, 0) JJx:51 ~ ffl5t{'Fffl ~O) 11'<'<1 liolrn fr1U~ t l.., --C 
~~-t o 0)-C. ~t::ffl:,t~O)JJErHtiJt~~t:: tJ: o. -t 0) t.:: c1b I 1->I -c ti. ffl:,t~O)JJE~'H! 
~tf!.f:~'t o t.::clb. w > 1 t 1,, -5 ~flf:~~ 1.., t.::. 1,,-::> 1£-5. 5\:;t::~!llnt.:: J:: -5 t::. ~(s) O)~,~ 
1t1ff 1::it 1.., --c;J.p gi a]JtJ:MwaiJtf~ G no 0) ti o < w ,,;; 1/2 O)~i?i-tJ:0)-C. w > 1 t 1,, -5 ~ 
{lf:T-C L, iJ>/\ ~ Jv r-::: 7 :.,, O)tlJJx: iJ! -5 i < 1,, iJ> tJ: 1,, t 1,, -5 0) ti~~tJ:~1(¥£ c' i6 o. L, 
iJ> L, =- n * c'{i'iJO)~iJ!iJ, I'.) t fJ: \, \~¥5l-Cf~ G nt.::M~ -c i6-::> t.:: 0)-C. fliAl¥J t:: li-t n 
fJ: I'.) t::tiM/,@ L, --c I,\ t.::. 

t t:t1i,x. 11'iJ O)M~-c1i1,,;s 1,,;s t ::f+5t-C'6 o =- t t BJJiJ'c'i6 o. '.%~. M~-t 
rZ ~ fct5li!! t l.., --C. H(t) O);WJJx;#;.~ 0 < w ,,;; 1. ~/:: 0 < w ,,;; 1/2 A..j@fj:§r:iJft~t::-t o;: t. 
~ G t:: -tn~ ELa A..j@ffflPJft~tJ: t 0) t::2~..Bl To=. t. ;IS J:: tf, tffifflG l., t.:: H(t) iJ! ~:J. I 0) 

~ Q5K-C ·' § BJJ tJ: t 0) .. -c tJ: 1,, =. t ~ ~ T =. t . tJ: c:' iJ!~Hf G no . =. n G 0) f"'5 Ji!!,~ Ii. tJ 
T-C5£ rZ o J:: -5 t::. -t 0)1~0),u}f~-C~f~ ~ n --c 1,' < . 
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-). @JI'.) J1[-c:-OJM/~ 

~-c. l!1J OJ1Jft;,~ o < w ~ 1 A-i'Jt5!tt"0t;:&1Jr:. OO~Mtfr-? 1®dt:B-1Jf~5:\0Jl'lf 
~tJ: ~-1:-&!x. "t" 5 tJ: t (J) iJttJ: 1,, iJ, t@ 1-t wWJ.rZ-c 1,, t;: OJ tiiJt. ~~ tJ: t (J) ~ ~ -:J rt G titJ: 
1, '· "t"::. C'. ITT•~i: J:. 0 ~.~-c:-~rR. ~U~9 0::. t t: t., t;:. 1i*li. J:. < ~o G titdJ't 
?]'~~ 

~(s) = Joo vxr/J(x) (xs-1/2 + x-Cs-1/2)) dx 
1 X 

~ !{ ic'lll,lll I I f01:;ili{W, l,-C. ~( s) ~ m~~J'.j;i:\(J)~~.& t ~t,J: t.,. m~~J'.]i;i:\(:J,f ~9 0 iE 
~*O)J\ ~ }v )- .::. 7 ✓ ~it•9 Q =- t t: J:. "'.)-c. 1, -)1 OJ1Jr!.iJ{ 0 < w ~ 1 t:tt l,-C t~ 
3{Z/1J'iS iJ, ~ ~AE&IJ 0 t I,' -5 t (J) ti--::> t;:. iEi'.fff :B-00~ vx rp(x) Ii x --+ oo 1:fJ1-~::l> l,-C 
1,, 0 0)1:. Jfr'.1, ,jfi:{W, 1: t~-j'-~lJl~"t 0 (J) t: li+:B-ti 6 5 t Jl!'.1---::> f;:0)1: dl:l 0. 

::. (J)1J*O)f.> t. m~~J'.l5:\f~guJ: GiE~*O)J\ ~ }v )- .::. 7 /' ~ITT-9 015#;,li~O G 
ti-c 1,, 0 ti 6 5. t ~U G-C ::X::1¥it ~ i!Wl.,,,z Ii (j £lb t;: OJ tiiJt. "t" OJ J:. -5 tJ: t (J) Ii~ -:J iJ, G tJ: 
",. G iJ, G. ::. 0)1J* ~ ~-c-c G t -5 c:. filit:frITOJ* t.::-c t t,J: "'~*rR.ti "'.) t;: 0)1:. § :B-1: 
Mt iJ, t., J:. -5 t,~1,,00: G-CITT.11#;,~~x.li (j&IJf;:. 

"t"tiiJ, Gff~B±ltfrdl:l "'.)-c. ~~~~~t "t 0 § at§&:~J'.l5:\0J::fAE5tt:m~oo~~+~ 
7' t., -c1~ G :ri0 m~~J'.l5:\t:-:J1, ,-c. t., iJ,0 .,,,z < 1t~"t 0~iE~*O)J\ ~ }v i--=- 7 ✓ ~ 
,.~f;;$:1¥-Jt:tt•"t01i¥!~~-:J/tGtit;:. t°::J'('>/vt L,t;:~::X::li [:t!] tiiJt. "t"::.1:liJ::tc 
1:JZl!.rZt;:J:.5tJ:[11] tOJ00Jlliff::X:1:~fifi1,,f;:t.=it1:dl:l0. 1,,--::>!t-5, [lf1. 17] 1:li 
I I '>I iJ> G 12:_ll t:~ Qi 1:0);fil;W~. J::1: ✓~~tit;:ff~B±Jffrt ~&IJ-Cfi:1, ,-c I,\ Q. 

::. ::. c' l:_l:21 OJM/~OJ~if~ ~Jll!.rZ-C B::. 5. lJ.;z G tit;: 2g i'X(J)~~~(J)f~~~J'.l5:\ 
g 

(."j 11 E(z) = L Cm eimz, C9C_9 -=/- 0, Cm E ffi. 
m=-g 

t:tt l,-C. 2g + UXfrJIJ E+. E- ~ 

CH 
C:i:(g-1) CH 

E± := Co C:i:1 

c±cg-1) c±cg-2) 
C±g c±cg-1J 

~ ·- det(E+ + E- Jn) 
n .- det(E+ - E- Jn)' 

CH 

CH 
Co C:i:c9-1J CH 

1 ~ n ~ 2g, ~o := 1 
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c:: ;:e'.~9 -o. =. OJ c:: ~. :/tH&~:rJti; E iJt lH!lIB t::~9 -o t.:: <lb/:: ti. 9 .,..z -C 0) 1 :,:;; n :,:;; 2g 
/::-::>I,' -C .6..n iJt;:e'. ~ ~ :h. iJ>-::> iE fill -C ~ -o .::. c:: iJt~,~ iJ>-::> +:fr -C ~ -o . ~ G /::. E iJt lHilIB 
1::~9 c:: ~. (n - 1)/2:,:;; t < n/2 c·~ -o c:: ~ 

l·J H(t) := [(.6..n-1.6,.n)-1 Q ] 
0 .6..n-l.6..n 

c::;:e'.~9:hff'. H(t) ti [0,g) J::O);, ~ Jv I-.::. 7 /-C . .::.:niJt E /:: d<· DrnJl",('" O)~;:e'.J:l 
-CxtJit9,0'50)C::f,t.,o, =.:nlif,t.iJ>t,t.iJ>~Jmt,t.~ei:~tic::}~,:b:h-o G. 1 LS) C::O)~{.PJ.'t!t 
J!-?91,,f£6 -5. 

=. OJ{iOJ*m-c ~ -o iJt_ i&m: [:.?S] ~fr-:d.::.::. c:: -C. =. :hOJi'mf/f~{t. t L, < ti~~.&{'.J\n 
ft c:: 1..., -c. 1:2:21 O)~*~. ~~~~~~ c:: 9 '° gi at§&:~JJ!5:tOJ~;:e'.n 1::m~oo~ ~f~ 
J-. G-Cff G :h-o:/'~~~:rj5:t/:: ~JiBtft9-01iff~iJtffl.tE*fr$-C~ -o. "t" G-C. "t":h~*ilb 
'° $-c. ~JJ!5:tOJ1-.&0J:fr:fri~iE$*~m1,,-c~.,..z'°1:iaO) J:: -5 t,t.J:lwac::. r I si ,::in,t.:: 
J:: -5 t,t.. ~:rJ5:tOJ1'.&0J:fr:fri~={.nM5:t~m1,,-c~.,..z-oJ:Iwu 11:2D. ~,->I t,t. c::··) c:: O)oo~•t! 
iJtr:, r:, J:: 't" SJI G iJ, /:: t,t.-:::> t.::. =.:hi::-::> 1,, -c tit '5 ::1,, L, ~J:l G-C iJ, G ~~ L, t.:: 1,,. 

fif!JJ. 1:r1 I 1::ilf 1,, t.:: J:: -5 t,t.. J:: tJ ~JiBtO):/'~~~:rl5:t 1:::xt G-cfiiE$* ~ l11JnJZ9 -o JJ1! 
/::-::> 1, '-C Ii. ffl.8'1 g-C li{ilf OJ*~ t f,t. 1,' · 

(;_ tj=,j/:JjO)~* - 't"O)~ 

~-C. 1n1 O)iJHJ1:!~f:9:!-:::> L (I.I) 0) Ew 1:::xtJit9-oc·~6 -5 J\ ~ }v ".::. 7 / Hw(t) 
~~{ill~~-ClH~L,-C]j.,o C::. ffl:fr~ Kw(x) O)Jl~•t!iJt~;b:h-o w = 1 ~:l:jJ:: l,-C. 
Hw(t) 'E>Jl~•t!~~I,\. W > 0 iJt!j\~ < f,t.,o/::-::>;h. Hw(t) O)pjZ:frO)Pjffl:fr't!'Ei~{tL, 
-c1,,,oO)iJttffl~~:ht.::. L,f.::iJt-:::>-C. [l'i] ~ 0 < w:,:;; lA.:/'J1JJ9-o/::li. {iJJGiJ>OJ7-1 
-r'-17iJt~,~ti-:::>f.::O)fiiJt. "t":hti t U1 ~.,..z~*L,f.:: 

1(i.l1 ( ((s -w))v 
((s + w) 

~~ .:z-o tnt-c..@ tJ t.::. Kw(x) OJP]ffl:fr•t!t,t. t:'iJt w > o 0)7~:J> c:: ~1::~{t9 -o}Jjlz;;l!i. 

((o- - w + ~t) « (1 + ltl)-w 
((o-+w+it) 

c:: 1,, -5 ~{iffit:: ~ -o. t,t. G t;f~f*~ .,..z ~ * 1...,-c 1..., ix Lf. 't" :hti ltl -+ oo -c+:frip < t~::f> 
L,. 't" 0) Fc,mir·r ~~~O)?l'r G iJ> ~ fi:f19iJ> G -C ~ Q. =. 0) 7 -1 ::f -1 7 li~[![t£iJt. Wil 
O)JJ1!~ o < w :::;; 1 1:::J315i9 -o 1:: li+:frc· ~-:::> t.::. 

=. =. -C ['.2(i. :.?,] O)~:W:~~.,..z J:: -5. l (,mier ~~ I l.'i) OJicill. ~ 11 *9 '° =. C:: -Cff G:h 
-oOO~~ Kw,v(x) C::9-0 c::. =.:nli 11 > 1/w c:: 1,, '5~{40J:t c::-c lR J::c·Jl~/::t,t.-o. 't" 
,:_ -C. ,:_ 0)~{40)"'f-C I Ui.1 -C Kw(x) O){~;b tJ /:: Kw,v(x) ~ffil,,f.::ffl:fr{'f:ffl~ Kw,v ~ 
~ x-o c::. r Lil O)~wuiJr9 .,..z-c -5 1 < ", ~. iPJ~O)~:W:iJtff G :n-o. t.:: ti 1...,. o < w :::;; 1;2 
O)~i)-/:: Ii. J\ ~ Jv I-.::. 7 / Hw,,,,(t) iJt O :,:;; t :,:;; ti /::xt L, -C;:e'.~ ~ :h-o t.:: <lb/:: Ii. ~ 
o:::;;t:::;;t1 i::xtG-c. 

I £ 2 (-oo, t) J::-C P tKw,vPt iJt ±1 ~ ultl~{i!l /::fij'f.:: f,t. I,' J 

c:: 1,, ') ~{4iJtrrM]t.:: ~ :h-C I, ,t,t. tt:hli'f,t. G f,t.1,,, =- 0)~{4ti t1 > 0 iJt w, II 1::~:(-:f L, t.:: + 
:fr1J\~1,,~t,t.G~~f41::rrMJt.::~:n. lli<•1w1m1 'f~~fR;:e'.9:ntf' t1 = oo i::xtG-crrMJt.:: 
~ :h-o .::. c:: iJt!iESJI ~ :h-o. 

"t" =. -C. H i<'lllilllll 'f~~{Jj(;:e'.9 -0 c:: :j:~~00~ x r-+ exp(izx). ~(z) > 0. OJ 

L2 (t, oo) n Kw,,,,(L2 (t, oo)) 
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A.O)!l1~:a: Y;(x) t Gt::: t ~- [:J. 11U8i[ O)~{.glc'~Q 

Ew,v(z)Ew,v(w) 1: Y~(x)Y;(x) dx = Aw,v(t, z)Bw,v(t,;~ -_ ~),v(t, w)Bw,v(t, z) 

t \i' -5~;i:\iJ!JJJG 1J }'z:-:J =. t iJ!5J'-iJ,Q. =. O)~;i:\t:: t 1J. 110J -c-~rt-c\i,td.l~H-c-0)~1/J 
1.:U1 iJ!t1 =oo t::Jtl,-C~iEB]~:h. MJJJGGt:::1,~JvJ-,-=.7::.,, Hw,v(t) iJ!clc· I3rnugc•:-;O) 
~5EJ:ll!f::~:M,Q.i:E L, \i' :t O)c-~ Q::. t iJ!~iEB] ~ :tl,Q. WMO)tJ:i 1[:27[ 0) \cr.:2 PJ1W1 ti. 
::.:n:a: llm11ol 0) [:L ~->[ O)aW&:a:Jft{.glQ,:. t-C-fi~ f:::O)fiiJ!. [:.!:lJ O)fj\.r:f:l. i-:h:a:}3U 
O)~W&-C-~~{~t" Q 15#i.t::Jl!.,--j'\i,f:::O)c'. [:zu[ c-tii-0)~/::~~f~ t., tdiEBA :a:~,,,zt:::. 

J!s:~c'[i::.::. i C'. --1:t- ;$<' OOg& t i§ ;z Lf' Uimnilllll -ii'-:$<' OOg& l, iJ>/:tl -C *t,tiJ> ~ t::: iJ!_ 
[:27] -C-fi Sc 11 H'r,c; ::7 7 .7-. t J: tf:tl,Q ::k ~ f,t--1l- ?<' 00g&O) ::7 7 .7-. t::Jt l, -C. J::!20) J: -5 f,t 
~*iJ!pJG 1) }L-:) =- t :a:~ ,,,z-c \, \ Q. t::: ti l.,. ~' /v f,t--1l- ;$<' OOg&-c-:t .l.ln \ t \, \ -5 ~c' lit,t 
< . ~JtHffilffi fi Hirn1,111u -l:{- ?<' 00g&O) J: -5 f,t § i35(J(J'1°8-9 isdf-dnal) f,t t 0) f:: ~HG :h. ff 
G;M,Ql\~JJ,,j-,-=.7::.,, Hw,v(t) fi (1.8) O)J:-jf,tJ'1'J'§~1l,rci11·~stri11g1-C-~Q. 

J::!20)-lJfpgt:t. uic·1wrn11 r~O)!-~f~.?ki4:a:~""t= :t 0) t i§ x. Q iJ1. f:27[ -c-r:t =. :niJ1+ 
0.?k{lf:-C-~ Q,:. t :t ~,,,z -C \,' Q. 

Hit'IIJ;\IIII T~:a:{&5:i:'.Gt.t<-Ct. t1 = 00 t:::ttG-C (b.:2) :a:{&5:i:'.t":hf;f I LSI 1L()) 
C:IP.]~f:: l,-C Hw,v(t) C: Aw,v(t,z). Bw,v(t,z) iJ! (t,z) E [O,oo) X C 1:-C-;E~~:M,Q. 
l., t::: iJ! ~ -C, 1 : U) 0) .?k{lf: iJ!m t::: ~ :h -C \i' Q iJ>i§ iJ> :a:~ ;z Q ::. t iJ!c- ~ Q . ::. :h t:: J: IJ . 
{"J{O) J: -5 t,t Tfarn;11111 -y~O)!h~+5t.?k{lf:iJ1ff G :tl,Q Hic•111;rn11 r~iJ!)JJG 1J }'[-:) t::: tlJ t:: 
r:t. Vn > l/wn :a:mt:::9 J: -5 t,t Wn > 0. Vn E Z>o O)JUiJ1:(-:ft£l,. ~ (wn,Vn) t:::ttG-C. 
( li.:Z I iJ! t1 = oo t::-:) \i' -C iJ!pJG 1) }'[ "0. l, iJ> t ( :J.:J I t fflG 1J }'[-:)::. t iJ!~,~iJ>-:)+5tc­
~ Q. ::. 0) J: -5 f,t IP.]{[i'[_?k{lf: [i. § i35(J(JtBkJf,t Sc•I IH'r,g ::7 '7 ;z.. O)·{l- ?<' 00g&O) n ic:Jnilllll r 
~ rn11cl I1ic•111,u111 H\put]l(':-;i:--. GI1H_i /::-:J\,\-C'f.>IP.]~f::)JJG/'.)}'z:-:)_ 

,. r:f:JMO)~* - i-0)~ 

1WffiJO)~*li . .iE~*O)>(H/K-C- Hic·m,11111 -y~O) IP.]{[i'[_?k{lf:iJqf G :ht::: C: \,' -5 Ji~C'-~ 
/:: t ~ -Ctlf i l, \i''E> 0)-C-~ ~ t:::iJ1. [l O] iJ!;z.. ;$<'- J-,r-[Hgti ~ f:::O) :t ~~-C. IP.]{[i'[_?k{lf:t:: 
Wn, Vn C: \,\ -j ffl!J_NfljfilO)J\7 ;/, -?(' iJ!f;;;t:tl,-C\i'Q C: \,\ -j g/;:fj:::fmiJ!~~ f:::. {ij_J C: iJ>f,t 
G f,t\i''E> O)iJ> t t£/vi" 1) J~,~ -C\i,t::: t ~. ~:g:~ I if'.~O)~ij'(O)~~O)~{Fmr:f:lt:: 

lim ( 1 + n -it = e 
n--++oo 

t \i, -5 J: < 9;0 G :htd};i:\iJ; § t::11:: i ~ t:::. ::. :hf:: J: :ht:f. 

~(s - w) = 1 - 2 f (s) w + Os(w2) 

~(s+w) ~ 

1 
R(s) > 2 
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iJt~1P:h-0. ::. OJ~Hf:!i Ligmim; 181 ~ Cmnnkstis lbl /: J: ".J Wf~~ :ht: llien1c11111 -Y 
~O) F/:tl{W:?k{lf: 

( f,' ) 1 R l(s) > 0, R(s) > 2 

O)~~tJ: ~ 1,,iJ,;zt:{t!~JJ: G tJ:\i'. ::. (]) :! -:)OJflEl=!iJ• G. exp (-217f (s)) OJ~ \l<·lli11 ~~ 
~ ffl :fr :f1U:~ i"" -0 fi't5H'P ffl ~ 1: -:) 1, '"-C I :2 c; J OJ~ wn ~ Jm lffl i"" -0 ::. t t:: Ji Oi iJtfif t;: :h -0 . "t' 
:tl,~~fr l,f;:(l)iJ{ l:.!-J. n1 ti.iJt. :}>tJ: < t tM"=(J).5Ud~ ti)t/:~,,,:::t;: I 1 .·). :!(ii (J)'E) OJ 
t VittfF/:tJ {jtJ:0)-C. ::. ::. -Cti~~~~"'-tJ:\,'. 

0 t -:Jff~ l, -CB< t. exp ( -2ryf (s)) !i l(s) (])~ ,~-C ~iE~~,~ ~ fif-::l 0) -C. 

lkrr11it(' 13i(·!d('I -7 7 A O)~oo~~iE~*(J)flwu~ ffl\,\ Q::. t iJ!-C ~ tJ:\,'. "t'::. -C:}> 
l,1$~ $ If' J: -5 t \,' -5 ~~-C~A. l, t;: O)iJ!. ffi :; ffi'l-C ✓~,:ri,t;: l,1r 1111,nT c,rno11ic,1 I sn;t(•lll 

~ h1(llll,l!T (',lllollical s,·stClll tJ:c'.:'O),ffi)!;~-C26·:::d;:. it;:. ~~9-0fft:fr::nm~iJ! 11.,) 
iJ, GlJZffi'i(J) (8.1) (]) J: -5 tJ:, J: ".J ~~tJ:t (J)A..~fi L,-c1,,? t;:OJ t, ::.:ri,t::OOi""-0~fi 
ffl~(J)~m-c~G:h~M"=-c26?~. 

s. mtili:(J)M"= 

~-c. [:zG. n] t::J:?-C [i->] ~ o < w::;; 1 (J)fffilffii-C:JJ!siG . ...f::i'li/M,~c·(])~lfJ 1_:i,.:11 

t ruEBJft -0 ::. t iJ!-c ~ t;:. ~ G 1::. c; 1m OJ F/:tlfW:?kflf: ~ ia~-t -0 ::. t t -c ~ t;:. ::. :ri, -c 
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-0. ~~- t t t t O)j[J~-C26? t;: 1101 -Cwnt G:ti,-c1,,f;:(J)/i. -f,f¾'.O) Diric-hlet L 00~ 
tiE~*O)xfJit--C:26-0. 

)t/::;iffiti'fr.Jt::. ::1,, Gic%~~,f/;9-0. X ~~-¥ q 0)/Jj~~~ Dirid1!(•t m~. L(s, x) ~ X 
OJ I )iricli i(•t L OOM&. 

lx(s) := e-i0 (~)-~ r (s + o) L(s, x), o = {O, x((-1)): 1, 
q 2 1, X -1 - -1 

tfE'.ilt)-0. ::. ::. -C 0 E JR. !ilx(s) = lx(l - s) iJ!J1t ".J .l[-:)J: -5 /::~✓~~. ::_(]) t ~. L(s,x) 
t::xt-t -0-Jif¾'. n.i<•111,11111 -r--~ia:. 

E~•v(z) := lx(l/2 - iz + wt 
iJ{{f~(J) w > 0. v E Z>o t:xfl,-C IHilIB /:}it"::. t t F/:tl{[l!--C:26-0. "t"::. C'. -Jili¾'.ni('lll,lllll 

-yfJ~{E(fE'.L,t;:t~t:. d(• Br,lll)-2,('S O)~fE'.flt:J: ".) E~,v t:xtJitT-01\~}vr..::.7:1/ 
H~,v(t) ~>}<ilt)t;: 1,,0Jti.iJ!. X iJ! 2 lJZm~-ctJ: tt:hti L(s, x) !i § 2JXxf~-CtJ:\,'(J)-C_ 
[:ZC. :Z,] 0)7J$-C!i H~,v(t) ~*tiJJJxc'~fJ:\i'. 

::. (J)F"'5Jm~~~ L, t;:OJiJ!WJi'oo'.-C~"'-t;: [:.!x] OJM"=-C26-0. ::. :h~JJx-tt::26t;: ".J. [H;. :z,] 
iJ• G j;: ~ < ~~ ~ :ht;:giJ! :! -:) 26? t;:. --:) § ti. ~ x -0 ffl:fr::nl¥.~(])*1i ~ ( 1., l iJ• G 

l<I>t(x) = <I>(t,x). Wt(x) = \J!(t,x)) "'-~~L,t;:::. t--C:26-0. ::.OJ (S.li !it±:l#Rfr.J(l)~\,' 
#ROJ f:!ci] (J)~wu~~i*~1=~~1l:i""-0t;:ilt)t:: 12·q -c~A.~:h. f:!:11 -c:-J: ".J~{);~:ri,-c. 
Mmi"t"(J))Jx*(J)-tfM!t±:l~i~ :ri,t;: [:!liJ t:~ ~ :h-0$ t tJ:? t;:. ¥HB!i IK. I) A..~frT 
-0fU,~!i . ...f::i'illf:26-0~FF/:tll?ZJJiiJ!•T t 1,, -5 ~~tJ:t (J)c'26-0::. t t. ffl:fr{'Pffl~(J)ffl 
:fr~iJ!::f ~~·ii~ fi!? -c ", t;: ".J . .moo~-c 26? t;: ".J G-c t t&" ,~-t",::. t m~ 1::J!lv:h 
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t~. l., iJ, L, t,d1; G. E~," iJ!J,tff[\-Ct.,:: 1, '~-€:'i- 1) t'?Zffi:f!-Ct.,:: 1, ,:f:j-€:'i- 1 t::~ i L, 1, '~* ~ ff-o 
t::ti. 18.l) O)M~ffll,,--c 

t5Ei1ft-"'~c-. 11.9) t~{.1;!,0)5:E~-Cti-5 i < 1,,iJ,t.,::1,, !tt;t1,,.:z . .::.:ti,Gti E~," iJ! 
xtffflt.,:::1:11rt:t !m1ii1-c 2e) '° 1. -=- O)~rfi-c. 1 1 n iJ, G 1 1 ""O)~fr t:t*~i¥1-c 2e) '°. 

=-:::i § O)~J!,~ti. :::ij .:z -offt5:H'l"ffl~ ~ I 1.(j) 0) J:. -5 t.,::ijU~t.,:: 'El 0)7'J> G 

( ~x(l/2-iz-w))" =100 Kw,"(x)eizxdx 
~x(l/2 - iz + w) _00 x 

~mt~TtO)t l,--C5E~~:h. ~(s) O):f:j-€:'i-t!m-fJ. v > l/w t.,::Gti (-oo,O) J:-C O 0) 

{ill~ t -o 1R J:O)JJl!~00ffe)(-C 2e) -o. E~," iJ!J,tff[\-Ct.,:: \i ,:f:j-€:'i-. l) Ii.::. 0) &:;f\JiU~t.,::{fpffl ~ 
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t:: t.,:: Q. ~* t l., --c. 

(S. I 1 Hw,"(t) ·= 1 [ l<I>(t,!lf_ '.s(<I>(t,t)IJ!(t,t))] 
X . R(<I>(t, t)IJ!(t, t)) '.s(<I>(t, t)IJ!(t, t)) IIJ!(t, t)l 2 

t5E~T:hti. 18.2) iJ! 1:'\2J t 1:i.:11 ~mt~-t J: -5 t.,::_ .::. 0) H:,"(t) t::00-t-o I= [O, oo) 
J:O).iE~*O)M~..!J..:z-o. "t"G--C, .::.:ti,Gti E~," iJ!J,tff[lt.,:::f:i-€:'i-. i:.>rq O)~JIH::-~-tQ. 

( J. ~ B 0) Fsi 1itB-;trJ 

WJ?Jl!'.O) ~t::~F'1i ~ :ht~. ~ BO)Faiii;51;tp- t::-:::> 1,, --c ::,/;' G~-"' --c B.::. -5 . .iE~*O)f!l!.~t:: 
a31,,--c Ii. A(z). B(z) O)~;~/i2e) Q L2 ~FaiJ:O)ll\&5J{'f:ffl~O) § c.;f¾f1HJ1.JIO)~~{i!l 
t G--c MfR ~ :h Q. t., iJ, t., t.,:: iJt G. "t" 0) J:. -5 t.,:: ~~{i!lO) Faiii;51;tp-t.,:: t'' t::-:::> 1,, --c ~"" t~ -
~~~::,1;,t.,:: < t t$~ti5;1J G t.,::1,,_ Gt~iJt"?--c . .iE~*O)f!l!.~~ffl1,,t~·-l-l-~ 00ffe)(O)~ 
BO)&f~--c:-ti. ~ BO) Faill;1t;trf t:: -:::i 1,, --c O)'f'lU!iti:!f:JlM:-c ~ t.,:: 1,, t J!!,:b:h Q. t ti 1,, .:z. 
I!(), :!IJ! 0) J:. -5 t:: . .iE~*O):fl~J: I) tJe'~Jj.Q,/vtipfr-Ctij> l,~*7'J!2e) Q. 

l U. ::i -'1/-F'1iJm 

aztt::. *fllli0)~5E-CO) d<· Br.i11g('S 0)~5:E:flO)M~~~-"'--Ca':J <. f!G/4> 0)-=p-7!-Cti. 
A(t, z). B(t, z) ti (<':U) O)M <I>(t, x). IJ!(t, x) 0) fo111ic·1 ~~-C;E~~ :h-o O)c'. A(t, z). 
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( W(~, t) + W(~, t)) ! W(t, x) + ( <I>(~, t) + <I>(~, t)) d~ <I>(t, x) 

= ( <I>(~, t) - <I>(~, t)) ! <I>(t, x) + ( W(~, t) - W(~, t)) d~ W(t, x), 

( <I>(~, t) + <I>(~, t)) ! <I>(t, x) + ( W(~, t) + W(~, t)) d~ W(t, x) 

~ ( W(:, t) - W(:, t)) :, W(t, x) + ( <!>(:, t) - <!>(:, t)) :}, <J>(t, x) 

0) i§ 1, '~.:Z /: 9 ~··tJ: 1,'. ~.JI) t ~. WM~{tf: I :J.:!) tiJ@~ t,J: <I>0 (x ). W0 (x) ( t 1,' -:J Lt 
A(z). B(z) iJ>GJ!f,$:BkJf:'.iE;tQt0)1 7'J>G'.iE;tQWM~f4 

1111.:!) <I>(ta,x) = <I>a(x), W(ta,x) = \llo(x) 

/: i§ 1, ,~;z G ;tl,Q. ld: iJ;-:J t. ··1:l- ::x 00~/:;ktJ;tt" Q ,,, ~ Jv 1' .:=. 7::..,, H(t) t. 1:: 0) 
H(t) -C:'.iE;t QIEffl*O)ffi!-C: 1:U) ~mt;:9 J:: -5 tJ:t O)~>]<,l!)Q ro56ti. f)]:Jtj~{tf: i liU) 
O)~c· (t,x) E [O,oo) X lR J::0)-fJmjffl:Jt:::Bf~~* !HU) ~M<. t 1,, -5 :J-1/-roi&t 
l, t f..@;z G ;t7, Q. 1,' -:J t;: A.,-=::. 0) 5lf,::1J /: .ll -:J t l, ;t ;z ti'. IEffl* tJ: ~-O)~ ti£;t7, t. ;Mi)!$ 
~-Omiffl:?t:::B~~O)~)mtl,t~x.Q-=.t~-C~Q. 

-=. 0) :1 -1/-ro5&-c:~1!BkJtJ:O) ti. ~·A.,tJ:~·- ::x OO~-ctfi1%.l(?t::1Jl~~* ( 10.1 J ti 
~~-c:-~-::xOO~~tO)@tt~WMffl~~~m;ti,Q~-C:~Q.-R~.:1-1/-~Jm 
tit= o O)+Jt!J\~tJ:m:{f-cO)filljlO)ff'.;(£~~90)/iilG < tJ:v'iJ;_ 1':~BkJtJ:ffi!O)ff'.;(£~ 
~90) /iii l, 1,'-=::. t iJ{tp, <. ·Ii'- ::x 00~/: 00Jt l, f;: :J -1/-ro5Jm ( I O I 1. I I U.:Z I O)t~-g­
t :t:0)~1:t,J:-:) ti,, Q. -0mia1t::1Jl~~* 110.1 l t:t~r~~tJ:0)-c_ -ewu-c:Mit Q-=- t 
ti~ < Mffl:-c ~ t,J:1, ,iJ;_ t t., A~BkJ/:ffl!iJ{ff'.:.(£9 Qt;: ,l!)O)f}JM{@:O)~{tf:tJ: ~-iJ; 1 :J> L,-c 
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Ill .\1. \·. llcnT .. J. I'. I,catinµ;. ThC> lli<'n1:rn11 z(•rus ;ind ci;.;('ll':,iiu<' as,:rnptotics. S!,L\I !/, ,,_ 41 ( l()!J(),1. 

[:!j L. llulllhi('ri .. J. ('. l.agari;1,. Co111pl('111,•11ts to l.i", nitcri,n1 frn tli<' !liC'llla1111 lnp<>tliC':,is. I 1\'ll.mb1'!" 
1/,.rmy 77, 11)1)1)•. 110. 2. '.!;"I ;_>,-;;-_ 

1:11 .J. F. ll11rnoL Scatt,·ring. dr•t<Trninall\:-;. !1,·pnf1111cti<>11:-; i11 r,·lation 1,, r(l - s)/r(s). 
http://arxiv.org/abs/math/0602425 

111 .\. Co11111·,. T,:11·,· r,nm1Ii:i i11 ll<>lll"Olllllilli:lli\t· )-'.l'llllll'ln· ;ill() 1111' /('J"()S or ill(' 11i,·111:i1111 11•);1 1"11111" 
tion. Srle!'/o .\/0.//1. (YS.i 5 (l'l!J'I:,. 1111.I. :.'') l()(i. 

1-"il Cl1. lk11i11µ;,·1 . .\lo1i'-·ic L-fi111c1io11, and rq;1d:1ri1.1•d d,·1,·rn1i11:i111s . . \lotin, 1 S,uttle. ll".I. J.IJ.'JJ_!. 
70;" T-J:3. l'rnc. S,mpu,. l'mc .\larh ... "j."j_ l'al"I l. .l11111. J/u//1. 80,· .. !'1,)!'irlerrl'I·. Ill. l'J'l l. 

Iii! ll. C,111111ksti,. On a pu,ifr,it: prnpr•r11 uf the Bicrn:11111 (-functi,m. lnin.,io.!ul ./'iom J,iet .. \lo.I. 
IU1,/.;_ "12 (:20ll'.!). llO. '.!. I;"') !SI f,dhuurr,on :\lot/1. I. 12 i:_")iJ(L':. IJIJ. :_)_ 110 1-Jj_ 

!TI .\I .. l. Sli:ii H;1r:i11. 1'!11• 111_1·ctr•rir•:-; 111" 1h,• n 1:il prim<·. L011do11 .\l:i1!11•111;11ic1,I S11ci,,1_1· .\lll11ilp;r:1.ph,. 
:\1'\\" Sni1'c. :2.,. !'lu: ('/ruend,m f',·,-s.,, (hfonl /C11i1.·ff.,it11 /'1ess. ,\eu; Yori,·. :.21101. 

l~I .I. c_·. L:i,µ;;1ri:i,. (J1111 Jl"'i1i1i1\ p111p,•r1,· 111"1!11· 11i,·11111t111 (-f1rnc1iu11. .'\1/a .\rith. 8!J il'.Yl\J).1111. :J. 
:217 :2:1 I. 

[!J] __ . Z1'l() ,p:\l"i11µ; di,I rilJllt iuns fur dill1·n•nn•d L f1111ct ilJ11•:, cldo :l rith. 120 (:_)(111., ,_ 11/J. :!. 
1:-i'J lS L 



199

____ HillH'rl sp;H·r•, ,ii· r·nt in· funl'tiun:-- ;111d lliridil1·I L f1nw1iuns. Frontiers in n11111/)l'r f/Jm,·y. 

J!/11;.,ir s. u nd !I' ornci /'If. I. :lG-"i :\77 Sp1 i11:;rT. Ll,rli n. '..>IHJG. 
111 I ___ . Li rn<'i!icients ru, aul urn1!1plril' L-f'1u1nion:--. A·n11. I 11.,t. /·0111·i1 r (C:n 110/Jlr) 57 I 21107). 110. 

-"i. lfii'CJ 17111. 
I 1:21 H. \l,•\·r•r. Un;\ n·pn·s,·11t;iti"n of tlH· idc[,, class µ;rn11p rC"!a1,•d In prirn,•s and ,no, of L-f11ni'lio11s. 

l!u/,r· ,\loth. J. 127 (:.'()1l,j1_ 110 :L -il') .j(),j_ 

11:\j \l. S11,rnki. (Ju ,11lisp;1<Ts ril tlw H;mh sp11<T r"1;1l1·d l<l 1.,·rns "I 1,•t.;1 l1111l'lii1llc. ]{!.\IS :iiif§)Z~~ 
fffli1,lrrM&lmi/-1UJ~M&O){il'[0)5t;fp' t '~Jl 'a:~ L--C I 21! I Ill: 
http://www.math.titcch.ac.jp/-msuzuki/rims_2010_10.pdf 

Ii JI ____ l)n 111011nio11il'it.1· of c·,•rt;rin 11·,,ighi<·d s11111111a1rn·.1· fm1cti1,1h ;1c.-nl'i;t11·d 1\·ith l. f'1111r·linns. 
C'il111t111·111. \[;Ii I, l ni1 St. l';11ili 60 t:,)011 ). nu. 1-:.!. :.!11 :.!:.!5. 
___ .. \ CdllOllil';il s_',··t <'Ill ,,r dill'r•n•111 i;,I 1•q11;11 i,,n, 11ri,i11,µ; frnn1 I !Ji• Hir•1n:u111 ;r•t 11 fu11r·I ion. 
h1nctioris i11 \1111il,r·r Tlrr·m.1 ,111d Tlll'ir l'rnl,;,liilis1il' .\sp<'cl,. :rn~ t:H,. Hl.\lS h:1,k11iruk11 
l\,•"111,11 rrn1- lll\lS. r-.:,1,,l<l. 21112. 
t!:\/t&i1'1'0)~,j'@t.,: t'''a:l'i'Cff~iE L, f;:: 't 0) : https: / /arxi v. org/abs/1204. 1827 

--· §c\f§.&:~JJtt;t~5tJJ~AO)~~*- M&:FJ!Hi!Hi'/il:§)Z~ \n 1-'-'Ufi MtfrM&lmil M&lmi!B-9~M&O)~ 
i!•~/::~J!!!L,--C i:21ll:2). l';"G-1S5. 

ll,I --· §c\f§.8z~JJ{AO)~~t~5tJJ~A- M&J:l:iiif~§)Z~ \ri.lis7I MtfrM&lmil ill1tI.twJrillB-9.f'$ 
'a:~L--CJ!t::M&lmi/ 1211111. 12; 1:11. 

[ 1-,] _ \.11 im·, r,c pro] ,l('lll for ;1 cl;i;;-; of CilllOllil'ill ,,·sterns. Mtfr8-9!il:M&lmil imi1l!~M&O)M&lmifa-(J'i'1 
Jlt-'c-O));tffl. \o.l,\1)1" 121111) 1111 l J.,. 

11 !JJ ___ . \1·;m•s1. JH 0ic,lilJ11r ,p,11 i11,c, di:--11 iln1I ion, for the· 11 ·ru, of I lr1· rc;d or inutµ)n;rn part ,if 1.lr1, 
lii<·n,;11111 xi-l111Hlirrn on ,.-,rlil',tl li11,, .. \ci:1 .\ritl1. 170 i,:2111,?, rn,. I. 17 (j.,_ 

[21!1 --· Hi1•1r1;r1111 ~ 00M&O)~j}~O)~~O)'i!i;j!1U,_ljU:O)~~~r .. ,~5t;fp'_ Mtfr8-9!il:M&~ M&lmifa-(JX'J'~O) 
5t;fp' t;iliftl.. _\11.2111:l i:.!IJIG'.. 2,j :l'.!. 

[21 j ___ . C;i11,,11ic;il s_\ ,t ,-111• ;11 i,inc, lrn111 I liri,·li!,,1 p11h 1111111i;ils, Ii L\ IS ~§)Z~~ Mtfr8-9!il:M&lmi/0)1fl'/ 
r□,~/:}!!!~ (;_)()[(ii: 

http: . math. ti tech. ac. jprmsuzuki/RHIS_2016_11. pdf 
l:.':21 ___ .. \11 i11Yl'L,1' prol,l1'111 fr,r ;i ci;is, of c,1111,11ic;il 1;::,,r,,111, ,111d irs ;1pplic;irio11-; to ,c]f-rcciprnc;i] 

pol1110111i,1k .I. \1i;,I, \l,1111. 136 ,:201,s:,. llU. l. :27:3-;31u. 
[2:)] . \ ll i11\·1•r,,• prol,]1•111 !'or ;i ci,1,, of di;ig, ,n,tl H ;111 iii I, >ll i;111,, 

https://arxiv.org/abs/1901.01838. 
12 iJ __ . -12·- :51 OOM& t ~5t:n;!:¥.A. ffi :2 @M&l:I~ A -I!~ -r-llH':i-~. :2010. 
12-iJ ____ l11tcµ;r;tl UJJ<'l'lltors ;l.l'isinµ; fr,m1 tire Hie11:;n111 yc•t;1 fm1ction. \';uirm, .\spel'ts of .\lnlripl1, 

/,,1;1 F111l('li"11, .. :l')1) 111. \,I\. '-ii 11d. 1'111,· \l;t1l1. 81. _\l;11h. Sue .Lipan. lokrn. :211:20. 
l2(iJ .\11 i11Y1Ts1· prublcrn for ;i class of l';rno11ical S\-,-;t,·111, li;n·ing l larnilto11iam; of dc·t1•rn1i11;rnt 

ow• . .I. l·'ml('t .. \nal. 27!) (:202(). 110. 12. lll,-sWD. 
[:.',] ---· H,r111il(o11i;in -:\·,11•111s nric-inµ; frnrn L f1111i'tinn-, in th,· Sl'ih<';-_e, l'l;rs,. 

https://cirxi,1.org/cibs/1606.05726 0) ,,•r.3 .DJ~. 
l2i'-J ___ . ('ii;\i11, of 11°prnrl11ci11µ, b:rn,•I I lilli,•rt ,-;p,H·,,,._ g,•1H•r;tl, ·d l,1· 11ni11111d11L1r 1'1111('1 iu1is. 

https: / / arxi v. org/abs/2012. 11121. 
[2!J] iW:i:;;t;:J'l!.?Et, 1~M&"F~~- :tl;fttl:\/tliL 1 %.-,. 


