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Abstract

We examine two topics related to nonlinear Schrodinger equations (NLS). The first topic
pertains to NLS with a strong magnetic field, which describes fermion pairs in the state of
Bose-Einstein Condensation. Mathematically, this model is represented by NLS with a partial
harmonic oscillator that induces high-frequency oscillations. By considering its average and
the limit concerning the strong magnetic field, an averaged model was derived. We establish
both local and global well-posedness for these models and provide local approximations for the
original NLS using the averaged model. Furthermore, we clarify the global dynamics of the
averaged model, involving scattering and blow-up phenomena. In our analysis, we introduce
new tools to effectively utilize the harmonic Schréodinger propagators in nonlinearity. As an
application of these tools, we explore the second topic: the dispersion-managed nonlinear
Schrodinger equations (DMNLS), which describes signal propagation in a fiber optic cable
where dispersion varies periodically. For the DMNLS, there is an averaged model in the
setting of “strong dispersion management”. For the averaged DMNLS, we demonstrate small
and large data scattering. We also provide remarks on blow up.
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1 Nonlinear Schrodinger equations in a strong magnetic
field

1.1 Introduction to NLS in a strong magnetic field

We consider the following 3-dimensional nonlinear Schrédinger equations (NLS):
. 1 -
0 (t,x) = Z Ho(tx) = 4t ) + V(2)u(t, 2) + Moo (t, 2) 74 (¢, ). (1.1)

101 (t,x) = =026 (t,x) + V (2)8(t, 7) + AFay (6(t, 7). (1.2)

Where z = (y,2) € R2 xR, 0 > 0,0 < e < 1 and H represents the harmonic oscillator in the
y-direction:
H:=-A, +|y|*.

The nonlinear term F,,(¢) is defined as

Fuu() := 2 AE 62’0H(|67i0H¢‘20€7i0H¢)d0. (1.3)

™

Equations (1.1) and (1.2) are mathematically normalized and generalized models of NLS with a
strong magnetic field. We will follow the derivation of these models, which is attributed to the
work of Frank-Méhats-Sparber [22].



Derivation of the models

In [22], the authors initially considered the following 3-dimensional NLS-type model:

00 = 5 (~iVa + A%(@)% + V() + 59, (14)

where z = (y,2) € RZ xR, 0 € N, and 5 € R. The real-valued potential V is assumed to be
smooth and sub-quadratic:

(e

;—V(z) € L*™(R) for any «a > 2. (1.5)
Z(Jt

For example, V(z) = £22. The vector potential A% is given by
A(@) = 5oy (.11, 0),
2e2

where 0 < € < 1 is a small parameter. This model macroscopically describes fermion pairs in the
state of Bose-Einstein condensation.

Because A€ is divergence free, V, - A° = 0, one has

. 1 1
(_sz + AE(‘r))Q = _A:E + @|y|2 - ?(ylayz - y28y1)~
The vector

BE:VXAE:E%(O,O,I)GR?’

is the corresponding (constant) magnetic field in the z-direction with field strength |B*| = % > 1.
The objective of [22] is to analyze “the strong magnetic confinement limit” as ¢ — +0. Then,
the initial data for equation (1.4) is assumed of the form

$(0,2) = = o (4, 2).

This assumption implies that the initial wave function is already confined at the scale € in the
y-directions. Accordingly, we rescale

y =2, 2=z YLy, Y) =eb(t ey, ).

Finally, we rewrite 55 = Ae2? < 1 by a fixed constant A € R. Thorough these procedures, equation
(1.4) becomes

N g ,H £ 83 £ 13 g|40 ,/,€
i0pp° = ;21/1 -5 Y + V()97 + A7y (1.6)
with A WO
y i
H= _7;[, T T §(y18y2 = y20y,)-

The operator H is essentially self-adjoint on C§°(R?) C L?(R?) with the pure point spectrum given
by

specH = {n+ 3 : n € No}. (1.7)
Based on equation (1.6), H induces high-frequency oscillations in time oc O(£~2) within the solution

whE(tf).]]By ﬁltelring these oscillations with the profile ¢°(t) := e"*/ e (t), they expected to observe
the following limit

¢°(t,x) = ' F oy (t,x) — Ap(t,x) as e — +0 (1.8)

in a strong norm. This profile solves

06°(1) = — 50267 (6) + V(=)0 (1) + A (e B g ()7 g (1) (1.9)



Regarding nonlinearity, they introduced the nonlinear function
F(0,u) = (|70 |27~ 10My,), (1.10)

Because of (1.7), F(-,u) is 2m-periodic. Then, to study the behavior of F(E%,u) as € — 40, they
defined the average of F(-,u) as

1 T 1 27
Fo(u) = lim — / Fo,w)d6 = — [ F(6,u)d6
T—+oo T' J 2w Jo
and formally derived the limiting model:
. 1 X
i0rp = = 5020+ V(2)6 + AL (9)- (1.11)

This type of averaging method has often been used to derive the limiting model of NLS equations
with strong confinement, cf. [5-7,16,39,42].

In this paper, applying the transforms
ult,y, 2) = a(ty, z) = (Te" ) (t,y, 2)
with )
i 1
L= _§(y18y2 - y28y1)7 T: f(t7y= Z) — 27 f(4t7 \/51% \/52)
and V(z) := V(v/2z) to the solutions to (1.6) and (1.11), we normalize the coefficients and eliminate
the angular momentum operator L to obtain (1.1) and (1.2) respectively. We remark that H is
essentially self-adjoint on C§°(R?) with pure point spectrum
{2(n+1):n €Ny},

and when we replace H with H, F(-,u) is J-periodic.

Conserved quantities

We return to equations (1.1) and (1.2). Equation (1.1) has the following conservative quantities.

o Mass:
1
MM:§Ame (1.12)
o Hamiltonian:
1 1
)=z [ (V0P +lwf)do+ [ (G0 + VoIl do
(1.13)

A 2042
7Td
+20’+2/R3|¢| “

e Momentum:

GHol = [ B, —md,)ode (114)

On the other hand, equation (1.2) contains the following conserved quantities.

e Mass:

1
Migi= 5 [ loPda

e Hamiltonian:

A 2 .
Elg] = /R (%|8Z¢|2+V(z)|¢|2>dx+m/0 [ e opettaan (11)



e Momentum:

Glg) :=Im | ¢0,¢dx (1.16)
R3
e Kinetic energy:
Klol =5 [ (19008 + 0P da. (117)

Although the conservation laws for M, F, and G are classical, the conservation law of K has been
proven and used only when o € N, cf. [A,21,25,26]. However, by employing the representation
(1.3), we can extend this conservation law to all o > 1.

Previous studies of NLS with a partial harmonic oscillator

In this subsection, we review previous works concerning NLS with a partial harmonic oscillator:
i = —Agu + |y*u + Aul*7u, r=(y,2) ER" xR¥™ 1<n<d (1.18)

If n = 0, it is well-known that the linear term induces a large time dispersive effect, which leads
to asymptotically linear behavior, that is, scattering. On the other hand, if n = d, the linear term
corresponds to the isotropic harmonic oscillator and (1.18) no longer has the global dispersion.
This case has been studied in [8,31, 34]; however, the global behaviors are much less known than
in the case n < d.

Our study is relevant to the case 1 < n < d. In this case, the d —n-dimensional global dispersion
arises in z. Recalling the classical scattering theory for the standard power-type NLS (cf. [9]), we
expect the large solution to (1.18) to scatter in appropriate conditions. For small initial data in
the weighted Sobolev space

2= {p e H'(R?) : |z|p € L*(R)},

Antonelli-Carles-Silva [3] proved scattering of (1.18) under the condition 1 < n < d and

2d 2
TR <o < whr (1.19)

Where, at := max{0,a}. They also prove the existence of wave operators under the same con-
ditions. For the standard power-type NLS, small data scattering and the existence of the wave
operator have been proven when

2

min{}, 25} <o < CEI
(cf. [9]) and the lower limiting case for d > 3 was attained in Nakanishi-Ozawa [40]. Seeing (1.19),
the expected lower bound ﬁ is not reached when d > 3.

When we consider the large data scattering, one of the most simple situation is “mass-supercritical”
for the spatial dimension d — n and “energy-subcritical” for the spatial dimension d:

<0< 5. (1.20)

When n = 1, the condition (1.20) is not empty. In the defocusing case, Antonelli-Carles-Silva [3]
proved the large data scattering under the conditions 1 =n < d < 4 and (1.20) in !, employing “
Anisotropic Morawetz estimates”. We remark that we cannot obtain an effective “pseudoconformal
conservation law” for (1.18) in the classical computation. In the focusing case, Ardila-Carles [4]
studied (1.18) under the conditions 1 =n < d <5, 0 > 1 and (1.20) in the energy space

B':={p € H'RY) : |ylp € L*(RY)}.

They classified the global behavior (scattering or blow-up) of the solution below the ground state,
inspired by Ibrahim-Masmoudi-Nakanishi [30].

Cheng-Guo-Guo-Liao-Shen [11] proved the large data scattering of (1.18) in B! under the
condition (d,n,o) = (3,1, 1), which is one of the lower endpoints of (1.20): ¢ = 2/(d —n). They
approximated (1.18) using the corresponding resonant system, which is the same as (1.2) except



for spatial dimensions, and proved the global well-posedness and scattering of the resonant system
in the space

L2y} = {p € L*(RY) : Vo, lylp € L*(R%)}.
The analysis of the resonant system was inspired by Dodson [17-19]. In [4,11], the concentration

compactness and rigidity argument developed by Kenig-Merle [33] was used.

When n > 2, the global dispersive effect becomes weaker than in the case n = 1 and the left side
of (1.20) is equal to or greater than the right side. Hani-Thomann [26] studied (1.18) in the case
o0 =1and d —n = 1. They proved modified scattering and constructed modified wave operators
for small initial and final data respectively, utilizing the resonant system to analyze (1.18). How-
ever, no explicit asymptotic formula has been obtained as in the case of the standard NLS (cf. [27]).

The same type of model as (1.2) is also used as the limiting model of NLS with strong magnetic
confinement, cf. [A,5-7,22,32]. The dynamics of (1.2) is closely related to many open problems
concerning the dynamics of (1.18).

Equation (1.2) has not only been used to analyze (1.18), but has also been studied. This is one
of the main topics of this paper.

1.2 Main results

This study aims to demonstrate the well-posedness and clarify the dynamics of equations (1.1)
and (1.2). The following results are based on the works [A,B].
In all following theorems, we weaken the assumption (1.5) and assume that there exists V"
such that
V" e L*(R). (1.21)

[A]-1. Well-posedness in Hermite Sobolev spaces

Theorem 1.1. Let 3 < o < 2, equation (1.1) is locally well-posed in X'. Suppose that [0,T5,,,)
18 the maximal lifespan of such solution.

(i) In the case o < 2.
o If \=+41, it holds Tt

maz: +Oo °

o If A= —1 and V is bounded below, there exists e, = e.(||to||gr) > 0 such that for all
€ € (0,e.], TG, 0w = +00 holds.

o In the other cases, it holds lim._, o T, . = +00.
(ii) In the case 0 =2 and X\ = +1, it holds lim._, 10 T5,,, = +00.
Theorem 1.2. Let % <o <4, (1.2) is locally well-posed in L*.
(i) When o < 2, all solutions exist globally.
(i) When 2 <o <4 and X\ = +1, all solutions exist globally.

If we assume V = 0, the same statement holds in B' and (1.2) is left invariant by the scaling
1
Oty 2) v du(t,y, 2) == p= p(u’t,y, pz), V> 0. (1.22)
This scaling leaves neither K[¢,(t)] nor E[¢,(t)] invariant, but conserves

K[¢u(t)]7Elp, (1) 72,
where E and K are defined in (1.15) and (1.17), respectively.

Moreover, the case o = 4 is energy-critical. In particular, there exists 6 > 0 such that for any
¢o € B! satisfying the scale invariant condition ||¢ol|325, 102002 < 8, the solution ¢(t) to (1.2)

with the initial data ¢o exists globally and scatters; there exist functions ¢+ € B such that

. e
im[[6(1) = ¢ F G| = 0.



When 2 < g, equation (1.18) become energy-supercritical and the global existence and dynam-
ics for large solution are unknown. We expect (1.2) will be useful in clarifying the dynamics of
(1.18) under the energy-supercritical condition 2 < o < 4.

[A]-2. Local approximations
Next, we present the convergence of (1.8).
Theorem 1.3.

(i) Let o € [5,2], Yo € B, and ¢ € C([0,Trmaa), B") be the mazimal solution to (1.2) with
@(0) = vg. Then, for any sufficiently small € > 0 and any T € (0, Tynas), there exists the

solution 1° € C([0,T],X1) to (1.1) with ¢*=(0) = 1y which satisfies
. itg% e _ - 1 =
Jim (e 9" =l pee(po,7y,51) = 0. (1.23)

Furthermore, there exist 9 = eo(||¢ol|ls1,T) > 0 and C = C(||¢ollsr,T) > 0 such that for
any € € (0,¢eq], it holds

o H
<2 ¢ — || oo (jo,7],12) < Ce. (1.24)

(ii) Let o > 1, 1y € X2, and ¢ € C([0, Tynaz), X2) be the mazimal solution to (1.2) with ¢(0) =
o € X2 Then, for any sufficiently small ¢ > 0 and any T € (0, Thaz), there exists the
solution ¢ € C([0,T],%?) to (1.1) with ¥°(0) = g for any sufficiently small ¢ > 0, which
satisfies

. its% £ _ —
51—1}5-10 ||6 ’l/) ¢||Loo([O,T]7Z2) 0 (125)

When we obtain the global solution to (1.2), the convergence result holds over any compact
time interval.

On the right-hand side of (1.24), the convergence rate ¢ is due to the difference of the first-order
regularity between the spaces X! and L2. We do not know whether this rate is optimal.

[B]. Global dynamics of the averaged magnetic NLS in the super-quintic case

In this subsection, we consider the global behavior of the solution to (1.2) in B! with the
condition V' = 0:
10y (t,x) = ~02(t, w) + AFay (6(t, 7)) (1.26)

In the focusing case, we demonstrate the existence of a ground-state solution and clarify the
dynamics of the solution to (1.26) below the ground state. We introduce a standing wave of (1.26).
First, we perform the following transformation

V() = e (1),

where ¢(t) represents the solution to (1.26). Then, ¢*(t) solves the following equation (see Remark
?7?):

(0 (t) = H" (1) — 020" () + AFar (7 (1)). (1.27)

In the focusing case, assuming of the form ¢*(t,x) = e®®p(x), an elliptic problem

Hp— 020+ ¢ — Fay(p) =0 (1.28)

arises. This computation is equivalent to ¢(t,z) = e’ o(z). Then we introduce the action

Sle] :==K[p] + Mp] + E[yp]
1

1
=f/ (IVal® + lyel? + |o]?) da —
R3 iy

z —i0H 20’+2d do
2 (0+1)/0 el dedd,

and refer to @ as a ground state solution if it satisfies

S[Q] = inf{S[¢] : ¢ # 0 and ¢ solves (1.28)}.



To construct the ground state solution, we consider the variational problem
inf{S[¢] : p € B'\{0} and I[p] = 0}, (1.29)

where

2 % —1 o
Ilg) = / (IVaol? + Iyl + o) da — 2 / / | OH P72 .
R3 ™ Jo R3

Then, we can demonstrate that (1.29) is finite and a minimizer exists, which ensures the existence
of the ground state solution. In fact, a minimizer ) is an extremizer of the Strichartz estimate

3

jus 1 1
([7 [ e mtopr2ado) ™ < ([ (Vapl + lyol + o))" (130
0 R3 R

We next study the global dynamics of the solutions to (1.26) below the ground state for (1.29).
Our strategy is based on the work of Ardila-Carles [4]. We introduce the functional

20

2 —i0H 2042
_— e dxdo.
m(o+1) /0 RS | d

Ply] := 2/ |82<p|2dm —
R3

We also define the following subsets of B!,

Kt :={peB': Slg] < S[Ql, P[g] >0}, 1.31)
K~ :={pe B':S[g] <S[Ql, Plg] <0}, '

where @ is a minimizer of (1.29). Note that S[-] is the conserved quantity of the solutions to (1.26)
and (1.27). We prove that all solutions whose initial data belong to Kt exist globally and scatter,
and those whose initial data belong to K~ blow up at finite or infinite time.

We will present main results of this subsection.

Theorem 1.4. Let A = —1 and 0 < 4. Then, a minimizer Q of (1.29) exists. Moreover, this is
an extremizer of the Strichartz estimate (1.30).

Theorem 1.5. Let \=—1 and2 <o < 4. Let ¢ € C((T-,Ty), B) be the solution to (1.26) with
¢(0) = ¢o € B'.

(i) If g € KT, then the corresponding solution ¢(t) exists globally. Moreover, if 2 < o < 4, ¢(t)
scatters in B'; there exist ¢ € B! such that

lim [l¢(t) — "% ¢ g1 = 0.

t—+oo
(i) If ¢po € K—, one of the following two cases occurs.
e The corresponding solution ¢(t) blows up in positive time. That is, Ty < oo and

Jim [0.6(1) 1 = oc.

e The corresponding solution ¢(t) blows up at infinite positive time. That is, Ty = 0o and

lim sup 19 6(¢) | 2 = oc.
t—o0

The same statement holds for negative time. Moreover, if ¢o satisfies zpg € L*(R?), the
corresponding solution blows up in finite time.

Our work also yields the scattering result in the defocusing case.

Corollary 1.6. Let A = +1, 2 < 0 < 4, and ¢ € C(R, B') be the global solution to (1.26), ¢(t)
scatters in B*.



The scattering result is based on Kenig—Merle’s concentration compactness and rigidity ar-
guments [33]. As mentioned in [4], because the model contains partial harmonic oscillator, the
method developed in [20, 28] could not be applied. They employed a variational approach based
on the work of Ibrahim-Masmoudi-Nakanishi [30]. We also follow the strategy.

We replace the condition (1.20) in our case. In equation (1.26), the global dispersive effect
arises in one dimension, and as mentioned in Theorem 1.2, equation (1.26) becomes energy-critical
when ¢ = 4. Thus, to obtain the corresponding results, we assume that

2<o0<A4.
However, we include the case o = 2 except for the scattering result.

In proving scattering, the condition o > 2 presents some technical difficulties. NLS equations
with a standard power-type nonlinearity, such as (1.1) and (1.18), are energy-supercritical when
o > 2. Therefore, in the analysis of the averaged nonlinearity, we need to employ Strichartz’s esti-
mate for the propagator e ~**# (on [0, Tl x RZ), as well as the global-in-time Strichartz estimate for

eitd: (on R; x R,). This approach requires the utilization of at least one anisotropic spatial norm,
and we must carefully consider the balance of integrability among the four variables: ¢, 8, y, and
z. On the other hand, we would prefer to minimize the use of anisotropic norms in constructing
a critical element that is essential for the concentration of compactness and rigidity arguments.
Then, we introduce new space-time norms and derive new global-in-time Strichartz’s estimates.
By using these tools, we can effectively employ the two propagators and overcome the difficulties.

2 Dispersion-managed nonlinear Schrodinger equations

All the contents concerning the dispersion-managed NLS are based on the work [C].

2.1 Introduction to the dispersion-managed NLS

Our interest in this work lies in the scattering theory for the averaged dispersion-managed
nonlinear Schrodinger equations of the form

1
10w = —Agu + )\/ e~ 0B (|e0Bey |27 080)dl,  (t,x) € R x R% (2.1)
0

Where, A = 4+1. This model arises in the field of nonlinear optics, particularly in the setting
of ‘dispersion management’ and in the investigation of optical solitons. The particular model
under consideration is sometimes called the ‘Gabitov—Turitsyn’ equation, and arises in the strong
dispersion management regime. The relevant literature is quite extensive by now, but we would
like to refer the reader to [1,13,16,23,29,35,37,41,45] for a representative sample of relevant
results. In the following subsection, we will follow [13] to introduce the derivation of the particular
equation (2.1) from the more general dispersion-managed model (see also [16]).

Derivation of the equations

Nonlinear Schrodinger equations also arise in the context of nonlinear fiber optics. We consider
NLS with a periodically varying dispersion coefficient:

i0u + d(t)0%u + [u**u =0, (t,z) €R. (2.2)
We assume that d(t) is a periodic function of the form
0(8) = d + do(L).

Where dj is a periodic function of mean zero and d,, € R is the average of d(¢) over one period.
This model arises in the setting of laser light propagating down a fiber optics cable in which the
dispersion varies periodically. Here, the variable t represents the distance along the fiber and x
denotes the time. This model has been extensively studied both mathematically and physically.
In particular, many studies involve the strong dispersion management regime:

d(t) = day + 2do(%). (2.3)



Where ¢ > 0 is a small parameter which affects the period and the amplitude of the dispersion d().
This setting is based on the idea that by varying strong dispersion over a short period to achieve an
average close to zero, one can mitigate the undesirable effects of dispersion on signal propagation
and stabilize pulse transmission. The technique of dispersion management was introduced in Lin-
Cogelnik-Cohen [36] and proved to be highly effective in generating stable soliton-like pulses. See
also the reviews [43,44]. For equation (2.2) with (2.3), the averaging process with respect to the
limit ¢ — 40 has been considered. First, Gabitov-Turitsyn [23,24] found a good approximation

for small e. Let D(t) := fot do(s)ds, the profile v¥(t) := e~P1/2)%y(t) solves

§0° (£) + day 0% (1) + e P22 (| D22 e (1) 77 P02 (1)), (2.4)
Let L > 0 is the period of do(t), D(%) is also periodic with period eL. When ¢ is small, etD(£)9;
induces fast rotating oscillations. Thus, averaging the nonlinear team over one period, we formally

derive the following averaged model:

1
el

I , -
= —du020(t) — Z/ e~ iD(M); (|62D(7)8§v(t)’2 elD(T)aiv(t))dT.
0

eL
0y (t) = —day020(t) — / e DRI (| DDy (1) |27 D%y (1)) dr
0

In this paper, we consider the most typical case:
1 teo,1)
do(?) { 1 telL?)
over one period. Then the averaged model is given by
2 b 02 (1,4792 |20 iTd?
i@thrdavavar/ e % (e % v|7 e T %= v)dT = 0. (2.5)
0

Note that the case d,, > 0 corresponds to focusing, while the case d,, < 0 is defocusing. The case
day = 0 is a singular limit. The Cauchy problem for equation (2.5) is locally well-posed in H'(R)
when d,, # 0 and 0 < o, or day = 0 and 0 < ¢ < 2. Moreover, the H!-solution exists globally
when 0 < o for d,y < 0;0< 0 <4 for d,y >0; 0 <0 <2 for doy =0. See [2,13]. The case 0 =4
is mass-critical. Following these results, Choi-Hong-Lee [12] identified the global versus blow-up
criteria for the H'-solution to (2.5) in the case day > 0 and o > 4. In this result, the asymptotic
behavior of the global solution is unknown. On the other hand, the averaging process (the limit
¢ — +0) was mathematically verified in [14,16,45].

In this paper, we examine the averaged DMNLS in general dimensions, excluding the case
day = 0. Therefore, we rewrite equation (2.5) as (2.1).

2.2 Main results
Small data scattering

Our interest in this work lies in the scattering theory for the averaged dispersion-managed NLS.
Our first main result concerns the small-data global well-posedness and scattering for (2.1). In this
regime the sign of the nonlinearity in (2.1) is irrelevant. The results may be stated as follows:

Theorem 2.1 (Small-data scattering, intercritical case). Let d > 1 and o € [3, 225] (with o €
[2,00) in dimensions d € {1,2}). Let ug € H%(R?), where

se=92-1¢e10,1].

If |||V |*euo || 12 is sufficiently small, then there exists a unique, global-in-time solution u : R x R% —
C to (2.1) with u|t=o = ug. Moreover, u scatters in H®. That is, there exist unique uy € H®e
such that

- _itA _
tilrinooﬂu(t) e ug || e (may = 0.
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Theorem 2.2 (Small-data scattering, mass-subcritical case). Let d > 1 and o € (3, 2)N [, 2).

a+2>
Let ug € FHY(RY), where
y=1-42¢(0,1]

If |||z|Yuol| 12 is sufficiently small, then there exists a unique, global-in-time solution u : RxR? — C
to (2.1) with ult—=g = ug. Moreover, u scatters in FH?Y. That is, there exist unique uy € FH?
such that ‘

tiigloo e~ A u(t) — Uz || 7 (ray = 0.

Theorems 2.1 and 2.2 parallel sharp scattering results for the standard power-type NLS (see
e.g. [10]). The parameters s.,y are the critical regularity/weight associated with the NLS with
nonlinearity |u|??u, obtained by considering the L?-based spaces of data whose norms are invariant
under the rescaling that preserves the class of solutions. Theorems 2.1 and 2.2 give small-data
scattering in the appropriate space for critical regularity /weight taking values between 0 and 1.
The additional constraint ¢ > % in Theorem 2.2 corresponds to the ‘short-range’ case for the
standard NLS; we are also able to prove that scattering fails below this exponent (see [C, Theorem
1.4]).

We were inspired to consider the small-data scattering problem for (2.1) by the recent work
of Choi-Lee-Lee [15]. In that work, the authors establish scattering for o = % (the ‘mass-critical
exponent’ for the standard NLS) in dimensions d = 1,2 for small data in L?. Their strategy was to
employ the UP, VP atomic spaces, observing that these spaces are compatible with the structure of
the DMNLS nonlinearity. At a technical level, the key ingredient in [15] was a bilinear Strichartz
estimate for linear solutions (extended to the UP space by the transference principle).

On the other hand, we demonstrate that a straightforward modification of the standard ap-
proach is sufficient to recover a suitable small-data scattering theory. To employ the strange
nonlinearity, we prove ey € LPL{L([0,1] x R x RY). To handle the effect of 2 in the es-
timates, we use a slight modification of the standard Strichartz estimate (inspired by [B]), which
we refer to as a ‘shifted Strichartz estimate’.

Large data scattering

Our next main result concerns the large-data scattering theory for (2.1) in the defocusing
regime. We prove scattering for intercritical powers (including o = 525).

Theorem 2.3 (Large data scattering). Let A = +1 and% <o< ﬁ (with o < oo in in dimensions

d € {1,2}). For any ug € ', there exists a unique, global-in-time solution u : R x RY — C to
(2.1) with u|¢=g = ug. Moreover, if o satisfies

5 o g <00 d=1,
l1<o<o0 d=2,
2 2

E<O’§ﬁ dzg,

then u scatters in X' as t — Fo0o0. That is, there exist unique uy € X' such that

: —itA _ _
Jim [l "2 u(t) — u g1 = 0.

Global well-posedness for the range of powers considered in Theorem 2.3 follows from the
standard contraction mapping argument, incorporating a Strichartz estimate in the averaged non-
linearity. We find that for the full range % <o < ﬁ, we obtain a local existence time that
depends only on the H!-norm of the initial data (even for o = ﬁ) In particular, it seems
that the averaging effect of the nonlinearity is helpful for short times. Global well-posedness then
follows from the conservation of mass and energy (in the defocusing case).

For the proof of scattering, we adapt the pseudoconformal energy estimate used for the standard
NLS (see e.g. [9,38]).

The pseudoconformal energy estimate is essentially based on calculating the time derivative
of the quantity ||Ju|?. (where J(t) = z + 2itV is the Galilean vector field introduced above),
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utilizing the conservation of energy and the Gronwall inequality. For power-type nonlinearities,
one obtains a decay estimate on the L2°*2-norm of the solution for any power 20 > 0. These
estimates imply critical space-time bounds (which then yield scattering) exactly when 20 exceeds

the ‘Strauss exponent’ ag(d) = Z=HVECEI2AEL e refer the reader to [38] for more details.

In the setting of (2.1), one can also obtain an analogue of the pseudoconformal energy identity,
albeit with some key differences.
Remarks on blowup

Finally, we would like to make some remarks concerning blowup in the focusing case related
to the recent work [12]. In that work, the authors considered the focusing DMNLS in one space
dimension, i.e.

(10, + A)u + /1 e 02 (| u|? e ) dh = 0, (t,x) € R x R. (2.6)
0

They defined a ‘ground state threshold’ given in terms of the optimal constant in the global
Strichartz—Gagliardo—Nirenberg inequality

» .
€92 012522, g gy < Colll7410:5153 %

which they proved admits an optimizer Q € H' satisfying
7Q+AQ+ / einA(|ei9AQ|20'6i0AQ) do = 0.
R
While uniqueness of such optimizers is not yet known, the sharp constant Cy can be described

purely in terms of the mass/energy of any such optimizer. Defining the conserved mass by M (u) =
|ul|3. and the energies

E[(U):%/ |Vu|2d:177// 2?2 dr dh, T CR,
R 1JR

the main result of [12] may be stated as follows:

Theorem (Main result of [12]). Let o > 4. Suppose ug € H'(R) satisfies

o+4

ot4 ot4
M (o)== Ejo,1)(u0) < M(Q)>~* Er(Q). (2.7)
Letw: (=T-,T) x R — C denote the corresponding mazimal-lifespan solution to (2.6).
(i) If
= =
l[uol| 72" 19zuoll > < QN 72" [10:Qll L2,
then Ty = o0 and u € L°HL(R x R).
(ii) If |z|ug € L*(R) and
1 e
l[uol| 72" 19zuoll L2 > QN 72" [10:Qll L2,
then u blows up backward in time, i.e. T_ < oc0.

The proof in [12] was based on a virial identity for (2.6). Similar the case of the pseudoconformal
energy estimate described above, one encounters terms that only have a ‘good sign’ in one time
direction. It is for this reason that the blowup in the above theorem was only obtained in one time
direction.

In this section, we demonstrate how a modified version of time reversal symmetry may be
applied to obtain blowup in both time directions:

Theorem 2.4. Under the same assumptions of Main result of [12]-(ii), the solution u blows up
i both time directions, i.e. Ty < c0.



12

References

[A]

J. Kawakami, Averaging of strong magnetic nonlinear Schrodinger equations in the energy space. J. Differ.
Equ. 377 (2023), 622-662.

[B] J. Kawakami, Scattering and blow up for nonlinear Schréidinger equation with the averaged monlinearity. J.
Math. Anal. Appl. 543 (2025), Issue 2, Paper No.128932.
€] J. Kawakami and J. Murphy, Small and large data scattering for the dispersion-managed NLS. Preprint
arXiv:2407.11151.
References
[1] Nonlinear Fiber Optics. Second Edition (Optics and Photonics). Academic Press, San Diego, 1995.
[2] J. Albert and E. Kahlil. On the well-posedness of the Cauchy problem for some nonlocal nonlinear Schrédinger
equations. Nonlinearity, 30(no.6):2308-2333, 2017.
[3] P. Antonelli, R. Carles, and J. Drumond Silva. Scattering for nonlinear Schrédinger equation under partial
harmonic confinement. Commun. Math. Phys., 334(no.1):367-396, 2015.
[4] A.H. Ardila and R. Carles. Global dynamics below the ground states for NLS under partial harmonic confine-
ment. Commun. Math. Sci., 19(no0.4):993-1032, 2021.
[5] N. Ben Abdallah, F. Castella, F. Delebecque-Fendt, and F. Méhats. The strongly confined Schrédinger-Poisson
system for the transport of electrons in a nanowire. SIAM J. Appl. Math., 69(no.4):1162-1173, 2009.
[6] N. Ben Abdallah, F. Castella, and F. Méhats. Time averaging for the strongly confined nonlinear Schrodinger
equation, using almost-periodicity. J. Differ. Equ., 245:154-200, 2008.
[7] N. Ben Abdallah, F. Méhats, C. Schmeiser, and R. M. Weishdupl. The nonlinear Schrédinger equation with a
strongly anisotropic harmonic potential. STAM J. Math. Anal., 37(no.1):189-199, 2005.
[8] R. Carles. Remarks on nonlinear Schrodinger equations with harmonic potential. Ann. Henri Poincaré,
3(no.4):757-772, 2002.
[9] T. Cazenave. Semilinear Schrodinger Equations, Courant Institute of Mathematical Sciences. Amer. Math.
Soc., 2003.
[10] T. Cazenave and F. B. Weissler. Rapidly decaying solutions of the nonlinear Schrédinger equation. Commun.
Math. Phys., 147(no. 1):75-100, 1992.
[11] X. Cheng, C.-Y. Guo, Z. Guo, X. Liao, and J. Shen. Scattering of the three-dimensional cubic nonlinear
Schrodinger equation with partial harmonic potentials. preprint, arXiv:2105.02515.
[12] M.-R. Choi, Y. Hong, and Y.-R. Lee. Global existence versus finite time blowup dichotomy for the dispersion
managed NLS. arXiv:2311.02905.
[13] M.-R. Choi, D. Hundertmark, and Y.-R. Lee. Well-posedness of dispersion managed nonlinear Schrodinger
equations. J. Math. Anal. Appl., 522(no.1):126938, 37 pp., 2023.
[14] M.-R. Choi, Y. Kang, and Y.-R. Lee. On dispersion managed nonlinear Schrédinger equations with lumped
amplification. J. Math. Phys., 62(no.7):Paper No. 071506, 16 pp., 2021.
[15] M.-R. Choi, K. Lee, and Y.-R. Lee. Scattering for the dispersion managed nonlinear Schrédinger equation.
Preprint arXiv:2401.16717.
[16] M.-R. Choi and Y.-R. Lee. Averaging of dispersion managed nonlinear Schrédinger equations. Nonlinearity,
35(no.4):2121-2133, 2022.
[17] B. Dodson. Global well-posedness and scattering for the defocusing, L?-critical, nonlinear Schrédinger equation
when d > 3. J. Amer. Math. Soc., 25(no.2):429-463, 2012.
[18] B. Dodson. Global well-posedness and scattering for the defocusing, L2-critical, nonlinear Schrédinger equation
when d = 1. Amer. J. Math., 138(no.2):531-569, 2016.
[19] B. Dodson. Global well-posedness and scattering for the defocusing, L2-critical, nonlinear Schrédinger equation
when d = 2. Duke Math. J., 165(no.18):3435-3516, 2016.
[20] T. Duyckaerts, J. Holmer, and S. Roudenko. Scattering for the non-radial 3D cubic nonlinear Schrédinger
equation. Math. Res. Lett., 15(n0.6):1233-1250, 2008.
[21] J. Fennell. Resonant Hamiltonian systems associated to the one-dimensional nonlinear Schrédinger equation
with harmonic trapping. Commun. Partial Differ. Equ., 44(no.12):1299-1344, 2019.
[22] R. L. Frank, F. Méhats, and C. Sparber. Averaging of nonlinear Schrodinger equations with strong magnetic
confinement. Commun. Math. Sci., 15(n0.7):1933-1945, 2017.
[23] 1. R. Gabitov and S. K. Turitsyn. Averaged pulse dynamics in a cascaded transmission system with passive
dispersion compensation. Opt. Lett., 21:327-329, 1996.
[24] I. R. Gabitov and S. K. Turitsyn. Breathing solitons in optical fiber links. JETP Lett., 63:861-866, 1996.
[25] P. Germain, Z. Hani, and L. Thomann. On the continuous resonant equation for NLS: I. Deterministic analysis.
J. Math. Pures Appl.(9), 105(no.1):131-163, 2016.
[26] Z. Hani and L. Thomann. Asymptotic behavior of the nonlinear Schrodinger equation with harmonic trapping.
Commaun. Pure Appl. Math., 69(n0.9):1727-1776, 2016.
. Hayashi and P. I. Naumkin. Asymptotics for large time of solutions to the nonlinear Schrodinger and hartree
27] N. H. hiand P. I. N kin. A ics for 1 i f soluti h li Schrodi d h.

equations. Amer. J. Math., 120(no.2):369-389, 1998.



28]
[29]
[30]
[31]
(32
[33]
(34
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]

(45]

13

J. Holmer and S. Roudenko. A sharp condition for scattering of the radial 3D cubic nonlinear Schrédinger
equation. Commun. Math. Phys., 282(no.2):435-467, 2008.

D. Hundertmark and Y.-R. Lee. Decay estimates and smoothness for solutions of the dispersion managed
non-linear Schrodinger equation. Commun. Math. Phys., 286(n0.3):851-873, 2009.

S. Ibrahim, N. Masmoudi, and K. Nakanishi. Scattering threshold for the focusing nonlinear Klein-Gordon
equation. Anal. PDE, 4(no.3):405-460, 2011.

C. Jao. The energy-critical quantum harmonic oscillator. Commun. Partial Differ. Equ., 41(no.1):79-133,
2016.

J. Kawakami. Global approximation for the cubic NLS with strong magnetic confinement. Preprint arXiv:
2306.02811.

C. E. Kenig and F. Merle. Global well-posedness, scattering and blow-up for the energy-critical, focusing,
non-linear Schrédinger equation in the radial case. Invent. Math., 166(no.3):645-675, 2006.

R. Killip, M. Visan, and X. Zhang. Energy-critical NLS with quadratic potentials. Commun. Partial Differ.
Equ., 34(10-12):1531-1565, 2009.

C. Kurtzke. Suppression of fiber nonlinearities by appropriate dispersion management. IEEE Phot. Tech. Lett.,
5:1250-1253, 1993.

C. Lin, H. Kogelnik, and L. G. Cohen. Optical pulse equalization and low dispersion transmission in singlemode
fibers in the 1.3-1.7 pm spectral region. Opt. Lett., 5:476-478, 1980.

P. M. Lushnikov. Dispersion-managed soliton in a strong dispersion map limit. Optics Lett., 26(no. 20):1535—
1537, 2001.

J.  Murphy. Subcritical scattering for defocusing nonlinear Schrédinger equations. Awailable at
pages.uoregon. edu/jamu/expository. pdf.

F. Méhats and C. Sparber. Dimension redution for rotating Bose-Einstein condensates with ainosotropic
confinement. Discrete Contin. Dyn. Syst., 36(n0.9):5097-5118, 2016.

K. Nakanishi and T. Ozawa. Remarks on scattering for nonlinear Schrodinger equations. NoDEA Nonlinear
Differ. Equ. Appl., 9(no.1):45-68, 2002.

D. E. Pelinovsky and V. Zharnitsky. Averaging of dispersion-managed solitons: existence and stability. SIAM
J. Appl. Math., 63(no.3):745-776, 2003.

E. Richman and C. Sparber. Strong magnetic field limit in a nonlinear Iwatsuka-type model. J. Differ. Equ.,
302:334-366, 2021.

S. K. Turitsyn, N. J. Doran, J. H. B. Nijhof, V. K. Mezentsev, T. Schéfer, and W. Forysiak. Dispersion-managed
solitons. Optical Solitons: Theoretical Challenges and Industrial Perspectives, pages 91-115, 1999.

S. K. Turitsyn, E. G. Shapiro, S. B. Medvedev, M. P. Fedoruk, and V. K. Mezentsev. Physics and mathematics
of dispersion-managed optical solitons. C. R. Physique, 4:145-161, 2003.

V. Zharnitsky, E. Grenier, C. K. R. T. Jones, and S. K. Turitsyn. Stabilizing effects of dispersion management.
Phys. D, 152-153:794-817, 2001.



