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NG NZENZ BT D A ARV O 3 & A S 72 6 1T 4 D e I E R
BAINTWS. REWIREHRE UTANF uNZERIZE T 2B ORI EA W%
#:9 von Neumann-Jordan E# (PR, NJEH) »H 5. ZOEHIT L > T—Fkknon-
square MEX° —BRIESIREENE /R & ORMIZLHIMEE 2 FHIdT 5 Z LN TE, T 5T James &
#%° modulus of smooothness 72 & D MZHER & DR HERBHE SN TN (e.g.,
2,6, 7,13, 18])

KIHZETIE, BARKIZ N F v NERIZE TS NI EBIZ DO WTEET S, FHZ, NJ
EH & Banach-Mazur Bt & OEAR S absolute / IV AIZE T 2 NI EHDO RNz 5 2
5. ZOFEHR%Z HWT Day-James Z2[H X Banag-Fraczek 2272 £ 0 AR 222/ B
5 NJEBZEFH L, 512 Banas-Fraczek 28] EIZHWT NI &£ & characteristic
of convexity & DEfRZE 52 5.

Definition 1 ([4]) Let X be a Banach space. The NJ-constant Cy;(X) is the smallest
constant C' for which

2 12
1 _letul el
C 2/l (1> + llwlI*)
holds for all z,y € X not both 0.

Cxy(X) OB L L TIRAFSNT WS,

Proposition 1 (cf. [7]) (i) 1 < Cxy(X) < 2 for all Banach spaces X.
(ii) X is a Hilbert space if and only if Cy;(X) = 1.

(iii) Cny(L,) = 2%/ min{p#'} =1 where 1/p 4+ 1/p' = 1,1 < p < .

(iv) X is uniformly non-square if and only if Cxy(X) < 2.

(v) Cny(X) = Cny(X*) for all Banach spaces X.

FIHIZ, absolute / IV AIZHIT D NI EBZFHAT 5. FHRGIZZ (7] TEA SN
NJ ®# & Banach-Mazur R & OREZRZ HW 5.

L Keywords. Day-James space, Banach-Mazur distance, von Neumann-Jordan constant



Definition 2 (cf. [14]) For isomorphic Banach spaces X and Y, the Banach-Mazur
distance between X and Y, denoted by d(X,Y), is defined to be the infimum of ||T]| -
||T~1|| taken over all bicontinuous linear operators T' from X onto Y.

Lemma 1 ([7]) If X and Y are isomorphic Banach spaces, then

Cni(X) 2
W < On(Y) < Ong(X)d(X, YY)

In particular, if X and Y are isometric, then Cyj(X) = Cxy(Y).

Lemma 2 ([7]) Let X = (X, ]| -||) be a non-trivial Banach space and let X; = (X, || -
|l1), where || - [[; is an equivalent norm on X satisfying, for a, § > 0,

allz)| < flefy < Bllzll, =€ X.

Then

2 2

%CNJ(X) < Cni(Xy) < %CNJ()Q'

FEDOHED S absolute / NV AIZBIT 5 N EHAEHET 5.

Definition 3 A norm || -|| on R? is said to be absolute if ||(|z], |y])|| = ||(z,y)] for any
x,y € R.

D728 Oy (R ]| - 1)) & Caa(ll - 1) &2 <.

Theorem 1 ([8]) Let || -||x, ]| - ||z be absolute norms on R%. Assume that
(i) (R%,] - ||g) is an inner product space.

(i) (2, )llx < [z, )l for any (z,y) € R

(i) (1, 0)]1x = (1, 0)lls amd [0, 1) [ = (0, 1) s

Then

Cxs(|| - |lx) = M?, where M = max{% (x,y) € R? (2,y) # (0,0)}.

(EEFRDREE ) Lemma 27°5 Cxg (|- |lx) < M?. 72 ||z||lg = M|z]|x > 075 2 = (u,v)
D IHIly=(u—v)&HL&

=+ yll% + [l — yli%

= M2,
2([l[% + llyli%)

FoT Ol lIx) = M2

ZOFRERIZIRD L5 I —RbT B enTES.

13



74

Theorem 2 ([10]) Let || - ||x, || - ||z be absolute norms on R?. Assume that

(i) (R?,|| - ||g) is an inner product space.

(i) all@ e < l(z,y)llx < Bll(z,y)llx for any (z,y) € R? (o, B are the best con-
stants).

(iii) In (ii) it satisfies either al|(1,0)|lx = ||(1,0)||x and «|[(0,1)||z = |/(0,1)]x, or
BIL 0l = 11(1,0)[lx and 5[[(0, )lla = [[(0,1)]|x-

Then 5

Cna(ll - lIx) = o

Z DEH % FWT, Day-James Z2[ (,-0, 125175 NJ €8 % 5153 5. Day-James
2B B B MR Yang 5 W NINITIT o TV A D, WIND (-0, 0, L., 72 ¥ DFE
BEEITH LT TH B (17, 19, 20, 21]). Theorem 2 % F\N 5 2 212 & - TZ SO
Gad—TRHIDFHATHI LN TES.

Definition 4 (cf. [7]) Let 1 < p,q < co. The Day-James {,-{, space is the space R?
with the norm || - ||, , defined by

_ H((E>y)||pa l’y Z 07
1@, 9)llp.q =
1@, y)llg, 2y <0,

where || - ||, is the £,-norm on R?.

1<g<p<oolZXU,R2ED/IVA|-|x %

(@, 9)llx =T (,9)llpq
Y8, 22T
1

Lemma 1 & U Oxy(€y£y) = Cxy(|| - ) THZ D5 Onsy(|| - [lx) ZEETHE+HHTH
5. ZD/IVLIZHUTR: EO VA |- ||y %

(2, )| = V/2¥P— 122 + 22071y (1< g <p <o)

EBL e | x & - || & absolute T Y Theorem 2 D (i), (i), (iil) (8 = 1IZBL
T) A7z, 5T Theorem 2 ZEHT 5 Z & TIR%EF5.



Theorem 3 ([10]) If 1 < ¢ <2,¢ <p < oo and 2%P~2/9(p — 1) < 1, then

22/11(15% 4 22/q—2/p)
((1+20)2 + (1 — o))/

COna(lp-ty) =

where
(22/%2/17 —t)(1 )t

<1}
(22/q—2/p +t)(1 =ty —
In particular, if 1 < ¢ < p <2, then (1) holds.

to = sup {t €(0,1):

Corollary 1 ([17, 19, 21]) If either 1 < p < 2, or p > 2 and 2%P72(p — 1) < 1, then
Ong(ly-0y) = 14 2%/772,

Remark 1 Let 1 < ¢ <2,¢ < p < oo and 2¥77%/9(p—1) < 1. If H is an inner product

space with dim H = 2, then Cny(€,-0,) = d(€,-C,, H)?.

YR1Z Banas-Fraczek 2B %25 2 5.

Definition 5 ([3, 16]). For A > 1, the Bana$-Fraczek space R3 is the space R? with

the norm |- |, defined by

|(@,)x = max {Alz], [[(z,y)l}-
[8] Tk R7z & 512, ZDZERMIE ly-t) BEHD—DD—{bL AT ENTES. T
DZEMNZE T D NJ DX Yang[16] IZ X > TIRO XS5 IZ/FHNT WS,
Theorem 4 ([16]) For A > 1,

1

Z Z Tl¥ Banas-Fraczek 25l %2 G IR D 21R50 / )V L 22/ R E AL, ZDZEFD NI
EH % Theorem 2 # FHWTEHET 5.

Definition 6. Fora > b > 1 and 1 < p < oo, Rib?p is defined as R? with the norm
|- Il on R* by

1z, )l = max{alz|, blyl, [[(z, y)ll}-

13
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P + 1/ <10 E Cy(R2,,) =2 $ra=b=1DY & ||(z,9)] = ||(z,y)ll, TH
205 a>1,1/a" + 1/ > 1 DBEDAREZNIE I, ZTIT,a>b> 11K, R?
DIWVL| g %
(@, y)lla = [l(az, by)|[2-
LREHTD.
p>2&9%. LD |, |||l lkabsolute TH D, X 5IZ Theorem 2 D (i), (ii),
(iii) D% #7279, &> T Theorem 2 Z#HT 5 Z & TIREGS.

1 1
Theorem 5 ([8]) Leta>1,a2b21andp22with—p+§>1.
a

(1) If b < a(a? — 1)7)2;1’27 then

2

1
2 _ 2 N
Ona(R2,,) =1+82(1— —)".
(ii) If b > a(a” — 1) , then

CNJ(RZ,byp) —p? (1 n (%)1,,—2)1_%.

In particular, Cxy(R2, ) = d(R2, , H)?, where H is a two-dimensional inner product

space.
Z DFERIE Theorem 4 2 &8, F72, p<2DEALHEKTH 5.

Theorem 6 ([9]) Leta >1,a>b>1andp < 2with 5+ > 1 and ar? b2 < 1.
Then
2 2 1ys
CNJ(Ra,b,;) =1+ b (1 — J) .

In particular, Cxy(R2, ) = d(R2

2 b H)?, where H is a two-dimensional inner product

space.

Remark 2 /N v 28] X O modulus of convexity dx () & characteristic of convexity

go(X) FMD LD ITEHIND:
- . x +
oc(e) = int 1= LM oy = 1o -y =} <<

go(X) = sup{e € [0,2] : dx(e) = 0}.
Bl [12] 1%, TRTONF v N/ X TR LT

g0(X)

1+ 1 : < Cni(X) (2)



MWD LD Z & &R U7z, EED Theorem 5 & Theorem 6 %* &, Banas-Fraczek Z2[] E
IZBWTAERX (2) DFESRIEDPELND ([8,9]):
a>1la>b>1, L4+L>1ITHLTX =R, &<,

a,b,p

D) p>20LE (2) DESLMIENHITEIL L b<a(a® — 1) IZFA.
() p<2Dr &, arz + btz < 172513 (2) D% BRI
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