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Geometric Aspects of Polynomial Computation Sequences 
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Abstract: This paper investigates the geometric structure of the set of polynomial com­
putation sequences of a given length. It then characterizes this set as a subvariety of a 
of Grassmanian variety. It uses this characterization to yield necessary conditions for a 
sequence of polynomials to be a computation sequence. It further uses this character­
ization to define a rational correspondence between polynomial complexity classes and 
subvarieties of the univeral bundles of Grassmannians. 

Notation: Let lF be an algebraically closed field of characteristic other than 2. For 
a polynomial f = 'Efixi E lF[x] let rr,(J, i) = k 

Motivation: Computation sequences are one of the fundamental constructions of com­
plexity theory. They are somewhat more tractable than complexity classes but closely 
related to them. They also form geometric objects that are interesting examples in al­
gebraic geometry. 

Definition: A computation sequence is a sequence of linearly independent polynomi­
als go, ... ,gr E lF[x] with go= x,gi = (E;-:tai,jgj)(2{:tbi,jgj) here ai,j,bi,j E lF. For 
polynomials g = go, ... , gr E lF[x] let (g) denote the vector space in lF[x] generated by 
go, ... , gr, Let 9i denote the sequence go, ... , gi-1 
Let gr denote the set of vector spaces spanned by computation sequences of length r: 

gr= { (g) 3 go= x;gi = (ai • 9i) *(bi· 9i); {gi} linearly independent}. 

Let G = Gr(r + 1, 2r) denote the Grassmannian variety of r + 1-planes in 2r-space and 
let U = U(r + 1, 2r) denote the universal bundle over G. 

Theorem 1: Suppose r ~ 3. Then gr is a constructible, Zariski-dense subset of an 
irreducible closed subvarieity of G of dimension r 2 - r - 2. 

Proof: Define a rational map Ar(r+l) ➔ G by {ai,j, bi,j} c-+ (g) where gi = (ai'9i)*(bi'9i). 
Since Ar(r+l) is irreducible, so is the closure of its image. It is easy to see that every 
element of gr is in the image of this map and the points where this map is defined 
is Zariski dense hence gr is Zariski dense in the closure of the image. That it is con­
structible follows from Chevalley's Theorem. 
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Define a rational map gr x IP'r x IP'r --+ gr+ 1 by 

Claim: This map is generically a double cover. 
To see this, let Ur = { (g) 3 ai,i-1, bi,i-1 -::/- 0 Vi}. Then Ur is a Zariski open subset of <Jr 
the Zariski closure of gr in G. For (g) E Ur we may assume that ai,i-1, bi,i-1 = 1 Vi. 
Suppose that (g) = (go, ... ,gr) E Ur and that (go, ... ,gr) = (go, ... ,gr-1,h). Say 
gr = (Ei<raigi) * (Ei<rbigi) and h = (Ei<rxigi) * (Ei<rYigi)-
Since (g) E Ur we may assume that ar-1 = br-1 = Xr-1 = Yr-1 = 1 and so 

h = g;_l + Ei<r-1(Xi + Yi)gigr-1 + Ei,j<r-lXiYjgigj. 

Since (go, ... , gr) = (go, ... , gr-1, h) there exists Ci such that gr+ Ec;gi = h. 
Let d = 2r-l + 2i. Then rr.(gr, d) = rr.(h, d) and so aj + bj = x1 + YJ \ij. Hence if gr is 
given 

Next set d = 2r-l _ Comparing rr.(gr + Ecigi, d) with rr.(h, d) we obain Cr-1 = Xr-2Yr-2 -

ar-2br-2· 
Set d = 2r-2 + 2r-k_ Since rr.(gr + Ec;gi, d) = rr.(h, d) one can cancel terms and obtain 

This, along with the previous equation shows that, assuming ai,j, bi,j is given, Xr-k is a 
linear function of Xr-2 for all k ?: 3. 
Set d = 2r-2 and compare rr.(gr + Ecigi, d) with rr.(h, d). Using the relations above and 
canceling results in the relation Cr-2 = Xr-3Yr-3 - ar-3br-3· Setting d = 2r-3 + 2r-4 

and comparing results in the relation 

Substituting the previous equation into this results in a quadratic equation for Xr-2• 

Therefore there can be at most two solutions to { ( x, y) 3 (go, ... , gr) = (go, ... , gr-1, h)}. 
Since x = a, y = b and x = b, y = a provide two such solutions the claim is proved. 
Therefore 

dimWr+1) = 2r + dim(gr)-

It is easy to see that U3 consists of vector spaces generated by systems of polynomials 
of the form 

2 4 3 go = X g1 = X g2 = X + a2,0X 

g3 = x 8 + 2a2,ox7 +(a3,1 + b3,1 + ato)x6 + (a3,o + a2,o(a3,1 + b3,1))x5 

+ (a2,oa3,o + a3,1b3,1)x4 + a3,ob3,1x3. 
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The last statement of the theorem follows. 

Remark: It is easy to see that g1 is a point and g2 is isomorphic to JPl1 . 

This characterization of computation sequences have some immediate consequences: For 
instance one can easily find necessary conditions for a sequence of polynomials to be a 
computation sequence. 

Definition: Let o: = ( o:o, ... , °'r) be a sequence of integers satisfying 1 :S ao < · · · < 
O:r :S 2r. The Plucker coordinate of (g) with respect to a is pO/_ ( (g)) = det( [ cc (gi, °'J)] i,j). 

Theorem 2: If (g) E Gr(r + 1, 2r) is an element of 9r and if a = (1, 2, ... , o:r) with 
o:i > 2i for some i, then pO/_( (g)) = 0. 

Proof: First assume that (g) E Ur so go = x,g1 = x 2 ,deg(gi) = 2i. Next assume 
that when performing Gaussian elimination on [cc(gi, °'J )kJ the resulting matrix is of the 
form [Ir+l, M] where Mis (r + 1) x (2r - r - 1). This condition is generic for elements 
of gr· Prior to the last step of the process one obtains a matrix of the form 

1 0 0 0 0 0 
0 1 . . . 0 0 0 ... 0 

0 0 1 0 * ... * 
0 0 0 1 * ... * 
0 0 0 * * ... * 

Row j is 0 for the first j + 1 entries and is 0 for entries > 2J. The condition °'i > 2i 
implies that row i is all zeros hence the determinant used in the Plucker coordinate is 0. 
These conditions remain true for the matrix of coefficients of any system of polynomials 
equivalent to a system obtained by a computation sequence since the relevant functions 
respect matrix equivalence. 
Since these equations are true in a Zariski dense subset of 9r, which is irreducible, they 
must be true in all of 9r. 

Example: Suppose go= x + 2x7 , g1 = x + 3x4 + x6 ,g2 = x 5 + x6 + x7 , g3 = x3 + x 8 ; 

Is (g) E <]3 ? Let a= (1, 2, 7, 8). Then pO/_( (g)) = 2 so (g) .j. (}3 

One can use the structure of gr to gain some insight in the structure of classical com­
plexity classes. 

Definition: For a polynomial f E lF[x] let L[f] the multiplicative complexity off be the 
length of the shortest computation sequence (g) with f(x) - f(0) E (g). 
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Let Cr denote the set of univariate polynomials of multiplicative complexity ::; r. 

Let c; denote the set of univariate polynomials of multiplicative complexity ::; r with 
no constant term. 

Let Cr,d denote the set of univariate polynomials of multiplicative complexity ::; r and 
degree ::; d. 

Let Br denote the set of univariate polynomials of multiplicative complexity r, no con­
stant term and degree 2r. 

Proposition: 

2. Cr= C: X A1. 

Theorem 3: There is a finite rational correspondence q --+ gr resulting in a com­
mutative diagram of rational correspondences: 

c;--+ u 
+ + 
gr--+ G 

To prove this we need several technical results. 

Definition: For i::; r,j::; i - 2 let N(i,j) = 2i-l - 2i. 

Lemma 1: Suppose (g) E Ur. 
(i) If n < N(i,j) then <r,(gr, 2r - n) is a polynomial in {anj, bn,.i 3 N(it,j) < N(i,j)}. 
(ii) If n = N(i,j). Then <r,(gr, 2r - n) = 2r-i(ai,j + bi,j) + Er,n where Er,n is a polynomial 
in {ai.,.i,bi.,.i 3 N(it,j) < N(i,j)} 

Proof: First assume i = r. Then N(i,j) = 2r-l - 2i. Since 9r = g;_1 + I;i.<r-1(ar,i. + 
br,i.)9r-19i. + I;i.,.i<r-1(ari.brj)9i.9.i, ar,i. or br,i only appears in <r,(gr, 2r - n) via <r,((ar,i + 
br,i.)9r-19i., 2r - n) or <r,((arnbr,.i)9i.9.i, 2r - n). If n = N(r,j) then 2r - n > deg(gr-19.i 
for Ji < j and 2r - n > deg(gig.i) so <r,(gr, 2r - n) = <r,(g;_ 1, 2r - n) + I;.i;::,:j(ar,.i + 
br,j )<r,(gr-19.i, 2r - n), which proves the lemma in this case. Next observe that for 
n < 2r we have 2r+l - n > deg(gwj) if it,Ji < r - 1 or it = r - 1,Ji < it. Therefore 
<r,(gr+l, 2r+l - n) = <r,(g;, 2r+1 - n) = I;i.<n<r,(gr, 2r - it)<r,(gr, 2r - n + it) and the result 
follows in this fashion by induction. 

Definition: For i::; r,j::; i - 2, k::; j let M(i,j, k) = 2i - 2i - 2k. 
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Lemma 2: Suppose (g) E Ur. 
(i) If n < M(i, i - 2, i - 2) then every occurence of ai,j or bi,j in <r,(gr, 2r - n) is as 

ai,J + bi,i· 
(ii) If M(i,j, k) :Sn< M(i,j, k - 1) then <r,(gr, 2r - n) = (r,n(ai,jbi,k + ai,kbi,j) + Vr,n 
where (r,n and Vr,n are polynomials in { ait,.i, bn,.i with it < i or it = i,j > j or as ai,.i + bi,.i 

or ai,.ibi,lk or ai,lkbi,.i with M(i,Ji, Ik) < M(i,j, k). 
(iii) If n = M(i, i - 2, k) with k < i - 2 then (r,n = 2r-i; 

Proof: If i = r then n < M(i, i - 2, i - 2) implies 2r - n > 2r-l and so <r,(gr, 2r - n) = 
<r,(g;_1, 2r - n) + E.i(ar,.i + br,.i)<r,(gr-19.i, 2r - n), which proves (i) in this case. 

If M(r,j, k) :Sn< M(r,j, k-1) then 2i +2k-l :S 2r -n < 2i +2k and so <r,(gr, 2r -n) = 
<r,(g;_1, 2r -n)+E,i(ar,.i+br,j)<r,(gr-19.i, 2r -n)+(ar,jbr,k+ar,kbr,j)+E2j+2"<2J+2k<r,(g.iglk, 2r -
n), which shows (ii) and (iii) in this case. Now suppose the lemma is true for i and r 

with i :Sr and consider 9r+l = g; + En<r(ar+l,it + br+l,i)9r9i. + Eij<r(ar+1,i.br+l,,i)9i.9.i· 
Then 2r+l - M(i,i - 2,i - 2) > deg(grg.i) and so if n < M(i,i - 2,i - 2) we have 
<r,(gr+l, 2r+l - n) = <r,(g;, 2r+l - n) = En<n<r,(gr, 2r - it)<r,(gr, 2r - n + it) and so (i) and 
(iii) follows by induction. 
If M(i, j, k) :Sn< M(i, j, k - 1) then 2r+1 - n > deg(grg.i) so once again <r,(gr+l, 2r+l -
n) = Ei.,s:n<r,(gr, 2r - it)<r,(gr, 2r - n + it) and (ii) then follows by induction. 

Proof of theorem: Suppose that f E Br. Suppose also that inititally the parame­
ters ai,j, bi,j, Ci are all indeterminate. By using the lemmas and the fact that if f E (g) 
then <r,(gr, 2r - n) = <r,(f, 2r - n) for n < 2r-l we obtain constraints on the parameters 
ai,j, bi,j that are sufficient to establish the theorem. 

Define a series of specializations: 

1. For 2 :S r,O '.S j '.Si - 2 let n = N(i,j),Bn: bi,j ,v-; -ai,j + 2i-r(<r,(f,2r - n) - Er,n)­
Then Lemma 1 implies <r,(gr, 2r - n) ,v-; <r,(f, 2r - n) and that Er,n is a rational function 
of {au, bi.,.i 3 N(it,.Ji) < N(i,j)}, i.e. either it< i or it= i and O :S Ji< j. 

2. Define a nested loop of specializations. For 2 S i S r - 1, 0 S j S i - 2 proceed as 
follows : let n = M(i, i - 2, j), nl = N(i,j), n2, = N(i, i - 2) and En : ai,j ,v-; 

-i-r-l(<r,(f, 2r - n) - <r,(f, 2r - nl) - <r,(f, 2r - n2) + Er,nl + Er,n2 + Vr,n) 

ai,i-2 

<r,(gr, 2r - n) ,v-; <r,(f, 2r - n) and Lemma 1 implies that Er,N(i,j), Er,N(i,i-2) are rational 
functions of {au,bn,.i 3 N(it,Ji) < N(i,j)}. Lemma 2 implies vr,n is a rational function 
of {ai.,.i, bi.,.i with it< i or it= i,Ji > j or ai,lk, bi,.i with M(i,.Ji, Ik) < M(i,j, k). In all cases 
these are functions of ait,j, bn,.i with it :S i. 

Note that the specializations can never overwrite each other. After the specializations 
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described in part 1 ~(gr, 2r - n) is a function only of the parameters ai,j, 2 :S i :S r - 1 
for n < 2r-l _ After an outer loop of specializations in part 2 is completed it is clear that 
~(gr, 2r - n) is a function only of a2,o, a3,1, ... , ai,i-2 for n S M(i, i - 2, i - 2) and that 
ai,j is a function of a2,o, a3,1, ... , ai,i-2 for j < i - 2. Assuming that one solves for the 
parameters a2,o, ... , ai-1,i-3 in equations ~(gr, 2r -n) = ~(J, 2r -n), n < M(i, i-2, i-2) 
one obtains a system of equations ~(gr, 2r - n) = ~(J, 2r - n), M(i, i - 2, i - 2) < n < 
M(i + 1, i - 1, i - 2) which depends solely on ai,i-2· This shows that for f E Br there 
are finite many parameter sets ai,j, bi, j 3 i S r - 1, j S i - 2 with f E (go, .... / gr-1, gr) 
some gr. But then the proof of Theorem 1 shows that there are at most two possible 
polynomials gr that go with f and ai,j,bi,j 3 i :Sr -1,j :Si - 2. This establishes the 
theorem. 

Theorem 4: Cr is a Zariski dense subset of an irreducible variety of dimension r 2 

Proof: Define a rational map ,4.1+(r+1) 2 ---+ A.1+2r by {ai,j,bi,j,Ci} c-+ (~(J,n))n where 

gi = (ai ·?Ji)* (bi· ?Ji), f = f(0) + Eicigi. Since ,4.1+(r+l) 2 is irreducible, so is the closure 
of its image. Cr lies in the image of this map and is clearly Zariski dense in it. The 
dimension claims follows from the previous theorem. 

Questions: 1. When is the correspondence C: ---+ 9r a rational map? In other words 
does a generic polynomial have an unique computation sequence associated to it? This 
is true for for f with L[f] = 4 but not true if L[f] = 3. 

2. When does this correspondence break down? For generic f with L[f] = 4, there 
is a unique computation sequence, but what are the conditions when this is not the case? 

3. How can conditions for sets of polynomials to be computation sequences be used 
to construct necessary conditions for a polynomial to have low complexity? In other 
words how do we use defining relations for 9r to obtain defining relations for Cr,d? 
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