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REDUCE ©TReduce % II

BEk A% HEsm ¥ K Z  (Mitsuhiko Kohno)

$1. B
BRIM>PAFERBROPFCORLLHM > Reduction Problems ®—21iZ.
19134 G.D.Birkhoff B RUELKOEHE NS 3,

SRS HFEARXR
td—X- teA(t)X (q=0:integer)
( 77 = q=20 :integer
(1.1) i
Alt)= 2; Aut ™ (to S1EIE o0)
. 5B THIRERNEH
(1.2) X=P(t)Y
k-7,
dy
(1.3) t —— = (Be+B1t+ - -+BtYY
dit ;

REEHEFI Reduce TXEBZEVWSHHDTH B P, 40F % - T. F.R. Gantmacher,
P.Masani V20T, ROBRRKRHAEBTF TEHOMY LIRWLU k.

RS HER R
= () D x a0
dt No o/ #V\o o/)T 1=
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. WARZBRGERRLE>TD tY =BoY RE3MAHERARIU Reduce
TERV, WU, T/ FOI—BEERULY. EREERYR P(t) #H
EVRVERERULYVOMEROOTS S, | |

ZhE22ST. 1962F H. L.Turrittin . 2@ reduction problem ZHEZU.
(1.1) T Ao PHERZEHELFBAUW. 55E%% BEMO P(t) %
Ho TThiE (1.1) 2% (1.3) & Reduce TXB3FERFELU k.

G.D.Birkhoff OFE T ZMHFTMEH R X hIE. (1.1) &

BBMAFERBL reduce THBM. s & — W ¢ FVKERZOTS 3.
(.1) CBVWT. BEE g % Poincaré rank () A TW 5,
g=0 2o, t=0 UHWEKRESTSS ML Sanvage, J.Horn}o LOBE
D&I>W. Ao PHELRZBEGEALETE. t =0 I rank ¢ ODFHERES
TH3H. dU. Ao, A1, Az, ... ENMBITABALATOES, =0 1k
M7 % rank OFHEBESTHES5>MD. ThEDLMEBRRETHAHP. 2D
R, BEWmBHMS ARERICT S Fuchs OBBREHIET 3.,
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mABEALMERE LW, Z ORRTHAFERRUE.

dz
t

;-3 -3
dt

1 .
— 1 , 7
8 +~ 3 -13.

v
i
/

(1.8

ERBZOT. t=00 YHWTERETH S, :
WX, LOBAYAERFR (1.4) X, Euler BB ML HER

(1.7 t2yv'+ty —— v =0

1
4
B RBBEI x1=y, Xe=V EBE. X=(x,, x2.V ZHIIHHA
BRARIEEZEARLORBERV. (1.1) OBELOITHE. conpanion {75 (&
BUEN300)TH5. Fuler FEAOBMERE 0=+ THY. EH.
LOERFOHEERE. AOOEBRTHOEEE 01=—%. p2=— %
o TVwAh, D0THBOFETSE. (1.5) OEBEET L,

(1.5) Ok ¢ OBHEAKH

/10
5 0 t -1
EBEEITE
dZ I’J 0 1Y
(1.9 t o= | |z
: dt R S § O

ERY. ZOHNE (1.6) 9. BEMEHZOL BRIV T >XV URKETSH 3,
ZhiE. (L) ERAABEARILT AR, 2.=Yy, Z.=ty EBE.
Z={z1,2:). CHIZREEALLOEMET 3. BLBLERE. (1.9) O
GileLHAILT 3

DD 5% R . THEXEHL T,
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W5, BUI»S 21=4y+3ty', Ze=—2yv+3ty 8% MHHE
ARIEUVEDOTHEEZIEURBICHAS S,

HDUBRBUROT. 821K T &, Sauvage, Horn, Birkhoff £OMED
FEEZU T, 1960F J. Moser WHAWMD HRENRIIH TS Fuchs HimkBEL .
(1.) @ t=00 PHEEBELELRILDOEN. RUZTLENET 5220
algorithm 2V L TV %, ZTD%k. O Fuchs Him& Birkhoff-Turrittin @
MREEEHPOIDT. BITHEROFHULER TIERZ OO RN »EESREL.
W.B. Jurkat-D.A.Lutz S0 —ZFOMFE LI #Hsh. BHEL LKL, W Balser,
E.Wagenfuhrer #Z 8 &%, . HARZEXLHESOTHETEIFHT S8,
R.Gérard, B.Malgrange ttCh ¥ ZH b %,

X C. BUBAFEROBFMEAR O KR EAR VKT 31080 > Tl
MAFBERRENRETEAPREL. THHREELC. BRUEPMCRS L. B
R ABEAEUS HERROBAEACBE R, BRI KA HERLE R
FRARCEXBETZENHREL N, 53BEMR» ORERFORIHERSR
. ROBHMWE L ABMWHERERX 22 ER<ERT 2R, TRV SHE
TH5%0

19644, ZEHWEROAR KL Turrittin [1] . ¢ =0 CHTHEM.
t=00 iZ rank 1 OFTHWTHES 2 DD Birkhoff ZH# R

dX
(1.10) t — = (Bo+B.11)}X
' dit

O ABHMEEMRY Uk K Okubo DBXEFHULALOH T, KOBIEN
TV3: (1.10) RHMELARMMEA R
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n 7 1 X
.11 tryim= NN ahrtr)tnﬂjﬂnﬂ)

LhAM8. n=2 Q& (11D & (1.10) k.reduce. S22 k20088
M

However, if n>3, it is not at all clear just how one would systemnati-
cally proceed to convert (1.11) into a system of type {1.10) or to convert
(1.10) to (1.11). In fact at this point one runs into a number of diffi-

cult problems relating to egquivalence classes of equations.

filzid. n=3 DEEEEL T AL (1.11)1 £ (1.10) jo.reduce. 200
. yv=1"2 LBNL. As. o RBELLLINL 2 BEDLBEL.
ZRAEBEAERBL (1.11) (Hl as.o=0) LELLLE. W=(z, 2", 2"
& B T ansonpanion i 2 G B i b 2 a AR AL ELE A sl 1 B34E
LR

fani—ni{lawn—n2+az2l—ass=0

DX (= el UIN G510 S AN

E=a.n—m3t+taaz:

&)k B

fj t \ O ‘\
! /
‘&t ot 1/
5L Birkhoff B (1.10) BEALA.
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YEREBL.. CCOFREBPRREE. BaEAL,

SEHzQEMEAREELLCSMU THV 2 R Gérard %1% (Institute
de Recherche Mathématique Avancée®’,U.L.P.(Strasbourg)) @t 3 +—7T.
BEN. BEMAEC >V TOHEHEL UL E X, Fuchs MBS HERN

: dX _
(1.12) (¥ —B) —C—{;= AX, B=diag(A 1, A2, ..., &), A=M. (C)

CEEXFT. . RHETHLIURESEASY rank ¢ O FTHTHEAL»
LERVEBNMAFERL
dX | .
(1.13) t — =(Bo+B1t"§”"‘+‘Bqtq}X, B:sM. (‘C>‘,
dt |
CEXFTEHRPTAER. ES3 VU THBBMIEHLALOM ? BERAITLD
4, PHOBERREIBEION? CHREBMXA L,
5@ Turrittin BFRAORTEHLALE ULFIRZ VDA TVRIELE >T.
Gérard BXEEMEI T IR, BHAUEREI RN |

coery M= > atieriy (),
-1

P

(1.18) < o=11 (-2 (A,=0},

Ji=1

Soadt) =128 TORER

2) Gérard ¥iZW L.R.MA R 7LV ABEWRFAEHBLTL 3, ?&’6’)3‘%%%%
2 Avancée %= Alsa’cien EEVWTEE 75}6\ Avancée WETEULRS. KT
¥ Alsacien EFJIEUTE R, Wik T hRiJTIEUEHD...
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AN AENFE (1.12) ¥ Birkhoff Z# R (1.13). Schlesinger EZ# 3%
NEEEMERT reduce L. L€/ FOI—BHEEOBEN>. BE
RRBIA3RUEEEY. REHOREBEL2H I PR TIMERER T I LIRS L
(21314228, (1.10) T. & a.(t) ¥EL (P~ 1) ROBEAR
W MAaAERE €=4, (i=,2,...,p) & t=00 WHERHELEDD Fuchs
BMTHY. p=1T. a,(t) a4 ql ROBEATH LIE. =0 &
WERHRELEZ. (=0 & Poincaré rank ¢ OFBERENE S 2WAHENT
55ZERFELTHB L,

§ 2. Birkhoff E# %A D Reduction
KT, BMENKSHFEN

n /! el
v ny(ny - NI N r n—1I 4y (n—1)
(2.1) [ S = anrt ) t i)

% Birkhoff #ZE# % (1.13) Z reduce ¥ 53 HFED1HERT, 8§81 O TIEN
koW, RILTBZH->T. WM BEYHZ shearing B EIT > THLIHBR L,
zzTH.

(2.2) Volti=¢ (e Doy (¢) T
EFEWVWTS Vo & Vo1 EOFRR

7

tY o= (@—1)1DPYe=1T% Vo1

& 2D oEBR T RHFTHES>Hh SEERN

% - =i
ql

1’ x‘qbl(t}z Zal.rtr—Ql (1:1121---18)
r=0
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EMa. Y=(yo,.}’u....:yn—1)‘ lziﬁf%ﬁﬁﬁﬁfiﬁ%

/ 0. t | 0 \.[
" 0 0 - e |
dyY b
t— = ; y
dt |
0 0.0t }z
LA ) t9Aa(t) 0.+ t9A L)/
= A(t)Y (0,=-(-1){e-1); j=0L2%....n),
2E3,

Zhiz. JAEH X=E{1)Y 2L T. Birkhoff £#% (1.13) 7>
nWsEFnid. (1.13) OFBOKRKE B{t) &¢EF &, THEK EiL) W
M (o) AER

d
(2.3) t(}—tE(t)+—E{t}A(t)=B(t)E(t)

EAHRRIRTIAIR>BL, BB, 2hhroOEHMIZOEHRAFEARLZEL T,
Alt) ol E(t) 268BERELTH > ICEDRP . GR. G KO
t ORERDSMS Blt) 2RELTVIS3EVSDTH 3.
75 A{t)oEE»>#H L T. ‘
B{ti={(b. {t)},
b lt)=0 {(i+1<s; i=L2,....0 1)
biin(tl=1t {i=12,....02-1)
bi i) (J£i) ! B2 9 ROZIER

€ :
{ ei.i(t}zl (i:l,Q,...,ﬁfl)
e (t)=0 (i<j; i=L12....8"1)
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SUT. 2D TPhERVWZI NS,
T, (2:3) ERABUEETEUL.

(2-4),}' tqej.j*l(t}"{'—ej:bj.j(t)_{-tqej+l.j(t} (J.:Lzs.p.n}

' d
(2.5); t67*ej.j—k(t)‘»Lt"ej.j—k~1{t}+91—£8j.j_~k{t)

a
1
-

b ;. j—;(t}ej—z. ;k{t T tqejrl.j'—k{t}s

[/

=b ;. i-xit]+

.
n
o

=1,2,...,5-150=2,3, ..., 0},

&%, BU. ERXT

€n+1.n—k{t}5_f§k+1‘:t} {k:O,l,.a.,ﬂ"”

ERWT B, | | |
Aft) @t OBERX. b, (t) WEX ¢ KO ¢ OFERTH3H

EEBLT. e.,it) % ¢ OBERE RS Y. EREER 2 RAHMER L

my. BEL. BERHAMS e t) (i—Jj=k) & t ' OEUKH

DEEREUTRETEXZEINZS S, |
KOMEE AT S

H

Arl(t)=ar a+ > t7A(E) (I=1,2,....a)

v=1

EHBT 5, HISL T

k s, ‘
ei.j“h(t): zt~vqe;’.i—k{t)’ (k=l,‘2.....j‘l;f=2,3,...,n)

y=1
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CHET, 22T, As(t), er i xlt) WEmA g—1) o t OZERT
5. Eh.

d ‘ d g—1
t — (tviev(t))= t — [tV > E.t"™)
dt dt : m=0
7 a—1
=t [ S (—vg+im)Eat™)
m=0 /

t7v*D..lev(l)],

bit), elt) 2FhFhagr qgix. (q~1};y*:ca t ORBHERELEREX,
bitielti=tbltlel{t)]°+[bit)eit)]!

EF7T. D.udev(t)], [bitlelt)]” =0,1) dp&E X (g 1)KD
t OZHEATH 5,

IhE: 2.5, TRAULT. @O 7 0%LHMoR ({02HA) 2%
LWhWEBE. BB, RoBRAHEsN B, '

v+1

¥ )
(2.8); Dyles. ixltOi-rei i-vt € i—a-1

kR—1

v 1 c v+1 101 v+l
= Z {{Dji—1€ei-r. 5" T D s-1€i-1.;-21°) T €i+1. -k
=0
(l":[‘lzi"l'lk; kzllzll'llj—l; j:llzl'llln)l
1 "i_‘. Y k ‘o 1
2.; biix=€i i-r-1— 2D i-1€j-1. i-r]°— € jt1.i-n
: I=0 L

0 =3 O RS £ R 1 W AR 25

_10 -
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(2-?)71 bn. n—k

L R-1

=en.n——k—l—i[b‘n.n~18;~1.n-k]°+A;+1‘1"Cl'h+1.q(k+1)tq
=0
(R=1,2,...,0-1)
BUL. EXT
{ 8:+1.n~k{t:’5—4:+1(t)
L einial(t)=0 (v>k—1)
EHWRT 5,
(2.0) & (2.7)n B, BHEBIZ
Dnnall)Arit,axr) T? (kfo.l....,n‘l}

W (g—1)ko ¢ o2EKX. T Q2.7 »a, b iRt} i<n) »
&R {q~~1)?&2® T OZXEATHAZENHSZ, ,
T, (2.0, (2.6);, (2.0 3 b ; (T} BRETHRIE. ROBER

FRRIEDL,

(kﬂfwﬂp~1)~40—p+ln

DRELT, BAZNEHDELLS .
ZOkE. FAER 1 BEERD
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| {§‘=(ﬂ—(N—kH§"“+n" kL2 N

go=1, £'=0

BAREE. 2 i 00 =12, N QloRELY. £ BAE #=0n
ST RABKILR

§'tpo-(N-2) -1 | O

g2 (-3 -1

. o Lo = ]11{o—np
gt O T

LOBHEEEAVCT. £ (Danlt) enanlk) k=12, 20-1)}
DRERDVTHEBEL LS. (2.0a, (2.6)n EHD

J' erl;.u—l'f"en‘?‘Ai:bn.u“’al.qtq

x x R+ 1 R+1
(2.8) Dlga[eu.nﬂu}‘f‘en—ken. n-k T €n, n-2-11T Akt
=[bn.nen. n-—ﬁ]l (k:112|lliln—l) l

2828,

At =a(0)+a{l)+ - +ailg—1) ¢t
bn.n”al.qtqzﬁo+lglt+’;’+Bq—ltq—‘—l
e:. n—l;:,g::“f‘&!’l"*“';“’r‘g:—;tq_l

(k=12 00 ),

- 12 -



134

EBVT. EREKATBE

(2.9 Eol (Botkq—0ni)Eo—drer.o
= ({ﬂo‘f"(n—tl)Q‘»(n“‘k“ 1 )}§§—an+1.o'

(Eo=1, £e=0; h=0,1,...,2-1};

(2.10) £, =(8o+(n—1),q~u~{n——k—1))§f+6y'§z

k+1

L 4 (BiEat Bt —ariv)

(=0 k=1,2,....0-1; v=1,2,...,q¢-1)

REZERAPBEOINS, BHEELY. (2.9) PBEBW. Bot+tin—1)q i

n

21D [pla= S asnolples=[lio—01)=0

i=1 i=1

DED1IDREL V. 2ORE. (2.1) ORTBEA =0 LB 3BEHER
Td%, ChoDi (BHERE o U=12,...,0) &

(2.12) PrEpPa 1S =0,

EMERE G TH <
v i
| Botin—1)g=pa

ren. (2.9 »o £o b=l ....0-1) W—EHCHE S,
FEE. (2.10) i
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Eotoa-v-(n-2) -1 Vel
;- O .|
£o pa-v-(n-3) -1 “rfy |
a }
5;~1 ) 0 pn..y/ i‘ E:_lf'
= ﬂ%u ‘ (V:I,Zg‘--lq—l}

BRBATHEH. REBOITHIAE. BUMHBETHED 5.

n—1

1:[1 (pn"—y—pl)
RELLWESHY. (2.11) OEFERFEVIAE 0 TRV, &5Te
Er h=l0 .. 1l . FR—BHR®EEE. 2OLKIRLT.
U baalt), eranlt)) OERBEERRCMESCE R,

ww. j=n—1 2xuT ; S

k

{bj.j{t), ei.i-xlt) (k=1,2,...,4-1}}
FEOESCUTHS. BUKE j=n—2 CHUTE#AT. j=1 £
B(t) OEHAMSEREL TV, -

%G)%\nbvzl1“2:v---s’(n_1)» ODME‘:\ j:n,_n‘l,n“zw.‘,. (‘:
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{bii-wit), e; i—v-rlt) (k?l.z...v-.f“b””}’

/&\_BH)@ﬁﬁﬁma%afﬁib1m<:twm%%o%®ﬁ®7mjux
Lﬁxﬁmk®ﬁiﬁﬂmi%®?@§o

ZoESRHREETRE E(t)i. t ' O2ERERAEF 3 HMNERY.
¥ % Birkhoff EBERORBREITHOS>BH
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o, I O
Ie) . N
Bo= b2 O2-9
o ‘ o '
bu.l ba.a——l pn“(n_l)q
0 1 O
B 0 1 .
= 0 . ¢ 1
Aa, an An-1.¢(n—1)> A1, q {

EUVUTEZY. (2.1) OBFELATOBMERKE EDOF £ Birkhoff FRER
(1.13) WBEhLELH 3, | ~

BHEHCLZLO7LVIYILERRSE. ChREC2YE2-FREBH
ANEHXTCH%. REDUCE w&37n735.HE [56] WHZDTEEE
hhb,

§ 3. Schlesinger HEH R\ D Reduction

XT. (1.18) T& a:(t) &% (P+g—1) ROZBEROE %,
t=2; (j=1,2,...,p) RHEEHEEM. ¢ =00 2 Poincaré rank ¢ OFTHE
BESERLBOUHLHERTH 2 8. Th % Schlesinger ZERE BTN S

: dX b4 C_; Q :
= _ -1 ) :
@D {,21 Tt Bt }x, Ci, BreMalC)

W reduce FAMIER. MRXEBZTHLEL S,
(2.2) & (1.14) OB ¢tz 2Tk
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n

vom Taititye. et

I=1

&i})%‘ Y=(3’0.3f’1h--;)’n—1}¢ CZij?%fﬁﬁﬁfiK;é

'l{[ 91§9t”1 (‘b '{):
; | 0
;’ 0 0.0t ! Y 1‘
ady o
dt |
! 0 W '.
\\
\ an{t)llf)lmu (ln—l{t}‘ﬁz_”"'en(Pt_lfalit} ‘
= A(t)Y
2135
J) D C’; e ~ «l
(3.2) B(t) =94 > + > Bat* o
L oi=1 t——RJ. k—1 !

EBLT. EBAGEA

dE (1)

, -+ E(t)A(t)=BI{t)E(t)
dt

(3.3) 2

B, Fk §2 LEKR E(T) . B(t) oRKIFHERETRERL,
ZORDR. @R (P+qg—1) XD ¢t OBEAERTERELT

L @ o 0. 0t...., @ty
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&Y., Alt), Bit), E{t) 200&5U0DWT 5
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-1 R
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Pp—1 q-2
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p—1 q—2
E{t)= {;E”(tﬂ}@‘”"’W@gE””(lﬁ) t

Cho2ZEBAENX 3.3) CRALT. EXY) 2 ¢! 0BHEALBAETS
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§1 ORI THENL & 5. Reduction DHEW. LD WELEH3 S hi.
WTARUTHERMARFEERZE. ANTRSASV T ZHEETH 5,
REDUCE w2 THEMELRL,
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