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A Note on Casson-Gordon’s Invariants

By Tsuyoshi SAKAT

[1] , Casson-Gordon showed that there exist knots which

(o]

are algebraically null-cobordant but not null cobordant. Folf%ing

them, we will observe that those knots in

(1]

are not cobordant

to the knots whose Alexander polynomials are trivial.

We work in the smooth category and, unless otherwise stated,

all manifolds are compact and oriented and homology is with integ-

ral coefficients.

1.

Casson—Gordoqﬁ}nvariants

N

We will review the definitions of their invariants by Casson-

Gordon; in fact, they have given three definitions and we will ob-

serve the equality of them.

Let M be a closed manifold, and 4

i

Hl(M) —a-Zm an epimor-

~

phism. Then ¢ induces an m-fold cyclic covering M —— M, with

a cannonical generator, corresponding to 1€ Zm, for the group of

covering translations.

From LEMMA 2.2 in [1], there is an m-fold cyclic branched

covering of U-manifolds

with inverse image

W —> W, branched over a surface F<int W

%’cint TT\I, such that

5(W — W)=(M —> M) and

such that the cannonical covering translation

T of W which

induces rotation through 23/m on the fibres of the normal bundle

of F restricts on gW to the cannonical covering translation

of _ﬁ determined by . The intersection form on Hz(W) extends

naturally to a Hermitian form -

on H

H — H be the automorphism induced by

metry on.

(H,-), and

T

m

id.

Write
{
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HQ(VJ) @ ¢ . Let 1 = 14

T
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Then T is an iso-

2| L

“m

, and let Er be the



2

wr-eigenspace of T, 0sr<m. Then (H,-) decomposes as an ortho-

gonal direct sum Eég‘,iﬁﬁl Let er(ﬁ) be the signature of the

m-1°
restriction of - to Er' Now define for 0<r<m, the rational

number or(M,w),

~ 2
»cr(M,w) = sign W - ¢ (W) - gLEj_iéE:E)

where [F]2 denotesthe self-intersection number of the homology

~class represented by F. Well-definedness of OP(M,w) follows from

\(_;‘m tij
LEMMA. 2.1"and Novikov additivity.

‘We will give other descriptions for cP(M,w).

(1) (e.f. [2] or [3])

For given (M,¢), from the finiteness of 93(K(Zm,l)), there

~

exists an m-fold covering of 4-manifolds W,—> Wl such that

1

3(%1—9 Wl) = k(M — M) for some integer kX 0. Let 1, be the

1
generator of Zm—action on Wl which restricts on each component of

8W1-t0‘the cannonical covering translation on M determined by ¢.

' Now define for 0<r<m,

Oi(M,W> = %(sign Wl - er(ﬁl))

where er(ﬁl) is the signature of the restriction of - to the w' -

eigenspace of T Then from LEMMA 2.1 in [1] and Novikov adg@i-

1
tivity, it is easily seen that 0.= oi.

(2) (e.r. [1])

For given (M,y), suppose that for some integer n, there is

~

an mn-fold cyclic covering of Yomanifolds w2~» W2 such that

B(Wg-e w2) = (n-copies of M)—> M and, for some covering translation
g which generates the covering translation group of &2’ T,= Tg

restricts on each component of 28W, to the cannonical covering

2
- translation of M  determined by ¢. Now define for 0< r< m,.
2 Lo |
op(M,9) = sign Wy - Ze (W)
r

where er(ﬁz) is the‘signature off the restriction Qf - to the ¢ -

eigenspace of Tse

2



We observe that oL = oo in the following. Now consider

Zm—action on WZ generated by Tg and denote the guotient space

~

wg/n. Then WQ——e w2/gn is the m-fold cyclic covering such

that 3(w2——7 %/ n) = n(M —> M). From this,

or(M,w) = ————-(s:Lgn( 2/:1) - € (W ))

~

Therfore it suffices to see that sign( Z/Qn) = n sign W2. To do
so, 1let %/ n denote the homeomorphism induced from Ty on %/;n.

Then 2 —actlon generated by TQ//n is induced on %/'n and

WZ/TS—-—>W2= 2//0/_[

is an n-fold cyeclic covering such §hat a(wg/;n —> w2) = (n~copies
0

of M) —» M. Let W3 be a L4-manifold with aw3= M. Pasting the

copiés of W3 along M’s and extending Zn—action obiously, we

obtain the n-fold cyclic covering i-—a X, where X ='W2U W3 and

3) Now using Lemma 2.1, Novikov addi-

- . n-1 ~ - ~

tivity and the equallty 3" ¢ (X) = sign X (where ¢,(X) is the
i=0 211

X = W%/}n\}(n—copies of W
-0

signature of the restiction of - to (e n )r-eigenspaée of TO/Tn),
0
W - n-1 - -
n sign W, + sign( %/11) = sign X = I e,(X) = n sign X
3 ; T PR B
. 0 i=0 ° : :
= n(sign W3 + sign WZ)

This completes the proof.

2. Statement of the result

Let K be a knot in 83. Fix a prime g, and let M_ denote
the  a N_ro1d branched cyelic cover of (S3 K),‘n'= 1,2,;--. Then
H*(MH,Q) = Hy (S3 Q). Suppose that we have an eplmorphlsm ﬂ/
Hl(Ml)~—9 Zm' Then the branched coverlng pPOJection M ——? Ml
inducesbavsufjectlon Hy (M ) —> Hy (M ) ‘ Comp031t10n with */ then
defines epimérphiém'jjn; Hl(Mn)"‘a'Zm for all n

3
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Theorem. Suppose that X is cobordant to the knot K” with
trivial Alexander polynomial. Then there is a constant ¢ , and a
subgroup G of Hy(M,) with |G|°=|H (M)], such that if m is a
prime power and ¢ : Hl(Ml) — Zm is an epimorphism satisfying

¥ (G) = 0, then Ior(Mn,wn)[<~c for all n

Let Kk (k € Z) denote the k-twisted double of the unknot.

Then, from Theorem and the proof of THEOREM 5.1 in [1], we obtain

Corollary.. Kk is cobordant to the knot with trivial Alex-

der polynomial only if k = 0, 2.

Lemmas.

3 I i W I a ) : ’
. . be—a e ~

Lemma 1. Let W be a Q-homology cobordism between Q-homo-
logy 3-sphere M and Z-homology 3-sphere M/ .. If.theﬁmage of the
map ‘Hi(M) —> Hl(w) induced from inclusion has order &, then

Hy (M) has 2°.

This is an easy generalization of LEMMA 4.1 in [1].

Lemma é. Let Mg denote the qn—fold branched cyclic co&er
~of (83,K’),'where K7 has trivial Alexander polynomial. Then,
for all n, 7

(1) M£ is Z-homology 3-sphere, and

(2) Mé bounds simply connected U-manifold with index zero.

4, Proof of THEOREM.

By hyphothesis, there is a smooth submanifold T of S3x I
homeomorphic to SYx I, such that TnAS3x0 = K, TAnS3x1 = K~
For fixed prime q, Wn denotes the qn—fold branched cyclic cover
of (S3x1,T) and M_(resp. M) denotes the gq"-fold branched

cyclic cover of (S3,K)(resp. (83,K'ﬁ). Then, Wn gives the Q-

homology cobordism between Mnkand Mg., Let in*3

4-
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Hl(wn) be induced by inclusion, and let G = Ker il*' By Lemma 1.
and Lemma 2(1), [G[2=|H1(Ml){.
Suppose that m = pa, where p  1is prime. By similar argument
to that of THEOREM 4.1 in [1], we come to the following situation;
(1) we set d = dim Hy(W,2 ), n=1,2:-,
(2) Wﬂ is obtained from Wn’ by doing surgery on dn—l
circles in interior Wn,
- (3) Hl(wa,zp) is eyclic,
and

(4) the following diagram is commutativf for all n ;

—_— > -
M HWy

ol e
Z_a—————>175D
p p
where iﬁ is inclusion, Wﬁ is surjective and Z a —> Z_ b is

p p

P78 Let W—s W' be the pP-fold eyclic

multiplication by p
covering induced by Yﬁ; then B(Wﬁ—e ﬁé)‘ consists of (pb—a—
1 e b . el - -~
copies of Mn) —> Mn and (p -coples of Mn) —> Mn’ where Mn-—>
Mn is the covering induced by wn and 'Mé—a Mé is the trivial
covering. From Lemma 2(2), Mﬁ bounds simply connected f-manifold
Wﬁ' with index zero. Pasting copies of w;’ to ﬁﬁ—a Wﬁ' along
) . . <7 - )U o
Mn s, we obtain the covering Vn—e Vn’ where Vn wn Wn .
Using this covering vn_9 Vn’ we can give an estimate for
or(Mn,wn). From the construction, sign V = 0 and gr(Vn) =
~/ ,-;U_ U - 1 : - -
en(W2) + e (Waobo. W-*). By linear algebraic argument, e, (W YV -)
= 0 ; that is, gr(ﬁn) = gr(Wﬁ). Therefore if X denotes the in-

finite cyclic cover of ng I-T, from similar caluculation on dim.

Hz(Wa,Q) to that of [1], we obtain the estimate

lo,(M 59 ) |<]|G](2d-1) + 1 | |
where d 'is equal to dim{Hi(X,Zp). This completes the proof.
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Appendix
Non-Ribbon Pretzel Knot

In [2], Casson-Gordon gave the examples that are algebraically
slice but not ribboh among 2-bridge knots. Our example is a
direct consequence of Hsiang-Szczarba’s result in [4] on the
representability of 2-dimensional homology class of l4-manifold

by an embedded 2-sphere. We need some lemmas.

Lemma 1. Let K C.S3 be a ribbon knot and 22 be the 2-fold
branched cover of S3 branched over K. Then 22 bounds a Q-acyclic
4-manifold V such that the homomorphism i1g: nl(BV) —> ﬂl(V)

induced by inclusion is onto.
See [2].
Lemma 2. Let K = K(p,q,r) be a Pretzel knot of type (p,q,r).

where p,q,r are odd integers. Then its 2-fold branched cover is

the 3-manifold with the following surgery diagram.

C-c-¢~

See [5]. P q

Lemma 3. Let K = K(p,q,r) be as in Lemma 2. Then K is

algebraically slice if and only if lpq + qr + rp]= square.

This follows from the direct calculation of Seifert matrix.

Example. K = K(-7,9,27) is algebraically slice but not

ribbon.

Proof. From Lemma 3, K 1is algebraically slice.
Assume that K is ribbon. Then £,, 2-fold branched cover

&



5f (83,K), bounds V as in Lemma 1. By Lemma 2, 2., is
2

——————

- \?

Using framed calculus,

AP
b Y S a—
C—C-GC
ol i 2n
That is,_22 bounds 4-manifold W which is obtained from the Ui-

i and Hg following the framed link

Ie
—
)
=+
2
s
n
-
=
L+
K
e
i
i

ball by attaching 2-handles H

We construct Y4-manifold X Dby pasting V and W aloﬁgbtheir
boundaries. Then X is simply connected closed M—manifoid

whose intersection module is unimodular, eveﬁ, positive definite
and with rank 2. Therefore, from the classification theorem of

the integral quadratic modules and homotopy classification theorem
of simply connected 4-manifolds (see [6]), X is homotopy equivalent
to 82x 82. From this, we can choose a symplectic basis for HZ(X>’

that is, {a,B} 1s a basis for H2(X) such that a-.a = 8B = 0,

a+B = 1. We denote by Yy and Yo the homology classes correspon-
2 2

ding to the cores of the 2-handles Hl and H2. Write Yq and Yo
by {a,B};
Y{= aa + bB
(a,b,c,d € 7)
Y2= co + dBf

Then Y11= 2ab = 2, Yo' Yo 2cd = 36 and Y1'Y,= ad + be = 9.
Thus vy, must represent +(30 + 6B) or +(6a + 3B). Therefore Ys
is non-primitive and represented by embedded 82. This contradicts

to THEOREM 1.1 in [4].
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