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ON  DISCRETE HOMOGENEITY 

VITALIJ A. CHATYRKO AND ALEXANDRE KARASSEV 

ABSTRACT. This is a survey of recent and classical results concerning various types of 
homogeneity, such as n-homogeneity, discrete homogeneity, and countable dense homo-
geneity. Some new results are also presented, and several problems are posed. 

All spaces are supposed to be Tychonoff. For standard topological notions we refer to 

[9]. 

1. HOMOGENEOUS SPACES 

Definition 1.1. A topological space X is called homogeneous if for any points x, y of X 
there exists a homeomorphism f : X→X such that f(x) = y. 
Note that any homogeneous space is similar around all its points from the topological 

point of view. 

Example 1.2. The following spaces are not homogeneous: 

(a) Any space which has both isolated points and non-isolated points. 

(b) Any closed bounded interval of the real line艮

(c) Any space X which has points p, q such that indpX -=J indqX, 

Example 1.3. The following spaces are homogeneous. 

(a) Any discrete topological space. 

(b) The real line股 andits subspace Q of rational numbers. 
(c) The n-dimensional sphere S叫n2 1. 
(d) The Sorgenfrey line § {the set of real numbers with the base of topology provided 

by intervals [a, b)). 

The following statement is obvious. 

Theorem 1.4. If {Xa, a E A}, is a family of homogeneous spaces then the topological 

product ITaEA X。isalso a homogeneous space. 

Example 1.5. The following are examples of homogeneous spaces which are homeomor-
phic to products of homogeneous spaces. 

(a) The space JP'of irrational numbers which is homeomorphic to Z竺whereZ is the 
space of integer numbers. 
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(b) The Cantor set <C (since <C is homeomorphic to D叫 whereD is the two-points 
discrete space). 
(c) The topological products (Q x <C, (Q x匝

Example 1.6. The following spaces are also homogeneous: 

(a) The Hilbert cube [O, 1]竺
(b) Erdos spaces E(Q) and E(IP') (where E(X) =｛百 El2: Xi E)'[ C罠｝ andl2 is the 
real separable Hilbert space). 
(c) Any topological group G. 

Note that the spaces§, [O, l]w, and S叫n# l, 3, are not topological groups unlike to 
other examples mentioned above. 

2. GENERALIZATIONS OF HOMOGENEITY 

Remark 2.1. One can substitute in Definition 1.1 the points x, y with the sets A, B from 
a given non-empty class C of subsets of X, and require the homeomorphism f: X→ X 
to be such that f(A) = B. 
Note the following natural restrictions on the sets A and B for such a homeomorphism 
to exist: A'::::'B and X ¥ A'::::'X ¥ B, where'::::'means homeomorphic. In particular, 

IAI = IBI and IX¥AI = IX¥BI. 

Further, we will discuss stronger forms of homogeneity based on Remark 2.1. 
Let n be a positive integer. In 1954 Burgess [4] called a topological space X n-
homogeneous if for any two subsets A and B of X of cardinality n there exists a home-
omorphism f: X→X, such that f (A) = B. Note that the 1-homogeneous spaces are 
homogeneous spaces in the sense of Definition 1.1. Further, he called X strongly n-
homogeneous if any bijection f: A→B between subsets A and B of X of cardinality n 
extends to a homeomorphism f : X→X. 

Proposition 2.2. Let n be an integer> 1 and X a topological space. Then the following 
is valid. 

(a) If X is strongly n-homogeneous then X is strongly (n -1)-homogeneous. 
(b) If X is strongly n-homogeneous then X is n-homogeneous. 
(c) If X is n-homogeneous then X is 1-homogeneous, i.e. homogeneous (see [4, The-
orem 1]}. 

Question 2.3. Are there an integer n 2: 3 and a n-homogeneous space which is not 
2-homogeneous? 

Example 2.4. (a) The real line股isn-homogeneous for every integer n 2: 1, strongly 
2-homogeneous, and not strongly 3-homogeneous. 
(b) The circle S1 is n-homogeneous for every integer n 2: 1, strongly 3-homogeneous, 
and not strongly 4-homogeneous. 
(c) Any connected k-dimensional manifold (in pa仕icular,the Euclidean space酎 and
the sphere Sり， k2: 2, is strongly n-homogeneous for every integer n 2: 1 (see [2, 
Theorem 14]). 
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Let us add that if X is an n-homogeneous compact metric connected space then X is 
strongly n-homogeneous or it is the circle S1 [10, Theorem 3.11], and there is a connected 
Lindelof space that is n-homogeneous for every positive integer n and not strongly 2-
homogeneous [12, Example]. 

Question 2.5. Is there strongly 4-homogeneous space which is not strongly 5-homogeneous? 

Example 2.6. The topological union股①股 isI-homogeneous but not 2-homogeneous. 

Question 2. 7. Is there 2-homogeneous space which is not 3-homogeneous? 

It is well-known that any finite dimensional metrizable locally connected locally com-
pact group is a Lie group [13] and hence if it is connected and has dimension 2:: 2 then 
it is strongly n-homogeneous for any n. However, the answer to the following question is 
unknown to the authors. 

Question 2.8. Are there connected and locally connected topological groups which are not 
n-homogeneous for some n > l? 

3. A GENERALIZATION OF THE (STRONG) n-HOMOGENEITY 

A family of subsets D of a topological space X is discrete if each point x E X has 
a neighborhood Ox which intersects at most one set from D. If each element of D is a 
singleton, we obtain the definition of a discrete subset of X as the union of these singletons. 

p 

Note that each discrete subset of X is closed, and any finite subset of X is discrete. 
In 2022 the authors [6] suggested the following notions. 
A Hausdorff topological space X is called 

• discrete homogeneous (DH), if for any two discrete subsets A and B of X with 
IAI = IBI there exists a homeomorphism f of X onto itself such that f(A) = B; 

● strongly discrete homogeneous (sDH), if for any two discrete subsets A and B of 
X and any bijection f : A→B this bijection extends to a homeomorphism of the 
whole X onto itself. 

Some simple facts from [6] are mentioned next. 

roposition 3.1. Let X be a topological space. Then the following is valid. 

(a) If X is a sDH space then X is a DH  space. 
(b) If X is a sD H space then X is strongly n-homogeneous for every n 2='. 1. 
(c) If X is a DH  space then X is n-homogeneous for every n 2='. 1. 

Example 3.2. (a) Any infinite discrete space is strongly n-homogeneous for every 
n 2='. 1 but not a DH  -space, and hence not an sD H space. 
(b) The real line罠 isn-homogeneous for every n 2='. 1 but not a DH  -space. 

Proposition 3.3. Let X be a compact Hausdorff space. Then: 

(a) X is a sD H -space iff it is strongly n-homogeneous for every n 2='. 1; 
(b) X is a DH  -space iff it is n-homogeneous for every n 2='. 1. 

Example 3.4. The circle S1 is DH  but not sD H. 

Question 3.5. Does there exist a noncompact metric space which is DH  but not sDH? 
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4. ZERO-DIMENSIONAL sDH SPACES 

In 1981 van Mill introduced the strongly homogeneous spaces as those all nonempty 
clopen subspaces of which are homeomorphic. Any connected space is evidently strongly 
homogeneous. Therefore this concept is of interest only in the case of disconnected spaces. 
The following result was obtained by van Mill. 

Theorem 4.1.([11, Theorem 3.1]} Every homeomorphism between two closed nowhere 
dense subsets of a strongly homogeneous separable metrizable zero-dimensional space X 
can be extended to an automorphism of X. In particular, the space X is homogeneous. 

Note that the spaces C, (Q,四(Cx (Q, JP'x (Qare strongly homogeneous [11], separable 
metrizable and zero-dimensional. Since each discrete subset of a space without isolated 
points is closed and nowhere dense we get that the spaces C, (Q,肥(Cx (Q, JP'x (Q are sHD. 
In 2022 the authors [6] defined a property 1J as follows. A Hausdorff space X possesses 
the property 1J if for any proper clopen homeomorphic subspaces F and G of X the 
subspaces X ¥ F and X ¥ G are also homeomorphic. 
Note that the spaces C, (Q,巳 (Cx (Q, JP'x (Q and § have the property TJ. Observe 
also that all mentioned above spaces are paracompact, zero-dimensional in the sense of 
dimension ind (i.e. they have topology bases consisting of clopen sets) and homogeneous. 
Furthermore, there are other zero-dimensional in the sense of dimension ind, paracompact, 
homogeneous spaces possessing property 1J (one of them is a van Douwen's subgroup H 
of the circle group from [8] which is not strongly homogeneous). 
Recall that a topological space X is called collectionwise normal if X is T1 and for every 
discrete family｛凡｝sESof closed subsets of X there exists a discrete family {¼}sEs of 
open subsets of X such that Fs c ¼ for every s E S. 
It is a well-known fact that every paracompact space is collectionwise normal. 

Theorem 4.2.([6, Theorem 4.2]} Let X be a collectionwise normal zero-dimensional in 
the sense of ind homogeneous topological space with the property 1J. Then X is sD H. 
In particular, the spaces § and H are sDH. 

Since each zero-dimensional in the sense of dimension ind first countable strongly ho-
mogeneous space is homogeneous, we have the following. 

Corollary 4.3.([6, Corollary 2. 7]) Let X be a collection wise normal first countable 
strongly homogeneous topological space with indX = 0. Then X is sDH. 

Note that xn ~ X, whenever Xis C, (Q,巳(Cx (Q, JP'x (Q and n is any poitive integer. 
Since叡 isnot normal for n > 1，叡 isnot homeomorphic to § for n > 1. 

Proposition 4.4.([6, Proposition 4.4]} For each n > 1 the space §n is not DH. 

We do not know if H ~ H乞

Question 4.5. Are加 (s)DH  for each positive integer n? 

Note that (C ~ cw and JP'~ 戸 but (Qw is not homeomorphic to (Q. 

Question 4.6. Are (Qw,圧 (s)DH?
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Since <Qw, Hw and H叫n2: 2, are collectionwise normal, zero-dimensional in the sense 
of ind and homogeneous, the following question naturally arises. 

Question 4.7. Do Qw, H竺orH八n2: 2, possess the property切

The following notion from [6] was motivated by Theorem 4.1. 
Let X be a topological space and the class of all closed nowhere dense subsets of X 
is not empty. The space X is called nowhere dense homogeneous (NDH), if for any two 
closed nowhere dense subsets F and G of X and any homeomorphism f: F→G there 
exists an automorphism f of X which extends f. 
Theorem 4.1 implies the following. 

Proposition 4.8. Every strongly homogeneous separable metrizable zero-dimensional space 
is NDH. 

Corollary 4.9. The spaces C, Q, IP', (C x Q, IP'x Q are NDH. 

The following proposition together with Corollary 4.9 gives an answer to [6, Question 
2.13 (a)]. 

p roposition 4.10. Let X be an NDH topological space and D be a non-empty discrete 
topological space. Then the topological union Y = X① D of X and D is NDH but it is 
neither homogeneous nor strongly homogeneous. In particular, Y is not (s)DH. 

Proof. Note that the class of all closed nowhere dense subsets of Y coincides with the 
class of all closed nowhere dense subsets of X. ロ

Question 4.11. Are the Sorgenfrey line§ or the van Douwen's group H NDH? 

It is easy to see that each NDH space without isolated points is sDH. So the following 
fact is valid. 

p roposition 4.12. Let X be a space without isolated points. If X is not sDH then X is 
not NDH. In particular, the Sorgenfrey powers §叫n2: 2, the real line股， thecircle S1 are 
not NDH. 

5. NON-ZERO-DIMENSIONAL sDH SPACES 

Proposition 5.1.([6, Propositions 2.14 and 2.15]) Every finite-dimensional Euclidean 
space即，n> I, is an sDH space. 

Proposition 5.2. Every finite-dimensional Euclidean space町，n2: 2, is not NDH. 

Proof. To see that consider the closed nowhere dense subset X = ({O} U {1} U {2}) x股n-1
of町 anda homeomorphism f : X→X such that f(O亙） ＝ （0，x), f(I，x) = (2，x) 
and J(2団） ＝ （1,x) for any 可€股n-1. It is easy to see that f cannot be extended to an 
automorphism of配 Infact, if such automorphism f:町→町existsand J is a bounded 
closed interval connecting the sets {O} xRn-l and {1} xRn-l then /(J)n/({2} xRn-l) -=I= 0. 
We have a contradiction. ロ

Proposition 5.3.([6, Proposition 2.16]) The separable Hilbert space l2 is sDH. 

p roposition 5.4. The separable Hilbert space l2 is not NDH. 
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Proof. Represent l2 as尺xb and proceed as in the proof of Proposition 5.2. ロ

Recall that a space X is called strongly locally homogeneous (SLH) if it has a basis of 
open sets B such that for every U E B and any two points x and y in U there exists a 
homeomorphism f: X→X such that f (x) = y and f is identity on X ¥ U. Note that 
any n-manifold for n > 1, any Hilbert space manifold, and any Hilbert cube manifold are 
examples of SLH spaces. 
In 1976 Bales [2] showed that a connected SLH space, no two-point subset of which 
disconnects it, is strongly n-homogeneous for any n. 

Example 5.5.([6, Proposition 2.17]} Let M =股 xS1. Then M is a 2-manifold which 
is strongly n-homogeneous for any n and SLH but not DH. 

The following question arises. 

Question 5.6. Which metrizable manifolds are DH or sDH? 

We will answer this question in the next section. 

Problem 5.7. Find conditions for SLH space to be (s)DH. 

Recall that a closed subset A of a metric space X is called a Z-set if for any E > 0 there 
exists a map f: X→X such that f is E-close to the identity map and f(X) n A=  0. 
Let忙denotethe Menger cube for each k = 1, 2,..., and Q = [O, it the Hilbert cube. 
It is well-known that any finite subset of μk or Q is a Z-set in the respective space, and 
any homeomorphism between two Z-sets of μk or Q can be extended to a homeomorphism 
of the whole space (see, e.g. [5] for the case of the Hilbert cube, and [1, 3] for the case of 
Menger compacta). Consequently, Q and μk are examples of sDH compacta. 
Moreover, it is well-known that μ1 and S1 are the only homogeneous 1-dimensional 
Peano continua (by a continuum we mean metrizable compact connected space). By 
the result of Ungar [10], any 2-homogeneous continuum is locally connected, i.e. Peano. 
Therefore we have the following observation. 

p roposition 5.8.([6, Proposition 2.22]) μ1 and S1 are the only DH 1-dimensional con-
tinua. 

Since as was observed earlier S1 is not sDH but μ1 is sDH, we get immediately the 
following corollary. 

Corollary 5.9.([6, Corollary 2.23]} μ1 is the only sDH 1-dimensional continuum 

Similarly to Proposition 5.2 we can prove the following. 

Proposition 5.10. μ1 is not NDH. 

Corollary 5.11. There is no 1-dimensional continuum which is NDH. 

Question 5.12. Is there a separable metrizable non-zero dimensional NDH space? 

Recalll that Erdos spaces E(Q) and E(IP') are one-dimensional spaces that are homeo-
morphic to their own squares. 

Question 5.13. Are Erdos spaces E(Q) and E(IP') (strongly) n-homogeneous for every 
integer n 2: 2 ? 

Question 5.14. Are Erdos spaces E(Q) and E(IP') (s)DH or NDH? 
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6. CHARAKTERIZATION OF sDH (DH) CONNECTED METRIZABLE MANIFOLDS OF 
DIMENSION ~ 2. 

Note that every connected compact metrizable k-manifold, k ~ 2, is sDH (see Exam-
ple 2.4 and Proposition 3.3). 
In 2023 the authors [7] introduced the following notions. 
A space is called generalized continuum if it is locally compact,び-compact,non-compact, 
connected, and locally connected Hausdorff space. 
Let X be a generalized continuum. There exists a sequence (generally speaking, not 

unique) of compact subsets ｛ふ｝~=l of X such that Xn C intXn+l for all n = l, 2,... 
and u~=lふ＝ X.
Further, by an end of X with respect to ｛ふ｝~=l we mean a sequence {Yn}~=l such 
that for all n the set兄 isa non-empty connected component of X ¥ Xn and Yn+l C Yn. 
Note that the Euclidean plane記 aswell as the product S1 x股aregeneralized continua. 
Moreover, the plane配 hasone end and the space S1 x股hastwo ends. 
This distinction can be extended to the following fact. 

Theorem 6.1.礼7,Theorem 4.3]) A connected non-compact metrizable manifold of di-
mension n ~ 2 is sD H (DH) iff it has one end. 

Problem 6.2. Let X be a metrizable strongly locally homogeneous generalized continuum 
with one end. Is X (s)DH? 

7. OTHER GENERALIZATION OF HOMOGENEITY 

A separable space X is called CDH if for any two countable dense subsets A, B of X 
there exists a homeomorphism f : X→X such that f (A) = B. 
The CDH-spaces do not need to be homogeneous (for example, the topological sum 
股EBIP') but if a CDH space is connected then it is homogeneous. In 2012 van Mill [12] 
proved that connected CDH spaces are even n-homogeneous for each positive integer n, 
and there exists a connected Lindelof CDH space M which is not strongly 2-homogeneous. 

Question 7.1. Is the space M DH? 

In 1975 Ungar [10] proved for a locally compact separable metrizable space X such that 
no finite set separates it the equivalence of the following conditions: 

(a) Xis CDH, 
(b) Xis n-homogeneous for every positive integer n, 
(c) Xis strongly n-homogeneous for every positive integer n. 
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