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Abstract. We discuss whether or not bigravity theory can be embedded into the braneworld
setup. As a candidate, we consider Dvali-Gabadadze-Porrati two-brane model with the
Goldberger-Wise radion stabilization. We will show that we can construct a ghost free model
whose low energy spectrum is composed of a massless graviton and a massive graviton with
a small mass. As is expected, the behavior of this effective theory is shown to be identical to
the ghost free bigravity. Unfortunately, this correspondence breaks down at a relatively low
energy due to the limitation of the adopted stabilization mechanism.
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1 Introduction

Recently, a framework of covariant bimetric gravity with no ghost has been established [1].
Gravitational theory with two interacting metrics in general suffers from an unwanted ghost
degree of freedom, called Boulware-Deser(BD) ghost [2]. The finding was that the ghost-
free condition is satisfied by assuming a restricted form of interaction between two metrics,
which is called the ghost free bigravity [3-5]. This interaction has only few parameters and
makes one of the two graviton modes massive. In the ghost free bigravity, properties of
the cosmological and/or black-hole solutions have been already studied [6-14]. However,
it is difficult to have physical intuition about these properties. This is partly because the
form of interaction between two metrics was technically derived so as to erase the ghost.
Furthermore, it is not so clear whether or not this theory can be derived from a more natural
setup as a low energy effective theory.

In order to improve our understanding of the ghost free bigravity, we consider to re-
produce this model in a braneworld setup as a low energy effective theory. Two metrics in
the ghost free bigravity will be identified with the metrics induced on two branes embed-
ded in higher dimensional bulk spacetime. The toy models with two branes placed in five
dimensional bulk have been rather extensively studied [15, 16]. In order to realize a model
that effectively includes only two gravitons, the mass hierarchy between the lowest massive
Kaluza-Klein (KK) graviton and the other massive ones will be required. The eigenvalue
problem that determines the 4-dimensional mass spectrum in the model with a compact ex-
tra dimension is analogous to the eigenvalue problem in quantum mechanics of a particle in



one-dimensional potential. In the quantum mechanical problem two small energy eigenval-
ues can be realized by introducing two deep effective potential wells isolated by a sufficiently
high potential barrier. The two lowest energy eigenstates are given by superpositions of
the approximate ground states in the respective potential wells: the lowest eigenmode be-
comes a massless mode and the other mode gains a small mass suppressed by the tunnelling
probability between the two potential wells. The energy eigenvalues of the other modes are
determined by the typical energy scale of the potential wells, and they are much larger if the
potential wells are sufficiently deep or equivalently the barrier between two potential wells
is sufficiently high. In this manner, the hierarchy of the energy spectrum can be realized.
This analogy suggests that one can realize the requested mass spectrum in the braneworld
setup, if two Randall-Sundrum type positive tension branes, around which the graviton is
effectively localized owing to the effect of the bulk warp factor, weakly communicate with
each other through a narrow throat in the bulk. However, the spacetime structure with such
a narrow throat, which requires the violation of the energy condition, seems to be unstable in
general. Here, the idea is to introduce four-dimensional Einstein-Hilbert terms on the branes
to localize the graviton modes effectively near the branes, instead of considering a throat ge-
ometry, i.e. we adopt the five-dimensional Dvali-Gabadadze-Porrati (DGP) brane model [17].
The brane-localized Einstein-Hilbert terms play the role of the deep potential wells, and thus
the two low-lying massless and massive graviton modes arise. Corresponding to the brane-
localized Einstein-Hilbert terms, DGP two-brane model has two additional four-dimensional
Newton’s constants /@21( 4y which effectively determine the depths of the potential wells and
consequently the lowest KK graviton mass. The masses of the other KK graviton modes are
controlled by the brane separation and can be made large by choosing the brane separation

small. By tuning the brane separation ¢ to be much smaller than r((;i) = mg / 2/@2( 4y where

/@% is the five-dimensional Newton’s constant, we will be able to obtain the mass hierarchy
between the lowest KK graviton mode and the other KK graviton modes. Then, our model
would reproduce bigravity as a low energy effective theory.

The reproduction of bimetric theory by DGP two-brane model had already been in-
vestigated in ref. [18] before the ghost free bigravity was discovered. The model in ref. [18]
possesses an extra degree of freedom, which is called radion and absent in the ghost free
bigravity. In general, two brane setup contains a low mass excitation, radion, corresponding
to the vibration of the distance between two branes. Therefore, reproducing the hierarchy in
the KK graviton mass spectrum is not the whole story. To remove the radion, we also intro-
duce a stabilization mechanism of the brane separation. This mechanism is also necessary to
keep the small brane separation requested for the mass hierarchy among the KK gravitons.
As a concrete model of stabilization, we introduce a bulk scalar field with brane-localized
potentials [19].

It is expected that the four-dimensional effective theory deduced from DGP two-brane
model with stabilization scalar field has no BD ghost. Therefore, we naturally expect that
bigravity derived from DGP two-brane model should coincide with the ghost free bigrav-
ity. Although some hints are already suggested in ref. [20], one may think it impossible to
reproduce the complicated form of interaction that satisfies the ghost free condition by di-
mensional reduction starting with five dimensional Einstein theory. Hence, if we may fail to
reproduce it, the main objective of our study will become why and how the correspondence
between the two models breaks down. Also, the five-dimensional Einstein-Hilbert action
in DGP two-brane model will introduce derivative couplings between two four-dimensional
metrics induced on two branes. Thus, the correspondence between these two will break down



if we consider higher order in gradient expansion [21]. Hence, it is difficult to confirm the
coincidence of the two models at the nonlinear level. In addition to that, in order to obtain
bigravity as an effective theory of DGP two-brane model, we need to neglect all massive
modes except for the lowest KK mode. This truncation is valid only when the effect of the
excitation of massive modes are suppressed, compared with that due to the perturbation of
our interest. Therefore, when we consider non-linear perturbation, we cannot assume that
the magnitude of perturbation is infinitesimally small. For the reasons mentioned above,
we stick to the linear perturbation for modes inhomogeneous in the directions parallel to
the branes and consider to change the background energy scale, which will be the only re-
maining way to see the nonlinear effect and how the correspondence between the two models
breaks down.

In this paper we consider two 4-dimensional de Sitter branes and its linear perturba-
tion. We will show that our model discussed above can reproduce bigravity effectively and
that the obtained effective theory is identical to the ghost free bigravity in the low energy
regime. Furthermore, we compare how instabilities arise in both models. We shall find
that the difference in the way how instabilities develop between these two models breaks the
correspondence in the high energy regime.

We organize this paper as follows. In section 2 we present the setup of DGP two-brane
model and its basic equations. In section 3 we study the mass spectrum in this model. In
section 4 we prove that the low energy effective theory of DGP two-brane model is identical
to the ghost free bigravity. In section 5 we investigate how instabilities arise in these two
models. Section 6 is devoted to the summary of the paper.

2 Model and basic equations

Here we discuss DGP two-brane model with a bulk scalar field for the radion stabilization
and give its basic equations following the discussion in [22]. The action is given by
1
S = M/dxfxﬁ—gRJr > /d4 = ( +Lma> + S, (2.1)
a': 4(0’)

with

5.= [ dav=g (—;gabw,aw,b ~Va(¥) = 3 Viey($)dly - yg>) . e
o=+
where g, R, 4gm,,4R(i) are H-dimensional metric, 5-dimensional Ricci tensor, brane-induced
4-dimensional metric and Ricci tensor, respectively. x2 and /@21( ) are 5-dimensional and 4-
dimensional gravitational coupling constants, and L,,+ are the Lagrangians for the matter
fields localized on the respective branes.
We assume Z5 symmetry across each brane. Then, the junction conditions imposed on
the branes are derived as

1
iKW:rgﬂ[ W (T&) L) g + V (wi))Jr(GLf)_sG(i)gW)], (2.3)

where K ;(w)> G( y) and T;(w) are the extrinsic curvatures, the induced Einstein tensors and
the matter energy-momentum tensors on the respective brane, and

3

= (2.4)
¢ 2k7



2.1 Background

As the unperturbed background, we assume the bulk geometry
ds?* = dy* + a®(y)yudatdz”, (2.5)

sandwiched by two four-dimensional de Sitter (£)-branes, where v, is four-dimensional de
Sitter metric with the comoving curvature radius H~!. Then, the equations of motion become

K2 H?

H = —?//2 - (2.6)
2 2
2 __ kKT } 2 Hi
=t () o .1)
"+ AHY — % =0, (2.8)

where “’ 7 means the partial differentiation with respect to y, and H = a’/a. We set the

two branes at y = y+ with y; < y_. The junction conditions on the respective branes are

H? K2
ﬂ:?‘[i = Té:t)y - F (+) (¢i) ; (29)
and
1 OV
P =4 (2.10)
Y Y=Y+

2.2 Perturbation

Now we consider perturbation around the background mentioned above. We use Newton
gauge, in which the spin-0 components of the shear of the hypersurface normal vector and
the shift vector are set to zero. In this gauge, using traceless part and {yu}-components of
the Einstein equations, we find that perturbation of the metric, hyp, and that of the scalar
field, d¢, are written as

hyy = 26, (2.11)
Iy =0, (2.12)
h/ﬂ/ - h,l(;,jz:T) - ¢:Y/Ll/ ) (213)
b = T [0, + 2H]6, (2.14)
where 7, := a*(y)7y,w- The bulk equations for hELTVT) become
i Leg am?)| nIm = o (2.15)
o2 pr - = :
with
. 1 1
TT) ._ 4
LI = —50,0"0y— , (2.16)



where 40 := v#*V,V,, and V, is the covariant differentiation associated with 7,,. In
raising or lowering Greek indices, we use 7,,. The bulk equation for the scalar-type pertur-
bation becomes

. A0+ 4H?
(4) e 6 =0, (2.17)
with
1 2k2
L(¢) = a28ya27¢/28ya2 — %CLQ . (218)

In order to derive the junction conditions, it is convenient to use the Gaussian normal coor-
dinates, in which the lapse function and the shift vector are set to 1 and 0, respectively, and
the brane locations are not perturbed. Here we discriminate the variables in the Gaussian
normal coordinates by associating a bar like B,(f;). Since the Gaussian normal coordinates
with respect to the (+)-brane are in general different from those with respect to (—)-brane,
we also associate the subscript () to distinguish them. In these coordinates, the junction

conditions for metric perturbation are given by

£(0,- 208 =~ [T~ 37905, | 5 2 2 X9 1x93,] 1)
with
X@) = % (;4571};) — V, Vaoh{® =V, Vo h(E* + vuvyi}(i))
— (vavﬁhgf) - a124mh<i>) ik (hfj) " ;a,wh(i)) S (220

The junction conditions for the bulk scalar field become
+26¢ = V") ()69 . (2.21)

The generators of the gauge transformation from the Gaussian normal coordinates to the
Newton gauge are

y A,
€l = [ o)y + &l ), (2.22)
Y+
Y / y’ Vi " o / o
) =~ / W) udy" + €L @) | dy' + S (7)) (2.23)
Y+ Y+

where é(y 1) (") = Y|prane — y+ represents the perturbed brane position in the coordinates of
Newton gauge, which we simply call the brane bending. Under this gauge transformation,
the perturbation variables in two gauges transform as

Efui/) = hul/ - 2v(,u€£)i) - 27{5/#”5&:) ) (224)
opF = oyt — V'EL - (2.25)



From these relations, we obtain the junction conditions in Newton gauge. The conditions for
the traceless part of metric perturbation become

+£(0y — 2Ho)h(TD = —k?2(E) — rBa(*0 - 2H%)RT (2.26)
where
S = (T,ﬁf’ - iT@)fﬁy) + % (vuvy - jmw‘*m) Zs (2.27)
with
Zay =1 F2BH)L FrPo(ys) . (2.28)

The condition for the trace part of metric perturbation leads
24 2 L
ar’(*O+4H?)Z(4) = iET( ). (2.29)

The condition for the scalar-field perturbation becomes

(£)
F25 (50 =0 F 2R N2 £1i0)) = Go(D a0, (230)

where

2
() ._
= DTy (2.31)

Finally, combining the bulk equations and junction conditions for the tensor-type perturba-
tion, we find

R ‘0-2H?
Ty, U207y 5,.25(0) _o.(o 2\ (TT B
[L( 2 ]hw ) Z_i( 2625(7)~ 20, 2('0-2H)ED ) 6(y—y,).  (2.32)

For the scalar-type perturbation, we find

. 0+ 4H?
E w] ’
a2k2 2¢(0)
- (Z o + JT(U)qb) -
Z( 0_1_2(0)%) (o) c e

‘‘O+ 4H2)¢> Sy —vs).  (2.33)

3 Mass spectrum

In this section we show that it is possible to make the mass hierarchy among KK gravi-
tons, and we obtain bigravity as the low-energy effective theory of our model by properly
introducing the stabilization mechanism. For simplicity, we set y+ =0, y— =¥, a4 = 1.



3.1 Eigenvalue problems that determine the mass spectrum

To see the mass spectrum, we set the source terms Z,%) and Z(4) to zero and separate the
variables in eq. (2.32) and eq. (2.33). From eq. (2.32), we define an eigenvalue problem

[ (1 +2 Z 5(y — vo )] uiy) = —LTMu,(y), (3.1)

where the operator ‘0] — 2H? was replaced with the eigenvalues m?,

corresponding eigenfunctions. Also, we define the inner product

(s, 1)1 i= j{ W (1 +2 Z 6(y = Yo > i(Y)u;(y) = 04, (3:2)

and wu;(y) are the

with respect to which eigenmodes with different eigenvalues are mutually orthogonal. By
definition, the norm (u;,u;)™™) is always positive. Using these mode functions u;(y), we can
also obtain the solution for eq. (2.32) with the source term as

TT _ ;2 ui (Y4 )ui(y) +
hl(t Z 4[] _ 2H2 22/81/) : (3‘3)

Here we assumed that only the (+)-brane has the source EE:,S).
Similarly, from eq. (2.33), we define an eigenvalue problem

2+ 4H? ,
MT 1+Z2€( 15y — yo) | vily)

2 2

o)
4rc K
+> Sy —yo) | vi(y) ,
o= :|:31—02Tc HU)

o=+
(3.4)

where the operator *C] was replaced with the eigenvalues p2, and v;(y) are the corresponding
eigenfunctions. Also, we define the inner product

(v3,07) @) = e (1 + Z 265y — ya)) vi(y)v;(y) = bij - (3.5)

We assume €& > 0 to guarantee that the inner product of v; is positive definite. This
assumption is easily satisfied when both V’J'r) and V(’i ) are sufficiently large positive. Using

v;(y), we can also find the solution for eq. (2.33) with the source term as

2 2
4/£aJr

(1= 2reM.) Z vily+)vily ZH (3.6)

P(y) = 0.2

Again, we assumed that only the (+)-brane has the source Z(4y-

3.2 Tensor-type perturbation modes

We begin the detailed analysis with the tensor-type perturbation. The bulk equation for the
eigenfunctions u; can be written as

LIy = —a™2mu; . (3.7)



The junction conditions are
+(8, — 2H1)u; = —rFHa"2miu; . (3.8)

Using these equations, we find that ug = Cpa? is a massless mode, where Cj is a constant
such that properly normalizes the mode with respect to the inner product (3.2). As we are
interested in low mass modes, we assume that the mass eigenvalue of the first KK graviton
mode my is small enough to satisfy m1¢ < 1. Here, we assume that H is sufficiently small and
five-dimensional scale factor a(y) does not largely deviate from unity. These assumptions are
required in order to avoid scalar instability, which is shown later in section 3.3. Introducing
the new non-dimensional coordinate Y = y/¢, we rewrite the equations (3.7) and (3.8) as

1 1 myl)?
gaya%’)f?m _ ;2) ur, (3.9)
and
(+)
. (ay - QM) LU S (3.10)
a a

We restrict our attention to the mass range m? < ¢~2. Hence, neglecting the r.h.s. of
eq. (3.9), we find an approximate solution of the bulk equation as

%
(0) xa / a=tdy’. (3.11)

The junction conditions determine the mass eigenvalue and the integration constant, which
are yet undetermined in the expression (3.11), simultaneously. The mass eigenvalue is
given by

1 1 1
m3 = + : (3.12)
ﬁfy a=4dY’ a+r£+) a2rl)
while the mode function at the leading order becomes
Y
ugo) = Cya? <1 —r{He m%/ a_4dY> , (3.13)
0

where C] is the normalization constant. We find that m? is the unique eigenvalue that
satisfies m? < ¢~2. The mode function (3.13) has only one node, which is consistent with
the fact that this mode is the first KK graviton mode. Since the other KK graviton modes
have mass at least comparable to /=2, we find that the mass hierarchy between m? and m2,,

is realized when ri™) > ¢, i.e. m3 ~ (r (i)é) < 072~ m3.

3.3 Scalar-type perturbation modes

We estimate the lowest eigenvalue of the scalar mode. Here, we set H ~ 0, for simplicity.
In the absence of the stabilization scalar field, there should be a massless degree of freedom
corresponding to the fluctuation of brane separation. In fact, eq. (3.4) has a zero eigenvalue
mode and the corresponding eigenfunction vy o< a=2 when 1/ = 0. Therefore, if we assume
that the back reaction of the stabilization scalar field to the background geometry is weak, i.e.

|Hl‘ B H2¢/2

H2  3H?
we can perturbatively obtain a small mass eigenvalue. In eq. (3.4) we can treat the terms
that are not enhanced by a factor 1/’ in the square brackets on the r.h.s. as perturbation

<1, (3.14)



under this weak back reaction approximation. Then, we obtain the leading order correction
to the almost zero mode eigenvalue as

Y= dy 21 (%) 1
2/y 7+Z 2

L a ay 1— o027,
()

V- dy
/y+ ) T 2 i)

In the following discussion we set ) to zero for simplicity. Using weak back reaction
approximation, we can set H ~~constant and a ~ e"¥ in eq. (3.15). Then, the above correction
to p? is reduced to

W o 1(+) - 6_2?(%) /y WYRCTY v g (3.16)
Hl1—22H 14200 U g at(=H)

(

and turns out to be positive as long as 1 + 27‘0_)7-[, > ( is satisfied for negative H. For

2 o
[Tl

(3.15)

positive #H, the analogous condition for u? to be positive is 1 — 2r((;+) Hi > 0. The present
approximation for ;2 is necessarily invalid when the value of 1 2r£i)’Hi crosses zero. After
crossing the critical value, the above final expression stays negative.

The meaning of the critical value 1$27“£i)7-[i = 0 can be interpreted as follows. Combin-
ing the background bulk equation (2.7) evaluated at y = y4+ and the junction conditions (2.9),

we find quadratic equations for H4 as

1 k2 [1 1
i+ ety (—2¢§ + Va(ys) + r(i)Vm(%)) =0. (3.17)

Then, we obtain the solutions for H4 as

9 ~
2N, —1= :t\/l — §n2r§+)V(+) , (3.18)

at y = y4+ and

20+ 1= i\/l — gﬁz?rg_)V( ) (3.19)

at y = y_, where V(i) = _%¢g+VB(¢i)+%‘/(i) (11). For 1$2r((;i)7{i = 0, two solutions

of H4 exist for the same value of V(i) and they correspond to the normal and self-accelerating

branches. We can choose the normal or self-accelerating branch by the choice of appropriate
signs on the r.h.s. of egs. (3.18) and (3.19). When the condition 1 F 27’((;i)7-[i = 0 is satisfied,
however, the two branches degenerate, and hence this condition defines the boundary of the

two branches. According to eq. (2.28), we can also understand that the sign of the brane
bending fé/i) becomes indefinite at the critical point, 1 F 27’9[)7-& = (0. We define that the

solution is in the normal branch when the conditions 1 :F2r§i)7-[i > 0 are satisfied. Later, we
(&)

will show that there arises a tachyonic scalar mode before either of 1 F 2r; ' HL changes its
signature. Namely, the self-acceleration branch is unstable. In order to avoid this tachyonic



instability, |#H| should be kept small, which is consistent with the conditions used in deriving
the estimate of m? in section 3.2.

We should make the lowest mass of the scalar modes much larger than that of the lowest
KK graviton mode to reproduce bigravity as the low energy effective theory. As we can see
from the above expression for p?, this mass eigenvalue can be made large keeping réi)Hi
small, if |H’| is sufficiently large. In the numerator of r.h.s. of eq. (3.15), the first term is

much less than other terms and can be ignored when we assume ¢/ rgi) < 1 to realize the

)

hierarchy among KK gravitons. Therefore, we would be able to make |H’| as large as 1 /ﬁréi

without violating the condition |r£i)’H| < 1 and expect ;% can be made as large as O(£~2).

However, the parameter range in which ]H’Eréi)\ > 1 is outside the validity range of the

above perturbative derivation of the expression for p?. Therefore, we show it numerically
that the models that realize the requested hierarchy really exist in the succeeding subsection.

3.4 Numerical proof of the existence of models that realize hierarchy

To show it possible to realize the requested mass hierarchy, we numerically solve the above
eigenvalue problems. Here, we consider two Minkowski branes, setting H to zero. We
construct an explicit solution of the background geometry and the stabilization scalar field
by choosing the scalar-field potential, following ref. [23], as

L W@\ R
v =5 () - W, (3.20)
Adopting this potential form, the equations for H and 1 are decoupled as
,_ LOW(y)
V= 3o (3.21)
12

As a simple example, we choose the form of the bulk potential W (1)) and the brane-localized
potentials Vi as

VWW:%—W{ (3.23)
Vig () = W(thy) + W (1) (b — thy) + vy (10 — ¥4)?, (3.24)
Vig (@) = =W () = W (@) (b — ) + vy (¥ — )2, (3.25)

where L, b and 1) are model parameters. To make ) small, we should take V() large.
For these potentials, we can analytically obtain the solution for ¢ and H as

W = hge (3.26)
273
HZ_Z(L_W%%O' (3.27)

When b/ < 1 and kpg < 1, 7-[’/7-[2‘ can be large in the whole spacetime by tuning L. On
(£)

the other hand, the conditions 1 F 2r; "H+ > 0, which guarantee the positivity of the lowest
scalar-mode mass squared p%, imply the condition (kybf)? < £/r. whose r.h.s. should be
much less than unity when we request the hierarchy among KK graviton masses. Therefore,

,10,
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Figure 1. The mode functions ug(y), u1(y) and vg(y). The solid, dotted and thick lines represent
uo(y), ui(y) and vo(y) respectively.

we expect that the lowest scalar-mode mass has a large positive value when we set kbl very
small and tune L, and at the same time we realize the mass hierarchy among KK gravitons.
Then, we numerically confirm that we can realize the requested mass hierarchy between
the lowest KK graviton mode and the other massive modes. We present the result of the
numerical calculation where we set the parameters to be k2 = 1.00, £ = 1.00, rgi) =1.00x10°,
L =3.00 x 103, b = 1.00 x 1072, Y(+) = 1.00 x 103 and 19 = 0.318. figure 1 shows the mode
functions ug(y), u1(y) and vo(y). The mass eigenvalues are obtained as m? = 2.00 x 107°,
m3 = 9.87 and u% = 1.77. From the above calculation, we find it possible to construct a
higher dimensional model whose low energy effective theory has only two gravitons: one is

massless and the other has a tiny mass.

4 Linear perturbation in the ghost free bigravity and DGP two-brane
model

In the preceding section, we concluded that we can realize bigravity as the low energy effective
theory of DGP two-brane model with an appropriate stabilization mechanism. This effective
theory has 7 degrees of freedom in the gravity sector. Whilst, the ghost free bigravity, which
is constructed for Boulware-Deser not to appear, also has healthy 7 degrees of freedom. If
the ghost free bigravity is the unique ghost-free bimetric theory, the effective theory of DGP
two-brane model should coincide with the ghost free bigravity when all massive modes in
DGP two-brane model except for the lowest KK graviton are sufficiently heavy and decouple.
However, the action of DGP two-brane model (2.1), is not only composed of Ricci scalars with
respect to two metrics induced on the respective branes but also contains five-dimensional
Ricci scalar in the bulk, whose counterpart seems to be absent in the ghost free bigravity.
Hence, if we consider higher order in the derivative expansion, the two metrics will have
derivative coupling in DGP two-brane model, and the correspondence will not be maintained.
Also, in order to obtain bigravity as an effective theory of DGP two-brane model, all massive
modes except for the lowest KK mode must be suppressed. Thus, when we consider non-linear
perturbation, it would be necessary to consider relatively large magnitude of perturbation.
Otherwise, the effect of heavy modes will be larger than the non-linear effect. Hence, it is not
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clear if we can extend our analysis to non-linear level. For these reasons, instead of pursuing
the extension of our analysis to the non-linear perturbation, here we investigate the nonlinear
effect just by changing the background energy scale. Below, we consider perturbation around
de Sitter brane background with arbitrary energy scale H. We will show that two models
are identical as long as the linear perturbation is concerned and how the parameters in two
models correspond.

4.1 DGP model

Considering perturbation from the de Sitter brane background caused by the matter on the
(4)-brane in DGP model, the metrics induced on the branes become

By () + Vo + Vo = W () = G (9ly2) + 2L ) (4.1)

Following the discussion in ref. [22], from egs. (3.3) and (3.6), the metric components induced
on the respective branes are obtained as

2 U y+ 0% yi) + 1. +
h( —2K Z4D—2H2 2 {T;Sl/) _Z’VMVT( )
2
a3 L am) )
— (V,V, — —,'0)|T
+3(77%?—2H?)< T >
2r2al ((ui(y+)ui(ys) 1oy 1
: . SO) ———1) 4.2
T3 ( m2 — 2H? )(v Vo= 1 >4D+4H2 ’ (42)
. 2k%al ; 1
br kM = ——— 5y lys). AN (4.3)

24
9 (2r£”%+ B ) p2 + 4H? 40— 2

K2a? 2K%a ( vi(yy)? > 1
; +HL T(+),
) [ 2 i | | T

A 2k*a’
-+ 2L = o
9 (2rc H — 1) <2rc Ho o+ 1)
vily)uily LIS LIS C)
™ —-——T : 4.4
Xzi: 12+ A2 [4D—u§ 10+ 412 (44)
Since there is no propagating degree of freedom corresponding to p? = —4H?, the terms in

hyw(y+) proportional to (‘0 +4H 2)*1T(+) should not be present in total. This condition
implies an identity

uf (y+) a’ 2r%a’ vi (y+)
2 L i _
(;m%—zm T (2w 1) 3 (2 1) 2z ) e =0
(4.5)

which can be also proven by using the residual gauge transformation and junction condition
on the (+)-brane [22]. Applying the same argument to the junction condition on the (—)-

brane, we obtain another identity:
a2
g vi<y+>vi<y_>>
=0. (4.6)
) @) (it

ui(y+)ui(y-)
(Z m; — 2H? ) o (2r %

2 2
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Using these relations the expressions for the induced metrics simplify a lot. Furthermore,
for the comparison with the bigravity model, we truncate the expression by keeping only the
massless and the lowest mass KK graviton modes. Eliminating the terms that can be erased
by four-dimensional gauge transformation, fLW(yi) become

2 Uq y—l— (% y:l:)
h —2K Z 4 2H2
1=0,1
4D—2H2—m2 m? — 6H?
T (1 L 7 4.7
X<W <+34D+6H2—m§ 3—2H2)4'7“” (4.7)

We can confirm that the massless mode behaves like the graviton in GR, while the massive
mode behaves like the Fierz-Pauli massive graviton.
We can write the metrics induced on the branes as

Ry (y=) = 2rSO R Dug (ys Juo(ys ) + 20l >h<l>u1<y+>u1<yi> (4.8)
O—2H)h0) = —2 T<+> 1 O -2H 1 7 4.9
(0282 f) = —23 *m ). 9

D 2H? — m2m? — 6H?
_9H2 _ 2 (1 _ (+) 1 1 (+)
(4.10)

To find the explicit form of the mode functions, we take the small £/ r((;i) limit keeping m?
constant, which makes the other KK modes decoupled. In this limit we necessarily have
|#|/m1 < 1 in the normal branch, and hence we approximate H = 0 and a = 1. Under this

approximation, using egs. (3.12) and (3.13), we obtain m? = ¢~! (1/7“((;+) + 1/71(;)), and
w(¥) = Gy, (411)

()
u (V) = Cy (1 -Y - CY) : (4.12)

The normalization constants Cy and C; are determined so that the modes are normalized
with respect to the inner product (3.2). Keeping the leading order of E/rgi), the inner
product (3.2) is evaluated only by the boundary contributions, and we have

1 1
2 L ((+) (=)
Cs 5 (rc +rs ) , (4.13)
+\ !
1 T
O = —— 1+ = : (4.14)
! 27‘£+> ( r((;_)>

Finally, we obtain the metrics induced on the branes as

i o (1Y o AN
huy(y-‘r) = huy 1 7‘(+) + h,ul/ 1+ r(+) )

; ) AN (1) A\
hﬂ”(y—) = hl“/ 1 + ﬁ - h 1 + r(+) . (415)

Te
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4.2 The ghost free bigravity

In this subsection we derive the linearized perturbation equations in the ghost free bigravity
around de Sitter background. The action of the ghost free bigravity is

M? M? _
+ X2pl/d4:m/§R, (4.16)

5= /d‘*xﬂ "R+ V(0,8) + L

where g, and g,, are, respectively, the physical and the hidden metrics. My is the 4
dimensional Planck mass for g, while /xMp; is that for g,,. Ly, is the matter Lagrangian
and the matter is assumed to couple only to the physical metric. The interaction between
g and g, is given by

4
V=> cuVa, (4.17)
n=0
with
Vo=1, Vi=[Y], Va=[YP-[Y?], Vz3=[Y]’-3[Y][Y?] +2[v?], (4.18)
Vi=[YT = 6[YP[Y?] 4+ 8[Y][Y?] + 3[Y*)* — 6[Y], (4.19)

where we have introduced V)" = \/g#%G,, and [Y"] = Tr(Y™).
The equations of motion of the ghost free bigravity can be written as

G+ Bl = M *T! 4.20)
xG¥ + Bl =0, (4.21)
where
Bl =m? [Vl — (V'Y)!] (4.22)
- det(g)\ *
Bt =m? V'y)” 4.23
i=n () 0V 29

where (V') = dV/ Y.
In the case of de Sitter background, metrics are related to each other as g, = w? Guv-
For simplicity, we define functions f(w) and f(w) as

f(w) :==V]yn_ s = co+dcrw + 12cow? + 24c3w® + 24cqwt (4.24)
_ - 4
F@)dy = (Vo = (VYY) s
_ (f _ %f’) 51 = (co + 3e1w + 6eaw? + 6ew?) 5 (4.25)

where f/ = df/dw. Denoting the curvature radius of the background physical metric as
H~! and the cosmological constant coupled to the physical metric as A, the background
equations imply

3H? —m?f = A,

and
3xwH? —m?f' /4 = 0.
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We consider linear perturbation g, = v + huw, G = w2('yw, + ﬁu,,), where 7, is the de
Sitter metric with the curvature radius H~!. From eqs. (4.20) and (4.21), we obtain

2
£ uhap + 3H hyy + T (P = POy, ) = My2Ta (4.26)
2
aB 7 2, M (m) _ p,(m) —
£ hog + 3H2h, 2xw2r(hw A ) =0, (4.27)

with T = —wf’/3 = cjw + degw? + 6c30®, B = by, — By and

1
£ hag = =3 (th + VY, Voh = V,Veht — V,V,hg

— YO+ 3V Vsh™ 4 Ay, — Ho by ) (4.28)

where V, is the covariant differentiation associated with ~,,, and [0 = v**V,V,. Combining

eqs. (4.26) and (4.27), we can decompose these two modes into one massless mode th,) =

huy+xw2fzuy and one massive mode h,(fﬁ). Using the energy conservation law and the Bianchi

identity, we obtain
V7, = (. (4.29)

Using eqs. (4.26), (4.27), (4.28) and (4.29), the equation of motion for the massive mode
becomes

R =V, h) = H2 (200 45, h ™ ) = (R =7 h(™ ) = ~2M* Ty, (4.30)
where
mZy =m? (1+ (xw®) ) T. (4.31)

This mass spectrum is equivalent to the one given in ref. [24] for the general case where one
metric is written with the other one in the form g, o g,,. Taking the trace of eq. (4.30),

2M 2
pm = P, (4.32)
3 (m2g — 2H?)
The traceless part of eq. (4.30) leads
o _ Ly, MG 1
R e N R
+(Vv,v, - 17 O ! h™) (4.33)
FEY 4T O+ 6H2 — m, ’ '
Here we used the identity for an arbitrary scalar Y,
! VoV — 290 Y = (V,9, = 40 ! Y. (4.34)
O—2H2 —m2, \ 4 aw= ) Z A\ T g em — w2,
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The term proportional to V,V, in eq. (4.33) can be erased by a gauge transformation.
Combining eq. (4.33) and eq. (4.32), we obtain

10-2H?—m2; m?;—6H?\ 1
2 2 —2 ff ff
(O—2H?—mig)h() = —2M (TW—(1+3D+6H2_m§’ff m;ﬁ_ﬂp) 4’an) - (4.35)
€ €

We also find the equation for the massless mode hfg,) as
1 0 —2H?
_ 2y 0) — 9752 - - st
(O0—-2H )huv = 2Mpl [T;w 1 <1 + 16l 2) W,,T] ) (4.36)

The equations for massive and massless modes in the ghost free bigravity (4.35) and (4.36)
take the same form as the equations in DGP model (4.9) and (4.10). We can write two
metrics using massless and massive gravitons as

1 0 271 (m
]’Luy = 1 T Xwi (hl(ﬂj) + Xw h/(lV)) s
~ 1
—— = (pO0) _p(m)
b = 15 (hw % ) . (4.37)

To see the correspondence between the effective bigravity derived from DGP two-brane
model and the ghost free bigravity, we compare eq. (4.15) and eq. (4.37). We find that the
the metrics on the (+)-brane and the (—)-brane in DGP two-brane model agree with the

physical and the hidden metrics in the ghost free bigravity if we identify as le = /@21( +)

and yw? = r£7) /rgﬂ. Notice that the ghost free bigravity accepts the scale transformation
G — ngw, X — X/QQ, c; — cz/QZ The metric perturbations h,, and iLW, are invariant
under this transformation, which enables us to arbitrarily rescale the hidden metric g, .

Let us consider a homogeneous and isotropic perturbation in DGP two-brane model and
compare it with the result in ref. [14]. We can easily find that the light cone of the metric
on (—)-brane changes in the same way as that of the hidden metric ¢ — 1 in ref. [14], because
the induced metric perturbation is identical. In order to see the nonlinear effect by raising
the background energy scale H as anticipated, we would be able to compare the Friedmann
equations. However, it is hard to obtain the Friedmann equation in DGP two-brane model
because of the back reaction on the structure of the fifth dimension caused by changing the
brane cosmological constant. Furthermore, we find that there is a tachyonic instability in
the sector of the stabilization scalar field, which will be shown in the succeeding section, and
hence we will not further discuss the non-linear perturbation in this paper.

5 Instability

In this section we investigate instabilities in DGP two-brane model with a scalar field for
the radion stabilization and those in the ghost free bigravity. We will discuss how one can
interpret the instabilities in the ghost free bigravity from the viewpoint of higher dimensional
gravity and the difference in the way how instabilities appear between these two models.

5.1 DGP model

It is known that the self-accelerating branch of DGP two-brane model inevitably has
ghost [22]. Therefore, here we consider the normal branch, which is obtained by a con-
tinuous deformation of the model from a rather simple setup that accepts the solution with

two Minkowski branes and the bulk satisfying 1 F 27"£i)7-[i > 0.
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Using the eigenfunctions u; and v;, we can obtain the solution for the perturbation hLTVT)
and ¢ induced by the matter on the (4)-brane. As was discussed in [22], a KK graviton in
the mass range 0 < m? < 2H? and a spin-0 mode with the mass below —4H? become a
Higuchi ghost and a scalar ghost, respectively, and lead to quantum instabilities. We begin
with Minkowski brane solution and consider to gradually increase the brane tension of the
(4)-brane. As we will see below, one can verify that on the background solution obtained in
this manner ghost does not arise as long as 1:F2r((;i)’}-[ > 0, thanks to the identity (4.5). When
only small perturbation from this solution is concerned, the mass spectrum will remain to be
essentially the same, and therefore all KK graviton masses are above 2H? and all spin-0 mode
masses are above 0. Hence, there appears no instability. If we continue to increase the brane
tension further, we can obtain de Sitter branes with the four-dimensional Hubble parameter
H. The mass eigenvalues vary but they must satisfy eq. (4.5). The assumption &) > 0
guarantees that the norm of v; is always positive, and hence v? is positive. By assumption,

the solution remains in the normal branch, in which 1 — 27“£+)”H+ > 0 is satisfied. In this
case, when mf crosses the critical value 2H? from above, the first term on the Lh.s. in
eq. (4.5) diverges to positive infinity. Similarly, when u? crosses —4H?, the first term in
the square brackets on the l.h.s. diverges to positive infinity. Whilst, there is no other term
that diverges to negative infinity. Therefore the crossing of the critical masses violates the
identity (4.5), and hence it never happens. Hence, the mass spectrum on the background
solution constructed in this manner is guaranteed to be free from ghost.

However, eq. (2.9) implies that, as we increase the brane tension, || becomes as large

(

as rci)H 2 unless miraculous cancellation by the change of Vig) (14) occurs. At least, as long
as we consider models in which 4 is pinned down by sufficiently large V(,j/:)’ this cancellation

()

cannot be expected. Therefore, when r¢ " is large, |H+| becomes larger than O(1/ rgi)) and
the lowest scalar mass squared pu? crosses —4H? just by considering a slightly higher energy
regime, H 2 1/ r,(;i). As we increase the brane tension little by little starting with Minkowski
branes, ;> becomes negative and the scalar tachyon appears before u? crosses —4H?. This
tachyonic instability would mean the boundary whether the spacetime structure with stably
separated two branes is sustainable or not. In the presence of the scalar tachyon, two branes
will move away from each other further and further, and hence DGP model cannot reproduce
the bigravity. To avoid such an instability in the high energy regime, we should invent some
other mechanism to stabilize the separation between two branes much more strongly, which
is left for future work. Once either of 1 F 2r£i)7-[i becomes negative, the solution is in the
self-accelerating branch. Izumi et al. [22] proved that we cannot avoid the ghost instability
in this branch using the same identity (4.5), which we used to prove the absence of instability
in the normal branch. If we further deform the model, we may have a transition between a
scalar mode with u? < —4H? and Higuchi ghost, which was discussed in ref. [22].

5.2 The ghost free bigravity model

Here we study how ghost appears in the ghost free bigravity model. We consider FLRW
background and its perturbation in the ghost free bigravity. We assume the background
geometry as given by

ds® = a(t)?(—dt® + di?), (5.1)
ds” = a(t)> (= (t)dt?® + d?). (5.2)
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Following the discussion in [14], we select the healthy branch ¢aH — @'/a = 0 to solve the
conservation equation V#B,,, = 0. the equation of motion becomes

SH? = k3(pm + pv) (5.3)

where H := 0sa/a?, py, is the matter energy density and

v = fw), (5.4)
K%pm - <662 — co> <1863 — 301> w + <2404 — 602) w? — 603w3
m YW
_ 1,
=—f(w)+ —4xwf (w) =: F(w), (5.5)

where w := a/a. The graviton mass squared mgﬁ is given in eq. (4.31) and positive when
I'(w) > 0. According to [11], the helicity-0 mode of graviton becomes ghost when m?2; is
smaller than 2H?, which is the so-called Higuchi ghost. After some calculation, we find

m2w

mgﬁ—2H2: 3

Fl(w). (5.6)
Therefore, we can judge the appearance of ghost by the sign of F'(w). When F’(w) is negative,
the solution is free from the Higuchi ghost.

Suppose that the vacuum energy is tuned so as to possess a vacuum Minkowski solution
with w = wp and p;,(wp) = 0. We consider a branch of the solution that evolves to this
Minkowski solution. As we increase the energy density p.,, FLRW solution ceases to exist at
the point where F'(w) = 0. Up to this energy density, F’'(w) remains to be negative as far as
mgﬂ > 0 is satisfied for w = wy. Equation (5.6) tells that mzﬁ —2H? is kept to be positive on
this branch. Therefore, we can conclude that the cosmological solution constructed in this
way has no Higuchi ghost as long as the positivity of the graviton mass squared mgﬁ in the
Minkowski limit is guaranteed. On the branch with F’(w) > 0, the graviton’s mass mZ; is
less than 2H? and the Higuchi ghost appears.

The way how ghost appears in the ghost free bigravity is clearly different from the case
in DGP model. In the the ghost free bigravity, before the Higuchi ghost appears, there is no
instability, while in DGP model the onset of the instability is tachyonic. We can understand
this disagreement as caused by the truncation of the scalar mode. On one hand, in DGP two-
brane model the scalar modes could be effectively neglected when all of them are sufficiently
heavy. However, once some of them become light, we cannot neglect them any more. Hence,
we found a tachyonic instability. On the other hand, in the ghost free bigravity scalar modes
do not exist from the beginning. Therefore, the appearance of the tachyonic scalar mode
observed in DGP two-brane model does not show up in the corresponding the ghost free
bigravity, which keeps the ghost free bigravity “healthy” even in the energy regime higher

than 1/7“£i).

6 Summary

In this paper, we have investigated whether or not the ghost free bigravity can be embedded in
higher dimensional gravity. Here, we have considered DGP two-brane model with sufficiently
large brane induced gravity terms and Goldberger-Wise radion stabilization. We have chosen
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the model parameters so as to accept background solutions in which the brane separation
is sufficiently small compared with the length scale determined by the ratio between five-
dimensional and four-dimensional Newton’s constants. We have proved that DGP two-brane
model in such regime can reproduce bigravity as its low energy effective theory with the help
of the stabilization mechanism. Namely, almost massless degrees of freedom in the gravity
sector are composed of one massless graviton and one massive graviton with a small mass.

DGP model is known to have the normal branch and the self-acceleration branch. We
clearly identify the condition to distinguish these two branches in the setup with a scalar
field introduced for the purpose of radion stabilization. We succeeded in proving that the
model does not have ghost as long as the normal branch solution is chosen. Putting aside the
issue of Higuchi ghost, since DGP two-brane model does not have ghost in the scalar-type
perturbation irrespective of the choice of branch, the ghost corresponding to BD ghost in
bigravity is guaranteed to be absent. Therefore, the low energy effective theory of DGP
two-brane model is expected to be identical to the ghost free bigravity, which is the unique
bigravity theory that is free from BD ghost. As is expected, we also succeeded in proving
this identity, at least, at the linear level.

We have also studied how ghost appears in DGP two-brane model and the ghost free bi-
gravity when we continuously modify the model parameters. In both models we can consider
backgrounds that are free from ghost at low energies. In DGP two-brane model with stabiliza-
tion, however, it is difficult to avoid ghost when we slightly increase the background energy
scale. This is because the stabilization of the brane separation is hard to maintain as long
as we keep the conditions for the normal branch. As a result, a tachyonic four-dimensional
scalar mode arises. By contrast, in the ghost free bigravity such a four-dimensional scalar
degree of freedom corresponding to the brane separation does not exist from the beginning,
and hence the model remains free from the instability. Therefore, it turned out that the cor-
respondence between DGP two-brane model with scalar-field stabilization mechanism and
the ghost free bigravity holds only in the very limited low energy regime.

In this paper we studied only the linear perturbation, because the truncation of all
massive modes except for the lowest KK mode in DGP two-brane model requests that the
effect of the perturbation should be greater than that of the excitation of massive modes
and hence we cannot use perturbative expansion method in order to study nonlinear effects.
Even with this limitation, we expected that it would be possible to investigate the nonlinear
regime by treating the background cosmology non-perturbatively. From the beginning we
understand that the correspondence between the two models should be rather non-trivial and
was expected to be at most an approximate one. One reason is that the complicated form of
interaction requested for the ghost free bigravity looks difficult to reproduce in the braneworld
setup. Another is that the diagonal kinetic terms in the ghost free bigravity cannot be exact
in the braneworld setup due to the contribution of the bulk kinetic term. Unfortunately, as
we mentioned above, the instability occurs at a relatively low energy. Therefore, it turned
out to be impossible to study the non-linear regime by changing the background energy scale
in the present model. This instability also prevents us from investigating the properties of
the ghost free bigravity by using the counterpart in the braneworld setup. Nevertheless, it
would be suggestive to point out that the Vainshtein mechanism in the low energy regime
of the ghost free bigravity explored in ref. [14] tells that the physical and hidden metrics are
similarly excited near gravity sources. It might be natural to expect that the same feature
will arise for the metrics induced on both branes when the brane separation is very small.
The effective gravitational coupling that appears in the effective Friedmann equation and the
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local Newton’s law within the Vainshtein radius in the low energy regime of the ghost free
bigravity is given by the sum of the four-dimensional Planck mass squared for the physical
and the hidden metrics. This feature can also be understood as the dilution of gravitational
force line, which is very familiar in the braneworld context. In our future publication, we
will study whether or not there is more efficient stabilization mechanism that maintains the
correspondence even in the higher energy regime. If we succeed in establishing the stronger
stabilization mechanism, we can explore the higher energy regime.
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