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E#H 1.1 (MENBRZERF). M =5"/6 : G ORE S" ~DIERIEAEs DElE

o H— maHR

e S(H~ S*— /Ll DETEEARD T Lie B

o S __Hh B fukimEm, S(H) nE, LD (L) A2 5,

« H ={a,b|a’=b*, a*=1, aba=b) < S(H) (k =2,3,4,..) — —HRrETEE*

« Hy=Q= (] k| P=P=I=ijk) = {21, i, +], +k} C H — m7T5E

EH’1.2. Ny(k) :=S43/H, Y BL, #IZN, :=8543/Q,, M :=N, L BET 5,

2 —oaRy FepEaREt

2.1 MIAAE9MMT
e X—OFRy FOREZER AT, X EELERET )
« PX —X OIS NIE (B FEIE) @K —PXDLX D QX
s w I PX 5 XXX = w(t)=(¢(1),600) (BHENKRERE L HFEIRE
T Po>W— (28) EfETFHZ
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Notation 2.1 (2 2 721F). 0 c W #° z-sectional <= 7 I& O £ section % # .

Definition 2.2 (A. S. Svare, ’58).
genus(w) < n < n-sectional &S n+1 MW &,

Definition 2.3. tc(X) := genus(w) (MIABB9EHEY)
« B A O LTo section |&. BFFEYRENMERET 2 54 5,
s SELO LTI te(X) IEB Ry FEMEREODEMSI AV RIDEERT,

Theorem 2.4 (M. Farber ’03).

1, n=1,3,7
te(RP") = ImmRP*—-6,, 6, = .
0, otherwise,

L. ImmM (% 44K M #° Euclid Zf8 E" (213 0HIA®D B3R n DRNMNETH 5,

22 LSAHAFTVE
s P X =w M (X X)) —XDEEA Tw) o HRET 2 (Y FEME) 24

[N AN
c @ RX X = w()=0(1) BERE) <= w,=wlyx
Exercise 2.5. U Cc X 4* w,-categorical <= @BEFBR U < X »"EFRE+—T

Definition 2.6 (Lusternik-Schnirelamann ’34).
cat(X) < m < m+1 D categorical IEEHN X 24K % F I,

Theorem 2.7 (Farber, ’03).
cat(X) < tc(X) < cat(X x X) < 2cat(X) —L-SAFT)#HrTC

Example 2.8. (1)catX)=0 < X 3T Q) tc(X)=0 < X |dTH5
B)cat(X)<1 < X & co-H-E/H @ cat(S)=1 B)tc(SH)=1 < nlIFK

Theorem 2.9 (Miyata). cat(N,) = dimN,, = 4h+3

3 —MeER

Definition 3.1 (Farber-Grant ’07). t«c5(X) <m < of v bEfF%E THFE LK
BENMBAZEHOET, —BLTWAESEH RV LOICRE L AEEHT,

Definition 3.2 (Farber ’03, Farber-Grant ’08).
(1) Ix(R) = ker A* : H*(X xX;R) » H*(X;R) CEX:H* - THRLTY)



(2) 2x(X) = Max {m>0|H*(X X X,R) D Ix(R)™ # 0}
(3) wgt,g(w) = Max {m>0|Vf:Y =X x X (genus(f*w)<m), f*(u) = 0}

Theorem 3.3 (Farber-Grant ’08). wgt,.;(w) < tc(X) for a non-zero u € Jx(X).

Theorem 3.4 (Y. Rudyak, A. Dranishnikov ’09). Ifcat(X) = dimX =n > 3,
then 3b € H'(X,I(r)) s.t. b* # 0, where b is the Berstein class introduced by I. Berstein.

L% A WT Farber 54%tc(BG) (cd(G) < 00) 1T 2BEF LWHREH/ WS,

4 fibrewise A &

4.1 (fibrewise) A HE3®

« X —fiAB =R
Theorem 4.1 (J. Milnor ’56). %7z X L HEME L % 2 MUHEE G " FET 5.
Theorem 4.2 (J. Stasheff’63). QX » A #EEP*QX I X L BRAEL % 5,

Theorem 4.3 (D. Benson ’91). EGx;BG t & & A4 ¥ fibrewise Zf £ L T BGXBG
YREME—RMEYL % 5, 272 L. EGX;BG DE AL [e] ~ [e,«] THE A 541, BGXBG
®E 514 diagonal map TH 5,

o G — BHEHNEE

Theorem 4.4. £ BG 13 EGX,4 G ¥ fibrewise A, FME T, %512 Py £ BG ~ EG X,q P"G
BEZE: HE hE—FIE (fibrewise A, FIE) ¥ <1295 5. &7 fibrewise A, FIE
YR B ANBEIITEIANHEBE THLIOTAPRTH S, (LD (Benson) 2EI 9
LU —ARE9ICEEBA T ¥ % (Miyata)) 8’y
4.2 fibrewise L-S 23k ¥ 48 09304
s E=(E,p,X,s)—FBRs: X>EId. ¥ p:E— X IIX¢T % section TH 5,

Definition 4.5. (I. James *95) cat}(E) <m < 30 : E - P’ Q3 E s.t. goe, ~5 id
(I-Sakai ’10) catz(E) <m <= Jo : E - Py R E st. ogoe, ~pid

A:X > XxX EERYT S fibrewise Zf (X X X,pr, X) & dX) T%T.

Theorem 4.6 (I-S ’10). (1) tc(X) = catp(d(X)) (2) tc™(X) = catp(d(X))

FE 41 X)) 12 teX) ERBICERZSNZS, Oy FDEIEREHICHT L T THEIR
RREREIRREI R CIBEITE S g L\ I R (monoidal condition) %EZEL T3,
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Corollary 4.7 (I-S ’10). RO=—ZHIRETH .
(O te(X)<m (2)ooe, ~pid £%7=¢ o : dX) = P"LX $°H 5.,

Theorem 4.8 (I-S ’12). tc(X) < tc”(X) < te(X)+1.

Theorem 4.9 (J. Aguilar Gutman and J. Gonzilez, ’21).
X A% ANR % 513 te(X) = tc™(X) 2°KILT %,

4.3 fibrewise L-S TEE Y TC FEZE
* E=(E,p,X)—fibrewise Zfl. s:X — E—E O fibrewise & &
« R—EH#HEB, A—JKEOV-HARNES
* e, ! PJ'QpE & P Qp E ~) E — natural map
Definition 4.10 (James ’95, I-S 10°). (1) H;(E;R) := H*(E,X;R).
(2) cupg(E;R) := Max{m>0|H*(E;R) D Hy(E;R)™ # 0}.
(3) wgtg(u;R) 1= Max{m>0|e;,_,(u)=0}.
(4) wgtg(E;R) 1= Min{m >0|e;, : Hy(E;R) — Hy(Pg' Qp E;R) is mono}.

(5) Mwgtz(E; A) := Min{m >0| im e}, is a direct summand as a A-module}

Theorem 4.11 (I-S ’10).
(1) Hy(E;R) = Jx(X) and cupg(E;R) = Zx(X) if (E, p,X) = d(X).
(2) wgtg(u; R) = wgt(u; R) if (E, p,X) = d(X).

5 4 [E0XRE (I-Miyata)
e M=S"/G, G SBEMRE —IHENREME (Z2TRGIEIAET.2ERDO2LT S)
Remark 5.1. #% 2n—1 < tc(M) = catg(d(M)) < 2n LA (FEIZIZ) 905750\,

Theorem 5.2. z % M O orientation class |8 $ % HY(M;F,) DERKRT LT %,
(1) ROZZHEEETH 3,
Hwgtg(z ® z;F,) = 2n  ii) wgtg(d(M); F,) = 2n  iii) Mwgtg(d(M); A,) = 2n

Q) LD CNHDEESRILT ML te(M) = caty(d(M)) = 2n THh 3, (ElEVFDL
2AHETETVWARW)

* M =S/Q — DT EE Q = {+1,+i, +], £k} 1< & 5 S DEAER
FESL M IOV TT I8 3DIE 5 < te(M) = catg(d(M) <6 T TTH 5.

Theorem 5.3. tc(M) = catg(d(M)) = 6.
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6 EERAD % &t

6.1 MREBENDELLAH

Theorem 6.1. H*(BQ;F,) ~ AQ F,[w], A =F,[x,y]/(x3, ¥ x>+ y* + xy)
Theorem 6.2. H3(M;F,) = F,{z}. zId A D x’y = xy?* IZHRT %,

Theorem 6.3 (K. Fujii ’73). M =c’uejueueiueue’ (z I3 e’ ORX) ThH 5,
Proposition 6.4. H°(M x M;F,) = F,{z ® z}

Proposition 6.5. e, (z®z) € H*(Py® Qp d(M); F,) is the class of ¢ € Z5(Py° Qp d(M)) :
clelihl -+ [ = z(2) - X*y[Ay] - |y ]

Theorem 6.6. ¢ (z® z) = [c]

X 6.1 LDEIEIL fibrewise £E F E—REFER e, : P Qpd(M) — d(M) DEF5 L
D557 \ND T Serre spectral sequece & FA\N TEEEAT 5,

MILTAZ S © C(Py Qpd(M);F,) — CO(P; Qpd(M); F,) NDEIRITFI % Ty ¢ DERFRA
JhILET, LT 5,

Problem 6.7. 8B ARR Tyx =T, U F, L TREE>5 2 LRIZL S BT 20 7?

6.2 MENMBt

Definition 6.8. C*(PX Qzd(M)) DaAHA 7L ERTED S,
c[el{hy| -+~ |}] = 2(t) - x*[hy| -+~ |y ]

MILBR & CH(PE Qe dM);Fy) — C3(Pg Qp d(M); Fy) DERIRITHNE Ty ¢ DERBN
JhILET, €T 5,
Theorem 6.9. BEHRR Toyx =T, BBEF 2R 5IE Tx =T, LBEEH D,

Theorem 6.10 (Python program). T,;x =T, 3f# %>, (ef(z®x?) =0 IZHHH)

62 BGMELARBITAZAEH T 7 2 RE DR %% > 7= 4. Python program
ER#LEL~E, ZDprogram T3 &, BG1E L 7B MI mac £ T 25 B THE#
L. TORBELFARETHAL:, WTHEHFEE Y DRRETH 7. !

#&3. Python &5 T354E. Ml mac T RBETEML YR,

RIBIC. AR THER L 7= Python program D EEALIZE VT, AMAZIEREBHE
Y —DHERERLEICBER T FNA RS RTESF Lz, F<BRHARLET,

IThe computation was carried out using the computer resource offered under the category of Trial Use Projects
by Research Institute for Information Technology, Kyushu University.
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7 775 L0HEN
 HEEMORKEED S,
+ 3% Q ® multiplication ¥ inversion O table % 323k %,
« K Fujii IC& > TREBITREI N &, e), e}, e, e, ¢ DIFER R T 2
« EFEIZHE-> T bar construction NIFER % LR T 5
« & DF, LOERITI % ZRTkS L L TR %,
TEARAREATE [Ts|To] DFEER & Ty O r A7 RDBEEETKD %,

—R=r%5IE@EHIH"Y). R=r+17% 5 IMHIEN —

T§IX = Tcr ﬁeﬁgt&ﬁ’)ﬁ‘%fﬂ@ 6.9 J: L} T5X = TC bﬁg%ﬁ‘g\ WgtB(Z®Z) = 6 2?%:7&:0

A Bk

Python program T3, B¥ Q W& &K% [0,1,2,3,4,5,6,7] = [e,a,a? a,b,ab,a’b,a’b] &
BFTRZARL. M OLILE [e0,el],e12,e21,e22,e3] = [ ,el,ez,el,ez,e3] b b U

program I FIEHERT L. ROBHBLuIH Lk (FHET 50I2ITITEED)

One particular solution is :

[e0]7]7|7]6] + [e0]7]7]|6]6] + [e0]7]7]6|2] + [e0]|7]7]2]5] + [e0]7]7|2]1] + [e0]7]|7|5]3] +
[e0]7|7]5]6] + [e0]|7|7]5]5] + [e0]7]7|5|1] + [e0]7]7|1]|3] + [e0]7]7|1]|2] + [e0]|7]|3]|6]5] +
[€0]7]3|6]1] + [e0]7]3]|5|3] + [e0]7]3]1|5] + [e0]|7]6]7]|5] + [e0]7]6]7]|1] + [e0]7]|6]3]3] +
[€0]7]6|3]2] + [e0]7]6]|3|5] + [e0]7]6]3|1] + [e0]|7]6]6]2] + [e0]|7|6]6]1] + [e0]7|6]2]|7] +
[€0]7]6|2]3] + [e0]7]6]|2|6] + [e0]7]6]2|2] + [e0]|7]6]2]1] + [e0]|7|6]2]4] + [e0]7]|6]5]3] +
[€0]7]6]|5]4] + [e0]7]6]1|7] + [e0]7]6]1|3] + [e0]|7]6]1]|2] + [e0]7]6]1]|4] + [e0]7]|2]7|6] +
[€0]7]2|3]7] + [e0]7]2]|3|2] + [e0]7]2]3|4] + [e0]|7]2]6]6] + [e0]7|2]6]2] + [e0]7]|2|2]6] +
[e0]7]2]2]2] + [e0]7]2]2]5] + [e0]7]2|2]4] + [e0]7]2|5]2] + [e0]7]2]5]|5] + [e0]7]|2]5]1] +
[e0]7]2]1]7] + [e0]|7]2]1|3] + [e0|7]2|1]|6] + [e0]7]2|1]4] + [e0]7]2]4]|2] + [e0]7]|5]7]|6] +
[€0]7]5|3]7] + [e0]7]5]|3|2] + [e0]7]5]3|4] + [e0]|7]5]6]|3] + [e0]|7|5|6]6] + [e0]7|5]6]2] +
[e0]7|5]6]5] + [e0]|7|5]2|2] + [e0]|7]5|2]|4] + [e0]7]5|5|3] + [e0]7]|5]5]6] + [eO0|7]|5]5]2] +
[e0]7]5]5]1] + [e0]|7]5]1|3] + [e0]7]5|1]4] + [e0]7]5|4]2] + [e0]7]1]7|3] + [eO0|7]|1]7]|2] +
[€0]7]1|7]5] + [e0]7]1]|3|3] + [e0]7]1]3]|5] + [e0]|7]1]6]3] + [e0]7]1]2]|3] + [e0]7|1|2]6] +
[e0]7]1]2|2] + [e0]|7|1]|2]4] + [e0|7]1]|5|2] + [e0]7]1|5|5] + [e0]7]|1]5]|4] + [eO0|7]|1]1]3] +
[€0]7]1|1]4] + [e0]7]1]|4|3] + [e0]7]1]4|2] + [e0]|7]1]4]|5] + [e0]7]4|7]|1] + [e0]7]|4|3]7] +
[e0]7]4|3]6] + [e0]7]4]|6]7] + [e0]7]4]6|3] + [e0]|7]4]6]6] + [e0]7]4|2]2] + [e0]7|4|2]4] +
[e0]7]4]5]2] + [e0]|7]4]|5]4] + [e0|7]4|1]2] + [e0]7]4|4]2] + [e0]3]7]7|3] + [e0]3]7]7]2] +
[€0]3]7|7]5] + [e0]3]7]|7|1] + [e0]3]7]3|7] + [e0]|3]7]3]|3] + [e0]3]|7|3]|6] + [e0]3]|7|3]5] +
[€0]3]7|3]4] + [e0]3]7]|6]5] + [e0]3]7]6|1] + [e0]|3]7]2]|3] + [e0]3]|7|2]|5] + [e0]3]|7|5]7] +
[€0]3]7|5]2] + [e0]3]7]|5]5] + [e0]3]7]1|6] + [e0]|3]7]|1]|4] + [e0]3]|7]4]|5] + [e0]3]|7|4]1] +
[€0]3]3|6]7] + [e0]3]3]|2|1] + [e0]3]3]5|7] + [e0]3]3]5]3] + [e0]3]|3]5]5] + [e0]3]|3|1]6] +
[€0]3]3|1]1] + [e0]3]6]|7|3] + [e0]|3]6]7|6] + [e0]|3]6]7]|2] + [e0]|3]|6]7|5] + [e0]3]|6]3]7] +
[e0]3]6]3|3] + [e0]3]6]3|6] + [e0]3]6]|3|5] + [e0]3]6]|3]4] + [e0]3]6]6]3] + [e0]3]|6]6]6] +
[e0]3|6]6]1] + [e0]|3|6]6]4] + [€0]|3]6]|2]|7] + [e0]3]6]|2]3] + [e0]3]6]2]|5] + [e0]3]6]2]1] +
[€0]3]6]5]3] + [e0]3]6]5|5] + [€0]3]6]5|1] + [e0]|3]6]1]|7] + [e0]|3]|6]1]|2] + [e0]3]|6]1]5] +
[e0]3|6]1]4] + [e0]|3|6]|4|7] + [e0]|3]6]|4|5] + [e0]3]2|7|1] + [e0]3]2]3]|7] + [e0|3]|2]3]6] +
[e0]3|2]6]6] + [e0]3]2]6]2] + [e0]|3]2|6]5] + [e0]3]2|6]4] + [e0]3]2]2]|2] + [e0]3]2]2]5] +
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[€0]3]2]2]1] + [€0]3]2]2]4] + [€0]3|2]5]7] + [€0]3]2]5|3] + [€0]3]2|5]6] + [€0]3]2]5]|2
[€0]3]2]5]5] + [€0]3]2]5]1] + [€0|3|2[1]2] + [0]3]2]1]1] + [e0]3]2]4]2] + [e0]3]5]7|7
[e0]3]5]7|6] + [€0]3]5]7|1] + [€0]3]5|3]3] + [€0]3]5]3]6] + [€0]3]5|3]5] + [€0]3]5]3|4
[e0]3]5]6]6] + [€0]3]56]5]+ [€0]3]5|6]1] + [€0]3]5]2]7] + [e0]3]5]2[2] + [e0]3]5]2]5
[€0]3]5]2]4] + [€0]3]5]5|5] + [€0]3]|5|5]4] + [€0|3]5]1]5] + [e0]3]5]4|2] + [e0]3]5]4]5
[€0]3]5]4[1] + [e0]3]|1|7|1] + [€0|3]1|3]7] + [€0|3]1]3]6] + [0]3]1]3|5] + [e0]3]1]6]3

[€0]2]6]2[1] + [€0]2]6]2]4] + [€0]2]6]5]3] + [€0]2]6]5|2] + [€0]2]6]5]1] + [e0]2]6]5]|4
[€0]2]6]1|7] + [€0]2]6]1|3] + [€0]2]6]1]2] + [€0]2]6]1]5] + [€0]2]6]4]7] + [e0]2]6]4]2
[€0]2]2]7]3] + [€0]2]2|7|6] + [€0]2]2]7]2] + [€0]2]2]7|5] + [€0]2]2|7]1] + [e0]2]2]7]4
[€0]2]2]3|6] + [€0]2]2]3|2] + [€0]2]2]3]5] + [€0]2]2]3]1] + [e0]2]2|6]3] + [e0]2]2]6]2
[€0]2]2]64] + [€0]22]2|7] + [€0]2]2]2]3] + [€0]2]2]2]6] + [€0]2]2|5]3] + [e0]2]2]5]|6
[€0]2]2]4|7] + [€0]2]5|7|3] + [€0]2]5]7]6] + [€0]2]5]3]5] + [€0]2]5|3]|1] + [e0]2]5]3]4
[€0]2]5]6|7] + [€0]2]5|6|3] + [€0]2]5]6]2] + [€0]2]5]6]1] + [e0]2]5]6]4] + [e0]2]5]2]6
[€0]2]5]5|6] + [€0]2|1|7|3] + [€0]2]1]7]6] + [€0]2]1]7|4] + [e0]2|1|3]7] + [e0]2]1]3]6
[€0]2]1]6]3] + [€0]2]1]6]2] + [€0]2]1]6]5] + [€0]2]1]6]1] + [e0]2]1]6]4] + [e0]2]1]2]6
[€0]2|1]1|7] + [€0]2]|4|7|3] + [€0]2]4|7]2] + [e0]2]4]7|5] + [e0]2]4|7]1] + [e0]2]4]3|7

[e0]2]4]3]6
[e0]5]7]3]1
[e0]5]3]7]2

€02|4|3]4] + [€0]2]4]2|7] + [0]5]7]7|3] + [0]5]7]7]6] + [e0]5]7|3]|7
¢0[57|3|4] + [€0]5]7]6]3] + [€0]5]7]6]2] + [€0]5]7]6]5] + [€0]5]7]5]3
€0|5[3]7|5]+ [e0]5]3]7|1] + [€0]|5|3|3]7] + [€0]5]3]3|6] + [e0]5]3|3|2

I+ ] + |+
I+ ] + |+
I+ ] + |+
I+ ] + |+
I+ ] [ I+ |+
I+ | [ I+ | +
[e0[3]1]6]6] + [€0]3]1]6]5] + [€0]3|1]2]6] + [€0]3|1]2|2] + [€0]3|1]2]4] + [e0]3]1]5]7] +
[e0|3|1|5|6] + [e0|3|1|5|4] [eO|3|1|1|2] + [eO|3|1|4|2] + [eO|3|4|6|S] + [eO|3|4|6|1] +
[e0|3|4|5|3] + [e0|3|4|1|5] + [e0|6|7|7|3] + [e0|6|7|3|3] + [e0|6|7|3|6] + [eO|6|7|3|2] +
[e0]6]7]5|3] + [€0]6]7]5|2] + [€0]6]7]|5]4] + [e0]6]7|1]5] + [0]6]|7|4|3] + [e0]6]|7]4]5] +
[0]6]3]7]2] + [€0]6]3]7|5] + [€0]6]3]7|1] + [e0]6|3]3|2] + [€0]6|3]3|5] + [e0]6]3]3]1] +
[eO|6|3|6|3] + [eO|6|3|6|5] + [e0|6|3|6|1] + [e0|6|3|6|4] + [e0|6|3|2|3] + [e0|6|3|2|2] +
[e0]6|3]2]1] + [€0]6]3]5]7] + [€0]6|3|5]|6] + [€0]6]3]5|2] + [e0]6]3]1|2] + [e0]6]|3]1]5] +
[e0|6|3|1|4] + [e0|6|3|4|7] + [e0|6|3|4|3] + [eO|6|3|4|2] + [e0|6|3|4|1] + [eO|6|3|4|4] +
[e0|6|6|7|5] + [e0|6|6|3|7] + [e0|6|6|3|4] + [e0|6|6|2|5] + [e0|6|6|2|4] + [e0|6|6|5|3] +
[e0|6|6|5|6] + [e0|6|6|5|1] [e0|6|6|1|3] + [e0|6|6|4|1] + [e0|6|6|4|4] + [e0|6|2|7|7] +
[e0|6|2|7|2] + [e0|6|2|6|7] [e0|6|2|6|1] + [e0|6|2|2|7] + [e0|6|2|2|2] + [eO|6|2|2|4] +
[e0|6|2|5|7] + [e0|6|2|5|6] + [e0|6|2|5|2] + [e0|6|2|1|7] + [e0|6|2|1|3] + [e0|6|2|1|6] +
[e0|6|2|1|2] + [e0|6|2|1|5] [e0|6|2|1|1] + [e0|6|2|4|7] + [e0|6|2|4|2] + [e0|6|2|4|1] +
[e0|6|2|4|4] + [e0|6|5|7|3] + [e0|6|5|7|2] + [e0|6|5|7|5]+ [e0|6|5|7|1] + [e0|6|5|3|3] +
[e0|6|5|3|6] + [e0|6|5|3|2] + [e0|6|5|3|5] + [e0|6|5|3|1] + [e0|6|5|6|7] + [e0|6|5|6|6] +
[e0]6]5|6]5] + [€0]6]5]6|4] + [€0]6]5]2|6] + [€0]6]5]2|2] + [€0]6]5]2|5] + [e0]6]5]5]7] +
[e0|6|5|5|3] + [e0|6|5|5|6] + [eO|6|5|5|2] + [e0|6|5|5|5] + [e0|6|5|5|4] + [eO|6|5|l|2] +
[e0|6|5|1|1] + [e0|6|5|1|4] + [e0|6|5|4|6] + [e0|6|5|4|2] + [e0|6|5|4|5] + [eO|6|1|7|3] +
[e0|6|1|7|2] + [e0|6|1|3|6] [e0|6|1|3|5] + [e0|6|1|6|3] + [e()|6|1|6|6] + [e0|6|1|6|2] +
[e0]6]1]6]1] + [€0]6]1]2]7] + [€0]6]1]2]2] + [e0]6]1]2]5] + [e0]6]|1]2|1] + [e0|6]1]5]7] +
[e0|6|1|5|2] + [e0|6|1|5|5] + [e0|6|1|5|4] + [e0|6|1|4|6] + [e0|6|1|4|5] + [e0|6|4|7|7] +
[e0|6|4|7|2] + [e0|6|4|7|5] + [e0|6|4|3|3] + [e0|6|4|3|2] + [e()|6|4|6|7] + [e0|6|4|6|3] +
[e0]6]4|6]1] + [€0]6]4]2|7] + [€0]6|4]2|3] + [0]6|4]2|2] + [e0]6]4|5|6] + [e0]|6]4]|5]1] +
[e0|6|4|1|7] + [eO|6|4|1|6] + [e0|6|4|1|2] + [e0|6|4|1|5] + [e0|6|4|1|1] + [e0|6|4|4|7] +
[eO|6|4|4|2] + [e0|6|4|4|5] + [e0|2|7|7|5] + [e0|2|7|3|7] + [e0|2|7|3|2] + [e0|2|7|3|4] +
[e0|2|7|6|7] + [e0|2|7|6|6] + [e0|2|7|6|2] + [e0|2|7|6|4] + [eO|2|7|2|3] + [eO|2|7|2|6] +
[e0|2|7|2|2] + [e0|2|7|2|5] + [e0|2|7|2|4] + [e0|2|7|5|3] + [e0|2|7|5|6] + [e0|2|7|5|2] +
[e0]2]7]5|1] + [e0]2]7]|1]5] + [€0]|2]7|1|4] + [e0]2]7]4]2] + [e0]|2]|7]4]|5] + [e0]2|7]4|1] +
[e0|2|3|7|7] + [e0|2|3|7|3] + [eO|2|3|7|1] + [e0|2|3|3|7] + [e0|2|3|3|6] + [eO|2|3|3|1] +
[e0|2|3|6|3] + [e0|2|3|6|6] + [e0|2|3|6|2] + [e0|2|3|6|4] + [e0|2|3|2|6] + [e0|2|3|2|2] +
[€0]2]3]2|5] + [€0]2]3]2]1] + [€0]2]3|2]4] + [e0]2]3]|5]3] + [€0]2]3|5|6] + [€0]2]3]5]2] +
[e0|2|3|5|1] + [e0|2|3|1|6] [eO|2|3|1|2] + [e0|2|3|4|2] + [e0|2|6|7|7] + [e0|2|6|7|3] +
[e0|2|6|7|2] + [e0|2|6|7|5] + [e0|2|6|3|7] + [e0|2|6|3|5] + [eO|2|6|3|4] + [e0|2|6|6|7] +
[e0|2|6|6|5] + [e0|2|6|6|1] + [e0|2|6|6|4] + [e0|2|6|2|7] + [eO|2|6|2|2] + [e0|2|6|2|5] +
I+ ]+ [ I+ |+
I+ ] [ + [ |+
I+ | [ [ | +
I+ ] [ [ |+
I+ ] [ [ |+
I+ ] [ [ | +
I+ ]+ [ [ |+
I+ ]+ [ [ |+
I+ ]+ [ [ | +
I+ ]+ [ [ |+
I+ ] [ [ | +
I+ ]+ [ [ | +
I+1 | I+



150

[e0]5]3]3]1
[e0]5]3]4|3
[e0]5]6]7]4
[e0]5]6]6]2
[e0]5]6]2]4
[e0]5]6]1]5
[e0]5]23]6
[e0]5]2]6]2
[e0]5]5]3|7
[e0]5|5]6]5
[e0]1]7]3]7
[e0]1]7]2]5
[e0|1]7]1]1
[e0]1]3]7]1
[e0]1]6]7]3
[e0]1]6]6]5
[e0|1]6]1]2
[e0]1]2]7]3
[e0]1]2]6]2
[e0|1]1]2]7
[e0]4|3]7|5
[e0]4]36]5
[e0]4]3]5]2
[e0]4|6]3]7
[e0]4|6]2|7
[e0]4]2]3]3
[e0]4]4]3]3
[e11]7]3]3]
[e12]7]6]5]
[e11]7]2]5]
[e11]7]1|7]
[e11]7]4[1]
[e12]3]71]
[e11]3]3]1]
[e11]3]2]6]
[e12]3]5]3]
[e12]3]1]5]
[e12]6]7]|7]
[e11]6]3|4]

|

|

|

|

|

|

|

|

|

|

]

e0|5|3]6|6] + [e0|5]3]6]|5] +
e0|5|3[4]1] + [e0]5]6]7|7] +
e0|5]6]3]6] + [€0]5]6]3|2] +
e0|5]6]2|7] + [e0|5]6]2|3] +
e0|5|6/5]2] + [€0]5]6]5]1] +
e0[5|6]1]4] + [e0]5]6]4|7] +
e0]5|2|3]5] + [e0]5]2|3|1] +
e0|5[2|2]3] + [€0]5]2]2]6] +
e0|5]5|3|3] + [e0]5]5]3|2] +
e0|5]5]6|1] + [e0|5]5]5|6] +
e0|1|7]6|7] + [e0|1]7]6]|3] +
e0[1|7|5|5] + [e0[1]7]1]7] +
+
+
+
+
+
+
+
+
+
+
+

[ | e0|5|3]2|7
[ ]
[ |
[ |
[ 1+
[ |
[ |+
[ |+
[ I
[ |
ol
[e0]1]7]4]7] + [e0]1]|7]|4|3]
[ ]
[ ]
[ |
[ |+
[ ]
[ |+
[ |+
[ |
[ |
[ ]
[ |
[ |+

e0|56/7]2
e0|563|5
e0|56]2]6
e0|5|6/1|3
e0|5|6/4|3
e0|5[2[3]4

[ ] e0|5]3|2|6] + [e0|5]|3]1|4
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[e0]5]2]5|3]
[ |
[ |
[ ]
[ ]
[ ]
[ ]
[ ]

[
[€0]5]6]7|5] + [€0]5]6]7|1
[€0]5]6]3|1] + [e0|5]6]6|7
[e0]5]6]2]2] + [e0]5]6]2]5
[€0]5]6]1]6] + [€0|5]6]1|2
[€0]5]2]7|3] + [e0]5]23|3
[e0]5]2|6]7] + [e0]5]2]6]3
[€0]5]5]7|3] + [€0|5]5|7|6

e0|5|5|3]1] + |

e0[1|7]7|7] + [

e0]1]7|6]5] + [

e0[1]7|1]6] + [
e0[1]3|7]6] + |
e0]1]3]6]5] + [
e0[1]6/3]2] + [
[eO]1]6]2]2]+ [
[eO]1]6]4]3]
[€0]1]2]7]1]
[e0[1]1]3]7]
[€0]4]7]1]1]
[€0]4]3]3]4]
[ ]
[ ]
| |
[ ]

|
]
|
|
]
|
]
]
e0]5]5|6]6] + [e0]5]5]6]2]
e0|1]7|7|2] + [e0|1]|7]7|4]
e0|1|7]6|1] + [e0]1]7]2]|7]
e0]1]7|1]2] + [e0]1]7]1]5]
e0]1]3|7]2] + [e0]1]3]7|5]
e0[1]3]3|7] + [e0]1]3]6]3] ]
e0|1]6]7|5] + [e0]|1]6|3]|6] ]
e0]1|6|6]4] + [e0|1]6]2]3] ]
e0[1]6]1|5] + [e0|1]6]|1]4] ]
e0]1]2|7]6] + [e0]1]2]|7]|5] ]
e0]1]2|6]4] + [e0]1]1]|7]5] ]
e0[4]7]2|3 [e0]4|7]1]5] ]
e0]4|3|3|7] + [e0]4]3|3]2] ]
e0|4[3]6|1] + [e0|4|3]|2]2] + [e0]4]3]|2]5 ]
e0|4[3]1|5] + [e0|4|3]|4|2] + [e0]4]6]|7]|3 ]
e0]416]3|3] + [e0|4]6]|3]2] + [e0]4]6]|3]5 e0]4]6|3]4] + [e0]4]6]6]7]
e0|4|6]4|3] + [e0|4]2]|7|2] + [e0|4]2]7|5] + [e0]4]|2|7|1] + [e0]4]|2|3]7]
[e0]4|2]3|6] + [e0|4]2]|3]4] + [e0]4]|2|6]7] + [e0]4]2]6]3] + [e0]4]|2]2]3] +
[e0]4]|4|6]7]+[e0]4]|4]|6|3]+[e12|7|7|2]+[e11|7]|7|5]+[e12]|7|7|1]+[e12]7|3]| 7]+
el11|7|3]|4]+[el1|7|6|7]+[e12]|7]6]|7]+[e12]|7]|6|3]+[e12]|7|6]|6]+[e11]7]|6|2]+
el12|7|6]1]+[el1|7|6]4]+[e11]7|2]|3]+[e11]7|2]|6]+[e11]|7|2|2]+][e12]7]2]|2
el1|7|2|1]+[e12|7]|2|4]+[e11]|7|5]|3]+[e12|7|5|3]+[e12|7|5]|6]+[el1]7]|5|2
el12|7|1]|2]+[e12|7|1|5]+[e12|7|1]|4]+[el1|7|4|3]+[e11]|7|4|2]+[e12]|7|4|2
el1|7|4|4]+[e11|3]|7|7]+[e11]|3]7]|3]+[e11|3]|7|6]+[e11]|3|7|2]+[e12]3]|7|2
el11|3|7]|4]+[e12|3]|7|4]+[e11]|3|3]|7]+[e12|3|3]|7]+[e11]|3|3]|2]+[e12]3]|3]2
e12|3]6|7]+[e12|3|6]3]+[e12]3]6]|6]+[e12]|3|6|5]+[e12]3|6]|1]+[e11]3]|2|7
e12|3|2]|2]+[e11|3]|2|5]+[e11|3|2|1]+[el1|3|2]|4]+[e12]|3|2|4]+[e11]3]|5]7
el11|3|5|1]+[e11|3]|1|7]+[e11|3|1]|6]+[e12|3]|1]|6]+[e11|3]1]|2]+[ell]3]1]|5
el1|3|4]|7]+[el1|3]|4|3]+[e11|3]4]|6]+[el1]|3]|4|2]+[e12]|3]4]|2]+[e11]|3]4|1
el1|6|7|3]+[e12|6]|7|2]+[e12]|6]7]|5]+[e11|6]|3|7]+[e12|6]3]|6]+[e11]6]|3]|5
e12|6|3]4]+[e12]6]6|7]+[e12|6]6]|3]+[e11|6]|6]2]+[e11]|6]6]|5]+[e11]6]|2|7

[ | [

[ | [

[ ] [

[ | [

[ | [

[ | [

[ | [

[ | [

[ | [

|

e0]1[3]2|6] + [e0]1]3]1]|7
e0]1|6]3|5] + [e0]1]|6]6|3
e0]1]6|2|5] + [e0]1]|6|2]4
[e0]1]6]4|2] + [eO]1]6]4|5
[e0]1]2|7]4] + [e0]1]2]6]3
[e0]1]1|3|6] + [eO0]1]1]6]|1
[e0]4|7]4|5] + [e0]4]|3]7]6
[e0]4]3]6]7] + [e0]4]3]6]6
[e0]4|3]2|4] + [e0]4]3]5]|3
[
[
[

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+ [€0]4]6]7]1] + [e0|4]6]7]4
+

o o o i i S S S e k2 T i s

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

[e12]6]2|7
[e12]6]5]3
[e12]6]1]6
[e12]6]1]4
[e11]2]7]1
[e11]2]3]5
[e11]2]2]7
[e11]5|7]3

e11]6]2|3]+[e11]6]2|2]+[e11]6|2|5]+[e12|6]2|1]+[e11|6]5]|7]+[e12]6]5|7
e11]6]5|2]+[e12]6|5|2]+[e11]6|5|5]+[e12]6|5|1]+[e11]6]1|7]+[e12]6]1]|7
e11]6]1|2]+[e11]6]1|5]+[e12]6]1]|5]+[e11|6]|1|1]+[e12]6]1|1]+[e11|6]1]|4
e12(6]4|7]+[e12]6]4|3]+[e11]6|4|5]+[e11]6|4|1]+[e12]2|7]7]+[e11]2]7|3
e12]2]7|1]+[e11]2|7|4]+[e12]2|3]|7]+[e11]2|3]|3]+[e12]2]3]|3]+[e11]2]3]6
e11]2]6]7]+[e11]2]6|3]+[e11]2]6]6]+[e12]2]6]5]+[e11]2|6]1]+[e12]2|6]1
e12]2]2|7]+[e12]2]2|3]+[e11]2|2|6]+[e11|2|5]|7]+[e11|2]1]|3]+[e11]5]7|7
e11]5|3|7]+[e11]5|3|2]+[e11]5|3|4]+[e11]5|6]7]+[e11]5]6]|3]+[e11]5]6]2
[e11]5|2|7]+[e11]5|2|3]+[e11]5|2|6]+[e11]|5|5|3]+[e11|1]7|7]+[e11]1]7|6]+[e11]1]7|2
[e11]1|3|7]+[e11|1|3|3]+[e11|1|6]2]+[el1|1|2]7]+[e11[1]2|3]+[el1|1]2|6]+[e11]1]1]7
[e12]4|7|1] + [e12|4]3]7] + [e12]4]6]7] + [e12]4]6|3] + [€21|7]7] + [€21]7]6] + [e21]7]2] +
[e21]7]1]+[e22]7]1]+[e22]7]4] + [e22]3|3] +[e21]3]6] + [e22]3]2] + [€21]3|5] +[e22]3]5] +
[e22]3]4]+[e22]6]7]+[e21]6]3]+[e22]6]3]+[e21]6]5] + [e21]2]|7]+ [€22]2]3] +[e21]2]2] +
[e22]2]2] + [e3]7] + [€3]3]

e i e e i e e e e e e e i e e i

+
+
+
+
+
+
+
+
+
_l_
+
+
+
+
+
+
+
+
+

I_M_H_H_H_n_n_u_n_n_n_n_n_n_u_n_n_u_n_n_l
n—u—u—u—u—u—u—u—u—u—u—u—u—u—u—u—u—u—u—u—
e b b b b b e b el e b b b e b b b b b e

|
]
|
|
|
|
|
|
|
|
|
|
|
|
]
|
|
|
|
]
|
|
|
|
|
|
I+
+
+
+
+
+
+
+
—+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

— e e e e e e e e e e e e e e e e e e
n_n_n_n_n_n_n_t_n_n_t_n_n_n_n_n_n_n_n_n_n_n_t

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
—+
+



X &R

[1] Alejandro Adem and R. James Milgram, Cohomology of finite groups, Second, Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 309, Springer-Verlag,
Berlin, 2004. MR2035696

[2] Jorge Aguilar-Guzman and Jestis Gonzalez, Motion planning in polyhedral products of groups and a Fadell-
Husseini approach to topological complexity (2021).

[3] D.J. Benson, Representations and cohomology. 11, Cambridge Studies in Advanced Mathematics, vol. 31,
Cambridge University Press, Cambridge, 1991. Cohomology of groups and modules. MR1156302

[4] Israel Berstein, On the Lusternik-Schnirelmann category of Grassmannians, Math. Proc. Cambridge Philos.
Soc. 79 (1976), no. 1, 129-134. MR400212

[5] Michael Farber, Topological complexity of motion planning, Discrete Comput. Geom. 29 (2003), no. 2,
211-221. MR1957228

[6] Alexander N. Dranishnikov and Yuli B. Rudyak, On the Berstein-Svarc theorem in dimension 2, Math. Proc.
Cambridge Philos. Soc. 146 (2009), no. 2, 407—413. MR2475974

[7] Edward Fadell and Sufian Husseini, Category weight and Steenrod operations, 1992, pp. 151-161. Papers
in honor of José Adem (Spanish). MR1317569

[8] Michael Farber, Topological complexity of motion planning, Discrete Comput. Geom. 29 (2003), no. 2,
211-221. MR1957228

[9] Michael and Grant Farber Mark, Symmetric motion planning, Topology and robotics, 2007, pp. 85-104.
MR2359031

[10] Michael Farber and Mark Grant, Robot motion planning, weights of cohomology classes, and cohomology
operations, Proc. Amer. Math. Soc. 136 (2008), no. 9, 3339-3349. MR2407101

[11] Kensé Fujii, On the K-ring of S*"*+3 /H,,,, Hiroshima Math. J. 3 (1973), 251-265. MR334184

[12] Norio Iwase, A, -method in Lusternik-Schnirelmann category, Topology 41 (2002), no. 4, 695-723.
MR1905835

[13] Norio Iwase and Michihiro Sakai, Topological complexity is a fibrewise L-S category, Topology Appl. 157
(2010), no. 1, 10-21. MR2556074

[14] Norio and Sakai Iwase Michihiro, Erratum to “Topological complexity is a fibrewise L-S category”
[Topology Appl. 157 (1) (2010) 10-21] [MR2556074], Topology Appl. 159 (2012), no. 10-11, 2810-2813.
MR2923451

[15] Norio Iwase, Michihiro Sakai, and Mitsunobu Tsutaya, 4 short proof for tco(K) = 4, Topology Appl. 264
(2019), 167-174. MR3975098

[16] 1. M. James, Introduction to fibrewise homotopy theory, Handbook of algebraic topology, 1995, pp. 169—
194. MR1361889

[17] L. Lyusternik and L. Snirel'man, Topological methods in variational problems and their application to the
differential geometry of surfaces, Uspehi Matem. Nauk (N.S.) 2 (1947), no. 1(17), 166-217. MR0029532

[18] John Milnor, On spaces having the homotopy type of a CW-complex, Trans. Amer. Math. Soc. 90 (1959),
272-280. MR100267

[19] Yuli B. Rudyak, On category weight and its applications, Topology 38 (1999), no. 1, 37-55. MR1644063

[20] Michihiro Sakai, A -spaces and L-S category in the category of fibrewise spaces, Topology Appl. 157
(2010), no. 13, 2131-2135. MR2665235

[21] James Dillon Stasheff, Homotopy associativity of H-spaces. I, II, Trans. Amer. Math. Soc. 108 (1963),
275-292; ibid. 108 (1963), 293—-312. MR0158400

[22] Jeffrey Strom, Essential category weight and phantom maps, Cohomological methods in homotopy theory
(Bellaterra, 1998), 2001, pp. 409-415. MR 1851266

[23] A.S. Svarc, The genus of a fiber space, Dokl. Akad. Nauk SSSR (N.S.) 119 (1958), 219-222. MR0102812
AMKE - BIEFHARE ARAIX

151



