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0. Introduction

We shall deal with the input sets of strongly connected automata
whose automorphism groups are isomorphic té a given finite group G.
As is well known, the cardinalities of state sets of such automata are
multiples of the order of G, Hence, we cannot find, in general, an
automaton having a small size of state set among the strongly connected
antomata whose automorphism groups are isomorphic to G. However, an
automaton, whose size of input set is small and whose automorphism
group is isomorphic to G, may be found. We may not admit it as a
simple automaton from the engineering point of view, Because, the size
of its state set is not necessarily small., Nevertheless, from the
graph theoretical point of view, in which the behavior of an automaton
is described in a state transition diagram, the small size of input set

may be a standard for an automaton to be simple in its structure,

1. Introductory Concepts and Scme Results
In this section, we provide some introductory concepts about auto-

mata and their automorphism groups, and present some fundamental results
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without proof. For the proofs, see (1).

DEFINITION 1. An automaton A is a triple, A = ( S, £, M ), where S
is a nonempty finite set of states, I is a nonempty finite set of in-
puts and M is a next state function, called state transition function,
“such that M(s, xy) = M(M(s, x), y) and M(é, A) = s for all x,j«sz*.

Here I* is the free semigroup generated by I, and A is its identity.

DEFINITION 2., Let A = ( S, £, M ) be an automaton. A permutation
p on S is called an automorphism of the automaton A if p(M(s, x)) =
M(p(s)y, x) for all seS and xI*, Then, the set of all automorphisms
of A forms a group, denoted G(A), and we call it the antomorphism group
of A. Here the product ghGEG(A).of g,h=G(A) means gh(s) = g(h(s)) for
all sE€8,

DEFINITION 3. An automaton A = ( 8, L, M ) is called strongly con~
nected, if for any pair of states s,t =8 there exists an element x;EZ*
such that M(s, x) = t.

THEOREM 1. If A= ( S, I, M ) is a strongly connected automaton,
then {G(A)l divides TSI, where | K| denotes the cardinality of the set K.

DEFINITION 4. Automata A = ( Sy L, M )and B= (T, , N ) are

&

called to be isomorphic to each other, denoted A = B, if there exist

£-> [ such that

two one-to-one and onto mappings p 3 S—>T and §
p(M(s, o)) = N(p(s), &(c)) for all s=§ and all o<1,
THEOREM 2, If A and B are automata such that A ~ B, then G(A) is

isomorphic to G(B), also denoted G(A) = G(B).

2. Group-Matrix Type Automata
In this section, we introduce the definition of group-matrix type
automata and present some results concerning these automata. For the

proofs, see (3).
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DEFINITION 5. Let G be a finite group. Then G° is the set Gu{o}
in which we introduce two operations (+) and (+) as follows :

(1) Por all g,h=G, we define g«h as the group operation in G,

(2) For all g=G, we define g+¢0 = Oeg = 0 and 00 = O,

(3) Por all g=G, we define g+0 = O+g = g and 0+0 = O,

(4) Por any g,heG, we do not define g+h.

We shall use sometimes the notations gh and 53

1=1% instead of geh and

g1+g2+ coe +gs. Notice that the sum £§=1gi is defined only if at most
one of gi(ISiSs) is non-zero.

DEFINITION 6. Let G be a finite group and n be a positivé integer.
We consider an nxn matrix (qu)(ls p,a<n, queGo). If an n xn matrix
(qu) satisfies the following conditions, then (qu) is called a group-
matrix of order n on G : For each i(1<i<n), there exists a unique
number j(1<j<n) such that fij £ 0,

We denote by 'én the set of all group-mairices of order n on G.
Then, én forms a semigroup under the following operation : (qu)(gpq)
= (£§=1fpkgkq)'

DEFINITION 7. Let G be a finite group and n be a positive integer.
We consider a vector (fp)(ls p<n, prGo). A vector (fp) is called a
group-vector of order n on G, if there exists a unique number i(1<i<n)
such that fi # 0. We denote by /én thé set of all group-vectors of order
n on G, . For all (fp)es&n and all (gpq)es&n, we define the following
multiplication : (fp)(gpq) = (zizlfkgkp).

Under this operation, we get (fp)(gpq) Ean.

DEFINITION 8. Let G be a finite group and n be a positive integer.

An automaton A = ( &n, I, M, ) is called a group-matrix type automaton

of order n on G, or simply an (n, G)-automaton, if the following condi-



201

tions are satisfied : »(1) an is the set of states. (2) I is a set of
inputs. (3) M‘{’ is a state transition :f:‘unct»ion and it is defined by
M‘,(é‘, o) = g¥%)(e ean, cgE€L), where ¥ is a mé,pping of £ into én'

REMARK 1. The mapping ¥ can be extended to the mapping of I¥* into 611
as follows : ¥(A) = (epq)(epq = 0 if p £ q, and ep = © where e is the
identity of @), and ¥(xy) = ¥(x)?(y) for all x,y €%,

In thié case, we can see easily that Mw(g', x) = g22(x) holds for all
x 1%, |
- THEOREM 3, Let A = ( &n, I, My ) be an (n, G)-automaton. Then, G is
isomorphic to a subgroup of G(A).

DEFINITION 9. An (m, G)—-automaton A is called regular, if A is -
strongly connected and G(A) ~ G holds. |

THEOREM 4. An (n, G)-automaton 4 = ( Gy I, My ) is strongly con-
nected if and only if the following condi‘bion is satisfied ¢ For all
i,j(1<i,ji<n) and all g €G, there exists some ele‘nvxent x in % ksuch that
¢y (x) = g, where we put Y(x) = (tb (X»)) :

THEOREM 5. Let A = ( Gl, I, M, ) be a (1, G)-automaton. Then if A
is strongly connected, A is regular,

THEOREM 6, Let A = ( G oy Iy My ) be a strongly connected (2 G)—au'ho-—
maton, Then, A is not regular 1:t‘ and only if there exlst some automor-
phism ¢ of G, some element k in G, and two subsets/\ F(T# ¢) of ¢ such

-1

that ¢ (k) = k, ¢ (g) = kgl for all g€G, and ¥(Z) = { w(o) $ o€X }

= 0E L) Gy B s e=A, mel b

THEOREM T. Let A

( &n, I, My ) be a strongly connected (n, G)-auto-
maton. Furthermore, assume that there exists some number i“(1<i’<n)
which satisfies the following condition ¢ For all i(1<i<n, i £ i’),

‘there exist some elements x,y € I* and number g°(l1<g”<n) such that
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d:i,q(x) = (bi,q(y) for all q(1<q<n) and that (biq,(x) # tbiq,(y), where
¥(x) = (4,(x)) and ¥(v) = (4, (3)). ‘
Under this assumption, A is regular,
THEOREM 8., lLet A = ( S, I, M ) be a strongly connected automaton
such that IS| = nlG(A)l, where n is a positive integer. Furthermore,
assume thaf G is a finite group such that ¢ = G(A). Then, there exists

a regular (n, G)-automaton isomorphic to A.

3. Input Sets of Strongly Connected Automata

In the present section, the input sets of strongly connected auto-
mata are considered.

THEOREM 9. Let A = ( S, I, M ) be a strongly connected automaton
whose automorphism group is isomorphic to a finite group G. Then, we
have |SI11E£1>1(G)I¢l, where I(G) = min{ |H| § Hca@, [H] = ¢ }([K] is
the subgroup of G generated by K).

Proof. He can assume that A is of the form A = ( Gn, I, Ny )y iceo,
A is a regular (n, G)—automaton. Then, it suffices to prove that
nlgllizl =21(c)lal.

Let ¥(o )* be the set of all non-zero component of ¥(c), where c€Z.
Then, obviously |¥(o )#l <n holds. By the strong connectedness of A,
‘we obtain immediately [ erz‘!(o )#] = G.

Thus, we have | \/’cez"(")ﬁ =1(a).

On the other hand, nlf| = |Ucez‘¥(o)#l holds, ‘Therefore, we have
niclizi=1(6)lal. Q.E.D.

From the above theorem, we can see that there is no strongly con-
nected automaton A = ( S, I, M ) such that |Z1<I(G)/n, where n =
Isl/la(a)] and G(A) = G. Thus, we may have the following question

Can we construct an automaton with the smallest cardinality of input
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set among the strongly connected automata whose automerphism groups are
isomorphic to 'ak given finite group ?

In response to this question, for any finite group G and any posi-
tive integer n, we define the number J(n, G) as follows :

J(n, 6) = min{ |Zl3 A= (8, £, M ) : strongly connected auto-
| maton such that G(A) = G and |81 = nlG(A)] }.

Furthermore, by (r) we denote the positive integer m such that
m-l<r<m., Then, we have the following result.

THEOREM 10, Let G be a finite group and n be a positive integer.
Then, we have (I(G)/n)<J(n, ¢)=<(1(G)/n) + p(n), where p(1l) = 0 and
p(n) = 1 for n>2, e

Proof, We can prove immediately the theorem for the case n = 1.
Therefore, we consider the case n=2,

The inequality (I(G)/n)fSJ(n, G) is immediate from THEOREM 9.
Hence, we have to prove the inequality J(n, G)<<{I(G)/n) + p(n).
By the definition of I(G), there exists a set of generators H of G,
i.e.y [Hl= G, such that H = { b, 5 h €6, 1<i<1(G6) }.
Now, put £ = [\ {8}, where [ = { Y, 3 1<i<{1(e)/n) }.
Moreover, for each i(1<i <{I(G)/n) ) we can define ‘F(Xi)ean such that
all elements of ‘i‘(xi)1gt are gathered only into the first column of w(yi),
Y(0;) £ 9 # 3) e B = SO My
Put v = (123 ... n)=8(n), where S(n) denotes the symmetric group on

{1,2,3, «e. ,n}. Purthermore, we assign ¥(5) = (e ))Ean, where

pr(a
e is the identity of G. Thus, we can define an (n, G)-automaton A =

A
(G 2, My ).
Now,; we prove that A is regular. Progf of the strong connectedness

of A ¢ First, we prove that, for all i,j(1<i,j<n) and all heH, there
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exists an element x I* such that the (i, j)-component of ¥(x) is equal
to h.

By the assignment of ¥([), for each h€H there exist some integer
s(1<s<n) and $+(1<t<{1(6)/n)) such that the (s, 1)-component of

¥v(Y,) is equal to h. Now, we put x = 6“7%5n'3+1

y where u= i-s(mod n)
and u>0. Here, by 6°(k>1) we denote 8~ 5(8° = A).

Then, it is not difficult to verify that the (i, j)-componént of ¥(x)
is equal to h.

From this fact, we can prove easily that, for all i,j(lSEi,ijn)‘
and all ge=G, there exists an el{ement x € I* such that the (i, j)-com-
ponent of ¥(x) is equal to g. By THEOREM 4, this indicates the strong
connectedness of A,

Proof of the regularity of A : Let ¥ be an arbitrary element in [,
g be the (1, 1)~component of ¥(¥) and k be the order of g. Then, the
(1, 1)-component of Y(xk) is equal to e. On the other hand, the
(1, 1)-component of Y(én) iz also equal to e. By a comparison of these
two group-matrices and by THEOREM 6 and 7, the regularity of A can Be
proved.,

Thus, the existence of an automaton A = ( S, £, M ) such that
G(A) = G, 1S| = nlG(A)l and 12| = {I(G)/n) + 1 could be shown. And this
completes the proof of the theorem. 5 Q.E.D.

REMARK 2, There is the case J(n, G) = (I(G)/n). For instance,
we shall consider the following case.

Let G be the permutation group [{a, b, c}] on {1,2,3, ... ,9},

where a = (123), b = (456) and c = (789). Then, obviously we have

a 0
b 0

1}

3 and thus (1(G)/2) = 2. Now, put I = {¥, 8}, ¥(¥) = | ) ana

(o o)

1(a)

7(5)
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Then, it is easily seen that the automaton A = ( &2, Z, M& ) is a regular
(2, G)-automaton. Thus, we have J(2, G) = (I(G)/2) = 2.

In the proof of the above, notice a role of the input 6, i.e.,

W% T ) |

c 0
In a manner similar to the above, we have

THEOREM il. Let n and k be positive integers which are relétively
prime, and G be a finite group such that I(G)=1(mod n). PFurthermore,
assume that there exist a set of generators H of G and an element h&H
such that |H| = I(G) and o(h)=k(mod n), where o(h) means the order of h.
Then, we have J(ﬁ, ¢) = {1(c6)/n).

COROLLARY. Let G be a finite group such that I(G)/G| is an odd number.
Then, we have J(2, @) = (I(G)/2).

Proof. This is the case where we put, in the above theorem, n = 2,
k=1, I(G) = 1(mod 2) and o(h)= 1(mod 2). Here, h is an arbitrary
element in H. : Q.E.D.

THEOREM 12, Let G be a finite group. Then, there exists a strongly
connected automaton A = ( S, £, M ) such that G(A) = ¢ and |Z]|<2,

Proof. It suffices to prove that min{ J(n, G) 3§ n=1 }<2,

However, this is immediate from the fact that J(n, G) <{(I(a)/n) + p(n)

and min{ (I(G)/n) + p(n) 3§ n=1}<2, Q.E.D.

4. Conclusion

Let G be a non-cyclic finite group. Since the automorphism group
of a one-input strongly connected automaton is always cyclic, we cannot
find a one;input strongly connected automaton whose sutomorphism group
is isomorphic to G. Consequently,rTHEOREM 12 gives the best estimation

for the bound of cardinalities of input sets.
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