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In this thesis, we develop a variational homogenization for finite-strain elastic—plastic
composite materials based on the framework of rate-independent systems (RIS). We
study materials with periodic layered structures with very small periodic lengths
(e > 0), consisting of alternating rigid and soft layers. The soft layers possess two
crystallographic slip systems but are constrained to allow only one slip direction to
be active at a time at each material point. In contrast, the rigid layers permit only
local rotations. In the first half of the paper, we outline the fundamental components
of elastic—plastic deformation theory—namely, additive strain decomposition in
small-strain theory, multiplicative strain decomposition in finite-strain theory, free
energy, and dissipation distance, and then describe the fundamental theory of RIS.
We then formulate a time-discrete minimization problem that serves as the basis for
the time-evolution solution of RIS.

In a time-discretized formulation, we analyze an e-dependent incremental mini-
mization problem at each time step and derive the homogenized energy &y in the limit
e — 0 using static I'-convergence. This relaxation is necessary because nonconvex
constraints and rapid microstructural oscillations may make it impossible to prove
the existence of a minimizer at the e-level. As a main result, we provide an explicit
characterization of £ when the two slip directions are orthogonal, and partial results
are obtained for general angular relationships. The construction extends the classical
lamination method to incorporate two slip systems with local single-slip activation,
consistent with the rotational constraints imposed on the rigid layers.

The resulting homogenized energy & is intended to function as the energetic
component of the evolutionary RIS. Under the standard assumptions of static I'-
convergence of energy functionals and Mosco convergence of the dissipation D, to
Dy, the limit system of the RIS is characterized by (&, D). This analysis clarifies
the energetic mechanisms enabling kink-band deformation in layered crystalline
composites such as LPSO-type magnesium alloys, providing a rigorous foundation
for future time-evolution studies. The derivation of the effective dissipation Dy
remains an open problem for future work.

Furthermore, as a supplementary result of this work, we develop a small-strain,
rate-independent elastoplastic model that does not assume a periodic structure. In
this setting, we consider a single-slip plasticity model incorporating an inertial (kinetic
energy) term and establish the existence of an energy solution (weak equation of
motion, local stability, and energy inequality). This part is logically independent from
the homogenization analysis and serves as a baseline model for future finite-strain
dynamic analyses. The RIS framework including inertia is expected to represent more
realistic behavior and provide a more natural setting for homogenization problems.
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Chapter 1

Introduction

A central task in modern materials science is to engineer materials whose performance
exceeds that of existing ones. One effective route is to combine distinct constituents
and to control their spatial arrangement at the microscale. With a judicious choice
of components and layering patterns, composite systems can exhibit marked im-
provements in strength, ductility, stiffness, corrosion resistance, and other properties.
While experimental, engineering, and numerical studies have extensively explored
how microstructural architecture influences macroscopic response (see, e.g., Low and
Dong, 2021; Mantic, 2023; Milton, 2002), mathematical tools have evolved in parallel.
The main variational approach is homogenization: by letting the microstructural
length scale tend to zero, one derives an effective (averaged) model that retains the
essential physics yet is more amenable to analysis and computation. For variational
formulations based on energy minimization, the framework of I'-convergence (origi-
nating with De Giorgi and coauthors) provides a rigorous and physically consistent
notion of limit for sequences of energy functionals (De Giorgi, 1975).

Recent interest has been fueled by the discovery of Long-Period Stacking Ordered
(LPSO) magnesium alloys and the associated strengthening mechanism linked to
kink-band formation in their periodic layered millefeuille architecture (Drozdenko
et al., 2022; Hagihara et al., 2019; Plummer et al., 2021; Wadee, Hunt, and Peletier,
2004). LPSO alloys display alternating soft, nearly pure Mg layers and solute-rich,
relatively rigid layers. Building on the first homogenization-based study of bilay-
ered materials by Christowiak and Kreisbeck—who analyzed planar structures with
band-shaped rigid layers and softer layers constrained to one available slip direction
(Christowiak and Kreisbeck, 2017) (see also Braides and Garroni, 1995; Cherdantsev
and Cherednichenko, 2012; Francfort and Giacomini, 2014 for related results)—a
compression model in the single-slip setting has shown good agreement with ex-
perimentally observed kinking (Drozdenko et al., 2022). Since actual LPSO alloys
have multiple slip systems in the soft layers, which are believed to contribute to
strengthening, it is natural to move beyond the one-slip idealization. In this work we
therefore address a two-slip scenario in the soft layers, under a single-slip constraint
(only one slip-plane normal can be activated at each material point), coupled with
rigid layers that allow only local rotations.

Against this backdrop, this thesis develops a variational homogenization theory for
finite-strain elastoplasticity within the Rate-Independent Systems (RIS) framework,
with a view toward time-evolving problems. We work at the level of the incremental
minimization problems that underlie energetic (rate-independent) evolutions, and
we derive an explicit homogenized energy in a setting where, due to nonconvex
constraints and rapid microscopic oscillations, one generally cannot guarantee the
existence of minimizers for the original static e-problems. This homogenized energy
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is designed to serve as the energy component of an effective RIS and thus as a first
step toward an evolutionary limit for the full time-dependent problem.

Chapter 2 formulates constitutive modeling for elastoplastic deformation from
a variational perspective. In the small-strain regime we recall the classical additive
decomposition of strain, and in the finite-strain regime we adopt the Kroner-Lee
multiplicative decomposition to handle large rotations and deformations. On this
basis we introduce the free energy and dissipation structure needed for RIS: a time-
dependent internal energy £ and a dissipation distance D on a suitable state space.
Chapter 3 then places these ingredients in the abstract architecture of RIS, following
(Mielke and Roubicek, 2015). Instead of differential evolution equations, RIS uses the
pair of variational principles—energetic stability and energy balance—and represents
time evolution through an intrinsic incremental scheme

(yn+1lzn+1) € argmin{g(tn+1/ ]// Z) + D(anz)}l
(v2)

whose compactness and lower-semicontinuity properties imply the existence of
energetic solutions in continuous time. Each increment can be treated by standard
finite-element or nonlinear optimization techniques, thereby providing a bridge
between analysis and computation.

Direct RIS analysis for composites with e-periodic microstructure is hindered
already at the static incremental level by (i) nonconvex stored-energy densities and
admissible sets, and (ii) fine-scale oscillations as € | 0, which can prevent attainment
of minima. Chapter 4 introduces static I'-convergence as a principled relaxation tool:
the I'-limit replaces a possibly nonattaining problem by a well-posed one without
lowering the variational infimum; with equicoercivity /compactness, minimizers of
the relaxed functional exist. In parallel, homogenization reduces the two-scale (O(e)
and O(1)) description to an effective macroscopic model whose energy is the I'-limit
of the e-energies, eliminating the need to resolve the microstructure while preserving
the correct coarse-scale behavior.

The link to time evolution is provided by evolutionary I'-convergence: under
standard assumptions—uniform-in-time I'-convergence of the energies and Mosco
convergence of the convex dissipation potentials—the discrete RIS solutions converge
to energetic solutions of the limit system (&, Dy) (Mielke, Roubitek, and Stefanelli,
2008; Mielke, 2014; Mielke, Rossi, and Savaré, 2012; Mielke, 2016). In this prototypical
setting one may employ the static I'-limit & directly within the incremental scheme
while preserving the evolutionary limit (cf. (4.2)). Establishing the static I'-limit is
therefore the necessary first step toward an effective macroscopic RIS for composites
where a direct evolutionary analysis is infeasible.

We study a static homogenization problem for a layered crystalline composite
consisting of alternating rigid and soft layers. The soft layers admit two crystallo-
graphic slip systems; the rigid layers permit only local rotations. The admissible
deformation modes and the resulting energy density enforce nonconvex constraints,
so the static incremental problems cannot be treated by standard convex variational
methods. We therefore carry out a periodic homogenization via static I'-convergence
(Section 4.1) to obtain the macroscopic energy that represents the effective incremental
cost in the limit € | 0. The principal theorem establishes the complete homogenized
energy when the two slip directions are orthogonal; for a general angle between slip
directions we provide partial results. The construction builds on (Christowiak and
Kreisbeck, 2017), which covers the single-slip case, and it requires a modification of
the classical laminate method to accommodate simultaneous activation of multiple
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slip systems together with the rotational constraints of the rigid layers.

The goal is not merely to approximate static minimization problems. The homog-
enized energy derived here is intended to serve as the energy component & of an
effective RIS for the layered composite. In view of the evolutionary I'-convergence
framework summarized in Chapter 4, when the static I-convergence of the energies
and the Mosco convergence of the dissipations D; are both available, one expects that
the limiting system can be described precisely by the pair (&, D), where & is the
static I'-limit of the energies and Dy is the Mosco limit of the dissipations (cf. (4.2)).
In that favorable case, the homogenized system provides an ideal approximation of
the original (pre-homogenized) RIS for small e. Even if the convergence does not
occur in this precise form, however, the static I'-limit still retains a clear significance,
as it approximates the time-discrete solutions of the RIS model. The present work
establishes the energy part of this program; deriving an effective dissipation Dj is
left for future work.

As a complement to the homogenization program, we include a self-contained
chapter 6 that does not address periodic microstructures. In the infinitesimal-strain
setting we formulate a rate-independent elastoplastic model with single-slip plasticity
augmented by inertia (kinetic energy). Within an energetic framework (state space,
free energy, dissipation, and kinetic term) we prove the existence of energetic solu-
tions satisfying weak momentum balance, local stability, and an energy inequality.
This chapter is intended as a physically closer counterpart to quasi-static RIS and
as a methodological stepping stone toward future inertial analyses at finite strain.
Once static or evolutionary I'-limits for the composite energies and dissipations are
available, the inertial RIS developed here provides a natural macroscopic framework
in which to investigate dynamic phenomena; the chapter is logically independent of
the homogenization results presented in this thesis.






Chapter 2

Foundations of Elastoplasticity and
the Rate-Independent Variational
Framework

In this chapter, we clarify the foundational framework of constitutive modeling for
elastoplastic deformation. We begin with the classical formulation based on the
additive decomposition of strain in the small-strain regime and then proceed to
the finite-strain theory, where large rotations and deformations are handled via the
Kroner-Lee multiplicative decomposition. Building on these formulations, we intro-
duce a variational structure involving energy functionals and dissipation, thereby
preparing the theoretical background for the Rate-Independent System (RIS) frame-
work developed in the subsequent chapter.

2.1 Structure and Basic Elements of Small-Strain Elastoplas-
ticity

Elastoplasticity provides a mathematical model to describe the coexistence of elastic
and plastic deformations in materials. It forms a fundamental theoretical basis for
understanding nonlinear material behavior, especially in mechanical structures and
metal forming processes. In this section, we focus on small-strain elastoplasticity
under the assumption of infinitesimal deformations, and introduce its principal
structural components step by step. The presentation given here follows standard
formulations found in the literature, in particular the comprehensive treatments
by Simo and Hughes, 1998, Lubliner, 2008, and Hill, 1950, to which we refer for
further background and physical interpretation.

Additive Strain Decomposition In the small-strain setting, the symmetric strain
tensor ¢ is obtained by linearizing the displacement gradient u: QO — RR? as follows:

€:= % (Vu—i—VuT),

where Vu is the displacement gradient tensor (Jacobian), and Vu ' denotes its trans-
pose. The strain tensor ¢ € IR?YXHB{ is thus symmetric and represents the local infinitesi-
mal deformation at each material point.

In the theory of small-strain elastoplasticity, the total strain is additively decom-

posed into a reversible elastic strain ¢, and an irreversible plastic strain ¢,

€= €+ €p.
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Here, both ¢, ¢, € ngxri are symmetric tensors, with ¢, capturing the recoverable

elastic response, and ¢, representing the accumulated plastic deformation.

Elastic Energy and Stress Response The elastic response is modeled via Hooke’s
law, which posits a linear relationship between elastic strain and stress. The elastic
energy density is given by

1
P(ee) = Ese : Ceo,

where C is the fourth-order elasticity tensor, symmetric and positive definite on
symmetric tensors. The colon : denotes the standard inner product on second-order
tensors:

3
A:B= Z Al]Bl]
ij=1

The Cauchy stress tensor ¢ € ngxrﬁ is then obtained by differentiating 1 with respect
to &e:

Iy
o= . Cee = C(e —¢p).

Momentum Balance and External Loadings. The balance equation couples the
stress response with external loading. In the dynamic case, the equation of motion
reads:

pii —dive =b in(),

where p is the mass density, b the body force, and ¢ the Cauchy stress.
The boundary conditions are given by:

cn=t only, u=up onlp,

where I'y denotes the Neumann boundary on which the surface traction f is pre-
scribed, and I'p denotes the Dirichlet boundary on which the displacement up is
prescribed.

In the quasistatic case, the inertial term vanishes, yielding;:

—dive = b.

Yield Condition Elastic materials respond linearly up to a certain stress level,
beyond which plastic flow begins. This threshold is described by the yield condition,
and the corresponding level set in stress space is called the yield surface. A widely
used example is the von Mises yield criterion:

1
fo) == |lodev|| — oy <0, where o4V = — gtr(cr) 1,

with ¢y > 0 denoting the yield stress, tr(c) the trace of the stress tensor, and 1 the
identity tensor. Here || A|| denotes the Frobenius norm of a tensor A.

Plastic Flow Rule and Kuhn-Tucker Conditions Once the yield surface is reached,
plastic strain begins to evolve over time. This evolution is governed by the flow rule.
In classical settings, the associated flow rule takes the form:

épe)\gi, A >0,
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where A is a non-negative scalar representing the plastic multiplier. Together with
the yield condition f(c) < 0, this leads to the Kuhn-Tucker conditions:

A>0, f(o)<0, Af(c)=0,

ensuring that plastic flow occurs only when the stress lies on the yield surface.

Hardening Mechanisms In many materials, the yield stress itself evolves with
plastic deformation. This is captured by the hardening law, of which two classical
forms are:

¢ Isotropic hardening: the yield surface expands uniformly, corresponding to an
increase in oy,

¢ Kinematic hardening: the yield surface translates in stress space, modeling
Bauschinger-type effects.

These hardening effects are typically modeled by introducing internal variables z,
such as the accumulated plastic strain or backstress tensors, and extending the energy
and yield function to depend on them, i.e., f(c,z).

In summary, small-strain elastoplasticity is structured around the additive strain
decomposition, the elastic energy—stress relationship, the yield condition and flow
rule for plastic evolution, and hardening laws encoding history dependence.

2.2 Structure and Basic Elements of Finite-Strain Elastoplas-
ticity

In the previous section, we discussed the framework of small-strain elastoplasticity
under the assumption of infinitesimal deformations. There, we introduced the key
structural components such as the additive decomposition of strain, the energy-stress
relation, the yield condition, the flow rule governing plastic evolution, and hardening
mechanisms. The small-strain theory is valid when deformations are sufficiently
small, and is widely used in classical structural analysis and linearized modeling of
metallic materials.

However, in many practical engineering applications and material behaviors,
it is often necessary to consider large deformations, including finite rotations and
nonlinear geometric effects. In such cases, the additive strain decomposition used in
small-strain theory becomes geometrically inconsistent, and a more general formula-
tion is required.

To address this issue, finite-strain elastoplasticity introduces the deformation gra-
dient F = Vy and adopts the multiplicative decomposition proposed by Kroner and
Lee (Lee, 1969; Simo and Hughes, 1998). This framework allows for a geometrically
consistent separation of elastic and plastic effects, even under large deformations.

Kinematics and the Multiplicative Decomposition In the finite-strain setting, the
deformation is described by a map

y: QCR®— RS,
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which maps a material point x € ) in the reference configuration to its current
position y(x). The gradient of this map defines the deformation gradient tensor:

F(x) := Vy(x) € GL(3),

where GL™ (3) denotes the set of invertible 3 x 3 matrices with positive determinant,
ensuring orientation preservation and local invertibility.

In the Kroner-Lee framework, the deformation gradient is multiplicatively de-
composed into elastic and plastic parts:

F = F.F,

where F, € GL™(3) represents the plastic deformation from the reference to an
intermediate configuration, and F. € GL™(3) denotes the elastic deformation from
the intermediate to the current configuration. This decomposition enables a clear and
geometrically consistent separation of reversible and irreversible deformations.

Relation to the Small-Strain Limit A natural question arises regarding the rela-
tionship between the additive strain decomposition in small-strain theory and the
multiplicative decomposition used in finite-strain models. In fact, it is well known
that the multiplicative decomposition reduces to the additive form in the limit of
small deformations, as we now demonstrate.

Let the elastic and plastic distortions be small:

Fe:I+,Be, Fp:I+,Bpr H,BQHIHIBPH <L

Expanding F = F.F, to first order gives

F=(I+Be)(I+Pp) = I+ Pe+ Pp+ Pefp.

Since the total deformation is a gradient, F = I + V,u, by neglecting quadratic terms
we obtain

Vit = Be + Bp.

Taking the symmetric part gives the additive decomposition

e:=3(Vu+Vu') ~ §(Be+Ba)+3(Bp+By) = e+ ép.

Ee

€p

In the dislocation-free case on a simply connected domain (i.e., CurlF, = 0 so that
K = chpp), one may write f, = qup and, with the elastic map defined on the
intermediate configuration, fe = V ue. Consequently, to first order,

Vit & Vi e + Vi,

where V. u. is evaluated at x, = ¢;,(x); replacing this evaluation point by x changes
only higher-order terms.

Therefore, the multiplicative decomposition reduces to the additive strain de-
composition in the small-deformation limit. This confirms that classical small-strain
theory arises as the linearized limit of the finite-strain framework, and the Kréner-Lee
model can be regarded as a natural and geometrically consistent extension of the
small-strain theory.
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Free Energy and Frame Indifference The elastic response is governed by a free
energy density function
W: GL"(3) — [0, ),

which depends only on the elastic part Fe := FF; 1. The total stored energy is given
by
/Q W(FF; ") dx.

To ensure frame indifference, W must satisfy
W(RF,) = W(F.) forallR € SO(3),

i.e., invariance under superposed rigid body rotations.

Stress and Driving Forces Let F = Vyand F. := FF; 1. Define the elastic Piola
stress in the intermediate configuration by

Pe := dp. W(Fe).

e

The first Piola—Kirchhoff stress conjugate to F is then
P:=9rW(FF, ') = P F; .
The plastic driving force (density-level derivative with respect to F,) reads

O, W(FF,') = —F/P.F, " = —=MF, ",  M:=F,/ P (Mandel stress).

Momentum Balance and External Loadings Let P denote the first Piola stress as
before. The (reference) momentum balance is

pii—DivP=0b inQ), Pn=tonly, y=yp onIp,

with b the body force density and f the prescribed traction on the Neumann part I'y
of the boundary. This dynamic equation is obtained by Hamilton’s principle for the
action

s = ([ s loPdr — [ WE)dx + Weslt,)

Here Wex(t, y) collects the potential of external loadings, typically given by

Wext(t,y) = [ b(t,x)-y(x)dx+ [ F(t, x)-y(x)dS.
0

I'n
In the quasistatic case, the inertial term vanishes and the equilibrium reduces to
—DivP =10 in (), Pn=tonly, y=yp onIp.

This equilibrium is equivalently characterized by the stationarity of the total potential
energy

H(t’y’FP) = /()W(Pe) dx - Wext(t/y)/

namely the y—Euler-Lagrange condition 6,I1(¢,y; F,) = 0 with the above natural
boundary terms.
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Yield Condition and Plastic Incompressibility Plastic flow is activated when the
stress state reaches a yield threshold. We define the Mandel stress in the intermediate
configuration by

M :=FEP,

A von Mises-type yield criterion is then imposed on its deviatoric part:
d
M| < oy,

where 0, > 0 denotes the yield stress. Here MY is the deviatoric part of M.

Dissipation Potential and Flow Rule The evolution of the plastic variable F;, is
governed by a dissipation potential

oyl i (@) =0,

. (2.1)
400, otherwise,

R(Z) :{

which is convex and positively one-homogeneous. These properties ensure that the
model is rate-independent, i.e., the dissipation depends only on the total amount of
plastic strain, not on the rate at which it occurs.

The plastic flow is then described by a Biot-type differential inclusion:

) o0&
0 € IR(FF, 1) + - (F Fp),
p

or, equivalently,
OR(&) > M9,

This inclusion simultaneously encodes the yield condition and the flow rule in a
unified variational framework.

Extensions: Hardening Models As in the small-strain setting, hardening effects
can be included by allowing the yield stress oy to depend on internal variables such
as accumulated plastic strain or a backstress tensor. The free energy W and yield
condition f(M, z) must then be extended accordingly to include these additional
variables (Simo and Miehe, 1992).

Remark 1 (Energetic prototype ). Following Kruzik and Roubicek, 2019, we explicitly
state here a representative form of the total energy. This model specializes the generally
introduced stored energy into a purely elastic form, characterized by its dependence on the
elastic deformation gradient F, obtained via multiplicative decomposition, together with the
internal variables. The total energy functional is then defined as

E(t, Foyz2) = /Q P(Fo(x), 2(x)) dx — Wee(t, y),

where

* 1 is the elastic energy density function, satisfying frame indifference. For isotropic
materials,  depends only on the right Cauchy—Green tensor Co = F,' Fo and on det Fe.

* Wext(t,y) denotes the work of external forces, which depends on the time t. Its time
variation directly influences the evolution of the system.
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This formulation allows both the internal state and the action of external forces to be
represented within a unified energetic framework, forming the basis for the evolution laws
and variational formulations.

In summary, the Kroner—Lee multiplicative decomposition provides a geometri-
cally consistent foundation for finite-strain elastoplasticity. Combined with energy
storage and rate-independent dissipation, it yields a unified variational framework
for complex material behavior.

Within this framework, the momentum balance transmits the external loads b,
into the internal stress P, thereby raising the stress level in the body. Plastic flow,
however, is not activated immediately; it occurs only once the stress state reaches the
yield threshold introduced above, namely || Mgey|| = 0y involving the Mandel stress.
This condition represents the finite-strain analogue of the small-strain yield criterion
discussed in §1.1. Thus, external forces act through the equilibrium equations to drive
the system towards the yield surface, beyond which plastic evolution is triggered.

2.3 Finite-Strain Crystal Plasticity Model

In the previous section, we established the general framework of finite-strain elasto-
plasticity based on the Kroner-Lee multiplicative decomposition F = FeF,. This
formulation provides a geometrically consistent separation of elastic and plastic
effects, and is applicable to materials undergoing large deformations, finite rotations,
and nonlinear geometry.

A particularly important class of such materials is crystalline solids, whose plastic
deformation is primarily driven by crystallographic slip on specific slip systems.
The resulting anisotropy, coupled with the multiplicative decomposition, requires
a constitutive description that resolves the kinematics of slip at the crystal level
and its interaction with the elastic lattice distortion. Finite-strain crystal plasticity
theory offers such a framework, extending the general multiplicative decomposition
to incorporate slip-system level flow rules, hardening laws, and lattice rotation
effects (Asaro, 1983; Roters et al., 2010; Simo and Miehe, 1992; Miehe, 1998).

In the following, we outline the basic kinematic relations, energetic structure, and
dissipative mechanisms of a finite-strain crystal plasticity model, which will serve as
the constitutive setting for the main results of this work.

Kinematics and Plastic Incompressibility We consider N; crystallographic slip
systems (S, My ) in the intermediate configuration, with unit slip directions s, and
unit slip-plane normals m, (s, L m,). The plastic velocity gradient is

Ns
Lp:=FE ' =) Fuse @ma,
a=1

where ¥, denotes the slip rate on system «.
Consistent with the finite-strain framework, we impose plastic incompressibility.
Using tr(s, ® my) = s, - m, = 0 for each Schmid tensor, we have

N,
> d
tr LP = Z ryﬂé (Sﬂé'ma) = 0, a lOgdeth = t{r LP =0.

a=1
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Hence det F;,(t) = det F,(0) for all ¢; prescribing det F,,(0) = 1 yields det F,(t) = 1,
reflecting that crystallographic slip in metals does not produce volumetric change
(see (2.1)).

Single-Slip Activation (assumption for the main result) While the above kinematic
description allows for multiple slip systems to operate, the analysis in this thesis
adopts the single-slip activation assumption: for almost every X € Qand t € (0,T),

#Hae{l,... Nob: 4. £0} <1,

This assumption does not restrict the number of available slip systems N; it only
forbids simultaneous activation of more than one system. This setting is physically
justified (Franciosi, Berveiller, and Zaoui, 1980; Franciosi, 1985).

Exponential Map and First-Order Approximation In continuous time, the evolu-
tion equation F, = L F, can be formally integrated to obtain

38}
Fo(tri1) = exp ( /t Lp(7) d'r) Eo(te),
k

where the exponential map represents the exact time integration of L,. In numer-
ical implementations, this continuous evolution must be discretized. While the
exponential map provides a geometrically exact update, it is computationally more
demanding. In this work, we adopt a first-order approximation (valid for small slip
increments)

a=1

N;
Fl’;“ ~ (I + Z Ay Sy @ m,x) F{,‘,

where A7y, denotes the slip increment in step k — k + 1. This scheme is widely
used not only in static incremental analysis but also in dynamic crystal plasticity and
Rate-Independent formulations discussed later.

Energetic Structure The total stored energy is decomposed into an elastic part and
a hardening part as

S(t,y,Fp,'y):/QW(FFp’l) dx + /QH('y)dx —~Wext(t, ),

elastic energy hardening energy

where v = (’ya)aNil denotes the accumulated slip on each system. We explicitly
include a hardening potential H(7y) in the energy functional; this choice highlights
the energetic—dissipative structure. In classical crystal plasticity, hardening is often
introduced directly through the yield function without an explicit energy term.

An example of isotropic hardening is the quadratic form

1N )
HMzime
a=1

with positive hardening moduli /.
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Dissipation Potential The irreversible character of plastic deformation is modeled
via a convex, positively one-homogeneous dissipation potential

N
R(’)’) = /Q ;Tc,oc(r)/) H’zx’ dx,

where 7.,() denotes the current critical resolved shear stress on slip system «,
possibly depending on the accumulated slip through a hardening law.

Evolution Law The evolution of the internal variables 7y follows from the balance
between the thermodynamic driving forces (e.g., resolved shear stresses 7, derived
from the Mandel stress) and the subdifferential of the dissipation potential:

9

0€aR(y) + 7

This variational inclusion simultaneously encodes the yield condition, the flow rule,
and the hardening behavior.

Remark 2. In the main results of this work, we specialize to the case where the elastic part Fe
is a pure rotation, so that W = 0 and there is no elastic energy. The hardening potential is
taken as

H(y) =7 +73,

a simple quadratic form. This setting is a particular case of the general crystal plasticity
model.

2.4 Rate-Independent Structure of Elastoplasticity

We show that both small- and finite-strain elastoplasticity admit a unified rate-
independent formulation driven by two ingredients: (i) a time-dependent stored
energy £(t,-) and (ii) a convex, lower-semicontinuous, positively one-homogeneous
dissipation potential R. Precise definitions and the energetic solution concept are de-
ferred to the next chapter; here we record the minimal structure and explain how the
classical models fit into it. This RIS viewpoint is adopted because it is mathematically
tractable: it is invariant under time reparameterizations, supports time-incremental
minimization, and will be the backbone for compactness and I'-convergence argu-
ments used later.

Let the state be (y, z), where y denotes the placement (displacement in the small-strain
regime) and z collects internal variables (e.g. ¢, in small strain or F, in finite strain).
We write the total energy as

S(t,]/zz) = int(y/Z> - Wext(t/y)/

and assume that the dissipation potential R: Z — [0, o0] is convex, lower semicon-
tinuous, positively one-homogeneous, and independent of y (the elastic variable is
non-dissipative). The positive one-homogeneity

R(Az2) =AR(z) forallA >0
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implies invariance with respect to time reparameterizations and underlies the de-
scription of hysteresis, path dependence, and strain localization (Mielke, 2003; Mielke
and Roubicek, 2015).

In the quasi-static RIS setting, the evolution is governed by the pair

(quasi-static balance) 0=09,&(ty,2),
(flow rule) 0€dR(2)+9:E(ty,2).

Remark 3 (Quasi-static vs. inertia). The “true” balance including inertia reads pij +
9yE(t,y,z) = 0. Retaining inertia breaks time-reparameterization invariance (only the
constitutive dissipation remains rate-independent) and leads to a different framework, often
termed a “rate-independent system with inertia.” In this thesis we primarily adopt the
quasi-static RIS; an analysis of inertial effects is presented in Chapter 6.

The finite-strain formulation developed earlier fits the RIS template with z = F,.
For the small-strain model, let the internal variable be z = ¢, and, for the displacement
u, set (1) and ¢, as above. We take the total energy

E(tu,ep): /T,UEe Ydx — (4(t),u), ge = e(u) —gp,

where 1 is the elastic stored-energy density and /() represents the external load. In
the classical von Mises case with yield function f(c) = [[¢9¢V|| — 0y, < 0, a natural
choice of dissipation potential is

Riey) = oy ||sdeV|| if tr(¢,) =0,
P 400, otherwise,

which is convex, lower semicontinuous, positively one-homogeneous, and enforces
plastic incompressibility. The RIS inclusion becomes

0 € 0R(¢p) + 0, E(, U, ep), (2.2)

with stress defined by the energetic relation ¢ := 0,9 (€e). Since €. = e(u) — ¢p, (2.2)
yields the subdifferential flow rule

cEedR(E) = ¢pedlk(o), K:={reRyy|f(r) <0},

which, at smooth points of the yield surface (f(c) = 0), is equivalent to the normality
rule é, = A 5 f A > 0, and—together with f(0) < 0—to the Kuhn-Tucker conditions.

Elastoplasticity, in both small and finite strains, can be cast in the RIS form (£, R).
This unifying variational structure clarifies the role of energy and dissipation, facili-
tates robust time-incremental schemes, and prepares the ground for the analytical
tools developed in the next chapter.
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Chapter 3

Abstract Theory of
Rate-Independent Systems

In finite-strain elastoplasticity, the internal energy £ and the dissipation distance
D constitute the two fundamental pillars that govern the material response. These
structural components are common across a broad class of elastoplastic models,
including those based on small-strain theory, and the framework of Rate-Independent
Systems (RIS) provides a robust mathematical foundation for describing their time-
evolution. This chapter deliberately adopts a more abstract perspective and places
these concepts within the framework of RIS, following the architecture of Mielke and
Roubicek, 2015.

Guided by that text, we systematically review the fundamental ingredients of
RIS—namely, the state space, the free-energy functional, and the dissipation dis-
tance—together with the two variational principles of energetic stability and energy
balance.

RIS characterizes time evolution not through differential equations, but through
a balance between the potential energetic gain and the dissipative cost required to
reach a competing state. Its intrinsic incremental time discretization replaces the
evolution problem by a sequence of static minimization problems,

(Ynt1,2n+1) € argmin{&(ty11,Y,2) + D(zn,2) },
(v2)

so that, on the analytical side, the compactness of the discrete solutions together with
the lower semicontinuity of the functionals leads directly to the existence of energetic
solutions in continuous time, while, on the computational side, each step can be
handled using standard finite element or nonlinear optimization techniques.

The main result of this dissertation is a homogenization theorem for such a static
minimization problem, formulated within the RIS setting and proved in a later
chapter. This result represents the first step toward a rigorous treatment of the full
evolutionary problem in the context of finite-strain elastoplasticity.

3.1 Introductory Examples

Before developing the abstract RIS theory, we briefly revisit two prototypical elasto—plastic
models. No new modelling ingredients are added here; the aim is only to pin down
the triplet (£, R, q) that will recur throughout the chapter.

One-Dimensional Elasto-Plasticity in the RIS Framework We study a prismatic
bar that undergoes isothermal, infinitesimal deformations. The total strain ¢(f) € R
is additively decomposed into an elastic part €¢(t) := ¢(t) — p(t) and a plastic strain
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p(t). With Young’s modulus E > 0 and the yield stress ¢y, > 0 we define the free
energy and the rate-independent dissipation potential by

Eltre,p) = JE(e() ~ p()’,  R(p) = oy lpl.

Because R is positively one-homogeneous, R(Ap) = AR(p) for every A > 0, the

accumulated dissipation D(p1, p2) = 0y|p2 — p1| depends only on the increment p, —

p1 and not on the time required to reach it; the model is therefore rate- independent.
The subdifferential of R reads

IR (o) = {{Uy signv}, ©v#0,

[—oy,09], ©v=0,

and the elastic stress is 0'(t) = E(e(t) — p(t)) = —D,&. Balancing these terms yields
the rate-independent inclusion

0€0R(p) +DyE(t,e,p) < IR(p)—o(t) 20, o(t) = E(e(t) — p(t)). (3.1)
Equation (3.1) simultaneously captures
lo| <oy = p =0 (elastic regime), lo| =0y = p#0 (plastic flow),

thus providing a concise illustration of the Biot form 0R(§) + D;E(t,q) > 0 that
underpins rate-independent systems. See §2.4, for the derivation and energetic
interpretation of the Biot inclusion (2.2). Here g denotes the collection of internal state
variables; in the above example g = p, while in the finite-strain example below we

take g = (y, Fp).

Finite-Strain Plasticity in the RIS Framework In analogy with the small-strain
elasto—plastic bar, finite-strain elasto—plastic models based on the Kréner-Lee multi-
plicative decomposition

F = EF,

naturally fit into the framework of rate-independent systems (RIS). We define the
deformation map y : QO — R3 (with F = Vy) and the state space

9=y k) eQ:=1{k)|lye) FeGL"(3)}
The free energy is
£(t,y, Fy) :/QW(FF;)dx — Welt,y),

where W is a frame-indifferent elastic energy density depending on the elastic defor-
mation Fe = FF; 1, assumed sufficiently convex for well-posedness.
Plastic flow is measured by the right logarithmic derivative

¢=FF 1 egl(3),
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and plastic incompressibility tr § = 0 is enforced via the rate-independent dissipation
potential

oy [lg?]l, r&=0,

+o0, tré # 0,

where 0y > 0 denotes the yield stress. Since R is positively one-homogeneous, the
model is invariant under time rescaling and hence rate-independent.

R(C) =

The Biot inclusion
oR(g) + Dqé’(t,q) 50

splits into the mechanical equilibrium and plastic flow laws:

0,E(t,y,Fy) =0 (quasi-static mechanical equilibrium),

0€oR (FPFle) +Dr,E(ty, F,) (plastic flow).

Remark 4. In both of these models—the small-strain bar model and the finite-strain for-
mulation—the setting is quasi-static: neither inertial effects (M) nor viscous dissipation
(F(q)) are taken into account, where q denotes the collection of generalized state variables (e.g.
displacements y and internal variables z). A more comprehensive model that incorporates
these dynamic and viscous effects within the rate-independent framework will be developed in
a later chapter.

3.2 Abstract Framework and Definitions

In this paper, we adopt the triplet (Q, £, R), comprising the state space Q, the time-
dependent energy functional £(t,q), and the dissipation potential R. Here t € [0, T|
denotes the time parameter, and q € Q represents the state variable of the system,
which can include, depending on the model under consideration, both observable
quantities (such as displacements) and internal variables (such as plastic strains). The
governing equation is written in the unified Biot form

IR (§) +D,E(t,q) > 0.

Throughout this work, we build the various notions of solutions upon this triplet and
analyze, by variational methods, their existence, possible uniqueness, and long-time
behavior.

3.2.1 Axioms and the Mielke-Roubicek System

The preceding heuristic discussion motivates the introduction of the differential
inclusion as a direct model for quasi-static, rate-independent material behavior. This
formulation captures the essential property of rate- independence, in the sense that
rescaling time does not affect the resulting evolution. At the same time, however, one
must recognize that the model introduces the following mathematical difficulties:

(a) Solutions are in general not unique; jump phenomena and hysteresis loops may
occur even for smooth loadings /.
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(b) Classical ODE theory no longer applies because the subdifferential R is multi-
valued and merely positively one-homogeneous.

To handle these issues one must decouple the structural axioms of a
rate-independent system from any particular equation. Definition 1 below (Def.1.2.1
in Mielke and Roubicek, 2015) does precisely that. Instead of prescribing a single
trajectory, it assigns to every triplet ([t1, t2], 41, ¢) a possibly non-singleton solution
set O([t1, t2],q1, £)- The definition imposes five elementary requirements:

(i) Admissibility: every trajectory in the set starts at the prescribed initial datum
q1-

(ii) Rate-independence: re-parametrising time leaves the graph of each trajectory
invariant.

(iii) Concatenation Closure: two successive solution pieces can be glued together
and still form a solution.

(iv) Restriction Closure: every time sub-interval of a solution is again a solution for
the restricted data.

(v) Causality: the current state depends solely on the past history of the loading ¢.

Together these axioms provide an abstract system that is rich enough to accom-
modate numerous concrete models—plasticity, damage, fracture, dry friction—yet
is general enough to admit variational existence results that do not rely on partic-
ular smoothness properties. They also separate the genuinely rate-independent
content (ii) from additional structural assumptions (iii)—(v) that are indispensable
once non—uniqueness enters the picture.

With this preparation we can now formalize the notion of an evolutionary system
in the sense of Mielke-Roubic¢ek. We introduce the following notation that will be
used in the formulation of the evolutionary system. First, we fix the time interval
[0, T] and denote by

T = { [t 0] CO,T] [ 82>t }

the collection of all non-degenerate closed subintervals.

The external loading will be a function ¢ € Fy([0, T]; X'), with X" the loading space
(Fo being the function space for external loadings), and state trajectories will lie in
Fi([0, T]; Q), with Q the state space (F; being the function space for state trajectories).
When X and Q are endowed with suitable metric structures, typical choices are
Fy = AC([0,T]; X) and F; = BV,4([0,T]; Q).

Given an initial condition g; € Q at time #; and a loading ¢ € Fy([0, T]; X'), we
denote by

O([t, t2], q1,¢) C B ([t t2]; Q)

the set of all admissible trajectories over the interval [t1, ;] starting from g; under the
loading .

With this minimal notation in place, we proceed to define the notion of an evolu-
tionary system.

Definition 1 (Rate-independent system). (Mielke and Roubicek, 2015, Def. 1.2.1)
Consider an input-output system O from Q x Fy([0, T]; X') to F1([0, T|; Q).

(i) Ois called admissibleif q (t1) = g1 forallg € O ([t1,t2];q1,¢).
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(ii) O is called rate-independent if for all ( [t1,t2],41,¢ ) and all strictly increasing
continuous time reparameterizations a : [t1, ta] — [t],t;] € Jjo,r) witha (t1) =

t7 and « (t2) = t3, the following relation holds:

g€ O ([t,ta],q1,0) <= qoa e O([t], 5] ,q1,l o).

(iif) O is said to have the concatenation property, if

g€ 0 (ltt],q1,0),4 € O ([t t3],4(t2), 1),
) =

{ 4(t) fort € [ty,t2],
q(t) fort € [tz, t3] .

= 44 € O([t1,t3],91,¢), where (4> §)(t

(iv) O is said to have the restriction property, if

b <t <tz<tyand qe O ([tl,t4],£]1,£) — q‘[tz,ta] € O([tz,tg,],ﬂ](tz) 6) .

(v) O is called causal, if

1= Lo|y ) = O ([t t2] 1, 41) = O ([t 2], 41, &2) -

t,

t1 <t) <Tand El‘[fl,tz
3.2.2 Energetic Solutions and Stability
We start the analysis of RIS by introducing the convex dissipation potential

R:Q —[0,00),

whose convex subdifferential is defined by
IR(v) :={¢e Q | R(w)>R(v)+ ({ w—0v) Vwe Q}.

Combining this with the gradient of the stored energy £(t, q) leads to the multivalued
inclusion which describes the dynamics of the rate-independent model in its most

direct form mentioned above:
0 € OR(4(t)) +DyE (L q(t)). 3.2)

The inclusion is, however, technically difficult to handle. Invoking the standard
first-order optimality rule for convex functions,
ge€dp(x) <= o(y) 2 9(x)+ (5, ¥y —x)

we find that (3.2) is equivalent, for almost every t € [0, T], to the evolutionary

Yy,

variational inequality
(DE(L (1), w () + R(w) ~R(i(1) >0 YweQ ()

This conversion relies only on convexity; the specific feature of rate-independence

has not yet entered.
At this point we exploit the defining structure of a rate-independent model,

namely the positive one-homogeneity
R(Av) = AR (v) (A >0).
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One-homogeneity endows the subdifferential R with a cone structure and allows
for a sharper evaluation of the dissipation term R(w) — R(4) in (3.3).

Lemma 1. (Mielke and Roubicek, 2015, Lem. 1.3.1)
Let R : Q — [0, oo] be lower semicontinuous, convex, and 1-homogeneous. Then

OR(v) ={n e X | R(v)=(y,v)}, whereX =IR(0)
Moreover, we have the characterization
E€IR(V) <= (Vwe Q: R(w) — (¢, w) > R(v) —(E,v) =0).

Now we assume that the dissipation distance D : Q x Q — [0, c0) is generated
by dissipation potential R : @ — [0, c0) according to

D(z1,20) = R(z2 —2z1), 71,7 € Q.

For simplicity, let us assume that £(t, -) is convex, though not necessarily differen-
tiable. Here, we interpret the second term on the right-hand side of (3.2) in the sense
of the subdifferential, and denote it by d. Later, in the case where (Gateaux) differen-
tiability is available, we will use D to distinguish it; however, unless otherwise stated,
we will henceforth restrict ourselves to the differentiable case and use the symbol o
throughout. From (3.2), there exists v € Q such that

v € dR(4(t)) and —v e d&(Lq(1)),
which yields
(0, 4—q) + (L) —E(tg(t) 20 VjeQ

By Lemma 1, it follows that v € 9R(4(f)) C X. On the other hand, we can
estimate by Lemma 1

(v, §—q(t)) < sugw,t?—v/(t)) < R(G—q(t) = D(q(t), 9)-
ne

Combining these observations, we arrive at the global stability condition
E(tqt) < () +D(q(t),q) VieQ )

Condition (S) characterises an instantaneous energetic equilibrium without appeal-
ing to any differential formulation and hence reflects the time—scale separation that
is typical for rate-independent models. Thus, Lemma 1 unifies the two descrip-
tions—differential inclusion and energetic stability—and will serve as an indispens-
able bridge in the existence theory.

However, the stability condition alone is not sufficient to determine a unique
evolution. This is because it contains no information on the work done by the
external loading or on the dissipated energy accumulated over time.

Assume that € is differentiable and the (Gateaux) chain rule applies. Then, from (3.2)

—DyE(t,q(t)) = o(t) € IR(4(1))-
For 4(t) and this v(t) € 9R(4(t)), Lemma 1 implies
R(q(t)) = {o(t),4(¢))- (34)
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By the chain rule,

£ (,()) = D (1,q(6)) + (D€ (£,q(1), 4()) = D€ (t,9(1)) — (o(0), ()

Substituting (3.4) yields

jtg(t,q(t)) = D (t,q(t)) = R(4(t))-

Integrating this identity from 0 to t, we obtain
-t t
E(ta(h) + [ R((s) dt = £(0,9(0) = [ DE(s.q))ds,  ®)

t
which is the energy identity. The last term, — / Ds&(s,q(s)) ds, represents the work
0

input due to time-dependent external loading (e.g., varying forces or boundary
conditions). Due to the one-homogeneity of R, this expression is invariant under
time reparameterisation and thus preserves the rate-independent character of the
model.

Taken together,

(S) “energetic stability” and (E) “energy balance”

form the two pillars of the energetic solution concept. Throughout we work in a quasi-
static, rate-independent setting in which inertial and viscous effects are neglected; the
absence of velocities and accelerations thus reflects a modelling choice rather than
a physical claim. In this regime, solutions may exhibit jumps and the framework
accommodates history-dependent phenomena such as plasticity, damage, or brittle
fracture. To give a precise definition of an energetic solution, we impose the following
conditions.

First, we decompose the basic state space Q into fast and slow components,
Q=YVx2Z, (3.5)

where the state g = (i, z) consists of a non-dissipative part y and a dissipative part z.
The state space Q is equipped with a Hausdorff topology 7o = 7T, X 7T.. We denote

Z
convergence of sequences by g S 9, Yk 2 y,and zx = z.

Stored Energy The stored-energy functional € : [0, T] x Q@ — R depends on time
t € [0, T] and state g € Q, and takes values in the extended reals R U {oco}. Here,
the time variable t represents a very slow process time that modifies the system via
changing loading conditions. The (effective) domain of £ is

Dom € := {(t,q) € [0,T] x Q| E(t,q) < oo}, DoméE(t,:):={q€ Q| E(t,q) < oo}.
Our standing assumptions on £ are:
(E1) Compactness of sublevels: For every t € [0, T| and C € R, the sublevel set

{qeQf&(tqg) <C}
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is compact in Q.

(E2) Energetic control of power: There exist cs € R, A¢ € L'(0,T), and a null set
Ng C [0, T] (i.e. £ (Ng) = 0) such that:

- Domé& = [0, T] x Dom £(0, -);
— forallg € Dom&(0, -) we have £(+,q) € W1(0, T), the partial derivative
9;&(t,q) exists for t € [0, T| \ N¢, and

|0:E(L q)| < Ae(t) (E(t,q) +ce) forae. te (0,T).

Dissipation Distance We consider a map D : Z x Z — [0, o] satisfying:
(D1) D is an extended pseudo-metric on Z, i.e.:

- D(z1,22) = 0if and only if z; = z; forall z¢, 2, € Z;

- D(z1,23) < D(z1,22) + D(z2,23) for all z1,25,23 € Z (triangle inequality).

(D2) D is lower semicontinuous on Z X Z.

Total Dissipation For a given curve z : [0, T] — z, we define the total dissipation
on [s, t] via

Dissp(z; [s, t]) := sup {
]

N
D(z(tj1),z(tj))]NE]N,Szto<t1<---<tN:t}
=1

The functions are defined everywhere, and changing them at one point may increase
the dissipation. Moreover, the dissipation is additive:

Dissp(z; [r,t]) = Dissp(z; [r,s]) + Dissp(z; [s,t]) forallr <s < t.

Under the assumptions (E1)—-(E2) and (D1)—(D2), we are prepared to define the
notion of energetic solutions.

Definition 2 (Energetic solution). (Mielke and Roubicek, 2015, Def. 2.1.2) A function
g=(y,z):10,T] = Q=Y X Zis called an energetic solution of the rate-independent
system (Q, &, D) if t — 9;£(t,q(t)) is integrable and if the global stability (S) and
the energy balance (E) hold for all t € [0, T] :

Vi=(9,2) €Q: E&(tq(t) < E(Lq) +D(z(t),2) S)

q
E(t,q(t)) + Dissp(z;[0,t]) = £(0,9(0)) + /Otatg(’(,q(’[))d’[ (E)

For subintervals [ty,t1] C [0,T], we call g : [ty, 1] — Q an energetic solution of
(Q,&,D)if (S) and (E) hold for all t € [to, t1], where the initial time 0 in (E) is replaced
by t().

Because this framework does not require differentiability of trajectories, it is well-
suited to describing rate-independent phenomena with jumps, such as plasticity,
damage, or brittle fracture. It will serve as the analytic foundation for the analysis
developed in the subsequent chapters of the thesis.
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The stability condition (S) is global in all of Q, and it can be rephrased by defining
the set S(t) of stable states at time  via

S(t):={g€ Q|E(tq) <oo, E(t,q) <E(t,4) +D(q,4) forall§ € Q}.

We call S(t) the stability set at time ¢ for short. Then (S) simply means that q(t) €
S(t) for all t € [0, T]. Then, we are now ready to formulate the central existence
theorem for energetic solutions.

Theorem 1 (Existence of energetic solutions). (Mielke and Roubicek, 2015, Thm. 2.1.6)
Let (Q, &, D) be a rate—independent system on the time interval [0, T| and suppose that

(1) the dissipation distance D fulfils (D1)~(D2);
(II) the stored energy & fulfils (E1)—(E2);

(III) the following compatibility conditions hold for every stable sequence (tu, Gm)meN C
[0, T] x Qwith (tm, gm) — (t,q) and gy € S(ty):

LEO,TI\Ne = 3E(t,q) = lim & (tw, qn), (C1)
geS(t), (C2)

where Ng C [0, T| is the measure—zero exceptional set from (E2).

(IV) the topology of Q restricted to compact sets is separable and metrizable.

Then, for every initial datum qo € S(0), there exists an energetic solution q = (y,z) :
[0,T] — Q to the initial-value problem (Q,E,D,qo). The mapping q is measurable and
satisfies, for almost every t € [0, T,

0:E (L q(t)) = & (L y(1),2(t)) = Prea(t, 2(1)),
where, for fixed (t,z) € [0, T| x Z, we introduce the reduced power

Preda(t,z) := sup & (LY, z). (3.6)
yecargmin .y £ (t,y/,z)

3.2.3 Energetic Solution Existence via Incremental Scheme

The remainder of this subsection sketches the proof strategy. Instead of presenting
every technical detail, we summarise the key ideas of Mielke-Roubicek’s discrete—to—
continuous argument in six steps.

First, the time interval [0, T] is subdivided by a partition T = {0 = ) < t; <
-+ <ty = T}. A discrete sequence {gi }1_, is then generated recursively by solving
at each time node the Incremental Minimisation Problem (IMP)

gk € argrgin {E(tk,q) + D(9k-1,9)}, (k=1,...,N). (3.7)
g€

Thus each discrete state is obtained by minimising the sum of the current energy and
the dissipative cost of transition from the previous state. This construction forms the
foundation of the existence theory.

Helly’s selection principle combined with the Arzela—Ascoli theorem provides
compactness: after introducing a suitable time interpolation of the discrete solutions
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(e.g., piecewise constant or piecewise affine on each subinterval), a subsequence
converges to a limit curve g (Step 2). Preservation of the stability condition (S) in the
limit is ensured by the compatibility hypotheses (C1) and (C2) (Step 3). Passing to
the limit in the discrete energy balance gives the upper energy inequality, whereas
stability yields the complementary lower energy inequality (Steps 4-5). Since the two
bounds coincide, the continuous energy equality (E) is recovered. Consequently, the
limit curve g satisfies both (S) and (E) and is therefore an energetic solution (Step 6).

If, in addition, the minimiser of £(t,,z) is unique for every stable state, the
convergence of the discrete solutions improves from weak convergence to strong
convergence, and uniqueness of the energetic solution can be concluded.

The interplay of these six steps is summarised concisely in Table 3.1. We em-
phasise that the six—step discrete-to—continuous scheme outlined above is proto-
typical for existence proofs in rate-independent systems: almost all contemporary
variants—including finite-strain plasticity models—follow the same pattern of in-
cremental minimisation, BV-type compactness, and two-sided energy inequalities.
Hence the blueprint presented here can be reused virtually unchanged when we
examine more specialized system.

This variational structure not only serves as the foundation for the existence
theory, but also plays a central role in the subsequent chapters of this dissertation,
where we study the homogenization and multiscale behavior of such incremental
problems.

Thus, we stress that the IMP is more than a numerical approximation scheme—it
is a unifying principle that underpins both the analytical and computational aspects
of rate-independent systems, and it provides the conceptual bridge to the static
problems addressed later in this work.
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TABLE 3.1: Outline of Steps 0-6 in the proof of the main existence

theorem
Step Keyword Summary Remarks
0 Time discretiza- Solve an Incremen- Fix a partitiont = {0 =1ty < - <ty =
tion & IMP tal Minimization Prob- T} and compute
lem at each time-step.
x € arglt;fgg{g(fkrﬁ +D(q-1,9) }-
Assumptions (E1) and (D1)~(D2) = lower
semicontinuity, compact sublevels, finite
infimum = existence of a minimiser.
1 A priori estimates  Uniform bounds for Discrete stability gives &(f,qx) <
energy and dissipa- &(f;_1,gx_1). Telescoping yields
tion.
sup E(t, qx) + Dissp(q%; [0, T]) < C,
k
independent of 7.
2 Helly selection BV bound = compact- The bound on Dissp implies bounded BV-
ness. norm for z*. Helly/Arzela—Ascoli pro-
vides z' — z pointwise (subsequence).
The fast variable is recovered by y(t) €
arg min, £(t, (y,z(t))).
3 Limit stability (C1) (C2) transfer sta- (C2) = the stable set S(¢) is closed; (C1)
bility to the limit. justifies exchanging limit and time deriva-
tive, whence g(t) € S(t) for all ¢.
4 Upper energy in- Discrete (E)¥s =  From
equality “<” in the limit. L
E(te,qe) + ) P(aj-1,9)
=1
k tj
— £(0,q0) + 2/ 21E(5,q;-1) ds
j=1"t-1
and Fatou, obtain the upper inequality for
the limit curve.
5 Lower energy in- Stability = “>". Testing with admissible competitors and
equality using the triangle inequality yields the
complementary lower bound, completing
the energy inequality.
6 Equality & conclu- Combine bounds = Upper < lower = exact energy bal-
sion energetic solution. ance (E). Together with stability (S) this

yields an energetic solution. Extra con-
vexity /uniqueness of minimisers = strong
convergence and, possibly, uniqueness of
the solution.
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Chapter 4

Abstract Theory of I'-convergence

In this Chapter, I'-convergence is introduced as a fundamental tool for homogeniza-
tion. In Chapter 5, we focus on composite materials with e-periodic microstructures
depending on a parameter ¢ > 0. The ideal goal would be to directly analyze the RIS
describing deformation of such a material for small e. However, due to the nonconvex-
ity of both the stored energy density and the admissible set, combined with the rapid
microscopic oscillations as €0, a stable analysis within the classical RIS framework
becomes intractable. The general theoretical framework for such problems is evolu-
tionary I'-convergence. Evolutionary I'-convergence is, roughly speaking, a concept
that provides a unified description of the limiting behavior of variational problems
with time evolution. Not only does it guarantee that the energetic solutions of the
original model converge to those of the limit system, but typically it also allows one to
treat homogenization (¢ — 0) and the convergence of time-discrete solutions (7 — 0)
simultaneously. Hence, the standard RIS framework and evolutionary I'-convergence
are connected through time discretization. We therefore begin with the time-discrete
problems in the RIS framework.

The construction of energy solutions to RIS is based on incremental minimization
via time discretization, followed by the passage to the continuous-time limit. Given a
time partition {#;}, one solves at each step the essentially static minimization problem

qls‘ c argqmin { Ee(te, q) + De (qlfl,q> }, (4.1)

and, in the limit of the discrete solutions, obtains an energy solution satisfying stability
(S) and energy-dissipation balance (E) (Mielke, 2011/2012; Mielke and Roubicek,
2015). Even at the level of the incremental minimization problems (4.1), the analytical
obstacles caused by nonconvexity and rapid microscopic oscillations persist. In fact,
for variational models of composites with e—periodic microstructure the original
e—problem may fail to attain its minimum: minimizing sequences tend to develop
finer and finer microstructures so that the infimum is finite but not achieved (Ball
and James, 1992). In the setting of Chapter 5, too, the integrand W(Vu) obtained is
neither convex nor quasiconvex, hence the associated integral functional need not be
weakly lower semicontinuous; moreover, the admissible set of gradients is, in general,
not weakly sequentially closed. In such situations one is naturally led to a relaxation
of the static problem. A classical device for this purpose is (static) [-convergence.

As a characterizing example of I'-convergence, for a fixed functional F the I'-limit
of the constant family F. = F coincides with the largest lower-semicontinuous
functional below F (the lower-semicontinuous envelope), hence it preserves the
infimum; combined with equi-coercivity /compactness, this relaxed functional admits
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minimizers (Braides, 2006; Dal Maso, 1993). In this sense, static '-convergence
provides a principled relaxation framework that replaces a possibly non-attaining
problem by a well-posed one without altering the variational lower bound.

On the other hand, the full e-problem simultaneously resolves the fine O(e)
and the coarse O(1) spatial scales, which renders direct analysis and computation
prohibitively expensive. Homogenization replaces it with an effective macroscopic
model whose energy is the I'-limit of the e-energies; in periodic settings, while the
exact solution u, carries both fine- and coarse-scale oscillations, the homogenized
solution u( exhibits only coarse-scale behavior (Allaire, 1992; Berlyand and Owhadi,
2010). Crucially, this reduction is not merely qualitative but quantitative: for second-
order elliptic problems with e—periodic coefficients one has convergence u, — ug and
sharp operator-error bounds, with precise rates available in Suslina, 2012; Pakhnin
and Suslina, 2012; Jikov, Kozlov, and Oleinik, 1994.

Hence, static I'-convergence can be viewed as an effective tool to approximate
and analyze the RIS procedure (4.1) for small e.

In contrast to the classical notion of static I'-convergence, the corresponding concept
in the time-evolving RIS theory is that of evolutionary I'-convergence. One instance
of the general theory of evolutionary I'-convergence is the case where the limit system
can be characterized via the static I'-limit of the energies together with Mosco conver-
gence — which is a concept similar to ordinary I'-convergence — of the dissipations
(Mielke, Roubicek, and Stefanelli, 2008). That is, under the standard assumptions of
uniform-in-time I'-convergence of the family {&(¢, ) }., Mosco convergence of the
convex dissipation potentials { R}, (this means the Mosco convergence of the dissi-
pation D), as well as power control with respect to the time derivative of the energy,
the existence of mutual recovery sequences, equi-coercivity, and the closedness of the
stability set, ensures—through compactness and liminf/limsup estimates—the con-
vergence of discrete solutions towards energy solutions of the limit system (&, Dy)
(Mielke, Roubicek, and Stefanelli, 2008; Mielke, 2014; Mielke, Rossi, and Savaré, 2012;
Mielke, 2016).

In particular, one has

Eo(t,") =T-lim&(t,-), Do =Mosco-imD; (& Re > Ro).  (4.2)
e—0 e—0

Hence, in this prototypical setting it is justified to employ the static I'-limit directly in
the incremental time-discrete minimization scheme, while simultaneously ensuring
convergence towards energetic solutions of the limiting system; as a consequence, the
original problem attains a substantially simpler form. In other words, evolutionary
I'-convergence can be regarded as a theory that, when dealing with time-evolution
problems in settings such as the composite materials considered in this thesis—where
direct analysis is practically intractable—transfers the problem to a limit problem that
is expected to possess better properties.

Since it is difficult to directly determine the standard RIS energy solutions for small
¢, the ultimate objective in the present setting of composite materials can be regarded
as the establishment of evolutionary I'-convergence, although the very establishment
of evolutionary I'-convergence itself entails considerable technical difficulties. In view
of (4.2), determining the static I'-limit constitutes a first step towards establishing the
evolutionary I'-limit.
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In summary, in situations such as those considered in Chapter 5, where a direct
analysis of the evolution problem via RIS is practically intractable, the significance
of first establishing static I'-convergence can be summarized in the following two
points:

I Numerical Advantage: Through the static I'-limit, the incremental problem
(4.1) can be approximated by the homogenized incremental problem based on
the effective energy &y and (although not derived here) the effective dissipation
Dy, thereby stabilizing the computations and reducing the numerical cost for
small € (Dal Maso, 1993; Braides, 2002).

IT Prediction of the Evolutionary Limit: The effective energy & obtained via
static I'-convergence is expected to coincide with the energy component of the
evolutionary I'-limit, and thus provides a structural preview of the limiting
system.

4.1 I'-Convergence

Motivation and Historical Background

In this section, we deal with the concept that a family of functionals (&;).~0 on a
Banach space X converges, in the sense of approximating variational problems, to a
functional £, namely I'-convergence. The concept of I'-convergence was introduced
by De Giorgi in the early 1970s (De Giorgi, 1975; De Giorgi and Spagnolo, 1973)
to describe the asymptotic behavior of variational problems depending on small
parameters. Since then, it has become a fundamental tool in a variety of fields
including:

* homogenisation of composite materials,
¢ dimension reduction (e.g., plate and shell theories),
* phase transition models (Modica and Mortola, 1977; Braides, 2002),

¢ and rate-independent systems in elasto-plasticity and damage mechanics
(Mielke and Roubicek, 2015; Francfort and Mielke, 2006a).

For a family of energy functionals (&;)e~0, I-convergence provides two essen-
tial ingredients: it guarantees that the limit of (almost) minimizing sequences is a
minimizer of the limit functional, and that the corresponding minimal values con-
verge. These properties make I'-convergence a central tool in the approximation of
variational problems.

Throughout this chapter, we work in the reflexive Banach space X. Standard
references include Dal Maso, 1993; Braides, 2002.

4.1.1 Definition of I'-Convergence

We define the I'-limit along a continuous parameter ¢ — 0+ by requiring I'-
convergence along arbitrary sequence (¢;); such that €; — 0+-.

Definition 3 (I'-limit along ¢ | 0). Let (X, || - ||x) be a Banach space with its strong
topology, and let {&, }¢~o be functionals & : X — (—o0, +00]. We say that £ T'—converges

t0 € : X — (—o0,+00] in X as e | 0 (written &, Le if the following holds:
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for every sequence (¢;); with ¢; | 0, the sequence (E;); T-converges to & in the sense
that:

Compactness If (u;); C X satisfies sup; &, (uj) < oo, then there exists a subsequence (not

relabeled) and u € X with uj — u in X and & (u) < .
Liminf inequality For every (u;); C X withu; — uin X,

E(u) < liminf& (u;). (4.3)

j—oo i

Recovery sequence Forevery u € X with E(u) < oo, there exists (u;); C X withu; — u
in X such that
limsup &, (u;) < E(u).

]—o0

This definition will serve as the basis for the analysis of I'-limits in the subsequent
chapters. We have defined I'-convergence by requiring convergence along arbitrary
discrete sequences. Alternatively, one may define it directly for the continuous
parameter ¢ — 07, and the two definitions are equivalent (see Dal Maso, 1993,
Prop. 8, 3).

4.1.2 General Properties of I'-Limits

We now collect several structural properties of I'-convergence that are crucial for
variational analysis. Proofs may be found in standard references such as Dal Maso,
1993; Braides, 2006.

Fundamental Theorem of I'-Convergence

Definition 4 (Equi-coercivity). A sequence of functionals (F) on X is said to be equi-
coercive if, for every M € IR, there exists a bounded set Ky C X such that

{ueX:Fe(u) <M} CKpy
forall e > 0.

Equi-coercivity guarantees that energy—bounded sequences are relatively compact
in X. This compactness property is essential to ensure that minimizing (or almost
minimizing) sequences admit convergent subsequences, so that the limit problem is
well-posed in terms of minimizers.

Theorem 2 (Fundamental Theorem). (Dal Maso, 1993, Thm. 7.8); see also Braides, 2006,
§1, “fundamental theorem”. Let (F)e>0 be an equi-coercive sequence of functionals on X
that T-converges to F. Assume that u. is a minimizer of F.. Then:

1. (Convergence of minima)

lim min F, = min F.
e—0 X X

2. (Compactness of minimizers) The sequence (u.) admits a converging subsequence.
3. (Stability of minimizers) Every cluster point is a minimizer of F.

The result remains valid for almost minimizers, i.e., Fe(ue) < min Fe + o(1).
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Locality and Lower Semicontinuity

Proposition 1 (Locality). (Dal Maso, 1993, Prop. 16.15) If each F is a local functional
(e.g., integral functional depending on u and Vu), then the T-limit F is also local.

Proposition 2 (Lower semicontinuity). (Dal Maso, 1993, Prop. 6.8) Every I'-limit is
lower semicontinuous with respect to the strong topology of X.

Stability under Continuous Perturbations

Proposition 3 (Continuous perturbations). (Braides, 2006, Rem. 2.2(1)) Let F, L) F
and suppose G, — G uniformly on bounded subsets of X. Then

Fe+G 5B F46.

4.2 Evolutionary I'-Convergence

The concept of evolutionary I'-convergence —sometimes called I'-convergence for
Energetic Rate-Independent Systems (ERIS)—was put forward by Mielke and co-
workers in the early 2000s as a natural extension of De Giorgi’s static theory to
time-dependent problems (Mielke and Roubicek, 2006a; Mielke and Roubicek, 2015).
Just as static I'-convergence controls the asymptotics of minimisers, the evolutionary
variant governs the asymptotic behaviour of entire trajectories (g¢)e>o solving a
system of ERIS (Q, &, D.) when a small parameter € — 0 is present. In the last two
decades, evolutionary I'-convergence has become a key tool in the analysis of:

e fracture and damage mechanics (Francfort and Mielke, 2006a; Mielke and
Roubicek, 2006b),

¢ two-scale (periodic) homogenisation (Mielke and Timofte, 2007; Davoli and
Kreisbeck, 2022),

¢ dimension-reduction of thin structures (Davoli and Mora, 2013),

* numerical approximation and space-time discretisation schemes (Knees, 2019;
Mielke, 2009),

¢ delamination and other interface problems (Ko¢vara, Mielke, and Roubicek,
2006).

In particular, in the small-deformation (linearization) regime introduced in Chapter 1,
Mielke and Stefanelli rigorously show—within the ERIS framework—that the quasi-
static finite-strain elastoplasticity system converges, in the sense of evolutionary
I'-convergence, to linearized plasticity: energetic solutions of the finite-strain model
converge to the unique strong solution of the linearized model (Mielke and Stefanelli,
2013).

4.2.1 Definition of Evolutionary I'-Convergence and the Basic Conver-
gence Theorem

In the following, we define evolutionary I'-convergence in the form of a closed-
ness property for sequences of energetic solutions. We then state the ten structural
assumptions that guarantee it, together with the basic limit theorem.



32 Chapter 4. Abstract Theory of I'-convergence

Let @ =Y x Z be a metrizable space and T > 0. For k € N := N U {0} let
&0, T] x @ - RU{+o0}, Dy:ZxZ— 10,00

with Dy a (possibly non-symmetric) quasidistance on Z. For ¢ = (y,z) € Q and
4 = (7,Z) € Q we write, with a standard abuse, Di(q, ) := Di(z,Z). Here k € N is
the discrete parameter, as in Mielke-Roubicek (Mielke and Roubicek, 2015). For the
continuous parameter € (— 0), the definition and assumptions/theorems in this and
the next section apply to any sequence (gx)x with ex — 0+4. Moreover, when referring
to (static) I'-convergence here, we mean that Definition 3 holds for the given (g ).
All properties of I'-convergence established in the previous section continue to hold
in this case.
The stability set at time ¢ is

Sult) == { g € Q| &lt,9) < &(t,0) + Dlg.0) Vi € Q).

A stable sequence (t;,qx,) — (t,q) means t; — t and g, € S, (#;) with g, = gin Q.
Analogously, a sequence is stable for the limit system if q; € Seo(#;).
For a curve g = (y,z) : [0, T] — Q we define the Dy—dissipation

N-1
Dissy(q; [s, t]) := sup Y Di(z(ti), z(tit1)), 0<s<t<T,
I =0

where the supremum runs over all partitions I[1:s =ty < --- <ty = t.

Energetic Solutions (recall). A curve qx = (v, zx) : [0,T] — Q is an energetic
solution of (Q, &, D) if forall t € [0, T}:

) qi(t) € Sk(t),
(E) Ek(t, qk(t)) + DiSSk(qk,' [O, t]) = 5]((0, l]k(O)) + /Otaté’k(s, qk(S)) ds.

Definition 5 (Evolutionary I'—convergence). We say that the family (Q, &, Dy)
evolutionarily T—converges to (Q, Ex, Doo) and write

keIN

(Q/ (c/‘k/ Dk)kGN ﬂ (Q, 500, Dm) ask — oo,

if the following closedness property holds:
For every sequence of energetic solutions qj with well-prepared initial data

9%(0) = 40(0),  &(0,4x(0)) = €x(0,4(0)),
whenever (possibly along a subsequence, not relabelled)
gr(t) = geo(t) in Q foreveryt € [0,T],
then qe is an energetic solution of (Q, E, Deo).

Remark 5 (On the pointwise convergence assumption). The condition qi(t) — qoo(t)
for every t € [0, T] is not restrictive. Indeed, as shown in the proof of Theorem 3 in (Mielke
and Roubicek, 2015), every sequence of energetic solutions possesses a subsequence whose
z—component converges pointwise. This is the only convergence needed in the argument. For
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the corresponding statement on the y—component we refer to Mielke and Roubicek, 2015,
Rem. 2.1.8 and 2.1.9.

We now introduce the basic convergence theorem in Mielke and Roubicek, 2015.
It is proved under the ten structural assumptions (4.4a)—(4.4s).

Quasidistance (4.4a)
Vk € Ne, Vz,2,2 € Z - (4.4b)

Di(z,2) =0 & z =12,
’Dk(Z,ﬁ) < Dk(z,Z) + Dk(f,ﬁ).

Lower semicontinuity of Dy (4.4¢)
Dy is lower semicontinuous on Z x Z. (4.4d)
I'-liminf for D; (4.4e)
V stable (tl, C]k1> — (t, q), (fl, qkl) — ({, 67) : (4.4f)

Dw(q,9) < 1ilrgglfpk,(¢7k,,17k,)-

Compact energy sublevels (4.4g)
Vte [0, T|, VEER: (4.4h)
(@) Vk: {g € Q| &(t,q) < E} is compact,

(i) (J{g € Q| &t q) < E} is relatively compact.

k>1

Separability & metrizability (4.4i)
Each sublevel {£(t, ) < E} is compact, separable, and metrizable. (4.4j)

Uniform power control (4.4k)
Dom & = [0, T] x Dom &(0, -), (4.41)
Jee € R, FAe € LY(0,T), 3Ng C [0, T], L (Ng) =0
Yk, Vg € Dom &(0,-) : &(-,q) € WH(0,T),

t € [0, T]\ Ne = [0:&(t,q)| < Ae(t)(Ek(t,q) +cg).

I'-liminf for & (4.4m)

Exl(t,q) < lilm inf &, (t,qx,) for all stable (¢}, qx,) — (t,9). (4.4n)
—00

Power semicontinuity I (4.40)
Vt € [0,T]\ Ng, Vstable (¢, qx,) — (t,9) : (4.4p)
0:€e(t,q) > limsup 0;&, (t1, g, )-

|—o0

Power semicontinuity II (4.49)
Vt € [0,T]\ Ng, V stable (t;,4;) — (t,q) with §; € Se(t]) : (4.4r)
0:€(t,q) > limsup € (t, gi)-

|—0c0

Stability upper semicontinuity (4.4s)

V stable (f;,qx,) — (t,9), gk, € Sk,(t1) : q € Seo(t). (4.4t)

Theorem 3 (Evolutionary I'-limit). (Mielke and Roubicek, 2015, Th. 2.4.10) Assume (4.4).
Then the family (Q, &, Dx), oy evolutionarily T—converges to (Q, €, Deo) in the sense of
Definition 5.
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Moreover, for any energetic solutions qy with well-prepared initial data, if (after extraction,
not relabelled) qi(t) — qoo(t) in Q for every t € [0, T], then o is an energetic solution of
the limit system and the following convergences hold (with N¢ from (4.4k)):

Ex(tqk(t)) = Exo(t, goo(t)) forall t € [0, T],
Dissy (qk; [0, t]) — Disseo (geo; [0,£])  forall t € [0,T],
&k (1, qi(t)) — 0€w(t,goo(t))  forallt € [0,T]\ Ng,
& (4 qx(+)) = 9w, qeo(-))  in LY(0, T).

(4.5)

Remark 6 (Static I'-limits versus mutual recovery). Theorem 3 does not require full static
I'—convergence of (&, Dy): the proof supplies the needed T-limsup via a mutual—recovery
construction inside the stability sets. In applications, however, the technically decisive and
verifiable hypothesis is the static T—convergence of the energy functionals,

E(t,) D Eult,))  Vte0,T),

(with respect to the intrinsic topology generated by stable sequences). This delivers the
I'-liminf parts in (4.4e)—(4.4m) and the closedness of stability, so that, together with mu-
tual-recovery (and any standard assumption on the dissipation, e.g. Mosco convergence of
convex, l.s.c. 1-homogeneous potentials Ry implying the corresponding convergence of Dy),
the convergence of energetic solutions follows. This is one of the main motivations for the
static T—convergence results for the energies proved later in this thesis.

4.2.2 Solutions of (IMP*) Converge to Solutions of I'-Limit

In this section we consider a framework where the time step vanishes (|IT¥| — 0)
while, simultaneously, the model (&, D) converges to a limit pair (€, Do ). Under
the standing assumptions (see (IV) of Theorem 1 and (4.4)), the time—continuization
and the model limit behave consistently: any subsequential macroscopic limit of
discrete minimizers yields an energetic solution of the limit Rate-Independent System
(RIS) (Q, Esos Doo).

Let Q be the state space endowed with a topology/metric p. When convenient we
write g = (y,z) € Y x Z. For a partition [T" = {0 = t§ < - < t’]‘\lk = T} with mesh
size ]Hk| = max]-(t;‘ - t;?_l), the fully implicit incremental minimization problem
(IMPF) reads

7} € Argmin, o { &)+ Dilgl )} (=1, Ny, (4.6)

given gf € Q. We use the right-continuous, piecewise constant interpolant gk
[0, T] — Q defined by

gk(t) = q}tl fort € [t] 1,tk), gk(T) = q’f\,k. 4.7)

Theorem 4 (Convergence of discrete minimizers to an energetic solution). (Mielke
and Roubicek, 2015, Th. 2.4.13) Assume (IV) and (4.4), let |TT¥| — 0, and suppose the initial
data satisfy

gk Lg0 and  £(0,45) = £.(0,90) € R. (4.8)
Then:
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(i) Each IMP* admits at least one solution and the interpolants gk possess a subsequence
(not relabeled) and a curve q : [0, T| — Q such that, for every t € [0, T| (and for a.e. t
in the statement about time derivatives),

2(t) = z(t), (4.9)
Dissi (4% 10, #]) — Disse (;[0,1]), (4.10)

Ee(t g (t )) — Ew(tq(t)), (4.11)
A (t g (t)) — 0€w(t,q(t)) forae te[0,T]. (4.12)

In particular, 8t5k(-,gk(-)) — 3t€e(+,q(+)) in LY(0, T). The limit curve q is an
energetic solution of the initial value problem (Q, £, Deo, o), i.€., it satisfies stability
(S) and the energy—dissipation balance (E).

(ii) If for every t and z the map y — E«(t,y,z) admits a unique minimizer y = y(t,z)
(and the same structure is consistent along the approximations), then (4.9) extends to
the full state: forall t € [0, T),

g°(t) = (y*(1),2°(t) — q(t) = (Y(t,2(1)),z(1)),
with convergence in the topology of Q (pointwise in time).

(iii) If, in addition, y(t) € Argmin, Eoo(t,y,z(t)) holds for all t and the reduced power is
compatible, namely

0o (L y(1),2(t)) = Prog(t,2(t)) forae.t €0,T],
then any such limit G is an energetic solution of (Q, Es, Deo, 40)-

Remark 7 (Quasi-minimization at the discrete level). Instead of exact minimizers in
(3.7), one may admit quasi-minimizers with errors 17]’F > 0 satisfying

Ni
Ec(t,45) + De(gf_1q) < qigg{fk(tf,q) +Dugf )} +f, Y i =0
j=1
Then Theorem 4 remains valid.

Interpretation and Two Convergence Levels. The construction of energetic so-
lutions of RIS—both for a fixed model and in the presence of an evolutionary
I'-limit—reduces to chaining static incremental minimizations in time. Hence solving
the incremental problems is central analytically and computationally. In the setting,
such as in Chapter 5 where we deal with composite materials consisting of periodi-
cally repeated thin layers of different properties, each static step is itself delicate due
to the combination of nonconvexity and e-periodic microstructure. Identifying the
effective energy and effective dissipation by a prior static I'/Mosco limit is therefore
highly meaningful.
(A) On-trajectory convergence (under the assumptions of Theorem 4 only).

With |TT¥| — 0 and the standing assumptions (power control, closedness of
stability, initial consistency, etc.), one obtains along the discrete solutions

E(t5,05) + Di(df-1,9F) — Ew(t, (1)) + Doo(q(t7), (1)),
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together with ¢*(-) — g(-). Here £ (t, -) denotes the limiting energy functional ob-
tained by the evolutionary I'-limit, while D (-, -) is the limiting dissipation distance.
In particular, the limit g is an energetic solution. This convergence is asserted along
the actually computed discrete trajectory.

(B) Incremental functional convergence (with time—uniform static I'/Mosco).

If, in addition, & (¢, -) T-converges to £« (¢, -) uniformly in t with equi-coercivity,
and Dy Mosco—converges to De, (together with mutual recovery and power compati-
bility), then for every reference state 7y — 7 and every t,

i f g t, + D J 7 — i goo t/ + DOO _/ 7
inf {£k(t,q) + DelGiq)} — min{&o(t,q) +Deo(d,9)}
and (quasi-)minimizers are stable. In particular, the effective incremental problem

min {Eeo(f,q) + Deo(d,9)}

describes the limit independently of the approximating trajectory. In this typical
homogenization setting one can identify

800 = EO/ DOO = DOI

where Eq and Dy are the effective energy and effective dissipation respectively. That
is, £« and Dy, are obtained by the static I'/Mosco limit (see, e.g., (Dal Maso, 1993;
Braides, 2002; Mielke and Roubicek, 2015)). Computationally, once Eg and Dy have
been determined, one may solve the macroscopic incremental problem without
resolving the microstructure at each step.
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Chapter 5

Homogenization of Layered
Elastoplastic Materials

In this chapter, we consider a static homogenization problem for a composite crys-
talline material composed of two types of parallel layers: a rigid layer and a soft layer.
The results presented here are based on our previous work (Ishikawa and Svadlenka,
2025). In the soft layer, two slip systems are available, whereas in the rigid layer
only local rotations are permitted. As the deformation modes allowed by the given
energy density indicate, this problem cannot be treated as a standard variational
minimization problem in the static setting. We therefore carry out a homogenization
procedure (see Section 4.1). Our main motivation, however, is not merely to solve this
static problem. The ultimate goal is to analyze a time-evolving model (RIS). Therefore,
as emphasized at the beginning of Chapter 4, the homogenization result here is not
intended merely to approximate the static problem via I'-convergence, but rather to
approximate energy solutions within the RIS framework and to anticipate the form
of evolutionary I'-convergence. Concerning the latter aspect, we expect a situation as
in case (B) in 4.2.2, where the evolutionary I'-limit is obtained from the static I'-limit
and provides an ideal approximation of the original (pre-homogenized) RIS model
for small layer-period thickness. Even if such a situation does not occur, however,
the static I'-limit still has a clear significance, as it approximates the time-discrete
problems of the RIS model.

As a main result, for orthogonal slip systems we derive the complete homogenized
energy, and for the case of a general angle between slip directions we present partial
results. The motivation of this work is to establish a more realistic homogenization
model capable of describing materials in which multiple slip directions interact.
Our approach builds upon the work of Christowiak and Kreisbeck, 2017, which
treats the single-slip case, and relies on a modification of the classical laminate
construction. Several additional challenges arise, however, due to the nonconvex
constraints inherent in the composite energy.

To introduce the setting of the problem, let QO C R? be a simply connected Lipschitz
domain representing (the reference configuration of) an elastoplastic material in
plane undergoing deformation, and u : QO — RR? be the function representing the
deformation. Let A € (0,1) represent the fraction of the softer layer in the periodic
structure, and for the unit cell Y = [0,1)? define the subsets

Yot = [0,1) x [0,A) CY  and  Yyg:= Y\Yarp, (5.1)

which represent the soft and rigid parts, respectively. We extend this unit structure to
the whole IR? and scale the oscillation width with € > 0, which represents the layer
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thickness. Then the hard and soft layers €Y;;; N Q) and €Y;,7; N Q) are parallel to ey, as
shown in Figure 5.1.
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yd AN
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/ B \
/ ; N \
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\ 7 Y =[0,1)2
\@/ N
\\\\ (%] V2 l )\
Yot e

FIGURE 5.1: A periodic structure with two layers of thin rigid and
soft components is shown. There are two slip systems in the soft layer
with slip directions v; and vs.

Following the finite-strain crystal plasticity model in Section 2.3, we adopt the
Kroner-Lee multiplicative decomposition

Vu = F.F,

as a fundamental assumption. Here, the elastic part F, describes local rotation and
stretching of the crystal structure, and the inelastic part F, accounts for local plastic
deformation due to dislocations. For simplicity, we consider only local rotations for
F,, so values of F, are restricted to SO(2), which is a reasonable approximation for
metallic materials (Conti, Dolzmann, and Kreisbeck, 2013a). We also assume that there
is no plastic deformation in the hard layer, i.e., F, = [ on €Y,;; N (). These assumptions,
though rather restrictive, are reasonable in light of the results in Conti, Dolzmann,
and Kreisbeck, 2013b, and allow to obtain explicit formulae for the homogenized
energy functional. In the soft layers €Y, N (2 plastic glide can occur along one of
two active slip systems (v1,v{ ), (v2, v5 ) with slip directions given by unit vectors
v1, 02 € R2. Here v' denotes the counterclockwise rotation of v € R2 by 7r/2. Hence,
FE=I+7m0® U1 + 7202 ® U5 in €Y, rt N (), where 71, 72 € R corresponds to the
amount of slip in each slip direction and satisfies y1y> = 0 a.e. in Q) (Conti and Theil,
2005; Gurtin, 2000).

If the slip direction at a point is v; (i = 1,2), the deformation gradient at that
point is restricted to the set

M; = {1: €R>2:F = R(I+ 70 ®0), R € SO(2), v; € IR}
={F e R¥?:detF =1, |Fy;| = 1}.

In the rigid layer, both 71 and -y, vanish, so that the deformation gradient is restricted
to SO(Z) = MiNMos.
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In our model, only rotation is allowed in the rigid layer, so we have for the energy
density in the rigid layer

0 if Fe SO(2)
oo otherwise.

Wrig(F ) = {
This corresponds to the gradient being restricted to SO(2) in €Y};;. On the other
hand, using the two-slip model in Conti, Dolzmann, and Kreisbeck, 2013b; Conti,
Dolzmann, and Kreisbeck, 2015, the energy density in the soft layer is

_n+93 ifFeM

Wiost (F) {oo otherwise,
where M = M; U M,. Note that since slip in only one direction is allowed at every
point, 7§ + 73 is equal either to 77 or to 93. The energy Wi, does not include a
linear term in the slips, whose presence would be desirable in order to address real
world problems, in particular, evolution problems involving dissipation. However,
the problem with both a linear and a quadratic term is still open even on the level of
relaxation problems with one slip (Conti, Dolzmann, and Kreisbeck, 2015).

Summarizing the above, we can define the energy functional E, : Wiz (Q; 1R2) N
L3((yR?) — RU {0} as

/Q (’)’% + ’)’%) dx ifueWwi2n L%(Q;]Rz), where

Vu = R(I + 7101 @ 01 + 7202 @ 05 ),
Ee(u) := R € L®(Q;SO(2)), 7 € L2(Q),
vi =0 ae. in eYr,g NQ, 1172 =0a.e. in (),

1) otherwise.

The condition 7172 = 0 means that only one of the slip systems is active at each
material point.

We remark that for orthogonal slip directions one can write
7+ 7 = [(Vu)or | + [(Vu)oy|* —

Hence, the functional E. can be rephrased as

W(Vu)dx if ewlzm Vu e M
Ee(u) = /0 (Vu)dx ity uesé(f)jm)eymg” O,

1) otherw1se,

where

2 2 .
W(F):{|Fvl| +|Fo2=2 if FeM, 52)

00 otherwise.

The homogenization in this chapter is carried out within the framework of I'-
convergence introduced in Section 4.1. This approach allows us to characterize
the effective energy E without explicitly tracking rapid oscillations caused by the
fine-scale structure, and is widely used in the homogenization of composite materials.

For orthogonal slip systems (v, = vf), we show that (E;), I'-converges with
respect to the strong L? topology, and we provide a complete characterization of the
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homogenized energy. For general angles, we obtain partial results via the evaluation
of the rank-one (laminate) envelope based on an iterated (Kohn and Strang, 1986a;
Kohn and Strang, 1986b) lamination construction.

Before explaining our main results, we introduce the static homogenization result
of Christowiak and Kreisbeck, 2017, which served as the starting point of our study.
This result is based on exactly the same physical setting as described above, but it
treats the case of a single slip system which slip system is specified by a unit vector
s € R? and m = s*. Deformations u are constrained by the multiplicative ansatz

Vu=R(I+ys®m), ReSO(2),

with 7 € L?(Q) allowed on the soft layer and y = 0 on the rigid layer. The e-scale
energy functional is Ec : W?(Q; R?) N L3(); R?) — RU {0} as

/Q Y?dx ifue W2n L%(Q; R?), where

Vu=R(I+ys®@m),
Ee(u) == R € L®(0;50(2)), v € L(Q), (5:3)
v =0ae in€eY,; NQ,

[ o otherwise.

Under this setting, the following basic homogenization result was obtained, together
with a homogenization result including an additional linear dissipation term in the
special case where the slip system is parallel to the layers.

Theorem 5 (Homogenization via I'-convergence — single-slip case). (Christowiak and

Kreisbeck, 2017, Th.1.1) As € — 0, the functionals Eg(s) I'-converge with respect to the strong
L2-topology to

u e W2NL3(O;R?),
Sl/ydx—ZslsQ/'ydx Vu=R(I+7e1®e), R € SO(2),

v € L2(Q), 7(x) € Ky ae inQ
400, otherwise,

E(u) =

where s = (s1,s2) and the constraint set is

{0}, s =ep,
R, s =e1,
[—2s1/(s2A), 0], s152 >0,
[0, =251/ (s2A)], s152 < 0.

KS,A =

Theorem 6 (Adding a linear term for s = e;). (Christowiak and Kreisbeck, 2017, Th. 4.1)
For s = ey, i.e., when the slip direction is parallel to the layers, we consider the family with a
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linear contribution in the energy on the soft layer,

(/ Y2+ t|yldx if u € W20 L3(Q;R?), where
0

Vu=R(I+ve1®ep),

E¢(u) = R € L®(Q;50(2)), v € L2(QQ),
v =0ae ineY,gNQ,

00 otherwise.
Its T-limit is

1
X/Q'yZ dx+T/Q lyldx ifue W2NL3 (BR?), V=R +ye; ®e)
E*(u) = R € SO(2),7 € L3(Q)
otherwise .

The added linear term plays the role of a dissipation term in the static problem
and this result can be interpreted as an approximation of the first step in a time-
discrete scheme. Note that in the I'-limit the admissible slip direction is restricted to
be parallel to the layers, regardless of the slip direction in the original model, and
that the integrand of the I'-limit coincides with the rank-one convex envelope of the
integrand in the original model.

We now proceed to present our main results. As in the result mentioned above, the
slip direction is restricted to be parallel to the layers.

Theorem 7 (Homogenization via I'-convergence — orthogonal case).

Let vy = vi. Then the family (Ee)e T-converges as € — 0 with respect to the strong

L?(Q); R?)-topology to the functional
A/ Wiom(N)dx  if u € W2 L2(Q4R?), Vi = R(I +ye1 @ ),
0

R € SO(2), v € L*(Q),
1) otherwise.

E(u)

Here, N is given by the formula AN + (1 — A)R = Vu, and Wy, : R**? — R is defined
by

|Fof|>—1 if detF =1, |Foy| <1,

|[Foy|>?—1 if detF =1, |Foy| <1,

Wiom(F) := S x(|Fvs|)  if detF =1, |Fovq|,|Fva| > 1and Foy - Fo, >0, (5.4)
X(|[Fos|)  if detF =1, |Foy|,|Fva| > 1and Fo; - Fop <0,

00 otherwise,

where v3 = —(v1 +v2)/|v1 + V2| = —(v1 + v2) /2, and the function x is defined by

1) = (22 -1))" - 1)2+ zeR.

The symbol (a)3_ for a € R and s > 0 means (max{a,0})°.

The function Wj,,, appearing in Theorem 7 coincides with the rank-one convex
envelope of W in (5.2) obtained in Conti, Dolzmann, and Kreisbeck, 2013b. Note that
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if det F = 1 then |Fvq|, |Fvz| > 1 and Fo; - Fop = 0 cannot happen at the same time
(see proof of Lemma 5). Moreover, since |Fos| = |Fos | is equivalent to Foy - Foy = 0
(see Lemma 7), we can simply write

Wiom(F) = x(max{|Fuvs|, |Fos|}) if detF =1, |Fvq|,|Fvp| > 1.

Theorem 8 (Homogenization via I'-convergence — general case).

Let (v1,v2) form a right-handed system with angle 20 € (7t/2, 7). Let the family (E¢)e
T-converge with respect to the strong L?(Q); R?)-topology to an integral functional E(u) :
L3(0;R?) — [0, 00| whose integrand is a function of Vu. Then E can be represented as

/\/ Wiom(N) dx  if u € W2 N L2(Q;R?), Vi = R(I + 161 @ e3),
Q
E(u) = R € SO(2), v € L?(Q)),

00 otherwise.

Here, N is given by the formula AN + (1 — A)R = Vu, and Wy,,,, : R**? — R is given in
part by

(|Fof2—1 if detF =1, |[Foy| =1,

|Fos|>—1 if detF =1, |Fuy| =1,

h(|Fus|)  if detF =1, |Foq|,|Foa| <1,

h(|Fovs|) if detF =1, |Fvy|,|Fvz| > 1and Fvy - Fup > 0,
Wt (|Fus|) if detF =1, |Fvq|,|Foa| > 1and Fo; - Fu, <0,
00 if detF #1,

Whom(F> =

where v3 = —(v1 + v2) /|v1 + v2|, and the functions h, h™ are defined by

) 1/2 2 5 172 . \?2
o= (1) mt) L = (o))
+ +

Note that this is a conditional and partial statement in the sense that it is assumed
that the I'-limit is an integral functional, while Wy, (F) remains unknown for matrices
F with either |Fvq| > 1, |Fva| < 1 or |Foi| < 1, |Foz| > 1. On the other hand, in the
orthogonal case 6 = 71/4, we always have min{|Fvy|, |Fvz|} > 1 for detF =1, and
both functions /& and k' reduce to the function x from Theorem 7.

The basic flow of the proof when the slip systems are orthogonal builds upon
the one proposed in Christowiak and Kreisbeck, 2017. In particular, in the proof
of existence of recovery sequences, we approximate a limit deformation gradient
(precisely, the matrix N in Theorem 7) as a rank-one convex combination of matrices
with finite energy. Since the set of admissible deformations is widened by increasing
the number of slip systems to two, the construction of rank-one convex combinations
needs to be revised. In addition, due to the higher complexity of the homogenized
functional, the simple approach adopted in Christowiak and Kreisbeck, 2017 of
reducing the construction of recovery sequences for general admissible functions for
the I'-limit to the the case of piecewise affine functions does not work. Similarly, the
fact that, unlike the problem with only one slip system, the homogenized functional
E has a different form from the original functional E. makes the proof of liminf
inequality difficult. Namely, the different form of the homogenized functional does
not allow to use the same method as in Corollary 2.5 of Christowiak and Kreisbeck,
2017 to pass to limit along a sequence of non-admissible deformations when proving
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the liminf inequality. Another essential complication in the proof of liminf inequality
is that a sequence converging to an admissible deformation can choose from two slip
directions at each point.

In this paper, we addressed the above issues in the following way. When proving
the existence of recovery sequences, we first show that, in general, if piecewise affine
functions are dense in the set of admissible functions for the I'-limit, it is sufficient to
deal with the case of piecewise affine limit functions. Subsequently, the piecewise
affine case is realized through the construction of rank-one convex combinations,
referring to Conti, Dolzmann, and Kreisbeck, 2013b. In order to prove the liminf
inequality, the energies of convergent sequences sliding in different directions at each
point are collectively evaluated by a judiciously chosen function f, defined in Lemma
2. The important point is that f can be chosen as a convex function. This function
f plays an intermediary role to connect the different forms of the original energy
density W and its homogenization Wj,,,. We show that the extra terms arising due
to this discrepancy between the densities can be estimated employing the function
f. The same approach generalizes to the problem with arbitrary angles between slip
directions.

Section 5.2 is devoted to the search for generalized convex envelopes (Dacorogna,
2008) of the energy density function in the general case of arbitrary slip systems.
Due to the interference of the slip systems, the envelopes are identified using certain
symmetries only in a certain subset of IR?*2. Based on this information, we then
reveal the form of the I'-limit for arbitrary slip systems summarized in Theorem 8.

5.1 Homogenization for Orthogonal Slips

In this section, we present the details of proof of the main result, Theorem 7, which
deals with the special case of orthogonal slip systems. We start with compactness,
continue with the proof of liminf inequality and finish with a construction of recovery
sequences, as outlined after the statement of main theorems.

51.1 Compactness

To begin with, we look at the asymptotic behavior of material with stiff layers in
the limit of vanishing layer width €. It has been described fully in the following
fundamental proposition quoted from Christowiak and Kreisbeck, 2017.

Proposition 4 (Weak limit of deformation of materials with stiff layers).
Let QO C R? be a bounded Lipschitz domain. Suppose that the sequence (uc)e C WY2(Q; R?)
satisfies ue — u in W(Q;R?) as € — 0 for some u € WV2((Q; R?) with det Vu = 1 a.e.
in Q), and

Viue € SO(2) ae in QNeYy, Ve >0,

with Y,iq defined in (5.1). Then there exists a matrix R € SO(2) and a function -y € L*(Q))
such that
Viu = R(I+ ye1 ®ey). (5.5)

Furthermore,
Vieley,,na — |Yrig|R in L*(O;R?). (5.6)

Remark 8. The function vy in (5.5) is independent of x; in the sense that its distributional
derivative 91y vanishes (Christowiak and Kreisbeck, 2017).
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Since any weakly convergent sequence (u¢). of bounded energy (E). fulfills
the assumptions of this proposition, one obtains a necessary condition on the form
of deformations for the homogenized material. Note that the conclusion of the
proposition is independent of the structure of slip systems in soft layers.

To prove compactness, we recall that the original energy has the form

{/ W(Vu)dx ifu e W2AL3(QR?) and Vu € Ke,
Ec(u) =< Jo
00 otherwise,
for a set Ke C L?(Q;R**?), where W : R?*? — [0,c0] has quadratic growth, i.e.,
W(F) > p|F|* — ¢ for some p > 0. When (u;); is a sequence satisfying Ee,(uj) <c
for some ¢ > 0 and all j, this implies that (||Vu;||;2); is uniformly bounded. Since
Jqujdx =0, (u;); is uniformly bounded in W'?(0); R?) due to Poincaré-Wirtinger
inequality. Therefore, we can choose a subsequence (u;); (not relabeled) to be weakly
convergent in W2(Q); IR?). Finally, using Rellich-Kondrachov theorem, we find that
(uj)j converges also strongly in L?(Q); R?) to a limit u € W'?((;R?) N L3 () R?). To
see that E(u) is finite, it is enough to note that the convergence u; — u in W2(); R?)

implies det Vu; X det Vu in the sense of measures and to apply Proposition 4 (cf.
Morrey, 1966; Reshetnyak, 1968).

5.1.2 Lower Bound

The following fact, which is a generalization of Corollary 2.5 from Christowiak and
Kreisbeck, 2017, plays an important role in the proof of the liminf inequality (4.3).

Proposition 5. Let Q) be a cube, to say Q = Q = (0,1)? for I > 0, and let (uc)e C
WL2(0); R?) be such that Ec(ue) < c forall € > 0 and ue — u in W?(Q);R?) for some
u € WY2(Qy; R?) with gradient of the form (5.5). If, in addition, u is finitely piecewise affine,
then .

liminf E (ue) > /\/Q Whom ()\

e—0

(Vu—(1- /\)R)> dx,

where Wi, is defined in (5.4).

In order to prove the assertion, we prepare a lemma, which will be used also later
on.

Lemma 2. Define the function f : R>*? — [0, 00) by

£(F) = max { (|For ~1),,, ([Foal? ~ 1), , x (max{|Fos], |Fos }) }.

Then f is convex and coincides with W on M and with Wy, on the set N := {F € R**?:
det F = 1}. Thus, Wy, is continuous on N

Proof. Since the maximum of convex functions is convex and (|Fvy|> — 1), (|Fva|? —
1)4 are convex functions, it is only necessary to confirm that the third term is a convex
function. This can be seen from the fact that x(z) is nondecreasing for z > 0 and
F — |Fo| is convex for any v € R?.

If F € M by symmetry we can assume that F = R(I + yv; ® v3). Then |Fo;|> —
1 =0, |[Fup|> — 1 = 92 and a short calculation shows that x(max{|Fuvs|, |Fos|}) =
x(v/1+ |7v] +9%/2) = 4%, which implies that f(F) = 4> = W(F). The coincidence
of f and Wy,,, on N follows from the results in Conti, Dolzmann, and Kreisbeck,
2013b (Step 2 in the proof of Theorem 1.1). O
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Proof of Proposition 5. In the following we can assume that u is affine in (). If other-
wise, we can slightly generalize () to be a cuboid instead of a cube, and apply the
same argument to each affine part of u. Indeed, since by Remark 8 the limit is a
function of x; only, each piecewise affine region is a cuboid.

Since Vu, — Vu in L?(Q;R?*?), and, by (5.6), Vue]leyﬁg — (1 -=A)R in
L?(0Q;R?*?), it follows that

Vieley,,, = Vu—(1-A)R in L?(Q; R**?), (5.7)

Define the sets Q. and Q2 via

[1/€]
OL:=(0,1) x ((i—1)e,ie) (i=1,...,[I1/e]), QY:=Q\ U 0.

Then || < e and since | [, Ve dx| < |Q’\1/2||Vue||Lz for O’ ¢ OY, we deduce

/ Viuedx -0 ase — 0. (5.8)
(@) ﬂeYsaﬂ

In the same fashion, max{(|Vucv1|> — 1)1, (|Vueoz|?> — 1)+} < |Vue|*> and
x(max{|Viucos], [Vitewd ) }) < 2/ Ve imply

f(Vue)dx < / 2 |Vuel’dx -0 ase — 0.
Qo Qo

Considering that f(Vu.) = 0 a.e. in €Y;;, N Q and that W(Vu,) = f(Vue) a.e. in
€Ys0t N Q) by Lemma 2, we have

liminf E.(u.) = liminf W(Vue) dx = hmmf/ f(Vue)d

€—0 €e=0  JeYnNQ €—0

11/¢]
= lim inf ( Z /ng eYSDﬂf(Vue)dx%— /ng(Vue)dx>

i=1

|1/€] 1
> i f el i
im 151 € Z f <)\el /ogm €Yot Vi x>

1 el
> limi ) N =
_l1rgL1Onf Ael - |1/€] f(U/eJ l; Ael Jognrev., Vuedx |,

where we have used the continuous and discrete form of Jensen’s inequality in the
last two steps, respectively. From (5.8), we may continue as

1 1
= Vi d
Ll/ej Ael an eYsoﬂ ue x)

=AlQ-f ( (Vu—(1— A)R))

= hglglf AQ - f (

= Q| Wiom (A(w —(1- /\)R)) .

Here, we employed (5.7) and the continuity of f in the second equality. ]
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We proceed to the proof of the liminf inequality. Let () be a cube, that is, () =
Q = (0,1)* for I > 0. The proof for the general case is done by approximating Q by a
finite number of cubes and taking the supremum in the resulting liminf inequality
over all such approximations.

Let (e)é fulfill €; — 0 as j — oo, and let (u;); be a sequence with u; — u as j — co
in L2(0); R?) such that (Ee;(u;)); is bounded. Then, similarly as in the compactness
proof (Section 5.1.1), the limit u € W?(();R?) satisfies Vu = R(I + ye; ® e3) for
some R € SO(2) and 7y € L*(Q).

If 7y is piecewise constant, Corollary 5 implies the liminf inequality, i.e.,

liminf E, (u;) > /Q Whom <}\(Vu - (1- A)R)) dx = E(u).

j—ro0

The general case v € L2(Q) can be reduced to the previous one through approximat-
ing 7y by piecewise constant functions. Since 7 is essentially a function of x; only
(cf. Remark 8), one can approximate < in one-dimension and extend it constantly in
the x;-direction. Let 7(¢) € C(0,1) be such a one-dimensional proxy for « fulfilling

7€ — | 12(0) < € and (¢ ,(f)) ¥ C L?(Q) be a approximation by simple functions for
7€) such that || — 7(€)|| < 1/k. By a diagonal argument we obtain a subsequence
Ok = g,(fk) that satisfies

S
gk — in Lz(Q) as k— 00, gk = ;Ckri]]'(tk,z‘—lztk,z‘)’
i=

where (t;_1,ty;); are divisions 0 = t;o < t1 < -+ < tg, = [ of the interval
(0,1). This approximation can be constructed so that the subdivisions are nested.
For {; obtained in this way, let wy € W?(Q;R?) N L3(Q; R?) be given by Vuwy =
R(I+ {re1 ®ep) for k € IN.

Adapting the method from Miiller, 1987, we construct (wj);, (wi;); € W N
L3(€);R?) weakly converging to u and wy, respectively:

wj —u, wy; — w Vk, bothin W2 (O;R?) as j — co. (5.9)
Furthermore, we require that (w;);, (w ;); are defined so that
Vwg; =Vw; ine€Y,,NQ forallj k€N, (5.10)

and so that there is a nondecreasing sequence of natural numbers (k(j)); diverging to
o as j — oo, for which

c
k(7)
holds for all k € N and all j > jy, where jo may depend on k. Here, c is a constant

independent of j, k.
To satisfy these conditions, we define (wy j); with zero mean by

1
IVwrj = Vil zome2) < 510 = Sy llz@) + (5.11)

M
VCUk,]‘ =R+ ;(Nk,i - R) ]lersufth]]‘(O,l) % ([E;ltk,(i—l)]ejltefltk,ij6]')’ (512)
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with Ni; € N defined from {; by
/\Nk,i + (1 — A)R = R(I + §k,iel X 62). (513)

Note that wy,; is well defined by its gradient since Ny ; and R rank-one connect along
all segments [0,[] x me;, m =1,...,[l/€;] (see Figure 5.2).

Thanks to the averaging lemma on weak convergence of periodic functions,
combined with the fact that the measure of the region around the lines [0, 1] x f ;,
where Vwy ; deviates from a periodic function, vanishes for j — co and fixed k, we
have

Nk
Vg = Y (ANgi+ (1= V)R) Lo pyw(te, 1) = VW in L*(Q;R¥?)
i=1

for every k € IN as j — co. Thus the second condition in (5.9) is fulfilled.

t/w'.n;‘. =1 i3
Nieny
Q=101
/1’ig_i(1 layer
<
" soft layer ’—filfi.- A,"lg
,1‘..2 ----------------------------------------------- =
Ni.o \fﬁlfﬁ'-‘ZJF
!?
S e Mtxale
L78  pe R mmmmmmmmmmomcooooo- €
§ c le Mt e
€YI Nyt
9= IT
Yot ] \If,l €
B N €
tko =10

FIGURE 5.2: A sketch of the function Vwy; defined in (5.12). For

simplicity we omit the index j in €;. As shown by gray shading, the

value of Vwy ; becomes R not only in rigid layers but also in certain
soft layers, namely those which contain a nodal point £ ;.

The idea to realize also the first condition in (5.9), together with (5.10) and (5.11)
is to use a diagonal argument to define w; := wy;) ;- Then (5.10) trivially holds.
Furthermore, to achieve (5.11), we set 1 := mmh(tk/h — txp—1) and estimate

[Vwy,j — Vwill2are2) = [[Vwgj — Vg ill 2o
ng k()
<X Z Niei = Nic1,0) 10,1 by 1.by) L0 % (1)
i=1h=1 12(Q)

1’l

R0
le Z Ny — R)1 0,1)x (tk(j),h—lftk(j),h)]]'(O/I)X(tk,i—lrtk,i)

/ 2ej
Ti(j)
The second term accounts for the discrepancy between Vwy ; and Vwy;) ; possibly

occurring in an €;-neighborhood of the jump lines f;;) 5, where we assume that j is
large enough so that k(j) > k. Note that since the divisions (#;); are nested when

L2(Q)
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k increases, the subintervals corresponding to { ;) are then a subdivision of those
corresponding to ;. Accordingly,

||VCUk] — V(U]HL2 Q.]RZXZ)

ny nk

Z Z Cki — 0l)X(tk(j),h—]ftk(j),h)]]'(Orl)x(tk,z‘—lztk,i)

i=1h=

| 2€;
] ngl Ol tk, 1tkl)
1
=1 18k — Tk Iz \/ HCkHL (5.14)

Therefore, to have (5.9) and (5.11), it is enough to find (k(j)); so that

12(Q)

L << Vi and  wy;; —u in WAHR?) asj— oo,

We next construct such a sequence (k(j));. Noting that (wy)x; and (wy)x are uni-
formly bounded in W'?(();R?), we let d denote a distance metrizing the weak
topology of W'?((2;IR?) in some closed sphere containing (wy,;)xj, (wi)x and u. Tak-
ing into account the weak convergence of w, ; to w, and the fact that (¢;/1,); is a
decreasing sequence for fixed p, we can find an increasing sequence (j(p)), C IN
such that j(1) = 1 and for p > 2,

1 €j

d (wpj,wp) < - and <

when j > j(p).
Tp

=
< |-

Then we define k(j) for j € IN as follows:

k()=p it jlp) <j<jlp+1) -1

For any 6 > 0, take p € N sufficiently large so that 1/p < min{1,d} and so that
for any k > p one has d(wy, u) < J. Then j > j(p) implies

d(wy(j) i u) < d(wij) j Wi()) + d(wj), u) <26,

and thus w; = wyyj) ; — u as j — 0. In addition, by construction of (k(j));, €/ T(j) <
1/k(j) for j > j(2), which in combination with (5.14) yields (5.11).
Now we set
Zk,]‘ = Ll]' — CU] -+ aJk/]‘
for j,k € IN. By (5.10), f(Vzk,]-) = 0 a.e. in¢€;Y,;o N ), where f is the function defined
in Lemma 2. By Proposition 4, for each k € IN,

vZk,j]lejl/”-g — (1 — /\)R in L2(Q; ]szz) as]' o0,

Also, thanks to (5.9), zj; weakly converges to the piecewise affine function wy in
WL2(();R?) as j — oo.

We now show the liminf inequality using the proof of Corollary 5 and the follow-
ing lemma.



5.1. Homogenization for Orthogonal Slips 49

Lemma 3. Let F = A + D, where D = Ry1e1 ® ey and either A = R(I + 20, @ v1) or
A = R(I+ y2v1 ® v2) for some 1,2 and R € SO(2). Then there exists a constant c, such
that

f(F) <|F> =2+ cg(A,D) (|A| +g(A, D)),

where ¢(A, D) stands for (ID|3 + |D|2)(|A|: + |A]2 + |D|i + |D|2).

Proof. We focus on the case |Avy| = 1,1i.e., A = R(I + 7202 ® v1) since the remaining
case |Avy| = 1is analogous. We can also assume R = [ since rotations do not change
any of the terms appearing in the inequality to be proved. First, we denote the

components of v; by (Ul(l) , 01(2)> and note that detF =1 — ’)q’yzvéz)vgz) and thus, in

view of |A| = 1/2 43, ID| = |71|, we have
|1 — (detF)?| < |DJ*|A]> +2|D||A]. (5.15)
Recalling that

f(F) = max{([Foi]2 = 1)+, (IFo22 = 1)+, x (max{|Fos|, [Fo$[}) |,

it is enough to prove the following 3 inequalities:

(|[Fvi|* = 1)4 < |F|* =2 +c(|D| + |D||A]), (5.16)
([Fo2> = 1)+ < [F]> =24 ¢|DJ|A], (5.17)
x (max{|Foal, [Fos }) < |F2 =2+ cg(4,D)(|A| +g(A,D)).  (518)

When |Fo;| > 1, since |F|> = |Fvy|? + |Fo;|?, inequality (5.16) follows from
—|Foy|> +1 = —|Avy + Doy > +1 < —(1 — |Dwy|)* +1 < 2|D|.
On the other hand, when |Fv;| < 1, (5.16) is again true due to |Av1| > 1 and
—|F? +2 < —(|Av1| = |Dv1])? = (1 = |Dva|)* +2 < 2(|D| + [ DI| A]).

The reasoning for the second inequality (5.17) is similar and we omit it.

To address the third inequality (5.18), we first notice that |Fus|? + |Fos |* = |F|*> =
|+ (7161 ® 2 + 1202 ® v1)|*> > |I|*> = 2, which implies max{|Fuvs3|?, |Fv3 2} > 1,
and hence we can omit the plus subscripts in x(z) = ((2z% — 1)3/ 2 —1)2 when
z* = max{|Fus|?, |Fos |*}. For brevity, we set x := |Fo1|?, 61 := |Foo|> — 1, 6 :=
|Fo1|?(|Foa]?> — 1) + 1 — (det F)?, and write

x (max{|Fos|,|Fos |})

2
= (\/|F01|2 + ‘F02|2 +2\/|F01|2|P02|2 — (detF)2 —1- 1)

2
= (\/x+5l+2\/x—1+52—1) -
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For now we assume that |Fv;|? > 1 to estimate

2
<\/x—|—(51—|—2\/x—1+(52—1> — (|[Fn|*—1)

2
_(\/x+](51|+2vx— +2 ’(52|—1> —(X—l)
2
(\/x— + |51|+2\/@> —(Vx—l)z

|51|+2\/|52| (2\/2(— + |51|+2\/|52’>/

where we used the fact that Vx +2v/x — 1 = v/x — 1 + 1. It remains to show that
x —1 = |Fo;|* — 1,6 and &, have the right order. In view of (5.15) this follows from

[Forl? =1=[(D+ A)ni[> =1 < D+ AP =1 < (ID] +|A])?,
01 = ||Dva 4+ Avz|* — 1| < 2|Dvy| + |Dop|* < 2|D| + |DJ?,
2 4
|62 < (ID| +|A])* (2|D] +|D|?) + |D|*|A]* +2|DJ|A] < ¢ (g(A, D))"

Next, when |Fovi|?> < 1, we set x := |Fv|?> > 1,61 := |Foi> =1 < 0and 6, :=
|Fop|?(|Foq]?> — 1) + 1 — (det F)?, where

6>, :=max{0,5,} < max{0,1— (detF)?} <2|D||A|.

+

Then an analogous estimation process leads to
X (max{|F03| | Fox |}) < |Fop|? — 1 +261/4 ( 2(x—1) + 5;(4> ,

which is the desired estimate in view of having already estimated |Fv,|? — 1. O

In view of (5.12), we know that Vwy ; is equal to R in rigid layers and either

Nii = R(I+ %el ® ez) or R in soft layers. Since w; = wyj), is a subsequence, it
satisfies the same property and thus

0 in QN €an‘g

Vwj = Vwy; = { Rier®er inQNeYop

for some ¥ € R.

Hence, we may apply Lemma 3 to F := Vz; ; decomposed as F = A + D, where
A:=Vu; € MandD := Vwy; — Vw;. Combined with Holder’s inequality, with the
boundedness of ||Vu;l| 2, r2), [|0k[l12() and with the estimate (5.11), this yields

/Qf(VZk,j) dx < /Q (IVzej|* —2) dx +cl| Vg — ijHg?Q;]szz)

1/4
1
2
< /Q (IVzrj|* —2) dx +c <||Ck—Ck(j)HL2(Q)+k(].)> :
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Using triangle inequality and the uniform boundedness of |Vw; — Vw12,
IV 12 and |Gk — Ck(j) |l 12, we get

liminf E, (1;) = liminf (|Vzk,j + (Vwj — Vay)|* — 2) dx

]—)00 ]—>oo

> liminf </ (’VZk,j‘z - 2) dx — ¢ HVLU]' — va)k,jHLZ(Q;Isz))
Q

]—00

1/4
> limint (/Qf(vzk,]-)dxc<ékCk(j)L2<0>+k(]-)> )

> liminf f(VZk])dx CHgk—’YHl/4

]*}00

> E(wy) —cl|Cx — 7”1/4

where the last estimate can be shown as in the proof of Corollary 5 due to the
weak convergence of (z;;); to the piecewise affine function wy together with the
convergence Vzk,jllejyﬁg — (1 — A)R. Therefore, taking limes inferior as k — co, we
arrive at
liminf E¢;(u;) > E(u)
]%oo

because E(wy) f Q f(Vwy) dx, which is a lower semicontinuous functional thanks
to the convexity of f (Benesové and Kruzik, 2017; Kristensen, 2015). O

5.1.3 Recovery Sequence

Let u € W2((;R?) N L3(Q;R?) be such that Vu = R(I 4+ ye; ® e3) = AN + (1 —
AR with R € SO(2), N € N and ¢ € L?(Q). The goal of this section is to show
the existence of a sequence (uj); C L3((%;R?) such that u; — u in L?(();R?) and
Ee;(uj) — E(u). The idea of constructing such a sequence would be to take a function
w € W NLY(Y;R?) with Vi = Rly, + Nly, ,, in Y, extend it periodically and
set Vie(x) = Vw(%) for x € Q. Then the laminate Vi, converges weakly to
AN + (1 — A)R, as desired. However, since N may not belong to the admissible
set M, this construction needs to be refined by grafting into the soft layer another
laminate between two matrices from M to replace the matrix N (see Figure 5.4).

To realize this goal, we first prove in Section 5.1.3 (Lemma 4) that it is in fact
sufficient to construct recovery sequences for piecewise affine limit functions u, i.e.,
piecewise constant functions . This result can be generalized to the L?-setting for
p > 2. Then we address the construction of suitable laminates approximating N in
Section 5.1.3 and, finally, construct recovery sequences for constant and piecewise
constant functions 7.

Recovery Sequence for General v € L?(Q))
Lemma 4. Let (Ec)e : W2 N L3(Q;R?) — [0, 00] be a functional family and let E :
L3(C;R?) — [0, 00] have the form

/ Whom (Vu)dx if u € K,
Q

e otherwise.

E(u) =
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Here, K is a subset of WY N L3(Q); R?) such that the set of finitely piecewise affine functions
belonging to K is dense in K. Further, the integrand Wy, : R>*? — [0, 00| is a continuous
function on £ := {Vu(x) : u € K,x € Q} with the growth Wy,,,(A) < u|A> + ¢ for
some u, c > 0andall A € L.

If for any finitely piecewise affine u € K there exists (uj); C W2 N L§(C;R?) such that
uj = win WY(Q; R?) and Ec,(uj) — E(u), then such a sequence exists for any u € K.

Proof. For a given u € K, let (w;)y C K N WY®(Q;R?) be a sequence of finitely
piecewise affine functions such that wy — u in W%?(Q);R?) as k — co. We show that

lim E(wy) = E(u). (5.19)

k—o0

For a« with 0 < &« < 1 we define

Of :={x € Q: [(Vwy — Vu)(x)] >a} and QF°:=Q\OL. (5.20)
Then
lim |Q2| = 0. (5.21)
k—o0

Now, let k € IN be fixed and consider u as a function over Q,lc’o. By assumption, Wi,
is uniformly continuous on the set £L N {F € R**2 : |F| < IVt]] o 10 gy + 1}
k r

Note that by (5.20), Vu(x) and Vwy (x) belong to this set for all x € Q,l’o N Qz,’o and
for all K € IN. Therefore, for any € > 0 one can find a sufficiently small a(k, ¢) such
that for every k' € IN,

|Whom(Vwk/) — Whom(Vu)| <eg in 011{,0 N QZ/’O.
It follows that
/Q g Mo (V) 5 < €00 N OO 4 /Q ey MoV (62)
K ¥
Hence, by the growth assumption on Wj,,,,

E(we) < |

Vawp]* + d+/ Wiom (V) dx.  (5.23
Q;U(Q}('Omﬂg,) (‘u| Wy | C) X QN O hom (Vwy) dx ( )

K/

The convergence Vwy — Vu in L2(0Q); R?*2) together with (5.21) imply that the first
term on the right side converges to |, ol (4| Vu|? 4 ¢) dx when k' — co. Similarly, in

view of (5.22),

. 1,0
hgljolip /Q,l'om - Wiom (Vwy ) dx < || + /Q}(O Wiom(Vu) dx,
so that (5.23) yields
limsup E(wy) < / (| Vul|* +c)dx +€|Q + / Whom (V) dx.
k' —o00 o Q
Taking ¢ — 0+ and k — oo, we get from (5.21),
limsup E(wy) < / Wiom(Vu) dx.
0

k' — 00
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An analogous argument, exploiting the nonnegativity of Wj,,, in place of the growth
condition, leads to the opposite inequality for the lower limit, and we conclude

lim E(wyg) = E(u). (5.24)
k' — o0
By assumption, we can obtain a recovery sequence (wk/j) j for wy such that
lim;j o E¢;(wy;) = E(wy) and wy; — wy in WY(Q;R?) as j — oo for all k € IN.
By Rellich-Kondrachov theorem, (wy ;); can be assumed to converge to wy strongly
in L2(0); R?). Combining this with limy_,, ||wy — ull2(r2) = 0 and with (5.19), we
have
Jimm tim ([l — ullizeme) + |Ee () = EQo)]) = 0.

A simplified version of the diagonalization argument introduced in the proof of the
liminf inequality (see also Attouch, 1984, Cor. 1.18), yields the existence of a sequence
(uj); such that u; = wy ;) ; and

wj—u in L*(O;R*)  and  E(uj) — E(u)

as j — 0. It remains to show that u; converges to u weakly in W12(0);R?). This
follows by noting that any subsequence of (u;); contains a subsequence weakly
converging to u. O

We verify that Wy,,, given by (5.4) satisfies the assumptions of Lemma 4. Indeed,
since K = {u € W NL3(;R?) : Vu = R(I+ve; ®ez),R € SO(2),7 € L*(Q)},
taking an arbitrary u € K we see that Vu = R(I + ye; ® ep) for some R € SO(2)
and this v is independent of x; due to 0 = curl Vu = —(97/9x1)Re; (see Remark 8).
Hence we may use a one-dimensional approximation of y by a sequence of simple
functions (y)x, i-e., {x — 7 in L?(Q). Then the vanishing curl of R(I + {xe; ® ey)
guarantees the existence of a piecewise affine wy, € W'?((); R?) with Vw, = R(I +
{ke1 ® e) and with mean value zero. In combination with Poincaré’s inequality we
have wy — u in W2(Q;R?>*?), as desired. Moreover, the continuity of Wy,,, on £
follows from Lemma 2 and the relation £ C N.

Remark 9. For the specific form of energy that we have, one can directly show that it is locally
Lipschitz continuous in -y (see below for details). Namely, there is a constant ¢ depending
only on A such that

Whom (71) = Whom (72)| < c(X+ |71l + [v2D)lv1 =72l V71,1 €R,

where we abuse notation to write Wy, (7y) instead of Wy, (Vi) when Vu = R(I + yeqr ®
e2). This fact allows for a simpler proof in the sense that the argument leading to (5.24) can
be skipped.

(Proof of Remark 9.) Let (a,b) stand for the components of the vector v;.
Then v, has components (—b,a). For Vu = R(I + ye; ® e2) we have N =
R(I+ (y/A)e1 ®ep) and thus

2 2
2 Y 2’)/ 2 Y 2’)/
|NUZ| —1_2abX+ﬂ ﬁ/ |N01’ —1+2abx+b ﬁ’
2
IN(v1 £02)? = Ziz%(aﬂ — )+ %(1 + 2ab).
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Then for ab > 0,

b
INvp| <1 & OS’)/SZ)\;

a

No <1 & 225 <9<0
INva|, [Ny | > 1 & 722/\% or yg—u%
bz—EIZ
IN(v1 +v2)| > [N(v1 — v32)] & 'yZmax{O,/\ pr2 }
b? — a?
< mi ,A ,
or 'y_mm{O o2 }

where the last inequality [N (v1 + v2)| > |N(v; — v2)| always holds when |[Nv,| > 1
and |[Nv;| > 1. An analogous calculation is done for the case ab < 0 leading to the
following expression for Wj,,,, when ab > 0:

2ab%+b2%§ when 0 < <27t
Woon(N) = { —20bF +’%  when —21f <9 <0
<\/(1 +2(a? =023+ (1 Zﬂb)%ﬁﬁ B 1> otherwise,
+
and when ab < 0:
2ab} +bz%§ when 208 <4 <0
Wiom(N) = —2abT + az}—i when 0 <y < —2A¢ 2
<\/(1 +2(0 —a?)f + (1 - Z”b)%zﬂ - 1> otherwise.
+

The + subscript can be removed in the given ranges because, for example in the
setting ab > 0, for y > 2A(b/a) one can estimate

2 b

2
1+42(a® =)L+ (1+2ap) L = (1+%) +2ab” (7—2a> >1,

A A? A\A

and similarly for the remaining cases.

25
(

FIGURE 5.3: Graph of W, as function of +y for v; = (1/2,/3/2) and
A =0.5.
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Estimating the derivative with respect to v when ab > 0, we see that

oW, ab _b? 2

b. h .

Plor0s s Ay ‘a{” = 2/\+2A27’§)\2(1+M>
IaW, ab a? 2

¢ for —2Ap <7 <0 ’ a,;m = ’_ZA +2ﬁ7 < /\*2(1+|'Y|)

e otherwise: setting R = \/1 +2(0? —a?)T 4+ (1 - 2ab)}—§ >1,

b2 —a? + 1—2ab

=2(R-1)-2 R” T

‘ 9 Whom

2
< — .
- < 51+ 1)

The computation is analogous for ab < 0. This means that there is a constant c(A)
such that for all y1,72 € R,

[Wiom (71) = Whom (72)| < c(1+ 71| + [7v2])[v1 — 72l

Laminate Constructions

Thanks to Lemma 4, it suffices to address the case of piecewise affine functions u, or
equivalently, piecewise constant functions 7. As mentioned above, the underlying
idea requires the construction of simple laminates between matrices with finite
energy E.. For this purpose, in this section we first prove that the domain A of the
homogenized functional E, i.e., the set of matrices with unit determinant, is contained
in the rank-one convex hull of M, that is, any N € A can be represented by a
convex combination of matrices in M that are rank-one connected. In this way, we
can construct a simple laminate whose gradient lies in M and which, with period
approaching to zero, weakly converges to a given N € N.

Lemma 5. Fora given N € N, there are Fy, F_ € M satisfying rank(F; — F_) = 1 and
u € [0,1] such that
N=puF, +(1—pu)F- (5.25)

and

(i) if min{|Nwv1|,|Nv2|} > 1and Nvy - Nvp > 0 then N(v1 +v2) = Fy(v1 +1v2) =
F_(v1 +v);

(ii) if min{|Nv1|,|Nvz2|} > 1 and Nv; - Nv, < 0 then N(vq1 —v2) = Fy (v —v2) =
P_(Ul —Uz),’

(iii) if [Nvy| < 1then Nvy = FLvy = F_vp;
(iv) if |[Nvy| < 1then Nv; = Fyv; = F_v;.

Proof. First, let us confirm that the above cases (i)—(iv) cover all possibilities, namely,
that min{|Nv1|, |[Nv2|} > 1 and Nv; - Nv, = 0 cannot hold at the same time. Indeed,
if Nv; - Nvp = 0 then Nv; and N, are orthogonal, and since det N = |Nv;||[Nvp| =1,
we get min{|Nv;|, [Nv2|} < 1, which contradicts our assumption.
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To begin with, we focus on the case (i) and introduce the function ¢(t),f € R
following the idea of Conti, Dolzmann, and Kreisbeck, 2013b:

@(t) := |Ni(vq —vz)lz — |N¢(vq +vz)|2, where N;:= N(I+t(v1+v2) ® (v1 — v2)).

¢ is a quadratic function with ¢(0) = —4Nv; - Nv, < 0, and while N;(v1 + v2) is
a constant with respect to t, the term |N;(v; — v2)| diverges to +co when t — £oo.
Hence, we can determine two finite values f_, ¢, witht_ < 0 < ¢ as

t_=infA, t. =supA,

where
A :={t € R: min{|N;v1],|Nyv2|} > 1and ¢(t) < 0}.

Since |N;v1|> — 1, |N;v|? — 1 are quadratic functions of ¢, and so is ¢, the set A is a
union of a finite number of open intervals, and is not empty because 0 € A.

We see that t— = inf A implies that min{|N; v1|,|[N; v2|} = 1 or ¢(t_) =0
holds but, in fact, in either case min{|N; v1|,|N; v2|} = 1 holds. Indeed, when
@(t_) =0, the vectors N; v; and N; v, are orthogonal, which in view of detN; =1
implies min{|N; v1|, [N; v2|} < 1and so min{|N; v1]|, |N; 02|} = 1. From this and
the definition of M, we have that N;_ € M and an analogous argument leads to
NtJr e M.

Now we define F1 := N, . Since N = Nj is the point that internally divides
the line segment Ny, t € [t_,t;] connecting F_ and F, into —f_ : t,, setting y =
—t_/(ty —t_) yields (5.25). In addition, the property (i) is satisfied because N;(v; +
v) is constant in ¢.

The case (ii) is proved in an analogous way, considering the function

@(t) = |[Ne(v1 + vz)]2 — [Nt(vg — vz)\z, where Ny = N(I+t(v1 —v2) ® (v1 + v2)).

The argument for cases (iii) and (iv) can be reduced to the setting of single slip, which
is proved in Christowiak and Kreisbeck, 2017, Lem. 3.3. In particular, when N € M,
we may take Fy = F_ = N. O

We notice that by the definition of ¢_, t, the function t — W, (N¢) is constant
in [t_,t;]. Moreover, for F € M we have W, (F) = |Fo1|> + |Fop|> —2 = W(F).
Hence, when min{|Nv;|, [Nvz2|} > 1 we have

Wion (N) = W(ES) = W(E). (5.26)

This is true also when min{|Nwv; |, [Nv|} < 1, as shown in Christowiak and Kreisbeck,
2017, Lem. 3.3.

The following two theorems are taken from Conti and Theil, 2005; Miiller and
Sverék, 1999, respectively. In combination, they allow us to approximate a matrix
N € N by a simple laminate of finite energy, while preserving boundary values.

Theorem 9. (Conti and Theil, 2005, Thm. 4) Let F,, F_ € R*>*?> with detF, = detF_ =1
and rank(Fy — F_) = 1and p € R? be such that |Fyp| = |F_p| and Fyp # F_p.
Moreover, let Q) C R? be a bounded domain and fix u € (0,1).

Then for any 6 > 0, there are hy > 0 and Qs C Q with |Q\Qs| < & such that the
restriction to Q)5 of any simple laminate between the gradients F, and F_ with weights y and
1 — p and period h < hg, can be extended to a finitely piecewise affine function vs : Q — R?
so that Vvs = uFy + (1 — u)F- on 9Q), detVous; = 1, |(Vos)p| < |Fyp| = |F-p|, and
dist(Vos, [Fy, F-]) < & on Q, where [Fy,F_] = {tFy + (1 —t)F_ : t € [0,1]}.
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Note that the vector p appearing in the theorem exists and is unique up to scaling,
cf. the proof in Conti and Theil, 2005.

Theorem 10. (Miiller and Sverdk, 1999, Thm. 1.3) Let K C {F € R**? : detF = 1}.
Suppose that (U;); is an in-approximation of K, i.e., the sets U; are open in {F € R**? :
det F = 1} and uniformly bounded, Uj is contained in the rank-one convex hull of U; 1 for
every i € IN, and (Uj;); converges to K in the following sense: if F; € U; and |F; — F| — 0
asi — oo then F € K.

Then for any F € Uy and open domain Q) C R?, there exists u € WV (Q; R?) such
that Vu € Ka.e.in Q and u = Fx on oQ).

Using Lemma 5 and the above two theorems we prove the following approxima-
tion result that will be the basis for our construction of recovery sequence.

Corollary 1. Let QO C R? be a bounded domain. If N € N\M, let F,,F- € M and
u € (0,1) be as in Lemma 5, otherwise let Fy = F~- = N € Mand y € (0,1).

Then for every & > O there exists Q5 C Q with |Q\Q;| < § and u; € W2 (Q;R?)
such that us coincides with a simple laminate between F, and F_ with weights yand 1 — p
and period hs < 6 in Qs , Vus € Ma.e. in ), and us = Nx on 0Q). Moreover, there is a
constant ¢ depending only on N, such that for any 6 € (0,1),

|Vus| <c ae in Q. (5.27)

In particular, Vus — N in L2(Q; R**?) as 6 — 0.

Proof. The proof requires addressing the four cases for N in Lemma 5 separately.
Here we deal with the case (i) only, since a similar argument applies to case (ii), while
cases (iii) and (iv) were treated in Christowiak and Kreisbeck, 2017, Cor. 3.7. For the
given F,,F_ and § > 0, Theorem 9 with this é and p taken as v + v; yields a finitely
piecewise affine function v and a set ). Since dist(Vuvy, [Fy, F-]) < dand 0 < < 1,
there is ¢ > 0 independent of J, such that

|Vousql <c ae. inQ for g =1v1+ 02,01 — vy, 01,05

The desired function u; is obtained as a result of applying Theorem 10 to modify
v; in the finitely many subsets of Q \ Q)5 where v; is affine (and Vovs does not belong
to M). Take any such subset S and first assume that Vv, satisfies the conditions
of case (i) in Lemma 5, i.e, min{|Vvsv1|, |Vovsvz|} > 1 and Vosv; - Vogu, > 0 on
S. We apply Theorem 10 to the in-approximation (U?); of K := M N{F € R>*?:
|F(v1 +v2)| <¢, Foi - Fop > 0} defined as

Ul :={F:detF =1,|F(v; + v2)| < ¢, |Foy| > 1,|Fvz| > 1,Fvy - Fop > 0}
N {F € R2*2: |Foy| < 142707V or |Fop| < 1 +2—<f—1>}, ieN.

By shifting the index 7 if necessary, we may assume that Vo; € U? in S.

In order to apply Theorem 10, it remains to show that (U?); is indeed an in-
approximation of K. When |F; — F| — 0 for F; € U?, it is easy to see that det F = 1
and |F(v; + v2)| < cand Fo; - Fup > 0. In addition, we see that either |Fv;| = 1 or
|Fvo| = 1 holds. Indeed, assuming that there is a subsequence (F;, ), that satisfies
1 < |F,01] < 1+ 271 for all k, we obtain |Fo;| = 1. If this assumption is false
and there is only a finite set of values k for which 1 < |F,v1| < 1+ 2-(=1) holds,
from the definition of U? there must be an infinite subsequence (F, )y satisfying
1 < |F,va| < 1+277D for all k. But then |Fo,| = 1.
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Next, we prove that Uf is contained in the rank-one convex hull of llf - Let G €
U¢ and set G; = G(I + t(v1 + v2) @ (v1 — v2)). Then we have |G (v1 + v2)| = |G(v1 +
v7)| < cfor any t € R. Defining t_, t; as in Lemma 5, in view of the continuity of
|Gtv1], |Grvz| as functions of ¢, one can find RIS tf:rl < t; close enoughtot_,
t1 so that min{|G,inmv1],|Gmiva|} <1+27" and min{‘Gti_:rlU]‘, ’GtijvaI} <1+270
Also, due to the definitions of t_ and ¢, Gti++1 Uy - Gti:rl v > 0. Then Gt,'_ﬂ, Gti++1 € Uf ny
and G can be written as a rank-one convex combination of G,i+1 and Gtz:rl.

Now Theorem 10 allows us to modify vs in S to obtain a function u;, which
satisfies Viy; € M and |Vus(vy +v2)| < cin S.

The case when min{|Vuv;v1|, |Vusva|} > 1 and Vosv - Vosv, < 0 is handled
analogously. One just needs to modify K, U?, and G; appropriately by interchanging
the roles of v; 4+ v, and v; — vy, and switching the inequality Fv; - Fv, > 0 to Foy -
Fv, < 0in the definition of LI{S .

The case when min{|Vuvsv1|, |Vusv2|} < 1in a subset S can be reduced to the
proof of Conti and Theil, 2005, Lem. 2. For example, when |Vovsv1| < 1, this yields
Vus € M;j satisfying |Vusva| < ¢ in S. Similarly, when |Vousvz| < 1, we have
Vus € My satisfying |Vusv1| < cin S.

Finally, to prove (5.27), we recall that Vu; coincides with Vv in )5 and thus
satisfies |(Vus)(v1 + v2)| = |N(v1 + v2)| a.e. in Q5. On the other hand, Vu; on
subsets S of Q) \ ()5 was constructed so that it fulfills one of the following four
conditions: (i) Vus € M and |(Vuy)(v1 +v2)] < ¢, (ii) Vus € M and |(Vug) (v —
v2)| < ¢, (iii) Vus € My and |Vusvy| < ¢, (iv) Vus € My and |Vusvp| < c. Therefore,
for 6 < 1, in either of the four cases both | V02| and |Vusv1| are uniformly bounded
with respect to J in terms of N, from which (5.27) follows. O

Recovery Sequence for Constant vy

Let 7 € R be constant and define N € A through
AN+ (1 = A)R = R(I + ye; ® e3). (5.28)

With this definition, Ne; = Rej holds, and thus laminates parallel to the direction of
e can be constructed. For € € (0,1) let ¢! € WY°((0,1) x (0,A); R?) be obtained by
applying Corollary 1to Q) = (0,1) x (0,A) C R?> and N with 6 = €. We then define

pel(x)i= ¥ (@tx =) = N(x—1)) Lisonuony ¥ € RS

ieZ?

so that ¢ is Y-periodic. Next we set zc = w + @¢, where w € when Ly (R%R?) is

loc
such that Vw = R1y, + Nly_, (see Figure 5.4). Because Vg, — 0in [? (R%R?*?)
ase — 0,

oft loc

Vze = Vw inL} (R%R>*?). (5.29)

loc

If ue € W2(Q); R?) with mean value zero is determined by

X
Viue(x) = Vze <E> , xe,
the functions u. are admissible for E. in view of Vue = R € SO(2) in €Y,;, N Q) and

Viu, € Ma.e.in Q.
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Y

R e SO(2)

FIGURE 5.4: Structure of Vz, in the unit cell Y. Corollary 1 is used to
graft a simple laminate into the soft layer, so that the surrounding area
is smaller than €. Here, 4 € (0,1) and Fy, F_ are as in Lemma 5.

By (5.29), when e — 0,
Ue — / Vwdx =AN+(1—A)R=Vu in L?(Q;R*>*?). (5.30)
Y

This weak convergence is proved using a nonstandard averaging lemma (see Lemma
6 below). Recalling (5.27) yields uniform boundedness of || Vz,| 1~ for 0 < e < 1. It
follows from the continuity of W on M that |[W(Vue)| = [W(Vze(e71x))| < c ae.
in () for some ¢ > 0 and for all 0 < € < 1. We wish to investigate the limit

lim Ee(ue) = lim | W(Vze(e %)) ey, 00 dx. (5.31)

e—0 e—0J0O

Let Qe C Q) be the open set where Vi, is a simple laminate. Then V. takes value in
{F,F_-} on Q¢ and in M on O := (€Y, 5 N Q) \Qe. Using (5.26),

(5.31) = lim (/ Whom (N dx+/ W(Vze(e %)) — Wiom(N )) dx> .
e—=0 GYsoﬂﬂQ

The first term converges to A|QY|Wj,,,(N) when € — 0 due to the averaging lemma.

On the other hand, the second term converges to 0 when € — 0 due to |Q%] — 0 and

the uniform boundedness of the L*-norm of the integrand. We conclude that

lim Ee(ue) = )‘|Q‘Whom(N) = E(”)'
e—0

Here we provide a detailed account of the nonstandard averaging lemma used above.
The standard averaging lemma is a special case of the following claim.

Lemma 6 (Averaging lemma for “doubly oscillating” sequences).
Let Q) be a bounded open set in R", and let ge € L% (R") be Y-periodic functions, where Y
is an n-cube. If g — g in L*(Y), then

Se (g) — (g) = |1m/yg(x) dx in L*(Q).
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Proof. We prove this theorem by generalizing the proof for the standard averaging
lemma in Berlyand and Rybalko, 2018, see also Lukkassen and Wall, 2002. Since
C5(Q) is dense in L2(Q2), we only need to prove the following for every 6 € C§°(Q)):

/ge L) (x)dx — <g>/09(x) dx. (5.32)

First, we show the uniform boundedness of g.(x/€) in L2(Q)). To this end, we
introduce the notation €Y; := x{ + €Y, where x{ € eZ" N, ie., {x,i € Z} is the
set of grid points separated by the distance €. Then

flee@Par= [ lee2)Par< Gl [lactferay = olaelis
Since gc — g, there is C > 0 such that
18 (£) 720y < C. (5.33)
We define a piecewise constant interpolation of 6 by
Oe(x) =0(x5), xe€eYinQ.

By Cauchy-Schwarz inequality and (5.33),

[ lge (2) (606) = 0| dx < e (2) 1019 = 8clizen < €O =l
(5.34)
Since 6 has a compact support in (), making € small enough we can ignore cubes €Y;
intersecting the boundary d(). Thus,

/ e (2) del) dx =1 / ge (2) 0c(x) dx = (g¢) / (x)dx.  (5.35)

In view of |0 — 6cll;2(0) — 0 and (ge) [ 0e(x) dx — (g) [ 0(x)dx as e — 0, the
convergence (5.32) follows from (5.34) and (5. 35) O

Recovery Sequence for Piecewise Constant vy

In this step, we prove the existence of recovery sequence for (finitely) piecewise affine
u. To begin with, assume that Q = (0,1)?> C R? with I > 0. Since 7y is essentially a
function of x; only, 7y can be expressed as a one-dimensional simple function

n

,)/(xll t) = Z’)/i:ﬂ‘(t,'_],t,‘)(t)’ te (O’l)'
i=1
withy; €R,i=1,...,nand 0=ty <ty < - - <t, =1L
Let N; € N be the matrix corresponding to v; via (5.28). We define u, €
W12(0); R?) with mean value zero by

n
Vie := R+ ) (Vitie = R)Lev, ,na LR x ([e-1t;_1Te e~ Je)
i=1

where (u;c)e € WY2((0,1) x (t;_1,t;);R?) for i € {1,...,n} are the recovery se-
quences corresponding to ; constructed in Section 5.1.3. Note that u. is well defined
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since Vu;e and R rank-one connect along all segments [0,1] x je, j = 1,...,|l/€]
(also see Figure 5.2).
For ¢ € L?(Q)),

Vite =V d :/ \Y ie_v d
/(O'Z)X(filffi)( e u)pdx (O,I)x(k*lt,;ﬂe,Le*ltiJe)( i u)g dx

+ / (R—Vu)pdx
(O1)x (ti—1,t:)\(01) x ([e~ti_1]e, [~ Hi]€)
By (5.30) the first term on the right-hand side converges to 0 as € — 0, while the

second term converges to 0 due to vanishing measure of integration domain. It
follows that

n

Vue — Z()\Nl + (1 — A)R)]l(ofl)x(tifl,ti) =Vu in Lz(Q, ]RZXZ)_

i=1

Similarly, for the energy contributions, it follows that

/ W(Vue)dx = / W(Vu;,)dx
(01)x(ti-1,t:) 1) x(feti1]e et ]e)

+ W(R) dx.
(0,1)x (ti—1t)\(01) x ([e"1t;_1]€, | e 1ti |€)

As € — 0 the first term converges to A(t; — ti—1) Wy (N;) in the same way as in
Section 5.1.3, and the second term is equal to 0. This implies

n
ll_l‘)l’(l) o W(Vue) dx = A ;(ti — tifl)whom(Ni) = E(M)

To generalize to a simply-connected Lipschitz domain (), just fill () with overlap-
ping cubes and glue the gradients properly.

Remark 10. We remark that routine technical modifications can be done to deal with the
problem with Wyos;(F) = ) + 7} for F € M, where p > 2. On the other hand, the variant
of our problem, which consists in adding a linear term |y1| + |7y2| to the energy density,
remains fully open for the setting of more than one slip system (but see Davoli, Ferreira, and
Kreisbeck, 2021 for an analysis in the BV space). This term represents dissipative contribution
and is thus vital for addressing the evolution problem (Carstensen, Hackl, and Mielke, 2002;
Davoli and Francfort, 2015; Ortiz and Repetto, 1999), for example, in the framework of
rate-independent systems (Mielke and Roubicek, 2015; Davoli, KruZzik, and Pelech, 2022;
Stefanelli, 2009). For the problem with one slip system, the authors of Christowiak and
Kreisbeck, 2017 were able to identify the T-limit in the particular case of slip direction parallel
to the layers (see Theorem 6) by noticing a special structure leading to strong convergence
of rotations and hence weak convergence of slips. However, for two slip systems, the trick
to show strong convergence of rotations is not available. On the other hand, numerical
simulations of Drozdenko et al., 2022 were successful in capturing the real phenomenon using
the homogenization analysis of Christowiak and Kreisbeck, 2017 but dealing with the linear
term a posteriori.

5.2 Envelopes for General Slip Systems

Our homogenization result in the previous Section relies on the construction of gener-
alized convex envelopes. For the problem with a single slip direction or the problem
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with two orthogonal slip directions, the rank-one convex envelope of energy density
in the setting of rigid plasticity have in common the usage of first-order laminates,
i.e., rank-one convex combinations of matrices with finite energy. When there are two
orthogonal slip systems, first-order laminates yield the rank-one convex envelope
(Conti, Dolzmann, and Kreisbeck, 2013b), which allows for the full identification of
the corresponding I'-limit. In this case, this rank-one convex envelope in fact matches
the polyconvex envelope and the quasiconvex envelope as well. This is not true for
the spatial dimension 3 (Conti, Dolzmann, and Kreisbeck, 2013b). In this section, we
extend the results from Conti, Dolzmann, and Kreisbeck, 2013b to arbitrary two-slip
systems. Although the basic ideas are essentially contained in Conti and Dolzmann,
2016; Conti, Dolzmann, and Kreisbeck, 2013b, we believe that for the convenience
of the reader it is worthwhile to provide the particular details related to the setting
considered in this paper.

To fix the notation, let unit vectors vq, v, be such that (v1, v2) is a right-handed
system and the angle between v; and v, is 20 with /4 < 6 < /2. Further, let

v = — LT 02 (5.36)
|1 + 02|

denote the unit vector dividing in half the larger angle between v; and v;. For later
use we note that

10y =cos20, v1-v3 =10y U3 = —cosH, vy- vé = —0y- vgf = sin#. (5.37)
Considering the energy density

|F|2—2 if Fe M{UM,,

00 otherwise,

W(F) = {

where
M;:={FeR¥?: detF =1, |[Fy;| =1}, =12,

the main result of this section reads as follows.

Proposition 6. The rank-one convex envelope W', the polyconvex envelope WP* and the
quasiconvex envelope W1° of W fulfill

W'(F) = WF*(F) = WT(F) = {h(|FU3|) if F e AUNT NN,

nh(|Foy|) ifFe A,
|Fo{|?—1 if detF =1,|Fvy| =1,
|Foy|>—1 if detF =1,|Fov,| =1,
h(|Fosl) ifF e AU(N1NN),
hi(|Fot|) ifFe Al

Furthermore,
W'(F) = WPY(F) = +o0 if detF # 1.
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Here the sets N1, N, A, A, are defined by
N; = {FeR¥?: detF =1, |Fy;| <1}, i=1,2,

A = {F € R?**?: detF =1, m%rZ1|Fvi| > 1, Foy - Foy > 0},
i=1,

A = {F € R?*?: detF =1, m%r%]Fvi| > 1, Fvy - Fvy < 0}.
i=1,

We recall that  and h' were defined in Theorem 8. For the purposes of this
Section, we extend them as (see Figure 5.5),

B 1+ 22 —2cosfv/z2 —sin%0 B

h*(z) : — 2 forz € [sinf,c0),
sin“ 0
2 9ain Ov/72 — cod?
e (z) = 142 25;259292 cos”9 —2  forz € [cosf,c0).

Then one easily checks that

_Jo ifz€[0,1] L. JoO ifz € [0,1]
hz) = {h*(z) ifz>1 ' )= {h“(z) ifz>1 ' (5-38)

and that

h(z) < h*(z) forz € [sinf,0), and h*(z) < h'*(z) forz € [cosf, ). (5.39)

9
8
7
6
5o
4
3
2
1
0

h sin 6 i

0 cos 6

L . . ! . . . .
<02 0 02 04 06 08 1 12 14 16 18 -0.2 0 02 04 06 08 1 12 14 16 18

FIGURE 5.5: The graphs of functions i, h* and k-, h-* for the particular
case of slip directions v1 = (1,0),v; = (—0.8,0.6).

Remark 11. The condition Fvy - Fuy 2 0 in the definition of A and A, appears already in
Theorem 7 and serves the purpose of dividing the set {F : detF =1, |Fvy| > 1, |Fvp| > 1}
into two parts A and A, , as shown in Figure 5.6. It is equivalent to |Fus|/|Foy| =
sin 6/ cos 0, as shown in Lemma 7 below.

We introduce two formulas that will be useful in the sequel. First, for F € R2*2
and a,b € R?, one has

|Fa|?|Fb|*> = |Fa - Fb|*> + (det F)(a™* - b)%. (5.40)
Second, for F € R?*? and unit vectors a, b with a* - b # 0, one has

|Fa|? + |Fb|?> —2(a - b)(Fa - Fb)
(at-b)2 :

FI* = (5.41)
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4 .
\
\
\
\
|F’U‘2‘ =1
3 \\ Ny
\
\
\
A \
2 \
i
\
\
\
2 S !
|
I
Nl/
Fvi-Foe =0 L No
o | I ik AR
M
Al
L1F
[Fo =1

I I I L
-4 -3 -2 =1 0 1 2

b

FIGURE 5.6: The sets N7, N5, A, A shown for v; = (1,0),0, =

(—0.8,0.6) using the b, c-coordinate system defined by (FTF)U2 =

( a—l—b aib > with a = V1+b%+ 2. Each point in the (b,c)

plane corresponds to the orbit of one matrix under SO(2) on matrices
with determinant 1.

Lemma 7. The conditions Fuy - Fo, = 0 and |Fus|/|Fuy| 2 sin6/ cos 0 are equivalent.
In addition, the following holds:

|Fos| >1  for F€ AU(N1NN,),
|Fog| >1  for FEA,.

Proof. First, we calculate

|Fos|? = [Fo; + Foof? _ |Fo1|*> + |[Fvp|* 4 2Fv; - Fop

|01 +7)2|2 2+27)1 - U2 ! (5 42)
o2 = |[Fo; — Fo|>  |Fu1]? + |Foa|? — 2Fvy - Fop '
3 - 7

lop — 0|2 2—201-0n
which together with (5.37) implies that, if Fos- # 0,

|Fos|> cos?68  |Foi|? + |Fua|? + 2F0; - Fo,
|[Fos |2 sin?0  |Foi[? + [Fop|? — 2Fv; - Fop'

Hence, the conditions Fo; - Fo; 2 0 and |Fos|/|Fos | = sin/ cos 6 are equivalent.
To prove the second part of the Lemma, we use (5.40) to get

|Fvq - Foa|> = |Foq|*|Foa|? — (v - 02)? = |Foi|?|Foa]? — 1+ (01 - v2)> (5.43)

Now if F € A then |Fv|,|Fva| > 1, Foy - Fup > 0, and thus in view of v1 - v; =
cos 26 < 0 (5.42) implies

2 2
|F01’ —|—|P02| > 1.

Fosl? >
|Fos|” > 5
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On the other hand, if F € N1 NN, (5.42) yields

1— Fv; - Fop

Foi|? <
|Foz|® < 1—0; 0,

<1,
because v; - v, < 0 and |Fo; - Fua|? < (07 - v2)? by (5.43), so irrespective of the sign of
Fuq - Foy, itis trueLhat v1 - vy < Fouq - Fop. Therefore, |Foz| > 1.
Finally, if F € At then Fov; - Fo, <0, and
1-— FUl . FUZ

Foil2>———1 "~ >,
|Foz |~ > T—ov-05 =

because v; - v2 < 0 and |Fo; - Fop|? > (0v; - v2)?, again by (5.43). O

We shall prove Proposition 6 in a series of lemmas. There are two ways to
construct first order laminates: between two matrices on M; and between a matrix
on M and another matrix on M. In the first case, the optimal laminate is in the
direction v;, which follows from the analysis of the single-slip problem (Conti and
Theil, 2005). In the latter case, the following lemma provides the stepping stone
for identifying the optimal directions for first order laminates in the set AU A, =
{F e R*?2: detF =1, [Fo1| > 1,|Fva| > 1}.

Lemma 8. If F € A, we define fort € R,
F = F(I +tvy ®@03), (5.44)

and if F € A we define for t € R,

F=FI+tv;®03). (5.45)
Then the equations
|Froi| =1 (5.46)
and
|Froa| =1 (5.47)

have each two distinct solutions. The two solutions of each of these two equations have
the same sign, and the sign of the two solutions of (5.46) is opposite to the sign of the two
solutions of (5.47).

Proof. We first prove that there are two distinct solutions to each of (5.46), (5.47) and
that these solutions have the same sign. We focus on the first case (5.44) since the
second case (5.45) follows by switching the roles of v3 and v5 . Equation (5.46), when
squared, is equivalent to

|Fv1|2 — 14 2t(vs - v1)(Foy - Fop) + t2(v3 - v1)?|Fos |2 = 0.

In view of v3 - v = — cos 6 # 0 we see that two distinct real solutions exist provided
that

2
(Fot - For)” > [Fos P(Fou2 = 1),
In view of (5.40) and det F = 1, this is equivalent to

|Fos |> > (—v3-01)? = cos? 6,
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[Foa| =1

F(I+tvy ®wvs)

Fy

F(I+tv3@uy)

4 3 2 1 [ 1 2 4 3 -2 -1 0 1 2

b b

FIGURE 5.7: Rank-one lines F; shown in the b, c-coordinate system as
in Figure 5.6 for the two cases from Lemma 8: F € A (leftjand F € A
(right).

which immediately follows from the assumption |Fvs|/|Fos| < sinf/ cos 6 since
due to det F = 1 we have |Fos||Fos | > 1 and thus

_ |Fos]
’Fl)g,’

|Fot 2 cosf
S1

|Fuy | |Fos| > g cos? 6.

In addition, |Fvq |2 —1 > 0 by assumption, and hence the solutions have the same
sign. The proof for (5.47) is obtained by simply replacing v; by v,.

We next look at the sign of the solutions for (5.46) and (5.47), again only in the
first case of (5.44). It suffices to show that the average of the two solutions of the first
equation has a different sign than the average of the two solutions of the second one.
The average of the two solutions of (5.46) is

_ FU3L-F01
(05 - 1) [Foy 2’

and, replacing v by v, the average of the two solutions of (5.47) is

_ Fv3L - Foy
(03 - v2)|Foz |2

Since (v3 - v1)(v3 - v2) = cos? 0 > 0, it suffices to show that
(Fot - For) (Fog - Fos) < 0.
We observe that
v1 = —(cos0)v3 + (sin@)vy vy = —(cosB)vz — (sin vy
and thus

(F’Ui_ -F01> (1’-“?13L : sz> = cos? 0| Foy - Fus|? —sin? 0| Fos |*.
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The assertion follows in view of Cauchy-Schwarz inequality and the assumption
|Fus|/|Fos| < sin6/ cos®. O

Motivated by the ideas of Kohn and Strang, 1986a; Kohn and Strang, 1986b on the
construction of rank-one envelopes through repeated laminations, for F € R?*2 we
define W'¢(F) as follows:

W' (F) = inf {yW(Fo) +(1— p)W(R) :

wel0,1], uFo+ (1 — p)Fy = F, rank(Fy — F) < 1}. (5.48)

For the case of orthogonal slip systems the first order lamination envelope W is
already identical to the rank-one envelope W’¢ but this is not true for general angles
between slip normals. The following two lemmas evaluate W' from above inside the
sets AU A, and N7 N N>, respectively, in terms of the functions i, . The proof will
reveal that the corresponding optimal laminates connect matrices on M; and M5
with equal energies and hence that W'¢ is constant on these laminates.

Lemma9. IfF € Athen
W' (F) < h(|Fos]),

and if F € A then
W(F) < i (|Foz ).

Proof. If F € A, Lemma 8 yields four mutually different real numbers s’,s”, ', " such
thats’,s” and t', " have opposite signs, and satisfy

|FS/Z)1| = |FSHUl| = |Ft102’ = |Ft”UZ| = 1

Here F; is the rank-one line with direction Fvz ® Ué, ie, E=F(I+trz® U3L) Note
that z = |Fvs3| = |Fus| is independent of t. Using the formula (5.40) with a = v;,
i=1,2andb=v; wegetfort e {s,s",t, "},

Fv; - Frog = i\/]Ftvi|2|Ftv3]2 — (v - v3)2 = £V/22 — sin? 0.
Hence by (5.41),

14224+ 2cosfv/z2 —sin? 0

F|? =
IFi sin? 6

, te{s, " (5.49)

We may assume that s’ < s”,t < . Then either s’ < s < 0 <t < ' or
t' <t <0< s <" holds. Since |F;|? is a quadratic function of ¢, it never takes the
same value more than twice. Moreover, there are only two possible values of |F; |2
fort =¢,s",¢,t", and hence we conclude that |Fy| = |F| and |Fy| = |Fy|. Because
the quadratic term t? appearing in |F;|? has positive coefficient, we also see that the
value with minus sign in (5.49) is taken for t = s”,#' (whens’ <s” <0 <t < t")or
fort =t",s’ (whent <t <0< s <s").

Therefore, we can choose s, € {s',s"} and t,. € {¢, "} such that

1+ 22 —2cos0v/z2 — sin%6

sin? 6

|‘FS*|2 = |‘Ft*|2 =
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Note that s, and t, have different signs. Since F is a rank-one convex combination of
F;, and F;, and
W(F,) = |F,]?—2=|F?—2=W(F,),

we conclude
W(F) < W(E,) = |E,|* =2 =h*(z) = h(z),

the last equality following from Lemma 7.
The case F € A, is shown analogously, interchanging the roles of v3 and v3 and
the roles of cos f and sin 6. O

Lemma 10. If F € N1 NN, then
W'(F) < h(|Fus|).

Proof. Consider the rank-one line given by F; = F(I + tv3 ® vy ). Since |Fv1| — o0
as t — doo and |Fyv1| < 1, by continuity we find #; + with ;- < 0 < #; 4 and
|Fy, ,v1| = 1. Since Fyv; - Fus = Foq - Fuz + 15]137)3\2(03L -v1) and U§ -v1 =sinf > 0, it
follows that Fy, vy - Fuz > F, v - Fuz. Combining this with (5.40), we have

F, ,v1-Foz = V2?2 — sin? 6, F, vy -Foz3=—V2z?— sin? 9,

where we set z = |Fus|. By (5.41) witha = v1,b = v3,

1+ 22 —2cos0v/z2 — sin% 6

sin? 6

|Fl‘1,7|2 =

Repeating the same argument with v; instead of v; leads to two valuest, - <0 < tp ,

such that |F, , 05| = 1. Since v3 - v, = —sinf < 0 we obtain as above,
K |2_1+ZZ—2C089\/ZZ—Sin29
oot sin® 6 '

Employing a laminate between F;, and F, , as in the previous lemma and noting
that |Fusz| > 1 by Lemma 7 finishes the proof. O

Remark 12. Using the rank-one line F(I + tvs ® v3)) one can similarly show that
W'(F) < ht*(|Fos|) for F € N7 N Na. However, this fact does not provide any additional
information since for such F one has h(|Fuvs|) < h*(|Foy]).

We next turn to estimating the envelopes of W from below in terms of 1 and k.
Lemma 11. Forany F € R2%2,
max{h(|Fus|), ™ (|Foz|)} < WP(F), WP(F), W™ (F).
In addition, if det F # 1 then
WPC(F) = W(F) = +oo.

Proof. Since for z > 0, h(z) and h*(z) are nondecreasing and convex functions taking
finite values, the function max{h(|Fus|), h*(|Fos|)} is convex and takes finite values
for F € R?*2. Thus, this function is also polyconvex, quasiconvex and rank-one
convex. Therefore, it suffices to show h(|Fos|) < W(F) and h*(|Fos|) < W(F),

where F = ny = I+v; ® v}, forany 7 € R and each i = 1,2. In view of det F, =
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1 and the relation W(F;) = 72, it is sufficient to check that h(|F§vg|) < 9% and
ht(|Fiog|) < o forany ¢ € R and each i = 1,2. To begin with, we fix i = 1. Since
|Flo3]> = 1+ 27 cos 0 sinf + 72 sin® 6, we see that |[F}03|> — sin® 6 > 0 and from (5.39)

sin 6

2
cosf — sin 4/ (7 + €29)2
h(|Ejos]) < h*(|Eyus|) = (

sin 6

Hence, if v > —(cos 6/ sin0), we obtain h(|Fjv3|) < h*(|Fvs|) = 7*. This inequality
holds even if 7 < —(cos 0/ sinf). Indeed,

1 o 1+‘F;U3|2+2C0s6\/|1'1}03‘2_Sir‘ZH
h(\F703|) <h (’va‘) S sin? 6 i

and a simple calculation shows that the last expression is equal to 2.

The same is true for h*-, where we find that - (|Fyo3|) < h**(|Fjuz|) = 9 for
v < (sin6/ cos0) and h*(|Flog|) < h't*(|Fjoz|) < 7 otherwise. The proof for i = 2
is analogous.

To show the statement about infinite values, we follow Conti, Dolzmann, and
Kreisbeck, 2013b and define the function

if detF=1
I(F) = {O if de . ,
+oco otherwise,

and the functions
§(F) = h(|Fos|) + I(F),  g"(F) =h"(|Foy|) +I(F).

Since I is convex when viewed as a function of det A and thus polyconvex, the
functions g and g, being sums of a convex and a polyconvex function, are polyconvex
functions, and so is max{g, ¢* }. The function max{g, ¢* } takes the value +oo for F
such that det F # 1, and the first part of this proof shows that max{g, gi} < W. Since,
in general, WF¢ < W' even for extended-valued function W according to Miiller,
1999, we deduce max{g,g*} < WP¢ < W', Therefore WP*(F) = W'*(F) = +o0 if
detF # 1. O

Remark 13. Based on the ideas in the proof of Lemma 11, we may extend the results of Lemmas
9 and 10 up to the boundaries of the involved sets, i.e., Lemma 9 holds with A, A, replaced
by A, Ay, respectively, and Lemma 10 holds with N1 N Ny replaced by N7 N Na. To see
why, first note that, using the notation of Lemma 11, if a matrix F; belongs to the boundary
of the set AU (N1 NNy) then v > —(cos8/sin®). Assuming on the contrary vy <
—(cos 0/ sin6)( < 0) leads after some calculation to Fyvy - Fyv; = cos26 + ysin26 < 0,

and thus F} € 9A,. But the only matrices belonging to both 9(A U (N1 N N>)) and
0A | are pure rotations, which shows that for F} € 9(AU (N1 N N2)) we indeed have
v > —(cos0/sin®), and the proof of Lemma 11 in turn implies h*(|Fyvs]) = 9* =
W(F)) = |Fyo; |> — 1. Moreover, since for such F, Lemma 7 yields |Fyvs3| > 1, we also
have h* (|Fjvs|) = h(|Ejvs]). The corresponding identity h*(|Fjos|) = h**(|Fjog|) =
v* = W(E}) = |Flvi-|* — 1 holds for F} € A, and a similar argument can be made about
F%. The statement in the beginning of this remark then follows from the relation W'* < W,
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Unfortunately, in the remaining set (N7 \ N2) U (N2 \ NV7), the estimate of the
envelopes from above that is derived from optimal first order laminates does not
match with the estimate from below obtained in Lemma 11. We include the result for
completeness and because the boundedness of W¢, which it implies, will be needed
later.

Lemma 12. Foreachi =1,2and F € N,
WIE(F) < |Foit? —1. (5.50)
If additionally F € (N1\N2) U (N2\N7) then
W'e(F) < min { iy (|Foa|), it (|Fos|) }

Here h.y, h+ are given by

B 1+ 22 +2cosfv/z2 — sin? 0 B

hel2): sin® 6 >

and
142 +2sin6v/z2 — cos? 6 B

2.
cos? 6

ht(z)

Proof. Let F, = F(I + tv ®v;). Since |Fyv;| = |Fo;| < 1and |Fv;| — coast — oo,
there are two values t_ < 0 < t, such that |F;, v;| = 1. We have

W(E. ) = |F_|*—2=|F_v|? + |F_vi|* —2 = |Fo} > — 1,

and similarly W(F;, ) = |Fv;i|? — 1. Since F is a rank-one convex combination of F;_
and F;, the relation (5.50) follows from the definition (5.48) of Wi,

Let us next prove that W/(F) < hy (|Fus|) for F € N1\N,. We take the rank-one
line F; = F(I +tv3 ® vy ) and construct laminates between its intersections with
M, My. To do so, we consider the transformation ¢ : R**? — R?>*? given by
F — RFR~! = RFR, where R is the reflection about v3. In particular, taking vz and
(1) 1) Note that if det F = 1, then det {(F) = 1.
Moreover, since Rv; = v; and Rvp; = v, we have &(N7) = Ny, E(M7) = M, and
E(N2) = N1, {(Mz) = M.

U§ as the coordinate system, R = (

Since |(UF)v;| = |Fv;| for any U € SO(2), we can assume that F is an upper
triangular matrix F = (g 5) witha > 0. Then {F : t € R} = {¢(F): t € R}

holds because

&(F;) = RFR + tRFv3 ® v3 R = <g jf) —t <8 ’8‘) =F— (at +2B)v3 @ v5.
From the proof of Lemma 10, we see that there exist f+ such that_ < 0 < ¢, and
|Fs,v1] = 1. Since the line F; is invariant with respect to the transformation ¢, one
finds that it intersects the set M; at F; and F;, and the set M, at ¢(F;_) and ¢(F;, ).
Since the intersection of M; and M3 is the set SO(2) which is not crossed by the line
F; more than once, at least three of the matrices F; , F;,, ¢(F;_ ), {(F;, ) are different.

Regarding the intersections of F; with My, there exist t_ and #/, such that {(F; ) =
Fy and {(F;,) = Fy, . In view of the form of {(F;) and « > 0, we can see that t/, < t’.
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Furthermore, since |F;v;|? is a quadratic function with a positive coefficient of the
second-order term and |Fv,| > 1, and #/, have the same sign.

We consider the two cases for the sign of /. and t’_ separately, beginning with
the case 0 < #/, < t’_. Note that then t’_ < ¢, cannot happen because thent_ < 0 <
t', <t <ty while |F?is a quadratic function of t and |F;, |? = |&(F;,)|* = ]Ft/+|2
along with |F; |> = |&(F:_)|*> = |Fy |%. Therefore, t_— < 0 < t/_,t. <t ,ie,t- =
min{t_, t,, ¢t } and ' = max{t_,t,,t',# }. In this case we show that we can
construct optimal laminates between F; and Fy . Let E; + =Ry (I4+7+v1 ® 703 ) for
7+ € Rand Ry € SO(2) be the matrices on M1 such that F. = F$. The calculations
in Lemma 11 show that W(F,,) = |F,|* —2 = W(Ef) = |Ff|* =2 = 74 is equal to
either hi(|F;v3]) = h(|Fos]) or to h+(|Pi03|) = h+(|P713]) dependmg on the value of
v+. Wenotice that |F, | # |F;_|. Indeed, if it is not the case, the quadratic function |F;|?
would take the same value for more than two values of ¢, in view of |F;, |*> = |Fyr. B
and |F; |?> = |Fy |%. This implies {W(F;, ), W(F; )} = {h(|Fvs|), h4+(|Fvs])}. Now,
W(F;) = |F|? — 2is a quadratic function of ¢ with positive coefficient of the quadratic
term, W(F;, ) = W(F/, ),and t_ <t/ ,t, <t_.Inview of h(|Fuvs|) < hy(|Fuvs]), we
conclude that W(F;_) = W(Fy ) = hy(|Fvs|), which implies W/(F) < h(|Fovs|).
The second case /. < t_ < 0is analogous, leading to laminates between F;, and Fy, .

This finishes the proof of W/(F) < h,(|Fus|) for F € N\ N,. The proof for
F € N>\ NV is identical except for exchanging the roles of v; and v,. Finally, the
proof of W¢(F) < h+(|Fvs]) is done in the same way replacing the rank-one line
F=F(I+tvs®vsy)byF=F(I+tvy ®uv3). O

Proof of Proposition 6

First we confirm that for F € A, i.e., for F € R?*? with det F = 1, we have W(F) <
WI(F) and WF¢(F) < W(F). Indeed, the first inequality follows directly from the
definition of the envelopes, while the second one follows by noting that we may
restrict Fy, F; to matrices with determinant 1 in the definition (5.48) of W'¢. Then if
F=uF+ (1 —u)F foru € [0,1] and Fy,F;, € N, we havedetF = udetF + (1 —
) det F. Since WP¢(F) can be expressed as a convex function of F and det F, we get
WPE(F) < uWP(FRy) + (1 — u)WP(F) < uW(F) + (1 — p)W(F). Taking infimum
over all rank-one connected Fy, F; proves the second inequality.

Lemmas 9, 10 and 11, together with Remark 13 imply

WFHE(F) = W'(F) = W'(F) = max{h(|Fus]), i (|Foz |)}

for F € AU(N;NN3)UA,. Since, in view of Lemmas 9, 10 and 12, W is finite
on N\, Conti and Dolzmann, 2016, Thm. 3.1 implies that W% < W' on N. Hence,
taking into account Lemma 11, all the envelopes W<, Wi, W', Wi are equal on
AU (N NN;2) U A . The remaining claims of Proposition 6, pertaining to values of
envelopes on the boundary and to their infinite values, follow from Lemma 11 and
the accompanying Remark 13. O

5.3 Homogenization for General Slips

In this section we assume that the angle between slip directions is arbitrary and,
based on the analysis of convex envelopes in Section 5.2, prove the partial homog-
enization result in Theorem 8, assuming that the I'-limit is an integral functional.
This assumption is needed because the general theory (see, e.g., Braides and De-
franceschi, 1998) that guarantees I'-limits to be integral functionals applies only to
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sequences of functionals with standard growth conditions, while in our setting we
deal with functionals whose admissible functions form a nonconvex subset of the
underlying Sobolev space (see, e.g., Davoli and Fonseca, 2016 for a problem with
linear differential constraint).

First, we present generalized versions of the two pillars of the proof, namely,
Proposition 5 and Corollary 1.

Corollary 2. Let Q = (0,1)? for | > 0 be a cube, and let (ue)e C WL2(Q);R?) be such that
Ec(ue) < Cforalle > 0and ue — uin WY2(Q; R?) for u € W2(Q); R?) with gradient
of the form (5.5). If, in addition, u is piecewise affine, then

liminf E. (1) > A/ f< (Vi — (1—/\)R)> dx, (5.51)

e—0

where

f(F) = max {(|Fos|), i (IFo3]) },
with vs defined by (5.36) and h, h* by (5.38). In particular, for N := 1 (Vu — (1 — A)R),

MQ|h(INos|)  if Ne AUNTANG,

liminf Ec (1) > o
s E(”e)—{mmhi(ymﬂ) if Ne AL

Proof. As noted in the proof of Lemma 11, f is a convex function on R?*? and hence
continuous. Moreover, Lemma 11 and Remark 13 show that f(Vu.) = W(Vu,) a.e.
in €Y;o5 N Q) for ue with finite energy. For such u, we additionally have f(Viue) = 0
a.e. in €Y, N Q). Therefore, beginning with

liminf E.(u.) = liminf W(Vue) dx = 11m1nf/ f(Vue)d

e—0 e—0 €Ysa/tﬂ0 e—0

the arguments in the proof of Proposition 5 are still valid, yielding the relation (5.51).
Finally, the analysis in Section 5.2 implies

MO h(|Nvs|)  if Ne AUNINN,,

AMQ| f(N) = {)\‘Q’ ht (|NU§“) if Ne A .

O]

Corollary 3. Let Q) C R? be a bounded domain. fF N € AUNT NN, U A, let Fy,F_ €
MiUMyand p € (0,1) be such that N = uFy + (1 — pu)F— and y € (0,1). Specifically,

(i) if N e Aor N € A, let F. = F,, Fy = F, with F;_, F;, defined in the proof of
Lemma 9, and a suitable y;

(i) if N € NiNNy, let F- = F, , F. = F,, with F; _,F,,, defined in the proof of
Lemma 10, and a suitable y;
(iii) if N € My UMy, let Fy = F_ = Nand y € (0,1) be arbitrary.

Then for every & > 0 there exists Q5 C Q with |Q\Qs| < 6 and u; € WV (Q); R?) such
that u;s coincides with a simple laminate between F and F_ with weights y and 1 — y and
period hs < 6 in Qs, Vus € Mq1UM;jae. in Q) and us = Nx on 0Q). Moreover, there is
a constant ¢ depending only on N, such that for any § € (0,1),

|\Vus| <c ae in Q. (5.52)



5.3. Homogenization for General Slips 73

In particular, Vus — N in L2(Q; R?*?) as 6 — 0.

Proof. The proof is almost the same as for Corollary 1. Let us only deal with the
case that N € A, since a similar argument applies to the cases N € A, and N &
(N1 NN2)\ (M1 UMy). For the given Fy, F— and § > 0, Theorem 9 with p taken as v3
yields a finitely piecewise affine function v; and a set ()s. Since dist(Vvs, [Fy, F_]) <6
and 0 < § < 1, there is ¢ > 0 independent of §, such that

1
|Vusq| < ¢ for g = v3,v3,v1,02.

The desired function u; is obtained as a result of applying Theorem 10 to modify
v; in the finitely many subsets of Q \ (35 where it is affine. Taking any such subset S,
there are three possible cases for the value of Vv, in S: either Vovs € Aor Vou; € A
or min{|Vvsv1|,|Vosva|} < 1. We first investigate the case Vvs € Ain S. Recalling
that the condition |Fos|/|Fvs | > sin0/ cos® is equivalent to Fv; - Fu, > 0, we can
apply Theorem 10 to the in-approximation (U?); of K := (M1 N My) N {F € R?*?:
|Fos| < ¢, Fvq - Fup > 0} defined as

U :={F € R¥?:detF =1,|Fus| < ¢ |Fv1| > 1,|Fva| > 1,Fv; - Fop, > 0}
N {F € R¥2: |Foy| < 14270 Vor|Fuy| <1 +2*<f*1>}, i€ N.

It can be shown similarly to Corollary 1 that (U?); is an in-approximation of
K. The case when Vv; € A, in S is handled analogously. The case when
min{|Vuss|, |[Vosm|} < 1in a subset S can be reduced to the proof of Conti and
Theil, 2005, Lem. 2. The estimate (5.52) can also be proved in the same way as in the
proof of Corollary 1. O

We now turn to the proof of Theorem 8. Noting that the set of admissible
functions for the I'-limit E coincides with the set of weak limits lim; ., u; of
admissible sequences (u;); for (E;);, we deduce from Proposition 5.5 that E is finite
exactly for functions u with the form (5.5).

Step 1: Liminf inequality for affine u
Let u be affine and let (uj); be a sequence converging to u in L?(€);IR?) such that
(Ee;(uj)); is bounded, where €; — 0+ as j — oo. Then, taking a subsequence if
necessary, u; — u in W2 ((;R?) and Vu = R(I + ye; ® e2) for some R € SO(2) and
v € L2(Q). Similarly to the proof of Theorem 7, it is sufficient to consider the case
when Qs a square. If N = (1/A)(Vu — (1 - A)R) € AUN; NN, U A, we obtain
from Corollary 2

liminf E¢; (u;) > A|Q f(N). (5.53)

J—o

Step 2: Recovery sequence for affine u

Let u be affine. If N = (1/A)(Vu — (1 - A)R) € AUN; NN, U A, Corollary 3 can
be used to perform convex integration as in the proof of Theorem 7 (see Section 5.1.3),
and to show the existence of a recovery sequence (u;);. Then

lim E, (u;) = AQ| f(N). (5.54)
J—00
Step 3: Wyom = f on AUNT NN, U AL

Let N € AUN; NN, U A and take u affine such that (1/A)(Vu — (1 — A)R) = N.
By the assumption that the I'-limit is an integral functional with density AWj,,,,, there
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is a recovery sequence (u;); such that lim; e E¢;(11;) = A|Q Wy, (N). From this and
(5.53), f(N) < Wiy (N). On the other hand, from Step 2, there is a recovery sequence
(u;); such that (5.54) holds. Using the liminf inequality in the definition of I'-limit,
we get liminf; e Ee; (1) > A|QWyom(N), and hence Wi (N) < f(N). These two
inequalities yield Wy, (N) = f(N). O

5.4 Evolutionary I'-Convergence in Layered Composites

We conclude this chapter by collecting results on evolutionary I'-convergence in
Davoli and Kreisbeck, 2022 for the class of settings treated in this chapter.

Building on the static homogenization of Christowiak and Kreisbeck, 2017, Davoli
and Kreisbeck, 2022 extend the analysis to quasi-static time evolution (RIS) and,
via evolutionary I'-convergence, identify the limiting system in the specific case of a
single slip system, where the slip direction is either parallel or orthogonal to the layers.
We use the same notation as in the previous section: Y = [0,1)2, Yy = [0,1) % [0, A)
with A € (0,1), and Yiig = Y\ Yio. As in Christowiak and Kreisbeck, 2017, within
finite-strain crystal plasticity, a slip system is given by a unit vector s with normal
m = s*. The admissible deformation gradients are

Vu=R(I+vys®@m), R € SO(2),
with y € L*(Q2) only on Yo and v = 0 on Y.
RIS Framework. Let the state space be QO = Y x Z with
Y=WYNLi(;R?), Z=L*O),

and write ¢ = (u,7). For a energy functional & : Q@ — R U {co} and a time-
dependent load g, € wil (0, T; L2(O; ]Rz)), set

E:lt,q) = E:lg) — [ ge(t) udx.

Dissipation distances (with § > 0) are

~ ' - ~ Di(q,4), v =>7ae,
4 5/ 7 7 —
D1(q,4) |y — | dx D=>(q,9) { ’ otherwise.

The admissible sets for a single slip system specified by a unit vector s € R are are
given by

Bés) = {(u,'y) €Q: Vu=R(I+vys®m), Re L”((;S0O(2)), vy =00n sYrig}.
If we define
AP = {u e W20 IR : Vu = R(I+7ys@m), R € L(Q;80(2)),
v =0on sYrig},

then we can write

Bg(s) = {(u,'y) €eQ:uc Aﬁs)}.
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Thus, the admissible set of deformations coincides with that of the static model, but
in the RIS model the slip coefficient is taken as an explicit degree of freedom directly
entering the description, unlike in the static model (cf. (5.3)).

e-Dependent Energies.

* 5 = e (orthogonal to the layers):

2 (e2)
Yy dx, g€ B:”,
Ee(q) = {/ﬂ

+o00, otherwise.

* 5 = e (parallel to the layers): two families are considered.

(rigid rotations) EL®(t,q) = / 2 dx —/ ge(t) -udx,
0 0

ue ALHs {ue Al R = const },

(regularization) & o(t,q) = /Q 2 dx — /Qgg(t) ~udx + rguanuiz(m,

ue Aéel), T, — 00.

Assumptions for Evolutionary I'-convergence. In Davoli and Kreisbeck, 2022,
the following hypotheses (H1)-(H5) (or (H1)-(H4) together with (H6), a sufficient
condition for (H5)) are verified. They are a specialization of the general framework
introduced in Section 4.2.

(H1) D. =D foralle > 0, where D : Z x Z — [0, +00] is a lower semicontinuous
quasi-distance (definite and satisfying the triangle inequality).

(H2) & : Q — RU {400} are lower semicontinuous for all € > 0.

(H3) There exist C,c > 0 and a > 1 such that &(q) > Cl|q[|§ — c forallg € Q and
e >0,and [, — Iy in W(0, T; )").

(H4) (&:)e I-converges to & with respect to the topology of Q.

(H5) (Stability closedness) If (¢, ¢ ). is a stable sequence, i.e., g. € S¢(t¢) foralle > 0
and sup,. ;& (te, ge) < 400, and (t,ge) — (t,9) in [0, T] x Q, then g € Sp(t).

As a corollary of Theorem 3 (or Mielke and Roubicek, 2015, Th. 2.4.10), if (H1)—(H5)
hold and (Q, &, D, ) admits energy solutions, then

(Q/ 881 DS) ﬂ (Q, g(), D)

Moreover, if (H1), (H3), (H4), and (H5) hold, then, by means of a relaxation in the form
of a straightforward extension of Mielke and Roubicek, 2015, Th.2.5.1, one obtains
approximate evolutionary I'-convergence. This result ensures the convergence of
approximate solutions of the time-discrete problems (cf. Remark 7)

Theorem 11 (Evolutionary I'-convergence for s = e). (Davoli and Kreisbeck, 2022,
Th.3.1)

ev-Tapp

(Q/ SSID) (Q, 50/ D)/
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i.e., in the limit there is no dissipation along transitions between finite-energy states
(“dissipation-free”). The stable set at time t is

={q€Q: &(tq) <&(t4G)Vq}

— {(Rx,0): Re ~ [ o(t) - 5x dx)
{(Rx argsérs%n go(t) - Sxdx)},

i.e., pure rigid rotations (if the load vanishes, every rotation is stable).

The proof verifies (H6) via a mutual recovery argument and exploits the fact that
the dissipation of any finite-energy state is zero, which yields limit stability. This case
is formulated as an approximate ev-I'-limit.

Theorem 12 (Evolutionary I'-convergence for s = e1). (Davoli and Kreisbeck, 2022,
Th.3.3)

* Limit energy.
Eo(t,q) = 1/ 'yzdx—/ go(t) - udx, ue A,
AJa Q

* Main assertions.

1. Under the rigid-rotation (one-dimensional) reduction with monotone dissipation,

(Q,&8,p.) &L (Q,&,D-).

Even without the monotonicity constraint one obtains the analogous result with
symmetric dissipation:

(Q,€7%,D1) &5 (Q,&, D).

2. For the regularized family with an L*-penalty on the dislocation tensor G(F) =
(017) e1 (with T, — o) and symmetric dissipation,

ev- Fapp

(Q, &8, D) — (Q,&,D1).

In both limits the energy and dissipation do not interfere.

Rigidification/regularization suppresses fast micro-oscillations of rotations and
shear, thereby avoiding weak x weak product limits. In general settings where both
rotation and shear strongly oscillate, a new compensated compactness mechanism
would be required; this remains open. The energy limit (H4) follows from the static
I'-limit of Christowiak and Kreisbeck, 2017, while stability (H6) is verified via mutual
recovery.

In these evolutionary I'-limit results, the energy part is inherited from the static
I'-limit. By contrast, although the dissipation terms formally agree with the static
model, they are not obtained via Mosco convergence.
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Chapter 6

Dynamic Extension

The purpose of this chapter is to provide an energetic formulation of RIS with inertia
and viscosity for a small-strain, single-slip elasto-plastic body, and to establish the
existence of inertial energetic solutions in the sense of Definition 6 (Theorem 13).
The present formulation follows the standard framework of RIS due to Mielke and
Roubicek (dissipation distance, stability, and energy balance), while moving beyond
the quasi-static limit commonly assumed in the literature and addressing a dynamic
setting that retains inertia and Kelvin—Voigt viscosity. See, e.g., Mielke and Roubicek,
2015.

Compression experiments on layered structures reported in Drozdenko et al.,
2022 show that localized kink-bands nucleate and propagate in sequence, with load
drops correlated to each event (see, for instance, Fig. 5 and the discussion on p. 12 in
Drozdenko et al., 2022). This sequential character suggests that inertia may influence
the timing and selection of deformation patterns. Motivated by this observation, one
would ultimately like to analyze periodic materials within an energetic framework
that incorporates inertia. As a first step toward that goal, this chapter develops the
dynamic small-strain single-slip formulation in a nonperiodic setting with variable co-
efficients, providing a baseline analytical and mechanical framework for subsequent
extensions to periodic microstructures and homogenization with inertia.

6.1 Specific Dynamic Model Analysis

We take the slip y as an internal variable and prescribe the single-slip plastic strain
eP = 7S, where S is a fixed symmetric slip-system projector. The stored energy is
given by a position-dependent quadratic elastic form via C(x), the viscous dissipa-
tion by a quadratic form via ID(x), and the rate-independent dissipation for 7 by

6(x) || dx. To secure compactness, we incorporate a strain-gradient regularization
0
K[|V ||7e(q) with an exponent a chosen so that the compactness property required is

guaranteed. Loads f and g are assumed to be H'-regular in time, and the momentum
balance at small strain includes density p > 0, thereby combining inertia, viscosity,
and elasticity in weak form.

Because inertia is present, the purely rate-independent notion of global stability
together with an exact energy balance is not directly applicable. In this chapter,
a solution is defined by the combination of the weak momentum balance, a local
semistability condition for 7, and an energy inequality that accounts for kinetic energy,
viscous dissipation, and rate-independent dissipation; see Definition 6. This setting
is consistent with dynamic elasto-plastic models for viscous solids at small strains
(Roubicek, 2009; Roubicek, 2010) and with abstract existence results for systems
coupling a rate-independent process with a second-order (in time) evolution (Rossi
and Thomas, 2017).
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The existence theorem of this chapter specialize these results to a concrete material
model of single-slip elasto-plasticity with gradient regularization, and they are carried
out in a nonperiodic setting with variable coefficients.

6.1.1 Problem Setting

Geometric and kinematic setting. Let Q C R? (d € {2,3}) be a bounded Lipschitz
domain whose boundary is decomposed into a Dirichlet part I'y and a Neumann part
I'y,withToNT; = @and

HI(To) >0, 09Q=T,UT;.

A fixed final time T > 0 is prescribed.

We work in the infinitesimal-strain regime. The deformationisy : [0, T] x Q — RY,
the displacement is u := y — id, and the symmetric strain is

e(u) := 5 (Vu+Vu') e Ry,

N =

Single-slip plasticity. The plastic distortion is assumed to take the additive
single-slip form

—_

eP;:’Y*(S®m+m®s)=:’YS, s;meRY, s Lom, |s| = |m| =1,

N

with scalar slip field v : [0,T] x Q@ = R, and S := 3(s ® m + m ® s) denotes the
(constant) slip-system projector. The elastic strain therefore reads

e :=e(u) —eP =e(u) —~S.
Stored energy. We define the elastic energy density by

Wi(x,e®) := %C(x)(e(u) —9S) : (e(u) —vS),

where C(x) : ]ngxrg — H{gyxn”f is a fourth-order elasticity tensor defined for a.e. x € Q).

We assume the positive definiteness and boundedness
J0<Ag<Ap<oostforaexe VEeRYM: Aglg]* <C(x)&: & < Aof¢f
and the symmetry on symmetric tensors
C(x)¢:n=C(x)p:¢ forallg,ye ]ngxn‘f, ae. x €.
The corresponding elastic stress tensor is given by

P:=0,.W = C(e(u) —vS).

Material coefficients and external data. The following list collects all material
parameters, hardening moduli, and prescribed loadings that will enter the energetic
formulation.

* Mass density p € L*(Q)) with 0 < p_ < p(x) for some constant p_.



6.1. Specitic Dynamic Model Analysis 79

* Viscous dissipation potential We define the viscous dissipation potential as

V) = ;/Q]D(x)e(u) : e(1t) dx,

where D(x) : leerﬁ — ngxrff is a fourth—order viscosity tensor for a.e. x € (). We

assume the positive definiteness and boundedness

30 < 8y < Ag <oo s.t. forae.x € Q, V& € RIX4 .

sym

6o|¢]> <D(x)E: ¢ < AolE?,

and the symmetry on symmetric tensors

D(x)¢:n=D(x)y:¢, foralll,n e ]ngxn‘f, ae. x € Q.

e Slip resistance 6 € C(Q)) with 0 < 6y < 6(x) for some constant 6.

e Hardening potential w : R — IR is strictly convex and satisfies the g-growth
condition

Cilyl"—co < w(y) < G+ 7)), C1,C2>0,¢>0,q9>2

e Strain-gradient regularization We add the term x|V |* to the free energy of
the model, with exponent « > 0 and coefficient x > 0.

The compactness requirement is given by « > g. This condition is related to the
Gagliardo-Nirenberg inequality: Define 7 € [0,1) by

1
) = ”:;1;—;:1+n(;_1)'

Then, by the assumption &« > g, we have 7 € [0,1). By the Gagliardo-Nirenberg
theorem, for a bounded domain Q) C R? it holds that

1—
17l < C (VY ) 1] oy + I )- (6.1)

In particular, ||y|| 1« can be estimated from above in terms of || Vy||«(q) and
[fe% HM(Q)-

Moreover, when a > g, by the Rellich-Kondrachov theorem, Wla (Q) is com-
pactly embedded into L1(Q}).

* Boundary displacement up € H'(Q) is prescribed, satisfying

up(x) =0 for almost every x € T.

¢ External loads As defined above, we impose the homogeneous Dirichlet

condition u# = 0 on I'g. The external loads consist of a body force f €
HY0, T; L*((;R?)) and a boundary traction g € H(0, T; L?(T1; R?)).
Let

o :=C(e(u) —yS) +De(u)
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denote the Cauchy stress and 7 the unit outward normal to 0Q2. The body force
acts in the bulk through the balance

pii—dive = f(t) inQ forae. t€(0,T),
while the traction is given on I'y by the Neumann condition
on=g(t) onlj forae te (0,T).
Energy functional and rate-independent dissipation. We now specify the kinetic

energy, total free energy, and the rate-independent slip dissipation that drive the
evolution.

K(it) = /Qp(zx) i dx,

E(t,u,7) :/Q[W(ee)+w('y)+K]V'y]”‘}dx—/ﬂf(t)-udx—/r g(t)-uds,

1

R() = [ 06 [ildx,  D(r,72) = [ 0(x) jya = 7al .
Admissible configurations. We work with homogeneous Dirichlet data on a desig-
nated part of the boundary. We define the closed subspace of H!(Q; R?) as
Hf,(URY) == {v e H'(Q;RY) | Tro=00nTy },

where Tr denotes the trace operator. At each time ¢ € [0, T] the state variables (1, y)
are restricted to the set

Q(t) = {(w,7) | u(t) € HL(OGRY), 7(t) e W ().

Remark 14. For simplicity, we have imposed the Dirichlet boundary condition so that
solution always vanishes on I'g. This assumption is not restrictive. We can generalize the
boundary condition by introducing bp € H (0, T; H'(Q)) satisfying

bp(t,x) =0 for almost every (t,x) € [0, T] x (0Q2\ Tp).

Using such a function bp, we redefine the set of admissible configurations as
Q(t) := {(u,’y) ‘ u—bp(t) € H (URY), 7 € wlﬂ(o)}.

In this case, whenever the Poincaré or Korn inequality is used in the later proofs, it should be
applied to u — bp instead of u. As a result, an additional term involving the H'-norm of bp,
namely ||bp|| 1 (), appears in the upper bounds of the uniform estimates. However, since bp
is fixed, this modification does not affect the overall reasoning.

6.1.2 Energetic Formulation with Inertia

Definition 6 (Local solution with inertia and viscosity). A pair (u,y) satisfying
u € H'(0, T; H ((;RY)),
v € LY0, T, W"*(Q2))
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is called a local solution with inertia and viscosity if the following conditions hold:

1. Weak momentum balance
/OT
+ [ pu(T)- 9(T) dx

Z/vao-¢(0)dx+/0T (/Qf(t)'¢(f)dx+/rlg(t)-<p(t)d5) dt,

forall p € H'(0, T; Hf (C;RY)).

[ (Clet)) = 1(1)8) +De(u(t)) s elg(t) dx — [ pi(t)- (1 dx] dt

2. Local semi-stability
Forae. t €[0,T],

E(t,u(t),v(1) < E(tu(t),7) +D(v(t),7) V7€ WH(Q).

3. Energy inequality
Forae t1,tp(0<tH <t, <T),

K(u(12) + Eltz (), 7 () + [ RO + [ Deu(s)) s ea(s)) ] s

f

< K(ii(t)) + E(ty,u(t), (1)) + /: 8.L(s,u(s)) ds,

where

L(t,u):—/Qf(t)-udx—/rlg(t)-uds.

6.2 Existence Theorem

Theorem 13 (Existence of inertial energetic solutions). Assume the data and con-
stitutive functions stated in Section 6.1.1. Given initial conditions T H%O(Q; le),
o0 € L2(O;RY), and o° € LI1(Q) N W(Q)), there exists at least one energetic solution
with inertia in the sense of Definition 6, satisfying u(0) = u°, 1(0) = 9°, and y(0) = 7°.

Although it is necessary to include the kinetic energy term and to establish the
weak momentum balance, the overall structure of the proof is the same as that of
the existence proof for the energetic solution discussed in Chapter 3. Namely, we
first formulate the minimization problem at each discrete time step and prove the
existence of its solution (Proposition 7). Next, we derive uniform estimates that are
independent of the time discretization parameter (Proposition 8, Corollary 4). Finally,
by exploiting appropriate compactness results deduced from these uniform estimates,
we obtain various convergences and pass to the limit in the discrete weak momentum
balance, the discrete stability condition, and the discrete energy inequality obtained
from the time-discrete minimization problem.

Discrete minimisation at a fixed time—step
Fix a step-size T = T/N > 0 (N € N), and a previous state (uX,7%) € Q(t)
with ty = kt. Denote ty,1 = ty + 7. For k = 0 the second order difference term
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%(u — 2uk + 11 involves a fictitious value u~ — 1Y, so that

the discrete velocity (u’ — u~1)/T matches the prescribed initial velocity v°. We
introduce the functional

1 0

;wesetu ! = u

TEu, ) : = ;ﬂ./()p\u—Zuk+uk_l\2dx - TV(#) + E(t,u,y). (62)

Proposition 7 (Well-posedness of one time—step). Under the hypotheses of Theorem 13
and for every T > 0, N € N,and k = 0,..., N — 1, consider the following two incremental
minimization problems:

minimize J¥(u, v) (6.3)
subject to u € H%O(Q), .
and, for any u**1 chosen as a minimiser of the first problem,
minimize E(tg, 1, u¥1,y) + D(75,7) (6.4)
subject to v € W (Q)). .

Then both problems admit a unique solution. In particular, there exists a unique u**1 €
H{, (Q) solving (6.3), and, for this uk+l there exists a unique "1 € W*(Q) solving
(6.4).

In what follows, whenever domain is omitted in a norm, it is understood to be Q).

Step 1: Coercivity. Both minimization problems consist of nonnegative terms
and include the functional E. Therefore, it is sufficient to establish the coercivity of

E(t,u,7).
For the external loading terms, since H?~!(Ty) > 0 and u € H%O (Q)), we can use the
fact that Poincaré inequality on H}O (Q);R?) holds: there exists Cp = Cp(Q),Tg) > 0
such that

[ull 2y < Crl|Vull2q) forallu € H%O(Q;IR"Z). (6.5)

Moreover, by the trace theorem there exists Cyx = C(Q2) > 0 with
lulli20) < Cellullgnqy — forallu € H'(Q;RY). (6.6)

Combining (6.5) and (6.6) we obtain, for the restriction to I'1 C 9Q),
lull 2y < Callulle + 1 Vul2) < Ca(l+Cp) [Vulle =t Cu|Vul2. (67)

Hence, by Young’s inequality, for any & > 0,
’ [ roudxs [ g-uds\ < | VulZ + Co, (IF13: + 8lBar,))-— (68)
1

For the positive contributions of elasticity, hardening, and strain-gradient regulariza-
tion, the coercivity of C with constant Ay implies

Le(es(u)) « (e8(u)) + w(v) + x| V] dx
al2

Ao
> 7|]ee(u)||%2+C1H7H‘£[,+K||V7||"L‘,X—c0|Q|. (6.9)
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By the triangle inequality and Young’s inequality, starting from
e(u) = e*(u) +15,
we obtain
le()ll7: < 2lle@)lf2 +2ISPllvlIz = 2le@lE + vl (©.10)

Since the domain Q) is bounded and g > 2, we have the embedding L1(Q)) < L2(Q).
First, consider the case where g > 2. In this case, for any &, > 0, by choosing Cs,
sufficiently large, we obtain

Il < Callvliis < Ceo +e2flvllfs (6.11)
Combining (6.10) and (6.11) yields
le(u)lIF2 < 2fle()lIfz + Ce, + e2]l I (6.12)

Combining (6.8), (6.9), Korn’s inequality (||Vul|;2 < Ck|le(u)||;2), and (6.12) which

estimates ||e(u)||2 in terms of ||e®(u)|| 2 and |||/ s, we obtain that, by taking ¢; > 0
and &2 > 0 sufficiently small, the negative terms can be absorbed. Therefore, there
exist constants ¢, Cy > 0 such that

E(tu,7) = c(IVulZ + 17l + 19714 ) = Co. (6.13)

By the Gagliardo-Nirenberg inequality, the W*-norm of + can also be bounded from
above in terms of E.

In the case g = 2, we take A; such that 0 < A; < min{A¢,4C;}. The estimate (6.9) can
be relaxed as follows:

/QBC(ee(u)) (e (u)) +w(7y) +K]V'y\"‘] dx

A
> Sl @)lIT2 + CullvllTs + IVt = col-
With this relaxation, from (6.10), we can again absorb the negative term with respect
to 7, and thus the required coercivity is obtained.

Step2: Compactness. Let {u,},cn be a minimizing sequence for (6.3). By the
coercivity established in Step 1, we may extract a subsequence (not relabelled) such
that

U, — u*  in HY(Q;RY).

The boundary space H%O (Q)) is weakly closed; thus u* € H%O (Q).
Similarly, let {7, } be a minimizing sequence for (6.4). Then, after extracting a

subsequence,
Ym — " in WH(Q).

Because the embedding W'*(Q)) < L1(Q) is compact, 7, — v* strongly in L1(Q)).
Step 3: Lower semicontinuity.
* The inertial term u — / olu—2u* +u* 2 dx = || /o (u— (2u* —u*71)) ||%Z(Q)
0

is the square of a norm in a weighted L?-space. Since 0 < p_ < p(x) < p™ <
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a.e. in (), the weighted norm

1/2
Il = ( [ p(x) Ir(x) )
is equivalent to the standard L?(Q))-norm. Consequently, the functional

i [ly/p (= (2u =)

is convex and lower semicontinuous with respect to the weak topology of
L2(Q).

¢ The viscous part is V =3 / ” uty ( _T”k> dx. The integrand is

a quadratic form ine, and because Dis pos1t1ve definite it is therefore convex
and weakly lower semicontinuous with respect to e(+) in L?(Q)). If u, — u* in

H'(O;RY), then e(“”—”k) — e(@) in L2(Q; R*9).

e The plastic distance D(7,7*) = / 0|y — v*| dx is continuous with respect
0

to strong Li-convergence; hence D(7,,7*) — D(v,7*) whenever 7, — 7 in
L1(Q).

e For E(tgi1,u,7),

1. Similarly to the viscous part, the elastic part / W(e(u) —S) dx is weakly
0

Ls.cin L?(Q)) with respect to e(+),

2. the gradient-hardening term || V+y||{. is weakly l.s.c in L*(Q)) with respect
to V7,

3. the hardening potential / w(7y) dx is continuous under the established
Q
strong L7-convergence of 7y, — 7*, and

4. the loading terms are linear and therefore weakly continuous in L?(Q))
with respect to u.

u* and 7", by lower semicontinuity, actually attain the lower limit of the minimizing
sequence and therefore realize the minimum. Moreover, all the functionals appearing
above, except for the dissipation distance D and the linear loading terms, are not
only convex but strictly convex. Since D and the linear loading terms are convex and
added to strictly convex functionals, both mappings

wr JEu,9*) and g E(teq, ¥, 9) + D(95,7)

are strictly convex on their respective domains. Therefore, each of the minimization
problems (6.3) and (6.4) admits a unique minimizer.

Consequently, w1 .= y* and 1 .= 9" are unique minimizers of (6.3) and (6.4),
respectively.

Time interpolation and uniform t—estimates
Let { (", 7%)})_, be a sequence of discrete solutions obtained by successive min-
imisation (Proposition 7) with time grid ty =kt (k=0,...,N) and sett_; = —T.
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Define the piecewise affine/constant interpolants on the interval [—7, T|] as follows:
Fork=0,...,Nand t € [f;_1, ), set

— ty—
uc(t) == uf "t 4 " Tk Lk — k1),

Wr(t) =

At the endpoint t = T, we set
uc(T) :=uV,  u(T):=ul,  9(T):=9N,  F(T):=~".

For the difference quotients, define fork =1,...,N

In addition, we define the piecewise constant functions K and E; on [0, T] by for
k=0,...,.N—1

Kelt) = K= K@) = 5 [ ploFPdn,  t€ [t tin)
E(t) := EF := E(t;, u,+"), tE [t tisr).
At the endpoint t = T, we set
Ko (T) := KN := ;/{;p oN|?dx,  Eo(T):=EN := E(T,ul,yN).
The initial values are K- (0) := K° = K(¢°), E+(0) := E® = E(0,u",7°), where the

triplet (1°,v°,7°) is prescribed in Theorem 13. v* and g* are the velocity vectors on
each time interval, and the following holds:

i (t) = o, t € [te—1, te),
Te(t) =B e b ),
and at the endpoint t = T, 1i:(T) = oV, 7.(T) = BN.
Lemma 13 (Discrete energy inequality). For every t € {0,T,--- NT},
t t
K+ () + Ex(t) +/0 [2V(1e(5)) + R(¢(5))|ds < K(0) +E(0) +/0 3sL (s, T1x(s)).
(6.14)

Proof. Step 1: Minimality. Following the approach in Mielke and Roubicek, 2015 (see
p. 468-469), the minimality of u**1 for J* gives

K 427V (oFF ) + tR(BHY) + EFFY < KF 4 E(tyyq, ub, o). (6.15)
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In more detail, from the Euler-Lagrange equation obtained from (6.3), testing with

(1 — k) /1 yields

1 ki1 Kook W —uk
— ut —=2u+u c—dx
2 Jo Y ( + ) T

1
+ ;/ D e(uft! — k) e(LHT’“k) dx

+/ k“ ')/kS> :e(LHT_”k) dx
k+1 k
e t .U —u d / t . u
/of( k+1) X+ ng( k1)

Using the inequalities

k+1__, k

= ds.

/Q‘O (uk+1 Couk g uk—l),(ukﬂ _ uk) dx >

1 1
E/Qp‘uk+1_uk|2dx_§/0p|uk_ukfl‘2dx’

/QC(x) (e(uk+1) — 'ykS) : e(u’“rl — uk) dx >

2/ Uk ’Yk5> : <e(uk+1) P

2 Q<E(x) (e(uk) - 7"5) : (e(uk) - 7"5) dx,

and multiplying both sides of (6.16) by T, we obtain

2/ x_*/
+ r/ JDe( ) :e(“"“;“") dx
et =) () = /)
20um&<6 7's) - (w%—%ﬂdx

Ly
dx

< [ flte) - (6 —ibyax [ glben) - (67 ) as.

Rearranging terms gives the inequality

K 427V (0" E(tgq, uF Y, %) < KX+ E(bigq, v, 95).

Furthermore, by testing (6.4) with 7, we obtain
E(tk-i-l/ uk+1/ ,)/k+1) + D(’)/k, ,Yk+1) < E(tk—i-l/ uk+1/ ')’k)~

Combining (6.18) with (6.17), we finally arrive at (6.15).

(6.16)

(6.17)

(6.18)
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Step 2: Isolating the explicit time derivative. Because E(t,u,7) depends on ¢
only through L, we have

t
E(t, u*, 9%) = E(tgpq, uk, +%) — / o 9sL(s, uk)ds. (6.19)
tk
Subtracting (6.19) from (6.15) and rearranging yields
t
[KEF 4 EFF] — (KR 4 EX] + 27V (oF ) + TR(BT) < / M aL(s,uN)ds.  (6.20)
tr

Step 3: Telescopic sum. For n withn € {1,--- N} sum (6.20) overk =0, ...,n—1:

n—1 n—1 ,t
K'+E"+2Y V(@) + Y tR(B) <K'+ E°+ ) / o 5L (s, u*)ds. (6.21)
k=0 k=0 k=0 "tk

Step 4: Identification with the interpolants. Since 1. and ., are interval-wise

constants o**! and g+, the Riemann sums equal the integrals for t = nt:
n—1 t n-1 t
Y TV (o) = / V(i) ds, Y TR(B) = / R() ds.
k=0 0 k=0 0

Moreover K" = K. (nt), E" = E+(n1), and u(s) = u* for s € [t, t,;1). Thus (6.21)
becomes (6.14).
It is straightforward to extend this result to, for every t1,f, € {0,7,--- N1}, f1 < f,

)

Ke(t) + Eo(t) + [2V(u1(s)) + R("yr(s))} ds

t

< Ki(t) + E(t) + tzasL(S,HT(s))ds. (6.22)

< ;
O]

Proposition 8 (Uniform t-bounds). There exists a constant C > 0, independent of T, such
that

[tte | L= (po,702) < G, Ve o o,m2) < C, (6.23)
Frelli=oen) < € IVyellisoma <C (6.24)

T
le(ize) || 2o, my;02) < C, /0 R(7y.)ds < C. (6.25)

Proof. Step 1: Evaluation of the discrete energy inequality at each time. Lemma 13
applied with t = nt (1 < n < N), yields

n—1 - nt
K"+ E"+2Y tV(o) + Y tR(B) < KO+ EO +/ 3sL (s, (s)) ds. (6.26)
k=0 k=0 0
Step 2: Forcing term estimate. For t = nt with 0 < n < N, since u.(t) € H%O (O, RY)

vanishes on I'y, the Poincaré inequality yields

32 () 110y < CrlI Ve (£)l[12(0y)-
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The trace estimate yields

32 ()l 2(ry) < Corllwe () [ (cr)-

For the loading potential we compute

OL(t, (1)) = —/Qf(t)-ﬁr(t) dx—/ ¢(t) - u.(t)ds,

I

so that by Cauchy-Schwarz, Poincaré, and the trace inequality,

9L (t, (1)) < C(IIf (Dlz) + 18 r2ry)) - I VE(E) ] 12(cr)-

Setting a(t) := ||/ (t) [l 2ic0) + 1§ (D)l 2ry), X 7= [ Vel 2(0,13:12(c2)), HOIder s inequal-
ity with a € L2([0, T]; L*(Q))) gives

nt
/0 L (LT (1)) | dE < AX, A= Cllall (o2

Young's inequality implies for any 6 > 0

AX < ‘izx%r 15*2142
—_ 2 2 7
hence
nt B (52 ) 1 5 ‘52 )
/0 UL (6T (1) | dt < T X2+ 557247 = TXP4C.

Step 3: Lower estimate of the internal energy. As (6.13) in the proof of Proposition 7,
there exist constants ¢, Cy > 0 such that, for any (u,y) € Q(t), the following estimate
holds:

E(tu,y) = c(IVullf + 717 + Vllie) — Co.

Set t = ntT and substitute (1, y) = (u", ") to obtain
E" > ¢ (V0|2 + 1"y + 199 15) - Co. 627)

Similarly, K" > £-[[v"]|2,.

Step 4: Comparison and absorption. Let | Vu™||;2 = max, {||Vu"||;2}, then,
||VET||%2(0,T;L2) <T ||VumH%2.

Discarding the non—negative viscous and dissipation sums in (6.26), combining
with (6.27), and gathering constants gives for any n (1 < n < N)

%HU”H@ +e (IValz + 17" 1IE + V" l12)

& o
S KO + EO + C() + E HVLITH%Z([O,T];LZ) + CL
0 po0 6*T mi|2
< KO E 4+ Co+ — | Vu"|f: + Co
By taking n = m on the left-hand side, we obtain
mi2 0, 70 PT o my2
CHVM HLZ S K +E +CO+7HVM HL2+CL'
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Choosing
2
o°T < (ie. 6 =Vc/T),
2 2
the gradient contribution (6°T/2)|Vu™||7, is absorbed into the left-hand side
c||Vu™|2,, leaving a positive remainder (c/2)||Vu™||2,. Defining

Cin

"’l\l\)

(K°+E%+Co+Cr),
we conclude
IVu" | < Cn

where Cjy is independent of 7. So, ||Vu"||;2 < ||[Vu™| ;2 < Cin, and
oI+ (I + 199"1%) < c.

Here, C does not depend on 7, again. From these, (6.23) and (6.24) follow. Returning
to (6.26), by uniformly estimating the right-hand side, we obtain (6.25). O

Corollary 4. Let V = H%O(Q; R?). Then we obtain

Nzl o,m;v+) < C,

where C is independent of T. Here, . ([0, T]; X) denotes the Banach space of X-valued finite
Radon measures on [0, T|, where X is a Banach space, endowed with the norm (defined by
duality)

I#lLo 10 = sup{ 900, () ' 9 € COTLX), sup (D)l < 1}.

This corresponds to (5.1.33d) in Mielke and Roubicek, 2015. For details, see p. 471,
(5.1.36).

Proof. In the sense of distributions, we have

1 uk+1 _ Zuk + uk—l

iip = Z 6, in.([0, T]; V"),
k=1 T
Therefore,
) N-1 +1 gk 4 yyk-1
HP“TH.///([O,T],-V*) = Z % - .
k=1 %

Foreachk =0,...,N — 1, multiplying the Euler-Lagrange equation of (6.3) by T
and testing with arbitrary ¢ € V := Hp (Q; R?), we obtain

ykt1 oy k + k=1
P

/]De Ukt — kY e(¢) dx
/Q C(e(ut ™) — 4*S) : e(¢) dx (6.28)
o[ [ ) g+ [ g pds|.
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By the boundedness of C and ID, evaluating (6.28) over ||¢||y < 1, we get for some
c>0

|

1 _pyk 4 k-1
T

<c e —ub)l|p2
V*

et (Il ) 2 + 117l + 1 F (Bes) e + 18 (i) ey )

P

By Cauchy-Schwarz inequality,

Z le(*! — )2 < VT ( kg: S ”k>||%z>”2
= \/THE(T’ZT)HLZ([O,T];LZ) < VTC.
Moreover, the other terms are bounded by TC, and thus
loiix||.z(jo,r;y+) < C  (independent of T).

From p_ < p, the claim of Corollary follows. O

Proof. (of Theorem 13) With the above preparations, we now prove the existence of
(local) energetic solutions in accordance with Definition 6. Since the boundary I'y has
positive measure, by Korn's inequality with (6.23) and (6.25), we have

ACk>0: [luc(®)][m() < CK(II (e (E)) I r2() + Hﬂr(t)HLz(Q)) <C,
while (6.5) with (6.23) yield
ol o7y, 00y < € (6.29)

so that {u;} is bounded in H'([0, T]; Hf, ). By Banach-Alaoglu theorem, there exist u
and a subsequence (not relabeled) such that

ur —u  H'([0,T]; Hf, (Q)).
On the other hand, by (6.1) with (6.24),
7l L o, 7w () < C-
So, there exist y and a subsequence such that
o=y inL¥([0, T, W' (Q)).

In the following, we may extract further subsequences without further mention. Let
f+(t) and g;(t) denote the piecewise constant interpolants of f and g respect to the
same time partition as 1., respectively. Because f,¢ € H'([0, T]; L*>(Q))) we have

fr—f, g —g stronglyinL?([0, T]; L*(Q2)). (6.30)

Step 1: Compactness
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Let us show that Proposition 8 and Aubin-Lions compactness theory give

Ur = U in C([0, T}; L*(Q2)), (6.31a)
ur(t) — u(t) fora.e. t € [0,T] in H'(Q), (6.31b)
e — 1 in L2([0, T}; H'(Q?)), (6.31¢)
Uy — 1 in L2([0, T}; L*(Q0)), (6.31d)
Yo =y in L7([0, T]; L7(QY)), (6.31e)
Yr = in.Z((0,T)xQ). (6.31f)

Strong compactness of 1, in C([0, T]; L?>(Q))) (6.31a) :

Since u is bounded in L*([0, T]; H'(Q)) and 1 is bounded in L*([0, T]; L>(Q))) C
L%([0, T); H'(Q)), we can apply the Simon’s version of the Aubin-Lions theorem
(see Theorem 14 below) with

HY(O;RY) —— L2(O; RY) — H1(O;RY) (6.32)

to obtain
ur — u in C([0, T]; L2(Q; RY)).

Theorem 14. (Simon, 1986, Aubin—Lions/Simon Theorem, Thm. 5and Cor. 4)
Let X << B — Y be Banach spaces with compact embedding X — B and continuous
embedding B — Y.

1. Let1 < p < co. Ifaset F C LP([0, T|; X) is bounded and

lim sup [|f(- +h) = fC)lleror—mv) = 0,
h—0 feF

then F is relatively compact in LP([0, T]; B).

2. More strongly, if F C L*([0,T];X) is bounded and {0if}¢cr is bounded in
L"([0, T);Y) for some r > 1, then F is relatively compact in C([0, T|; B).

Strong compactness of i, in L2([0, T]; L?(Q)) (6.31d) :

In particular, from (6.29), ii; is bouded in L?([0, T]; H'(Q2)). Since we already know
thatii; € ([0, T]; H }(Q)) is bounded as a measure, we obtain that i, is uniformly
bounded in BV ([0, T]; H~'(Q)). This uniform (in T) BV-in-time bound implies, by a
standard BV computation, the time—translation estimate

[tke (- 4 1) = 1t () 2 (o7 nH-1(00)) < Ch'/2 forallh € (0,T),

hence Simon’s time-translation condition in Theorem 14 (Case 1) holds; see Ambrosio,
Gigli, and Savaré, 2008, Chap. 1. By applying Theorem 14 with (6.32), we obtain

e — 1 in L*([0, T]; L*(QY)).

Strong compactness of 7. in L1([0, T]; L7(Q))) (6.31e) :
From (6.24) and the condition g > «, we deduce that

H'YTHL""([O,T];WL"‘(Q)) <C
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Furthermore, combining (6.25) with 8 > 6, we obtain

T T
[ el ds < 0" [ Rev)ds < ¢,

which shows that {7} is bounded in BV ([0, T]; L'(Q)). Applying the same com-
pactness principle as above with the embedding

WY (O RY) < LI(O;RY) — LY(Q;RY),

we conclude that
Yr — 7y in Lq([O, T];Lq(ﬂ)).

Weak-+ convergence of . in .Z((0,T) x Q) (6.31f) :

Moreover, ¥ (t, x) is uniformly bounded in L! ((O, T) x Q) Identifying a function
¢ € L'((0,T) x Q) with the measure ¢ dt dx, the sequence {7} is bounded in total
variation in

A((0,T) x Q) = (Co((0,T) x Q)"
By the Banach—Alaoglu theorem, there exists a subsequence (not relabeled) and
e #((0,T) x Q) such that
Yo u in#((0,T) x Q).

For any ¢ € C®((0,T) x Q) we have

/ qu(vr):—//%(pdxdt — —//'y(pdxdt,

where the convergence on the right-hand side follows from vy — v in
L9([0,T]; L7(Q)) and ¢ € L®((0,T) x Q). On the other hand, the left-hand side

converges to // @ du due to yr — pin .#((0,T) x Q). Hence,

//qod‘u:—//'yatgodxdt Vo eCT((0,T)xQ),

which means that 4 = 7 in the sense of distributions.

Pointwise-in-time strong convergence of u. in H!(Q) (6.31b) :
The gradient operator with respect to u,

Ay = 0,E(t,,7): H (GRY) — Hp (O RY),

satisfies the so-called property of type (ST). As mentioned in Mielke and Roubicek,
2015 (p. 152), the condition (S™) takes the following form in our setting:

uc(t) = u(t) in H(Q), y<(t) = y(t) in L1(Q), .
lim sup (9, E (£ tr, o) — OuE (14, 7c) , e —u) <0 ( = ur(t) — u(t) in H(€QQ).

7—0

As shown below, in our problem this implication can be obtained in an integral-in-
time form of the second condition, which yields the strong convergence of u in the
Bochner space L%([0, T]; H(Q)). From this, the required almost everywhere strong
convergence follows. However, this argument requires the strong convergence of 7.
in L?([0, T]; L*(QY)) (see (6.31e)).
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Indeed, the operator is expressed in weak form for p,q € V as

(Ay(p)a) = [ C(elp) =78) sel)dx— [ f(1)-qdx— [ g(1)-qas.

I

Hence, forall p,qg € V,

(Ay(p)—Ayq), p—q) = /QC(X)E(P —q) e(p—q)dx > Aolle(p — q)||7.-
By Korn’s inequality, ||[p — q||;n < Cklle(p —q) |l 12,

(Ay(p) = Ay(@), p—q) > cllp—4qllfn,  c:=20/Ck >0.
This estimate does not depend on 7. Therefore, if

T
lim sup / (A (1) — Ay (1), Tr — u)dt <0, (6.33)
0

7—0

then it follows that

T
og/0 ¢ i — ullp g dt —— O.

lim sup

Since the left-hand side equals ¢ || — u ”%2([01]; i)y We have 1; — u strongly in
L%([0, T]; HY(Q))). Hence, after extracting a subsequence (not relabeled),

i (t) — u(t) in H(Q) forae.tc [0,T].
Since the convergence in (6.33) does not depend on 7, if we establish (6.33) for
A:=0,E(t, ., 7. (t—T)), (6.34)

then the desired strong pointwise convergence is obtained. This choice is made in
order to make use of the (discrete) weak momentum balance.
Let ¢ € H'([0,T]; H, (Q;R?)), and let ¢, denote the linear interpolation with

respect to the same time partition as ur, while ¢_ denotes the piecewise constant
interpolation. We simply denote the value of . on each interval [t;, t.1) by ¢* € Hy,.

Testing (6.3) with ¢*+! yields

1

=X, (1 — 20 4 F1) . g dx+/ C(e(u1) — A£S) : e(¢**1) dx
o o

+ % /QIDe(ukJrl —uk) s e(¢Ft) dx (6.35)

= /Qf(tk+1) LM dx + /r1 g(tesn) - ¢ ds.



94 Chapter 6. Dynamic Extension

Summing from k = 0 to k = N — 1 and making use of the identity

N-1

k;) </Qp (uk+1 _2uk+uk—1> k! dx)
_ Z (/ ( -1 uk—2> _ <¢k _(Pk—l) dx)
+/ —u 4)-cdex—/Qp(uO—u’l)-(podx,

we then arrive at the discrete equation of motion

r

¢ (1)) dx

/()(C(E(ﬁr(t)) — 7. (t—1)S) +1De(uf(t))> e

/pur t—1T) - ¢ (t)dx dt+/puT - ¢ (T) dx (6.36)

= [ et [ ([ F0- pelrr [ g poltyas) i

Take v; and v; a piecewise affine and piecewise constant approximation of u, such
that

v > u in H'([0, T]; Ht,(Q)).

Concerning A in (6.34), from the boundedness of C and Proposition 8, we obtain the
uniform boundedness of A(i;) as well as A(7;) — A(u) — 0in L2(]0, T]; Hr_ol (Q)).
Since o — u and #; — u in L?([0, T); Hllo (Q))), it follows that

T
lim/ (A(tic) — A(u), e —u) — (A(tic) — A(Ty), Uy — Og ) dt

—=0.J0

= lim ! (A7), e — u) + (A(Tr) — Au), Te) + (A(u), u) — (A(Tr), Te)dt

—0.J0
=0.
Therefore, it suffices to show that
T
lim sup (A(ur) — A(v7), Uz —07) dt < 0.

70 0

Here,
(AT, T /c o) =Tt = T)S) s el — ) dx

—/th ' ”T‘”T)dx—/rlg(t)-(uT—vf)ds.
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By employing (6.36) with the choice ¢ = v — u; which means that ¢ = v — u; and
¢, = Ur — Uy, We obtain

T
=0 J0
T
= limsup <A(§T) — A(Tly), By — ET> dt
=0 J0

T
= limsup
=0 J0

A(ir)rir_iT - Lr(t—7) (0 —uir)d
< (% v u > /qu T 0 X (637)

_ /Q]De(uT) e(tr — 0q) dx] dt

_/OT <./QfT.(vr_ur)dx—|-/r]g}-(UT—uT)dS>di
+ [ pe(T) - (0e(T) = ue(T) dx = [ po- (0(0) — o) .

Regarding the first term on the right-hand side, due to the strong convergence of
C(x) (e(ET) — 7 (t— T)S) in L2([0, T]; H-1(Q)) as implied by (6.31e), and the weak
convergence of ; — i to zero in L2([0, T]; H'(Q))), it follows that this term converges
to zero.

For the second term, we first estimate the difference between the shifted and
unshifted inertial terms for any ¢ € H' ([0, T]; Hy, (Q)) as follows:

‘ /OT<Pﬂr(f —T) —pii<(t), P(t)) dt

:)A?mh@»¢@+r»—wwwn

< otz || (o, rp;22) 19+ T) = @l 1o, 1),12)-

Here, ¢ are extended by 0 outside [0, T] so that the shift ¢(- + 7) is well-defined
and the above estimate holds. It is a standard property that for any p € [1,0) and
v € LP([0, T]; X), where X is a Banach space, the translation operator is continuous in
L?, that is,
-+ h) — . 0.
[o(- + 1) — ol Lr(j0,77;%) Py

Therefore, we obtain from (6.23)

T . T .
/O(pur(t—‘r), qb(t))dt:/o (piic(t), p(1)) dt +0(1)  asT — 0.

By setting ¢ = v — 1, and noting that v — i — 0in L?([0, T]; L*(Q))) by (6.31d), it
follows that the second term converges to zero.

For the third term, by summing

/Q IDE(uk _ uk—l) : e(uk) dx > V(uk) B V(uk_l)
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fork=1,...,N, we obtain

Z /]De(u — ) dx—/ /lDe tr) :e(tiy) dxdt

> V(ur(T)) — V(u°).

Furthermore, by the weak convergence of D e(ii;) and the strong convergence of
e(vr) in L2([0, T]; L*(Q))), we have

l1msup / /]De i) :e(ut —Er)dxdt)
7—0
glimsup(V(u) +/ /]De lig): vf)dxdt)
7—0
= V(uo)—hmme u(T +/ / De(u u) dx dt

< V(ug) — )+ / / De(it) : e(u) dx dt.

(6.38)
Here we used u-(T) — u(T) in H'(Q) and the weak lower semicontinuity of V.
The pointwise weak convergence of u. in H!(Q)) can be shown as follows. Fix an
arbitrary t € [0, T]. By Proposition 8, the set {u-(t)} is bounded in H(Q)). Hence, by
Banach—Alaoglu, every sequence (7,) admits a subsequence (not relabeled) and a
function v € H'(Q) with

ug, (t) — o in H(Q).

Because the embedding H!(Q)) < L2?(Q) is continuous, the same subsequence
converges weakly in L%(Q) to v. On the other hand, by (6.31a), for the same (arbitrary)
t we have the strong convergence

ur, () — u(t) in L2(QQ).

Therefore v = u(t). Since every subsequence admits a further subsequence with
weak limit u(t), the whole net {u-(t)}+ converges weakly to u(t) in H(Q).

By applying the integration-by-parts formula (Lemma B.5.7 in Mielke and
Roubicek, 2015), the rightmost term in (6.38) becomes zero, and hence the lim sup of
the third term in (6.37) is estimated from above by zero.

For the external force term in (6.37), due to the weak convergence of v; — 1 to
zeroin L%([0, T]; L*(Q))) and its weak convergence to zero in the trace space, it follows
that this term converges to zero. From (6.23), we have ||ii:(T)|;» < C, and since
0:(T) — u(T) — 0in L?(Q) from (6.31a), the convergence of the second but last
term in (6.37) follows. The last term is zero since v¢(0) — 1y = 0.

Step 2: Weak momentum balance
We consider the passage to the limit as T — 0 in (6.36). Since all the remaining
terms can be handled by standard limiting arguments, we focus on the limit of the

inertial term / ptir(T) - ¢ (T) dx. The uniform estimate (6.23) ensures that, possibly
0

after taking a subsequence, we have the weak convergence i (T) — (T) in L2(Q).
Here we note that the estimate given by (6.23) is, in fact, a supremum rather than
an essential supremum. Since we have the inner product of a weakly convergent
sequence and a constant function in L?(Q)), the desired convergence follows.
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Step 3: Local Semistability
By testing (6.4) with a general ¥ € W#(Q)) and applying the triangle inequality,
we obtain
E(tger, ', o) < E(tean, "™, 3) + D(/*, 7).

Similarly to (6.19), for t € [ty1, tri2) we have
t
E(t, le+1, ,)/k-l-l) E(tk+1, k+1, ,)/k+1) + t asL(S, uk+l) dS,
k+1

t
E(t,u", %) = E(tgpq, u**1, ) + dsL (s, uf 1) ds.

1

Hence, it follows immediately that
E(t,uc,7,) < E(t 7, 7) + D(7., 7). (6.39)

The pointwise convergence of the left-hand side of (6.39) is shown in the same way as
in Step 4 (p. 68) of the proof of Theorem 3.2 in Francfort and Mielke, 2006b as follows.
From this discrete semistability together with (6.31a), (6.31b) and (6.31e), we have,
forae. t € [0,T],

E(t u(t),y(t)) = lim E(f u(t), y(t) + (7 ()
:11LnE(t,uT() Y(t)) + D (7, ())
> limsup E(t, W (t), 7. (t)).
7—0

Since the weak lower semicontinuity has already been discussed in Proposition 7, it
follows from Proposition 8 that, possibly after taking a subsequence, the opposite
liminf inequality holds. Therefore, the pointwise convergence is obtained.

As for the pointwise convergence of the right-hand side of (6.39) for almost every
t € [0, T], the convergence of the first term follows from (6.31a) and (6.31b), while the
convergence of the second term follows from (6.31e).

Step 4: Energy Imbalance
From (6.22), for any t1, t; € [0, T| with t; < t, we can gain

[ttt

K(iie (|77 a) T = 7)) + E(|77 0|7, 700, 7)) + 2V (11c(5)) + R(7(5))] ds

[T 1T

1t2

< Ko (|t 1T — 7)) + E(| T 1] T, U0, ) —|—/ 5L (s, 1 (s)) ds.

ltlJT

By the similar reasoning as in Step 3 and as in the proof of Proposition 8 (Step 2), it
follows immediately that

[ttt

K(tte (b2 — 7)) + E(ta, i, 7,) + [zv(uT(s)) + R("yf(s))] ds

[Tth]T

< K(ur(t1 — 7)) + E(t1, e, 77) +/tt2 9sL(s,7ic(s)) ds+1C (6.40)
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If we restrict the interval to [T, T],

[t (- = ) — () | 22 17512)
< e (- =7) = (- = Ol 2oz + 10¢ = ) = 2() |27 1:22)

Since both terms on the right-hand side converge to zero considering the continuity
of time translation , the left-hand side also converges to zero. Moreover,

[t (- = 7) = u ()l 2 (jo,312) = O,
so the convergence extends to the entire interval [0, T]. Then (6.31d) implies the
convergence of the kinetic energy terms for a.e. t1,t, € [0, T).

Fix g9 > 0, and define the positive numbers &1 (7) and &,(7) by
e(1) =t — [T 4T, e(7) ==ty — [T 7.

As in the proof of Proposition 7, the viscosity term is weakly lower semicontinuous
with respect to e(+) in L2([t1, t2 — €o]; L?(Q)). Since we are taking the limit as T — 0,
it suffices to consider sufficiently small 7 such that &»(7) < €o; therefore, by (6.31c),

th—eg tr—eo tr—e2(7)
/ V(i)ds < liminf V(iiz)ds < liminf V(i) ds

f —0 H 7—0 t1—e1(T)

From this, we obtain

ty tr—e2(T)
/ V(i)ds < liminf V(iiz) ds + O(ep).
ty

=0 Jt—e1(7)
By letting g — 0 in this expression, we obtain

tr tz*&Z(T) LTﬁltzJT
/ V(it)ds < liminf V(ir)ds = liminf V(i) ds.
5]

=0 Jt—e(1) =0 Jlrlh |t

In addition to an argument analogous to the one above, by applying Reshetnyak’s
theorem (see below) to (6.31f) with U = (t1,t,) x Q and H((s,x),&) = 0(x)|&|, and
using that R is convex one-homogeneous and 0 is continuous, we obtain

tr L’l’_ltzJT
/ R(¥)ds < liminf R(7y¢) ds.
fy

7—0 LT*1 t]J T

Theorem 15. (Ambrosio, Fusco, and Pallara, 2000, Reshetnyak’s lower semicontinuity
theorem, Thm. 2.38)

Let U C RN be an open set, and let yy, u € 4 (U;R™) be finite Radon measures
such that py = u weakly* in .4 (U;R™) (that is, in the dual of C(U;R™)). Suppose
that H : U x R™ — [0, 00] is lower semicontinuous in (x,{), convex and positively 1-
homogeneous in the second variable. Then

Jo () diul(e) < tmin [ (5 06 ) diul o)

By (6.30) and (6.31a) we have dsL( -, 7¢) — 9sL(-,u) in L'(0, T), hence

ot t
/ aSL(aT)ds—>/ 3,L (1) ds.
0 0
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What remains to show in order to finish the limit process as T — 0 in (6.40), is the
pointwise convergence of E for a.e. t1, t; € [0, T], which has already been proved in
Step 3 above.

Consequently, the limit (u,) is a local solution with inertia in the sense of
Definition 6. =

6.3 Uniqueness of Energetic Solutions in the Quadratic Case

In the previous section, we proved the existence of an inertial local solution (a viscous
energetic solution) in the sense of Definition 6. However, the energetic formulation of
RIS, based on (local or global) stability and an energy inequality, provides a varia-
tional solution concept that may in general lead to multi-valued evolutions. Indeed,
Mainik and Mielke, 2005 points out that, without additional regularity or convex-
ity assumptions on the stored energy and the dissipation distance—in particular,
without uniform convexity—uniqueness of solutions cannot in general be expected.
Furthermore, Mielke, 2005 emphasizes that RIS frequently appear as multi-valued
evolutions unless strong structural assumptions are imposed.
On the other hand, if the incremental minimization potential

(u,7v) = E(ti,u,7) + D(7, Y1)

is strictly (or strongly) convex on the state space, then the minimizer at each time step
is unique, and uniqueness of the corresponding continuous-time energetic solution
follows from the limit passage of the time discretization. In fact, Mielke and Theil,
2004 establishes well-posedness (existence and uniqueness) under suitable uniform
convexity assumptions, and also demonstrates that the loss of strict convexity may
lead to non-uniqueness.

The present dynamic model contains both an inertia term K(#) and a viscous
dissipation V (i1), but these ingredients do not automatically eliminate the intrinsic
multi-valued nature of RIS (cf. Mielke, 2005). Nevertheless, in the context of dynamic
plasticity, the introduction of hardening and viscosity is known to enhance mono-
tonicity and coercivity, thereby contributing to regularity and uniqueness of solutions
(see, e.g., Showalter and Shi, 1998).

With the aim of keeping the analysis technically transparent and supporting the
reasonableness of our solution concept, we restrict in this section to the case of a
quadratic hardening potential,

NI

w(y) =57, B>0,

and a quadratic gradient regularization,
K|V, o =2.
Theorem 16. Under the above assumptions, the energetic solution in Theorem 13 is unique.

Proof. Let
V:=Hf (QGRY),  W:=W72Q).

By the assumptions, the stored energy &,

E(u,y) = ;/QC(e(u) —S) = (e(u) —S) dx + g/ﬂfyzdx + K/Q V|2 dx,
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is a quadratic form. In particular, o€ := (9,£,9,£) is a bounded linear symmetric
operator 9€ € Lin(V x W; V* x W*). Each component is expressed as follows: For
any test functions ¢ € Vand ¢ € W,

(0,E(t,u,7v), @) = /QC(e(u) —7S) :e(9)dx,

@t ), ) = |

a (= Cle(u) =1S) : (S9) + By +2xVy- Vo) dx.

Assume the gentle-start compatibility at t = 0:

/QIDE(UO) ce()dx + /QC(e(uO) —7%S) re(yp)dx = /Qf(O) “pdx +/r ¢(0)-pdS

Yy € HE ((GRY).
(6.41)

We use the standard backward differences for w € R":

k k-1 k k-1 k-2
ko W —w k2. W =2wW N +w
DTZU .:7’1— P [DT] w .=

[DE oo — Dk
T

[DEF 3 .=

And also we use the formal displacement and slip:

u;z =uy—2t0v9 and z;l = zp.

This setting justifies the evaluation of the initial values required in the above high-
order differentials and in the following discussion using the Gronwall inequality.

From the discrete minimization for v (6.4) and the convexity of { — T R( Cizkil )+
£ (u*, ) we obtain the first-order condition

0 € AR(DEr) +0,E (uF, o).
Equivalently, by the subgradient inequality, for all { € W,
R(E) + (3€(",7"), T=Dive) = R(Drye). (642)

Choosing in (6.42) { = Dktly atlevel k and = Dk atlevel k + 1, adding the two
inequalities, and using the linearity of 9, & yield

(9,€ (D5 Mur, DE L), [DEF290) < o (6.43)

Considering the discrete momentum balance for u (6.35) for ¢ € V), at levels k + 1
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and k, yields
o (D5 P = [D5Puc) - gx+ [ € (e =) = (4 = 41)5) s elg) d
+ [ De (D e = [D4Juc) : e(g) dx
= [ Ut = f(80) - gaxt [ ((ti) —(8)) - 9.
If we set ¢ = [DXT1)24 and divide by T,
/Q o (ID5"Puc) - (ID5 ' Pce) o + /Q 9E (D iz, Dy ) - e([DE Pue)
n /Q De (D5 Pur) < e (D5 Pur) dx
- /Q (D5 ) - (D5 e ) e+ i (D) - (D6 Pur) ds. (644)

Let U! := Dﬁur and Z! := Dﬁ'yT for ¢ € {k,k+ 1}, and note that for ¢ € {k,k+ 1} we

have
DEH 2y, — Ditlur — Due UM — U
T v T T ’
[Dk+1]2’)/ — DI1(*+1')’T - DI{"YT _ Zk+1 - Zk
T ° T T ’

Since € is a convex functional with respect to u and 7, the following holds:
1
(€U, 24, [DEPur) > = (s(uk“,zk) — E(UF, Zk)>, (6.45)
1
<ayg(uk+1’ Zk, [D]§+1]2%> > - (g(uk+llzk+1) _ g(ukﬂlzk)) (6.46)

Adding (6.45) and (6.46), we obtain

<au5(uk+1’ Zk), [D1;+1]2ur> + <avg(uk+1lzk+l)/ [DI~§+1]2’)’T> > Dl.f,+1 S(U,Z),

(6.47)
where DEFLE(U, Z) = w1 (E(UM, ZHY) — £(UF, ZF)).
If we write a* := [DX]2u, € V, then we have
gkl _ gk
[D];+1]3u1_ — = ,

and moreover,

/Qp ([D’;“]%T) ) ([D7;+1]2uT> dx — 1 /Q (ak+1 _ ak) a1 dx

T

In addition, using the fact that for any x,y € L2(Q;R?) we have

[ ple=y)-xdx = K(x) = K(y) + K(x =),
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it follows that

i/o (ak+l _ ak) A gy — % <K(ak+1) _ K(d¥) + K(a — ak))
= % <TD’§“K(¢1) + K(a"tt — ak))
> DEFIR(IDE Pur).

Summing (6.43) and (6.44), and using (6.47)

D'§H<K([Dl§“]zur)+5(D]§“u7,D'§“7T)) +V([D]§H]2uf) < <D7§“L, [Dﬁ“]zur>.

(6.48)
Let
OF := K([DEJ?u) + £(Dku, D),  WE:= V([DEJu).
Since K, £, V are positive definite,
o >0, Wwk>o. (6.49)
Using this notation, (6.48) becomes
DEfler + W < (DAL, [DEF2). (6.50)

Using the Cauchy-Schwarz inequality, the Poincaré inequality, and the trace theorem,
we obtain

<Dl<r+1L, [D’;H]Zur>
< IDE fllzgoy 1D Pl 2oy + D5 g 2y DS a2y

e(Cp+C
_%mmww |+ IDE gy, ) 4+ L7 G

< 28 (HDk—HfHZ ) + ||Dk+1g|| )—f—SC* Wk+1.

HV (IDFPur) iz(n)

Choosing ¢ such that 0 < & < 5, we obtain
1
Dok 4 EWkH <C (HDlﬁlfH%Z(Q) + HD’é“gHiz(r1>>~
Using (6.49), we conclude that
Dol < ¢ (HDI;HfH%?(Q) + HDlﬁlgH%Z(rl)) :
Summing this for k = 0,...,m — 1 and multiplying both sides by T gives
0 " k+1 |2 k1,12
o — o < C Y 7 (IDE IR ) + IIDE gl ) -
k=0

By (6.41), we have ®° = 0, hence

m—1
®" < C Y T (D5 fIRa + IDE gl )
k=0
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The right-hand side is uniformly bounded with respect to T by the assumptions on f
and g. Similarly,
wk < c.

Then, we obtain the following uniform estimate, as in Proposition 8.

Proposition 9 (Enhanced uniform t-bounds). There exists a constant C > 0, independent
of T, such that

iz || Lo (po,7;22) < C [Viie|| oo o, 77;02) < C, (6.51)
Vel L= (0,352) < C, IVl o (po,m;02) < C (6.52)
\le(iie) | 2po,11;22) < C- (6.53)

From this, in particular, we may conclude that the solution u in the Theorem 13
satisfies ii € L*([0, T]; L?).

The weak form of the momentum holds in the strong sense with respect to time;
that is, the following holds.

Lemma 14. Let
u € HY([0, T}; Hf, (4 RY)), v € L([0, T); W (Q))),

satisfy the weak-in-time momentum balance for all ¢ € HY([0, T]; H{, (C;R?)).
Then, for almost every t € (0,T),

/Qpii(t)-lpdx—F/Q]De(a(t)):e(1p)dx+/QC(e(u(t))—'y(t)S) : e() dx
:/f(t)-t/)dx—i—/ g(t) - pdS, (654)
@) r

forall p € HE (O;RY).
Equivalently,
pii(t) —dive = f(t) inV7,

with natural boundary condition
on=g(t) inH 2(T;RY),  u(t)=00nTy.
Proof. If we define F(t) for t € [0, T] by
F(t) eHf (O;R7)",
(F(t), ) := /Q De(i(t)) : e(y) dx + /Q Cle(u(t)) = 1(t)S) :e(yp) dx
| O pdx— [ g(t)-pas, (6.55)

then F(t) belongs to L([0, T]; V*).
Insert test functions of the form ¢(t, x) = 7 (t)y(x) with 7 € C}([0, T]) and ¢ € H%O
into the weak balance. The definition yields

_/OT(/Opu(t)-1pdx)17(t)dt+/0T<F(t),1/)>17(t)dt:O.



104 Chapter 6. Dynamic Extension

Define my(t) := [, pu(t) - pdx € L?([0, T]). Since (F(-), ) € L'([0, T)), this distri-
butional identity shows that m, is absolutely continuous and

tity(t) = (E(t),¢) forae.t€ (0,T).

Hence, for every ¢ € H%O,

[ ey pax = (F@®),v),
which is exactly (6.54). O

Fix t such that local semi-stability holds. Using the 1-homogeneity and convexity
of R, this is equivalent to

(—0,E(tu(t), (1), ¢) < R(gp) Voez
- “3,&(t,u(t),7(1)) € aR(0) C Z°. (6.56)

This is the standard subgradient optimality condition for the minimization of E(-) +

R(- —(t)) at y(t).
For a.e. t we can take ¢ = u(t) € Hf, () IR?) in (6.54) to obtain the following identity
forevery 0 <t; <t, <T:

K(i(t2)) — K(u(t)) + /ttz/QlDe(u) ce(u)dxdt

/Q 3C(e(u) —7S) : (e(u) —vS) dx] (6.57)

f

_|_

— tlt2</0f-adx+/rlg.ud5) dt — /:/Q(C(e(u)—’yS):S)f'ydxdt.

Adding the identity

f
[y —2ear, iyt = [ (§r(t22 + KVt = §y() — I Va(1) )
1
to (6.57) yields the energy—power balance

K(1i(ty)) + E(t2, u(t2), 7(t2)) — (K(u(tl)) + E(tl,u(tl),'y(tl)))

2
+ [ De(u): e() dxdt
H Jo

ty tr
:/t 0:L(s,u(s))ds + /t (94E(s,u(s),v(s)), 7(s)) ds.
1 1 (6.58)
Subtract (6.58) from the energy inequality. Forall 0 < t; < ¢, < T we obtain

1)
/t (R("y(s)) + (9,E(s,u(s),v(s)), ’y(s)>> ds < 0. (6.59)
On the other hand, for a.e. ¢,

R(7(D) + (E(Lu(H),7(1), 7)) = 0.
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Combining this pointwise nonnegativity with (6.59) forces

R((t)) + (0,E(t,u(t),v(t)), 7(t)) = 0 forae.t e (0,T).

By the 1-homogeneity of R and the Fenchel-Young equality , the conjunction of (6.56)
and the last equality is equivalent to

—0,&E(t,u(t), v(t)) = —0,E(tu(t),y(t)) € oR(y(t)) forae.t. (6.60)

Let (u;,7:), i = 1,2, be two energetic solutions corresponding to the same data,
which in particular satisfy, fora.e. t € (0,T),

(momentum balance in V*) = pii;(t) + Vii;(t) + 0,E (ui(t), 7i(t)) = f(t) in V¥,

(6.61)
(flow rule in W¥) 0 € OR(7;(t)) + 9,& (ui(t), vi(t)) in W™ (6.62)
Set
U1 1= U1 — Uy, Y12 = Y1 — 72
And more, take ¢;(f) € OR(-};(t)) such that
0 = i(t) + 0, (ui(t), vi(t)), (6.63)
and set
$12 := G1— Ca.

Subtract the momentum balances fori = 1 and 2:
piipp +1D e(uu) + auS(uu, ’)/12) =0 inV* ae.

Testing by 111, € V and using symmetry of D,

d . .
a K ulz —|—/ De ulz) (M12> dx + <8u€(u12, ’)/12>, M12> =0 a.e. (664)

Subtracting (6.63) for i = 1 and i = 2, and using that 9, is linear in (1,y) , we obtain
fora.e. t:
C12(t) 4+ 0, E (u12(t), 112(£)) =0 in W™ (6.65)

Test (6.63) by 712 € L*(Q)):

(0,€ (w12, 112), 112) = —(&12, T12) a.e. (6.66)

Since € is quadratic, the chain rule holds:

d
I E (w12, 112) = (9u€ (12, 712), t12) + (9,E (12, 712), T12)-

Adding (6.64) and (6.66) and invoking the chain rule yields:

d .
E( (ti12) + &( uer’)’lZ /]De i) s e(inn) dx = —(C12, J12) ae.  (6.67)

By monotonicity of dR one has (12, 712) > 0 a.e.
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Integrating (6.67) from 0 to ¢, using the same initial data we obtain

K(ﬂlz(t)) + g(ulz(t),’)/lz(t)) + /Ot /Q]D 8(1/212) Ze(ﬂlz) dxds < 0.

Since all terms on the left are nonnegative, they must vanish identically. In particular,
12 = 0and E(u12,v12) = 0 a.e. in [0, T]. By using that the two solutions share the
same initial data u1(0) = u2(0), ¥1(0) = 72(0), and by the positive definiteness of
the hardening terms > 0, it follows that u1 = 0 and 12 = 0. O
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Chapter 7

Conclusions and Outlook

We have analyzed a finite-strain crystal plasticity model for periodically layered
composites. We have considered two-slip systems in the soft layers (with a single-
slip constraint at each point) and assumed completely rigid behavior in the stiff layers.
Using a I'-convergence framework, we derived explicit homogenized energies for the
case of two orthogonal slip systems and obtained partial characterizations for general
angles. The analysis combines a refined laminate structure configuration with an
envelope argument adapted to a nonconvex admissible set and the multiplicative
structure of finite-strain plasticity.

However, there are some important limitations that suggest natural directions for
future development. First, the static I'-limit obtained in this study is purely energetic
and includes only a term that penalizes slips quadratically, without a linear dissipative
contribution. Nor do we provide a I'-limit for dissipation functionals alone. Both
elements are essential for describing the quasi-static evolution in elastoplasticity, and
remain open questions in this study.

A first direction is evolutionary I'-convergence. Specifically, we formulate incre-
mental problems for the e-models (including stored energy and rate-independent
dissipation), investigate their evolutionary I'-limits, and aim to identify a pair of limit
functionals (&pom, Phom) that govern the quasi-static evolution based on the concept
of energetic solution. This program naturally separates into two tasks: (i) identify-
ing the Mosco limit of D, under the same microstructural scaling, and (ii) proving
evolutionary I'-convergence for the energy-dissipation functional that treats energy
and dissipation jointly. While the results for single-slip suggest useful compactness
mechanisms (e.g., controlled rotation), extending these to systems with two or more
slip systems will require new ideas.

A second direction is to complete the homogenization of the two-slip problem
for general angles. While our partial result from this work identify the homogenized
density on large subregions of F € R>*2 : det F = 1, the "mixed" region, where one of
the values |Fvy|, |Fo,| is above 1 and the other below 1, remains unexplored. Progress
in this area may require the introduction of higher-order laminated structures, a more
refined description of rank-one connections compatible with the single-slip constraint,
or a different relaxation framework.

A third line of research concerns structural generalization. A complete angle-
independent formulation has yet to be obtained, even for two-slip systems. Extension
to a finite number of slip systems (still assuming a single-slip at each point) remains
a completely unexplored area. Further advances would include (i) an extension to
three dimensions, (ii) relaxing the "rigid-layer" assumption to very stiff (possibly
anisotropic) elasticity, and (iii) incorporating linear hardening and softening. All of
these extensions would improve the predictive ability of the homogenized model
and more precisely explain experiments on kink-band formation in layered alloys.
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In conclusion, this work clarifies the static, energy-level picture for two-slip layered
composites and identifies the main analytical obstacles—dissipation, mixed slip
regimes, and multiplicity of systems—that must be overcome to establish a complete
evolutionary I'-limit for realistic multilayered crystals.
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