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On the boundedness of certain elliptic operators in
generalized Morrey spaces

By

Denny Ivanal HAKIM * and Yoshihiro SAWANO **

Abstract

In this paper we prove the boundedness of Bessel potential operator on the generalized
Morrey space MJ (), where Q is a bounded smooth domain in R". We also establish the
boundedness of certain elliptic operators on these spaces. To obtain these results, we utilize
Gaffney type estimates for these operators on Lebesgue spaces.

§1. Introduction

Let v > 0 be a constant. In this paper, we shall discuss the Bessel potential operator
(1 — vA)~! which is defined by

(1=v8)7 @)= [ Kla=)f) dy (a € ).
where f € LP(R™) for p > 1 and the kernel K is defined by
1 ® _mel®_ 5 _n
(1.1) K(z): —/ e” v Tand 2 dd (x e R").
0

Remark that this operator is related to the equation

(1.2) u—vAu=f
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in R™. Indeed, u = (1 —vA)~!f is a solution to (1.2) (see [7, p. 186]). It is known that
the operator (1 — vA)~! is bounded on LP(R™) for 1 < p < oo and

(1.3) 11 = v D) fllLe@ny < I fllzw ey

for every f € LP(R™); see [17, p. 135] for instance. In this paper, we prove the
boundedness of (1 —vA)~! on the generalized Morrey spaces M$(€2), where Q is a
bounded smooth domain in R™. This function space is introduced in [13]. Let us recall
the definition of M7 (Q2).

Definition 1.1. Let 1 < p < oo and ¢ : (0,00) — (0,00). The generalized
Morrey space M () is defined to be the space of all functions f € LP(§2) for which

1 llamg o) = sup (r) (; |f(@)[? dw) < o0,

a€9,0<r<diam(Q) |B(a,7)| JonB(ar
where B(a,r) denotes the ball centered at a and of radius 7.

Note that, for p(r) := r¥, we have M2(2) = LP(Q). By letting (r) := r"% where
0 < X < n, we can recover the (classical) Morrey spaces LP*(€2), introduced in [11].
In this note we also assume that ¢ € G,, that is, ¢ is increasing and the function
t— t_%go(t) is decreasing. Now we state our main result as follows.

Theorem 1.2. Letn >2,1<p<ooandp €G,. Then there exists a constant
C > 0 such that

(1.4) 11 = vA) " fllmg @) < Clf g
for every f € M#(Q2).

Observe that we do not assume some integral type conditions for ¢, which are usually
assumed for the boundedness of fractional integral operators and Bessel-Riesz potential
operators (see Theorems 2.9 and 2.10). We shall discuss some connections between
these operators and some special cases of Theorem 1.2 in Subsection 2.2 (see Corollaries
2.11 and 2.12).

Theorem 1.2 can be seen as a model case of the boundedness of certain elliptic
operators on generalized Morrey spaces. Let 2 be a bounded domain in R™. Let
{aij}i j=1,.. n be a collection of real-valued measurable functions on € for which a;; = a;;
and

(1.5) Aw? <3 agi(@)wiw; < Mwl® (aex € Q),

i,7=1
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for some constant A > 1 and for every w € R". Let us consider the operator

Lu:=— Z Dj(aijDiu),

1,j=1

where u belongs to the Sobolev space VVO1 P(Q) and D;u denotes the weak derivative of

1, i=j
u with respect to x;. For example, if a;; = J

0 i#7J
by virtue of the Riesz representation theorem, for f € L?(f2), the equation

", then Lu = —Au. Recall that,

(1.6) Lu=f

has a weak solution u € W,*(Q) and the L?-norm of Du is dominated by the L?-norm
of f (see [7, chapter 6]). The case p # 2, continuous coefficients a;; and f = div(g) are
discussed in [4, 12, 16]. The study of this LP-estimate for discontinuous coefficients can
be seen in [2, 3, 6].

In this paper we discuss the following variant of (1.6):

(1.7) u+vLiu = f,

where v > 0, f: Q — R is an integrable function on €2, and u : 2 — R is the unknown.
Recall that u € Wol’p(Q), 1 < p < o0, is called a weak solution of (1.7) if

/ ug + v Z a;;DiuDjg dx:/fg dx,
Q Q

1,j=1

for every g € Wol’p/(Q), where }% =1— %. For p = 2, by an application of Lax-Milgram
theorem, we know that there exists a unique weak solution u of (1.7). Moreover,

(1.8) | Dul[z2(0) < Cllfllz2 (),

for some C' > 0 and for every f € L?(Q). In this case, we define the operator (1+vL)~! :
L3 () — Wy () by
(14+vL) " f = .

Our second result is an extension of (1.8) to the generalized Morrey space M3 (12).

Theorem 1.3.  Let Q be a smooth bounded domain in R™. Assume that p € G
and there exists a constant Cy > 0 such that

Ootn/2—1 Tn/2
(1.9) / C etdt< ol —,
r et o(r)
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for every r > 0. Then there exists a constant C' > 0 such that

(1.10) ID((1+vL) ™ Hllmg @) < Cllflmg ).
for every f € M3(Q).
Note that we can recover (1.8) from Theorem 1.3 by taking ¢(t) := t"/2. For

the case p > 2, we assume that the coefficients a;; belong to the class vanishing mean
oscillation (VMO) (see [14] and Definition 2.6).

Theorem 1.4. Letn > 3 and Q be a bounded smooth domain in R™. Assume
that the coefficients a;; € VMO(Q). Let 2 < p < oo and ¢ € G,. Assume that there
exists a constant Cy > 0 such that

(1.11) / et dt < Cop——,
roop(t) o(r)

for every r > 0. Then there exists a constant C' > 0 such that

(1.12) ID(A+ L)~ llmz @) < Cllflmg ).

for every f € Mz ().

Observe that the inequality (1.11) is trivial for ¢(t) := #"/?. Therefore, we think
that the condition (1.11) is too strong. Based on this observation and Theorem 1.2, we
conjecture that (1.12) holds without assuming (1.11).

Conjecture 1.5. Letn > 3 and ) be a bounded smooth domain in R™. Assume
that the coefficients a;; € VMO(Q2). Let 2 < p < 00, p € Gy, and f € MF(Q). Then
the inequality (1.12) holds.

The organization of our paper is as follows. In Section 2, we recall some definitions
and notation for some integral operators and function spaces in this paper. We also
state some known results for the boundedness of these integral operators. In Section
3, we prove Gaffney type estimates for Bessel potential operator on Lebesgue spaces.
The proof of Theorem 1.2 will be given in Section 4. We shall prove Theorems 1.3 and
1.4 in the last section. Finally, we set our notation as follows. The notation X <Y
means there exists a positive constant C' such that X < CY and C' is independent
of appropriate quantities. We write X ~ Y if and only if X <Y and Y < X. For
1 < p < oo, we always define p’ by Z% =1 %.

§ 2. Preliminaries

In this section we recall some definitions and notation of some function spaces

and integral operators in this paper. We also recall the boundedness results for these
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operators on Morrey spaces. In the last subsection we also recall and prove some basic
estimates for the Bessel kernel and the Bessel potential operator.

§2.1. Some definitions and notation

First we recall the definition of Sobolev spaces.

Definition 2.1. Let 1 < p < oo and 2 C R™. The Sobolev space WP(Q) is
defined to be the set of all locally integrable functions w : 2 — R such that u and its
weak derivatives of order 1 belong to LP({2).

1,p Q
We also define W7 (Q) := CgO(Q)W “
with compact support.

where CZ°(£2) is the set of all smooth functions

In this article we shall use some properties of the Hardy-Littlewood maximal op-

erator and fractional integral operators whose definitions are given as follows.

Definition 2.2. The Hardy-Littlewood maximal operator M is defined by

M f(x) := sup !

Bl )l dy, (z € R"),
r>0 |B<£L’,’I“)| B(I,T)| ( )‘ ( )

for every f € Li _(R™).

loc

Definition 2.3. Let 0 < a < n. The fractional integral operator I, is defined
by

Iaf(m) ::/R A dy? (CU € Rn)v

n o —y|rm

for every f € Li _(R"™)

loc

The operator I, can be seen as a special case of Bessel-Riesz operator which is
defined as follows (see [9] and references therein).

Definition 2.4. Let 0 < o < n and v > 0. The Bessel-Riesz operator I, ~ is
defined by the formula

Ioz,'yf(x) = Koy % f(z), (x € R"),

for every f € Li (R"), where K, () := e g

loc W ’

In Theorem 1.4, we assume that the coefficients a;; belong to the class vanishing
mean oscillation (VMO). This space is a subspace of bounded mean oscillation (BMO)
space, introduced in [10]. We recall the definition of these spaces as follows.
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Definition 2.5.  [10] Let z € R, r > 0, and f € L{. (R"). Define

1

fB(m,r) = W

f(y) dy.
m,,r)| B(z,r) <)

and

n(r) = sup = FW) — Foiep| dy.

x€R™ p<r |B(x7 ,0>| B(z,p)

The space BMO(R™) is the set all functions f € L{ _(R™) for which

loc

(2.1) [£llmao = supay(r) < oo,
Definition 2.6. [14] If f € BMO(R") and moreover satisfies

lim n¢(r) =0,

r—0+

then we say that f € VMO(R™). For a bounded domain 2 in R™, we define

BMO(Q) := {f € Li,.(Q) : f = b|Q for some b € BMO(R")}
VMO(Q) := {f € LL.(Q) : f = b|Q for some b € VMO(R™)}.

§2.2. The boundedness of some integral operators on generalized Morrey
spaces

First let us recall the following pointwise estimate of I, f(z), which is known as
Hedberg’s inequality.

Lemma 2.7. [8,p. 2] Let0<a<n,1<p<Z, and % = — 2. Then

1
P
D 1-2
(Lo f(x)] S Mf(@)e||fll.
for every f € LP(R™) and z € R™.

Next we recall the result on the boundedness of the Hardy-Littlewood maximal
operator on M ().

Theorem 2.8. [13, 15] Let 1 < p < oo and assume that ¢ € G,. Then
(2.2) M fll pmg ey S I lamg e

for every f € M#(R").
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We remark that Theorem 2.8 was first proved in [13] by assuming that

> 1 1
(23) / o) S o)

for every r» > 0. This assumption is removed in [15]. Now we recall the boundedness

of I, and I, in generalized Morrey spaces and comparing these results with Theorem
1.2.

Theorem 2.9. [13] Let 0 < a < n, 1 <p < 2, ¢ € G, é =

- — =, and
P(t) ==t~ p(t). Assume that

1
p

oo ta—l 1
| Sa#s oo
rop(t) e(r)
for every r > 0. Then I, is bounded from MZ(R™) to MY (R™).

Theorem 2.10. [9] Let 0 < o <n, v > 0,1 <p< 2, e <t < %5
1<s<t, and ¢ € G, satisfy

for every R > 0. Define % =

HIa,nyMw RR) HKOcﬁ”./Vlf(R")Hf“MZf(]Rn)
q (R™)
for every f € M#(R").

Remark that one may replace R™ by €2 in Theorems 2.9 and 2.10. Moreover, by
using these theorems and embedding of Morrey spaces, we obtain the following special
cases of Theorem 1.2.

Corollary 2.11. Letn > 2,1 <p< 3, and p € G, satisfy fTOO ﬁ dt < J(i)'
Then

(2.4) 11 = vA) " Fllmg @) S I lmg @)

for every f € M# ().

Proof.  Let % = %—% and 1 (r) := r~2¢(r). Then (2.4) follows from the inequality

(1= vA) ™ f(2)] < L(f)(2),

embedding M¥(Q) € M£(Q2), and Theorem 2.9. O
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Corollary 2.12. Letn>2,1<p< 3, and ¢ € G,. Assume that
co 1 n

t’ R

/ ! dr < ,

r (1) p(R)

for every R > 0, where n+f§_2 <t< L5 andy > 0. Then (2.4) holds.

Proof. Let s € (1,t], £ := L — L and ¢(r) := 7~ ¥ ¢(r). By virtue of Theorem

1
q
2.10, embedding MY (€2) € M2(9), and

—
—_
|
X
s
—
—
~—~~
8
=
AN
S
=2
=
=
8
:—/

we get (2.4). O

§2.3. Basic estimates for Bessel potential operator

We recall the following fact about the size of the kernel K and its gradient given
in [18].

Lemma 2.13. [18, p. 65] There exists a positive constant C such that

e_c‘w|

(2.5) 0< K(z) <

|w|n72

for every x € R™.

We prove the following L2-estimate of the gradient of (1 — vA)~1f, for every f €
L?(Q).

Lemma 2.14.  Let Q) be a smooth bounded domain in R™ and let E be a closed
subset of Q. For each v > 0 and f € L?(Q) satisfying supp(f) C E, we define

u(z) := (1 —vA) " f(z) (x € R™).

Then
1

(2.6) V| p2@ny < \/;||fHL2(E)~

Proof. Suppose that f € C(Q) with supp(f) C E. Then u € C°(R"™). Let Bpr
be any ball of radius R > 2 and centered at the origin such that Q2 C Bg/,. Integration
by part yield

/BR |\Vu(x)|* doe = — /BR u(z)Au(z) dx + /83R u(z)Vu(z) -n(x) dS(x)

1 2
v /JaR(u(m)f(fC) —u(x)”) dx +/ uw(x)Vu(z) - n(z) dS(x),

4 9BR
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where n(z) denotes the unit normal vector on dBg. For x € 9Bg, we have
ol < [ K@= 9)lf) dy
S [ sl ay

@.7) < /Q R f()] dy S |1fllr (mye O R,
Similarly
(2.8) Vu(@)| < Ifllz: e ",

for every x € 9Bg. Combining (2.7) and (2.8), we get

SN R e =0

/ u(z)Vu(x) - n(x) dS(x)
O0BRr

as R — oco. Consequently,

| V@ dz = i / (f(@)u(z) - u(z)?) dz

V R—oco

/f dx—%/nu(xf dz.

(2.9) / V(o) de < %/Ef(:z:)2 da.

By Cauchy’s inequality, we get

139

Now suppose that f € L2() satisfies supp(f) € E. Then there exists a sequence

{fi}521 € C(2) with supp(f;) € E such that

(2.10) lim || f = fjllz2(m) = 0.
j—o0

Define u;(z) := (1 — vA)~! f;(x) for every x € R™. Then, it follows from (1.3) that

lu —ujllz@ny < \If = fillz2m),
for every j € N. Consequently,
(2.11) lim |lu —u L2@ny = 0.
j—oo

In particular,

(212) Huj — uk”L2(Rn) —0
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as j, k — 0o. Moreover, as a consequence of (2.9) and (2.10), we have
(2.13) ||V'LL] — Vuk||Lz(Rn) — 0

as j,k — co. In view of (2.12) and (2.13), there exists & € W12?(R"™) such that

im
]*>OO

(2.14) ||1~L — uj”Wl,Z(Rn) = 0.

Combining (2.11) and (2.14), we see that u = @, so v € WH?(R™) and

(2.15) lim |lu — wuj|lwr.2@n) = 0.

j—o0
We use (2.9) again to obtain
1 1
(2.16) [Vullpzmny < |lu— ujllwriz@n) + ﬁHf — fille2m) + ﬁ”f”L?(E)-

Thus, (4.1) follows from (2.10), (2.15), and (2.16). O

§3. A Gaffney type estimate for (1 —vA)~! on LP(Q)

In this section we prove an estimate of Gaffney type for the operator (1 — vA)~!.
The proof for the case p = 2 is similar to that of [1, Lemma 2.1] but we give the detail

for the reader’s convenience.

Proposition 3.1.  Letv > 0 be a constant and let €2 be a bounded smooth domain
in R™. Let E and F be disjoint closed subsets of Q0 with d := dist(E,F) > 0. Then
there exists a > 0 such that for all f € L*(Q) satisfying supp(f) C E

_ ad
(3.1) (1 =vA) " fllzry S e 1 fllrzm)-

Proof. Let t := \/v. Suppose that t € [d, 00). By virtue of the L2-boundedness of
the operator (1 — vA)~1, we have

_ _ _d
11 = vA) " flleery < (0 =vA) " fllz) < 1 fle2m < e e 7| fllezm).
We prove (3.1) for 0 < ¢t < d, which is essential. We define
ul = (1 —t*A)" f and F := {z € Q: dist(z, F) < dist(z, E)}.

Choose 1 € C*°(R"™) such that

QA

xr <1< xpand [Vyl[Le <



ON THE BOUNDEDNESS OF CERTAIN ELLIPTIC OPERATORS IN GENERALIZED MORREY SPACES 141

Set o 1= . If @ <2, then

1
t][Vnll L oo

—a - 1 _d
/F|Ut(95)|2 dx < /E f(2)? dz < || T2y ~ € T || fl|T2m) < €| fll72(m)-

Letting a := %, we get

(1= vA) " fll2ry S ||f||L2(E

Now assume that v > 2. Define
C(z) =@ —1.
By using the inequality e?® < 3(e® — 1)2, we have

(3.2) /F ()2 dir < 3¢~ /Q (@) 2¢ ()

Since supp(f) Nsupp(¢) = 0, we see that
/ ut (2)|2¢ ()2 da = / @ 2 4z + t2/ Aut (@)t (2)¢ ()2 da
Q

(3.3) = t2/ Aut(z)u' (2)¢(z)? d.

Q
Let € > 0 be determined later. Integration by part and Cauchy’s inequality yield

| @Pc@? do = = | 1Val@)Po@) do =26 [ Vul(a)l () @) Ve(a) do
(3.4) < th/ (@) PV C(@)|? de + —/ Ve (2)]? de.
Q € Ja
Combining (3.4) and
IV¢@)] = al Vn(@)]e" 1) < e,
we get
2
(3.5) / ut(2))2¢(2)? do < 5/ jul (z) 227 dg + t—/ |Vu!(z)|? dz.
Q Q € Ja

For the first term in (3.5), we have

/ |ut(x)|262a”(m) dx §/ lut (2)]?¢(x)? dm+2/ |ut(ac)|26w’(x) dx
Q Q Q

(3.6) < [ @Pce? dat e [ |f@) do
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Meanwhile, by virtue of Lemma 2.14, we have

t 2 1 2
(3.7) ; Vu' ()" do < 51 fllz2(m):
Combining (3.5)-(3.7), we get

39 [ W@lca? d<e [ Wa@Pc? o (2 4+ o) el

Q

Taking € = %, we get

(3.9) /Q (@) PC(2)? do S €| |2 m)-
Finally, we combine (3.2) and (3.9) to obtain

_a _ad
lullz2(ry S €2 1fllz2e) < € 7 Ifllz2m),
where a = 5. This completes the proof of (3.1). 0

By using Proposition 3.1 and the Riesz-Thorin interpolation theorem, we obtain a
Gaffney type estimate for (1 — vA)~! for every p € (1, 0).

Theorem 3.2. Let v > 0 be a constant, 2 be a bounded smooth domain in R",
and 1 < p < oo. Let E and F be disjoint closed subsets of Q with d := dist(E, F') > 0.
Then there exist some constants C > 0 and a = a, > 0 such that for all f € LP(Q)
satisfying supp(f) C E, we have

d
(3.10) 1= 08) sy < Cowp (~a ) Ul
Proof. Let 1 < p < 2. We know that (1 — vA)~! is bounded on L'(Q), while
(1 —vA)~1 is subject to a strong decay estimate (3.1) in L?(2), so we can interpolate
these estimates to obtain

2a(p—1)d

H(I—VA)_lfHLp(F)S,e_ PVY HfHLp(E)'

For the case p > 2, we can interpolate the boundedness of (1 — vA)~! on L>(£2) and
the inequality (3.1) to obtain (3.10). O

8§4. The proof of Theorem 1.2

First we prove the following pointwise estimates by utilizing Theorem 3.2.
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Lemma 4.1. Letn > 2 and 1 < p < oco. Then for every f € LP(Q) and
1 < q < p, we have

M((1—vA)~ ) (@)  M(If19)(@)", (2 € Q).

Proof. Extend f to be zero outside (). Let x € Q and r > 0. We decompose

f = ka7
k=0

where
fo = [XB(.2r) a0d fk = fXB(z,26+17)\ B(z,2%r)-
Let u:= (1 —vA)~'f and ug, := (1 — vA)~1f;, for k € NU{0}. Then

1

(1) B e,

> 1
lu(y)| dy <y = lur(y)| dy.
) ];) |B(33,7‘)| B(z,r)

As a consequence of (1.3) and Hélder’s inequality, we have

1 1

T lwo(y)| dy S 7
|B($7T)| B(z,r) |B(

dy < 9 (2.
2] Lo |f(y)| dy < M(|f|) ()

(4.2)

In view of (4.1) and (4.2), it remains to show that
— 1 ,
(4.3) TSN ur(y) dy < M(|f]7) (@)
; |B(CE,’I“)| B(z,r)

By virtue of Fubini’s theorem and Lemma 2.13, we have

(4.4) /B )l dy 5 e £ DX () d=.

/B(x,zkﬂr)\B(m,ri)
Hence, by combining (4.4) and Lemma 2.7, we get
@s) [ jul)ldysete o [ £ M ()5 de
B(z,r) B(,25+17)\ B(x,257)
Observe that
MX B (y) ~ L+ o —y))™"
for y € R™. Therefore, by applying this observation to (4.5), we get

[l dygeee | JEl e
B(z,r)

B(z,26+ 1)\ B(z,2kr) (L + 77 o —2[)n—2

Kk
7’26_02 r

4.6 < — dz.
(4.6) < S, o, O 2
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By Holder’s inequality, we have

(47) Lo N < B 2 A )

Combining (4.6) and (4.7), we get

> 1 1 — ,
> uk ()] dy S M(|f|7) ()7 Y (2Fr)%e .
Since
00 0o ok+1,
kN2 —C2Fr 2 —C2kr
> (2Fr) 32: tdt
k=1 k=1 2kr
0o oktl,
< te= % dt
SN

independent of r > 0, we see that

»Q\»—a

Z Bo L el dy S MA@

B(z,r)
as desired. O

Finally, we prove Theorem 1.2 by combining Lemma 4.1 and Theorem 2.8.

Proof of Theorem 1.2. Let u := (1 — vA)~'f and let € Q. Then, by virtue of
Lemma 4.1, we have
1
u(@)| < Mu(z) S M([f|?) ()7,

for every 1 < ¢ < p. Since § > 1 and ¢? € G, /4, we may use Theorem 2.8 to obtain

1
HUHMg(Q) S M f19)e HM%(Q)

_ q\||1/4a
= MU

< e ||1/q = £l rmz (-

as required. O
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§5. The proof of Theorems 1.3 and 1.4

1. aliney type estimate for (1 +v.) " 1n Lebesgue spaces
5.1 A Gaffney t timate for (1 + vL)~! in Leb

First let us recall the following Gaffney type estimates in L?().

Lemma 5.1. [1, Lemma 2.1] Let Q be a bounded smooth domain in R™. Let E
and F be two closed subsets of Q with d := dist(E, F) > 0. Then there exists a positive
constant C' such that

(5.1 [ DD @) e 5T [ |fa) da,
F E
for every f € L?(Q) with supp(f) C E.
For the case p > 2, we interpolate Lemma 5.1 with the following result.

Proposition 5.2.  [5, Theorem 4.7] Let n > 3 and Q be a bounded smooth do-
main in R™. Assume that a;; € VMO(Q). Let2 < p < 00, = := %—f—l and f € LP+(Q).

gy n’

Then the following inequality
(5.2) 1D+ L) Plloey S 1o o)
holds.

Now we prove an extension of Lemma 5.1 for p > 2.

Lemma 5.3. Letn > 2, Q) be a bounded smooth domain in R™, v > 0, and
2 < p < oo. Assume that a;; € VMO(Q). Suppose that E and F' are two closed subsets
of Q with d := dist(E, F)) > 0. Then there exists a constant C > 0 such that

__4a_
(5.3) ID((X+vL) " ey S e 7 flLee),

for every f € LP(Q) with supp(f) C E.

|

=

Proof. Letwu := (14+vL)~!f and define p* by ]% = %—%. Observe that 0 :=

ﬁ*‘H’U

NI

satisfies 0 < 0 < 1 and
1 1—9+0

Therefore, by Holder’s inequality, we get
1Dull oy < DUl DUl .

Combining this inequality with (5.1), (5.2), and the embedding LP(E) C L?(E), we get
(5.3), as desired. O
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§5.2. The proof of Theorem 1.3
Set f to be zero outside Q. Let z € Q and 0 < r < diam(2). We shall show that

2

(5.4 ﬁ(/}g R (RZ2 IOl dy> S 1w

We define
fO = fXB(:c,ZT‘) and fk = fXB(a:,2k+1r)\B(w,2kr)> ke N.
For k € NU {0}, we define uy := (1 +vL)~! fx. Then

1/2
(5.5) </B(x’rm|D((1+VL) iy !dy> <Z</B($,T)HQIDUI<:(ZU)| dy) :

It follows from (1.8) that
1/2
( [ ipwP dy)
B(xz,r)NQ

1/2
( [ ipwP dy>
B(z,r)NQ
1/2
( [ uwr dy)
B(z,2r)N$2

B(z, r)|/?
(5.6) < %uﬂwm).

IN

AN

By virtue of Lemma 5.1, for £ € N, we have

2 C(zk 1)'r
(/B L dy) (/ o) dy)
x,r)N

oot | B, 262

(5.7) S I llmg e o(2F+1r)
Since
oo k+1 > c2k iy n/2—1
I S ALy
:/ (& dt
2Cr (p<t
n/2
(5.8) N
p(r)

we see that

(5.9 S ( / DG dy> <!

k=1

N|=

n/2

(T‘) Hf”./\/lg(ﬂ)

S
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Combining (5.5), (5.6), and (5.9), we get (5.4), as desired.

8§ 5.3. The proof of Theorem 1.4

The proof of Theorem 1.4 is similar to that of Theorem 1.3. The difference is that
we now apply Proposition 5.2 and Lemma 5.3. Let x € Q and 0 < r < diam(2). Let fj
and wug be defined as in the proof of Theorem 1.3. By virtue of Proposition 5.2 and the
Holder inequality, we have

1/p 1/p
( [ iDu dy> Ak ( [ e dy)
B(z,r)NQ B(z,2r)NQ

1/p
_ [B(,r)]

)
(5.10) S =00

1 £l mg )

Now for k € N, we apply Lemma 5.3 to obtain

’ ook | B, 28|
5.11 / Dup(Y)|P dy | < ||fllme e €2 T—m
(5.11) ( B(oc,r)ﬁQ| ()] 1l mg ) (2T

As a consequence of (1.11), we get

00 B 2k:+1 % 00 tn/P_l n/p
(512) Ze C2hr |k—+1r| §/ e_t dt 5 r .
pt (2k+1r) 2cr (1) ()
Therefore,
v /P

(5.13) > (/B(w’r)m | Duy (y)|? dy) S (p(r)”fHMf(Q)-

k=1

Combining (5.10) and (5.13), we get

o) D((1+vL)™? pd)
|B(z,7)|7 (/B(m’rml (A+vL)" A dy

0o 1/p
p(r) ( / |
— Duy(y)|P dy S g @)
|B(z,r)|? ,;) B(z,r)NQ

=

(5.14)

IN

as desired.
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